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PREFACE 


The Computer Handbook in one comprehensive volume presents the 
general principles of design and utilization of both analog and digital 
computers. In either field sufficient detail is presented so that anyone 
competent in the field can proceed to construct a computer, or, having a 
computer, can proceed to use it. Components are discussed in detail, 
and many actual circuit diagrams have been included as concrete exam- 
ples of design principles or for direct adaptation to the designer’s problem. 
The organization of problems for solution on comptters is described, and 
examples of applications of computers to a variety of problems are given. 

For the younger engineer and for newcomers to the control and com- 
puter fields, the handbook provides quick access to exactly that industrial 
know-how which is necessarily neglected in a modern engineering-school 
curriculum stressing principlesrather than techniques. For those desiring 
to solve problems on computers, techniques for producing flow diagrams 
are described and representative problems are worked out. 

Since analog-computer design is often intimately related to computer 
applications and problem-solving methods, a rather comprehensive review 
of analog-computer applications and methodology has been added. A 
very large number of special computer setups and trick circuits are pre- 
sented in tables and grouped illustrations for convenient reference. 

Sections 1 through 9 are concerned with analog computers, while Sec- 
(ions 10 through 21 cover digital computers. 

Specifically, Section 1 introduces the basic terminology for analog com- 
puters, and Sections 2 and 3 describe the design of electronic-analog-com- 
puter building blocks, including late electronic: multiplier and resolver 
circuits. Section 4 deals with the design of analog-computer systems, prob- 
lem checking, computer-laboratory organization, and computer maintenance. 

Section 5 reviews the significant applications of electronic analog com- 
puters. Control-system design, flight simulation, partial system tests, and 
process-control applications are described; the section also contains infor- 
mation on random-process studies, algebraic-equation solvers, linear pro- 
gramming, and solution of partial differential equations with electronic 
analog computers. Hconomic dispatch computers are described as exam- 
ples of special-purpose machines. 

Section 6 introduces newer techniques, such as dynamic-storage com- 
pulation, repetitive computer techniques for statistical problems, and combined 
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analog-digital computation. A special part deals with the use of analog 
computers as control-system components. Section 7 is entirely devoted to 
solid-state (transistor) analog-computer components and describes many 
new solid-state circuits. 

Sections 8 and 9 deal entirely with important analog techniques less 
familiar to many engineers, viz., network-type analogies for fields, struc- 
tures, and power systems, and with mechanical, electromechanical, hydro- 
dynamic, and heat-transfer computing elements. 

Section 10 presents the details of components used in digital computers, 
with particular emphasis on semiconductor diodes and transistors. Section 
11 deals with cathode and emitter followers, signal modifying circuits, and 
amplifiers. Ferromagnetic shift registers, magnetic drum and magnetic 
tape systems, and magnetic core memories are discussed in detail in Sec- 
tion 12. 

Section 13 describes logical circuits, including anv, or, and other 
switching circuits. Section 14 presents material on error-detecting and 
error-correcting codes and on the use of Boolean algebra in switching-circuit 
design. Arithmetic circuits are discussed in Section 15. Section 16 on 
digital-computer-system design considers plugboard control as well as 
stored-program control, and compares synchronous and asynchronous 
aspects of design. Programming and coding and a description of the 
algorithmic language ALGOL is given in Section 17. Section 18 on input 
and output discusses paper-tape and punched-card devices, symbol-display 
devices, analog-conversion devices, and plotters. 

Section 19 discusses various special-purpose computers including the 
digital differential analyzer. Section 20 presents material on general- 
purpose computers, and Section 21 discusses sctentific and engineering 
applications, data-processing applications, management applications, simu- 
lation, and process control by use of computers. 

This handbook is a result of interest originally expressed by the Pro- 
fessional Group on Electronic Computers of the Institute of Radio Engi- 
neers. Jean Felker of Bell Telephone Laboratories was helpful in the 
initial arrangements. 

It has been the editors’ privilege to work with a really outstanding 
group of contributors, including both computer design experts and 
applications specialists. In addition to the contributors proper, the 
editors are very grateful to many individuals and organizations for con- 
tributing engineering data, circuits, and general information. The 
following persons deserve particular mention: 


8. I. Abraham General Dynamics/Fort Worth 
J. P. Barloe International Business Machines Corp. 
R. M. Beck Packard-Bell Electronics Corp. 


C. G. Blanyer Hydel, Ine. 
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PART 1: INTRODUCTION 


1.1.1. Analog Computers. In the most general sense, an analog computer is any 
physical system which establishes definite prescribed relations between contin- 
uously variable physical quantities. Definite relationships are necessarily stated 
in terms of mathematical relations. It follows that every analog computer, whether 
used for problem solving or for direct control, implements a requirement for at 
least approximate physical realization of a mathematical model, which can be under- 
stood and manipulated with relative ease. 

Most analog-computing systems are combinations of analog-computing elements 
which establish elementary mathematical relations (e.g., addition, multiplication, 
integration). Analog computers can be classified according to the nature of the 
physical quantities used to represent mathematical variables and according to the 
computing elements used. Slide rules, network calculators, and Bush differential 
analyzers are, respectively, examples of mechanical, electrical, and electromechanical 
analog computers. 

Analog computers used to solve problems represent each problem variable by a 
corresponding physical quantity (voltage, shaft displacement) on a convenient scale 
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(problem scaling, Sec. 5 1). These n J ] 
pepe . 5.1). vachine variables are made to obe m i 
— corresponding to those of the given problem. In waster Pay lee 
yer starts a set of machine variables from specified initial values and employs 


ables constitute solutions of the diff i i 
3 3 erential equations (Sec. 5.1). Physi i 
penn wae as independent variable in most such neta ee! 
es are most frequently represented by instant ' ‘ 
(electronic differential anal) in) of tat Gea ee 
Y yzer, d-c anal i 
Brier differential analyzer, Sec. 81) pore, Se eae eo 
n analog equation solver determines soluti 
4 Ons 2%, y, ... of a system i - 
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essential reason for the very high / id wii da svat d aetetone 
gh computing speeds possible with d- ] 
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plexity of problems which can be solved on anal 
A og computers. Also, the cost of 
Nip with component accuracies better than 0.1 per cent rises ar ip agen 
improvements in accuracy. The use of digital computers is thus indicated 
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pment has closed; many research and d. 
own d-¢ analog-computer installati ‘ ity eivals't ten digital 
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oso ee for such investments in comparatively inaccurate 
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= re 8 Nearane g speeds of analog equipment are often outweighed bes tiie ae 
é ced automatic programming of digital computers, even if only slide-rul 
eames i y slide-rule accuracy 
The really important contributi 
r ons of analog computers to modern re: 
development techniques go beyond mere numerical computation. In auesaceael 


components and systems. New ideas can be te 
, sted at once: blocks of computi 
re cei reciente mg Sse soagpees and are readily replaced or acacia 
t signs. esign parameters may be changed i 
responding resistance changes, and hi i canals cela aaa 
gh computing speeds imizati 
system performance by successive parameter Bi eh rp ‘alee aoe 
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The time scale of analog computations may be slowed down or speeded up within 
wide limits at the convenience of the experimenter. In particular, d-c analog-com- 
puting speeds are sufficiently high to permit representation of most dynamical and 
electromechanical processes on a 1:1 time scale (simulation). 

With the computer running on a 1:1 time scale, actual physical components of a 
system under investigation can take the place of a corresponding block of computing 
elements (partial system testing). Such applications often yield very concrete design 
information: frequency, d-c analog-computer simulation can replace cumbersome 
breadboard testing and permits a design to progress directly to the prototype-model 
stage (Sec. 5.6). 

Digital computers as well as analog computers can be set up as mathematical models 
representing physical processes. The inherent flexibility of digital-computer pro- 
gramming makes such machines particularly suitable for the representation of discrete 
random processes and problems involving logical decisions. While such applications 
of digital computers will become even more useful as computing speeds and memory 
capacities increase, the reformulation of problems for digital-computer programming 
is difficult for many present-day engineers. A significant reason for the remarkable 
successes of analog computers is their ready acceptance by engineering personnel. 

1.1.8. Applications and Special Techniques. The best-known and most important 
applications of electronic analog computers involve the design of servomechanisms, 
aircraft stability and control, and process control (Secs. 5.3 to 5.9), but many other 
applications are of great interest (Secs. 5.2, 5.10, 5.11, and 6.6). In addition, essen- 
tially every electronic, electromechanical, or mechanical analog computing element 
has useful applications in control and instrumentation systems (Secs. 6.4, 8.1, and 
8.2). Current trends in electronic analog computation point toward increased com- 
puting speeds through redesign of electronic computing elements and elimination of 
mechanical components; in addition, increased use of new and accurate analog 
sampling, switching, and storage devices will combine fast analog computation with a 
measure of decision-making and automatic-programming capability (Secs. 3.3, 4.2, 
5.11, and 6.3). Hybrid computation schemes similarly combine analog and digital 

techniques to obtain favorable combinations of accuracy, computing speed, ease of 
programming, and/or cost (Secs. 6.3 and 6.5). 

Electronic and direct-analog methods for solving field problems (partial differential 
equations) can often provide at least approximate solutions to extraordinarily large 
and complicated problems of this type (Secs. 5.10 and 9.1 to 9.5).2__ In particular, net- 
work-type direct-analog computers are especially well adapted to the very complex 
structural and vibration problems of the aircraft industry (Secs. 9.1 and 9.2). 
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1-6 INTRODUCTION AND BLOCK-DIAGRAM NOTATION 


PART 2: BLOCK-DIAGRAM SYMBOLS 
FOR ELECTRONIC ANALOG COMPUTERS 


1.2.1. Introduction. One does well to realize that analog-computer block diagrams 
serve at least two distinct purposes, viz.: 

1. To illustrate and interpret the information flow through the analog model 

2. To serve as instructions for making actual patching connections, and asrecords 

of such interconnections 
While it would be fairly easy to agree on block-diagram symbols for purely illustrative 
purposes, symbols used to show actual interconnections will often exhibit differences 
of computers or patching arrangements designed by different manufacturers. Some 
computing elements (e.g., summers, integrators) are fairly well standardized, whereas 
others (servos, resolvers, special diode circuits) are not. Some such devices are not 
suited to rigid standardization, and engineers must familiarize themselves with a 
number of alternative symbols; there is not enough complication to cause real hardship. 

1.2.2. Suggested Principles of Notation. Jn all but the simplest block diagrams, all 
signal flow should be from left to right, so that each “‘line’’ of a block diagram can be read 
like the mathematical relation it represents. Most feedback connections are thus not 
drawn in but can be picked up by their machine-variable symbol at the left of the dia- 
gram; the best patchbay designs are those duplicating this signal flow from left to 
right. Each “line” of the block diagram might represent a mathematical relation 
having some intuitive meaning (one equation of motion, the transformation of one 
coordinate, one input-output relation, etc.). 

Block diagrams should show the identifying number of each computing element. It has 
become customary to write the identifying number (e.g., N, M in the figures) inside 
each block-diagram symbol, and other numerical data (amplifier gains, potentiometer 
settings) on the outside. 

Where block diagrams are used for patching without setup sheets, it may be useful 
to indicate the destination of signal lines leaving the diagram on the right, with or 
without special symbols (Fig. 1.2.10). 

A special notation problem arises where a machine variable (Z in Fig. 1.2.6d, 
X in 1.2.6e, and 1.2.7) drives a computer servomechanism or “master” electronic 
multiplier to produce two or more products for different “lines” of the block diagram. 
One may then 

1. Show all these products generated at the output of the block-diagram “line” 
producing Z or X (Figs. 1.2.6d and 1.2.7a) 

2. Show different servo-driven potentiometers or ‘slave’? multipliers in different 
parts of the block diagram (Figs. 1.2.6¢ and 1.2.7c) 

The second approach may be more convenient for setup purposes. 

Fig. 1.2.11 shows a number of symbols for special diode and relay circuits which 
are available as packaged units in special computers. In gencral, the actual circuits 
would have to be shown. 

Block-diagram symbols should be easy to draw but should not conflict with each other 
or with commonly accepted circuit symbols. Figure 1.2.12 shows three block-diagram 
symbols which tend to be misleading. 

1.2.3. Standard Abbreviations. Table 1.2.1 shows proposed IRE standard abbre- 
viations, which may be used with rectangular blocks instead of special symbols. 


Table 1.2.1. Proposed IRE Standard Abbreviations 


A Amplifier PB Plotting board 
ADC Analog-to-digital converter REC Recorder 

DAC  Digital-to-analog converter REF Reference voltage 
DVM Digital voltmeter SA Servo amplifier 
EM Electronic multiplier SM Servomultiplier 
EXT External connections or trunk SR Servo resolver 
FG Function generator RA Relay amplifier 
IC Initial condition REL Relay 

INT Integrator . SW Switch 


LIM Limiter TD . Time delay 
_ Potentiometer ; 


aX+(1—a)Y aX+(l-a)Y 


r 


aX 


(0) 


Fig. 1.2.1. Proposed standard symbols for two-terminal coeffictent-setting potentinmtiots 
(a) and three-terminal potentiometers (b), with equivalent circuit diagrams. \ r Primes 
identifying number of the potentiometer; a is the desired transfer function (including 
loading effects) and not necessarily the dial setting. 


1M 0.2 M- 0-1 uf 02m 01 nf 
G 
100K 1 
ae N > 10 
(a) (b) (c) 


i in d- , The notation of Fig. 
Fia. 1.2.2. Proposed standard symbols for high-gain d c amplifiers. i 
1.1.2¢ is equivalent to that of Fig. 1.1.2b and is used with committed summing networks. 


x 1 ».4 1 
x S. Y 5 —(X+4¥+102) 4 —(X+4Y+102) 
Z 10 Z 10 
(a) (b) (c) 


i i d summing ampli- 
Fia. 1.2.3. Proposed standard symbols for committed phase inverters (a) and | 
fiers (b). Input gains equal to 1 need not be shown. The notation of Fig. 1.2.3c can be 
used for summing amplifiers with many inputs. 


t t 
Zt ~ fix+yv4102)a0-41000 xt a fix Y¥+102Z)dt-+100c 
0 


100« 


-—100 (a) (0) 


. 1.2.4. Symbols for committed integrators. The symbol of Fig. 1.2.44 is for integrators 
as pea relay resetting circuits; the reference-supply input to the initial-condition 
potentiometer can be replaced by the notation —a@ (or a for a +100-volt connection) if 
no patching connection is needed (caution: some workers reverse the sign gonvention). 
The symbol of Fig. 1.1.4b may be useful for integrators with built-in, floating, or electronic 
resetting circuits which do not involve phase inversion of _the initial-condition ne 
Input gains equal to 1 need not be shown. A notation similar to Fig. 1.2.3c can be use 
for integrators with many inputs. 
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x | ; :: Y= F(X) x Y= F(X) 


(a) (b) 


Fia. 1.2.5. Symbols for electronic function generators. Figure 1.2.5a is the proposed IRE 
standard. The box may show a graph of the function generated; this is a useful short 
notation for special diode function generators (dead space, Coulomb friction, etc.). Note 
also that (1) diode function generators may have two or more inputs (X and —-X;X anda 
reference voltage; or Xi, X 2) and (2) two or more diode function generators can be combined. 


Reference 


Fra. 1.2.6. Symbols for electronic multipliers. Figure 1.2.6a is the proposed IRE standard. 
The coefficient a can be positive or negative and might be omitted if a@ = 0.01, i.e., if two 
100-volt inputs produce a 100-volt output with correct sign. The reference connection 
will be shown only if it must be patched. Figure 1.2.6c is a possible symbol for a multi- 
plier in a built-in division mode. Figure 1.2.6d and e show slave operation of time-division 
multipliers: channels are here labeled A, B,.... The notation of Fig. 1.2.6e permits 
one to separate the symbols for the two channels in the diagram. Some electronic miulti- 
pliers have two X inputs (X and -X). 


(Servo amplifier 
and motor) 


—100 


Y ns Y 
=i ie 
3M 1M 
Led oo1xy |-001xz YF(X) 


Linear potentiometer cups Function potentiometer 


cup 
(a) (fixed or tapped) 


x x a 
= 
-—100 


(N stands for ‘‘normal’’) 


3M 
a 
100 
X | Mee 
Brot, th hos some 
=<1M 
an CO ae 
Ga et 
(b) 
oat 19 pee 
3M 
— / — 
(c) ‘xX 1X 


Fie. 1.2.7. Symbols for computer servomechanisms. Figure 1.2.74 is the gibt nad 
standard: the amplifier-motor symbol shown is to replace the simple rectangle use : se vd 
earlier drawings. Potentiometer cups are here labeled A, B, C,.. peered 9 —— 
equalizing resistors on cups A and C (Sec. 3.1). + eg ae a sagen aoe 

= otentiometers without load-equalizing resistors can be d, . 
sips bie rs Fig. 1.2.7b may be used. Special potentiometer oe pe reenter 

“if ne i iomete: 
re shown if necessary. Figure 1.2.7¢ shows how servo and poten : ‘ 

prey bt in large block diagrams. Two multiplying cups are shown; the follow-up 
cup is omitted. 
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Asin@ A 


-—A = | 


(a) () ©) 7% 


Fig. 1.2.8. Symbols for special sine-cosine potentiometers used, for example, in polar-to- 
rectangular resolvers. The resolver servo is represented in the manner of Fig. 1.2.7, Fig- 


ures 1,2.8b and c are the proposed IRE standard symbols. 


Inverse 
resolver 
No. 17 


(a) Lr fengrige end (b) 


Fig. 1.2.9. Symbols for rectangular-to-polar resolvers. 


a 5 ii! 25 ‘ 
19 To amplifiers 25 and 19 ———©O 71 To potentiometer 71 
———————0 7 To function generator 7 ——) 4 To recorder channel 4 
——_—_ To multiplier 2 

nae (master input) —=———© 12) Totfunk 12 


Fria. 1.2.10. Notation showing the destination of si i i i 
I gnal lines leaving the block 
Such a notation may be useful if setup sheets are not used. : allele 


G1)“ Oy 


Pe o, 


8 6B 
(a) @) (0) @ (c) 


Fra. 1.2.11. These special symbols for feedback-diode-limi i i 

‘ 2.14 1 al -limited amplifiers (a) and diode- 
bridge limiters (b) with limits a > B are used in some laboratories. Figure 1.2.10c shows 
a suggested symbol for a relay-driving comparator; the relays are in the “‘ +”’ position if 


».4 i ‘ta “ F sat cae : 
pon oly 10Z is positive. In general, “fabricated” diode circuits will have to be shown 


x 0.01xXY 


(a) (b) Wyte (c) 


ee ake These symbols are easily mistaken for other symbols and are not recommended: 
oO igh-gain amplifier symbol (a), servo-driven potentiometer (b), and electronic multiplier 


(c). : 
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PART 1: COEFFICIENT-SETTING POTENTIOMETERS 


By Bernarp D. LovEMAN 


CONSTRUCTION AND ACCURACY 


41,1. Construction. 


Coefficient potentiometers (scale-factor potentiometers, attenu- 


lors) multiply machine voltages by constant coefficients between 0 and 1 (Fig. 1.2.1). 


aol potentiometer consists of a resistance element with terminals at each end (usu- 
ally denoted as mt and Lo) and a sliding contact or brush (arm terminal) which moves 
slong the resistance element. A desired fraction of the input voltage applied across 
‘he Wand Lo terminals appears as the output voltage between the arm and Lo termi- 
wile; the latter is grounded in most applications. 

ho resistance element may consist of (1) a film of carbon or other conducting 


Waterial deposited on an insulated form, or (2) a number of turns of resistance wire 


wound on a core (mandrel). Single-turn 
witentiometers may have a vernier ad- 
juetment in the form of a low variable 
yeeletance in series with the potentiome- 
tor. Most eommercial d-c analog com- 
jiitors utilize wire-wound potentiometers. 

The resistance element, and hence the 
fwueh motion, may be linear, circular, or 


lwlioal, Linear-motion potentiometers 
take very little panel space (small cross 


seotion), but high accuracy would require 
eonsiderable depth behind the panel. 
Ciroular- and helical-mandrel potenti- 


omoeters offer a reasonable compromise 
hwtween panel space and depth. Their 
iiaximum diameter is usually limited to 2 
in.) if desired, two or more potentiometers 


Fia. 2.1.1. Construction of a 10-turn heli- 
cal-coil wire-wound potentiometer. (Gibbs 
Micropot; from Chance et al., Waveforms, 
McGraw-Hill Book Company, Inc., New 


an be ganged. Most d-e analog com- York, 1949.) 

puters use 10-turn helical-element wire- 

wound potentiometers with resistance values ranging between 10,000 and 100,000 ohms 
(Vim. 2.1.1). The following discussion refers specifically to potentiometers of this 


general type; Table 2.1.1 shows typical specifications. 


Table 2.1.1. Specifications of a Typical Coefficient Potentiometer 


INO OMAMITEB Se asks. cB gfige v= 
ResG MAO Mego ss oes ss ss 
DADGAIIOV eae Fa cee raise +» 
Power rating at 40°C........ 
Resistance? 4 Sates... 
Mechanical rotation......... 
Electrical rotation............. 
End resistance (HI end)...... 
End resistance (Lo end)..... 


... 80 kilohms + 5% 
... 8,600 (+4 deg/ —0 deg) 


3,600 (+4 deg/ —0 deg) 


... 3 ohms (max) 
... 80 ohms (max) 


2.1.2. Precision vs. Accuracy. Precision refers to the number of places to which a 
coeflicient can be set or read repeatedly. Accuracy is a measure of the conformity of 
the coefficient to a specified ratio, i.e., the number of places which correspond to a 
given standard. The coefficient accuracy can be no greater than the precision. Pre- 
cision and accuracy of coefficient potentiometers are always specified in per cent of the 


full potentiometer scale. 


2.1.8. Resolution. The precision to which a coefficient can be set depends on the 


vesolution of the potentiometer. 


The number of wire turns N determines the resolu- 
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tion; the latter is usually expressed in per cent as 100/N. The resolution sets the 


upper limit for the precision to which the coefficient can be set. 


2.1.4. Linearity. In some computers, one sets coefficients by reading the shaft 
position on a linear dial, so that the output voltage must be a linear function of shaft 


position. The amount that the output deviates from this straight line is called the 
lineartty accuracy. Since the linearity is not as good as the resolution, the coefficient 
accuracy is limited by the potentiometer linearity, which is discussed in detail in Art. 


3.1.2. 


2.1.5. End Resistance. If the potentiometer shaft is set at the Lo (or HI) end, 
there will be a resistance between the arM and the Lo (or HI) terminal. These end 
resistances determine the minimum (or maximum) coefficient obtainable. The end 


Xx, 


Cy 
Xo 


Bite? 


Potentiometer - Load .. 


Fia, 2.1.2. A simplified equivalent circuit 
for a multiturn copper-mandrel potenti- 
ometer (Beckman Helipot®). The 
transfer function of this circuit replaces 
that of Eq. (2.1.1) ; the circuit is useful for 
potentiometer settings a between 0.05 
and 0.95 and frequencies less than 
1/24rrCi, with r between 10 and 
100 kilohms. For type A Helipots, 
Ci = C2 and varies between 200 puf (r = 
10 kilohms) and 225 ywpf (r = 100 
kilohms). Cz is the load capacitance 
and includes wiring, etc. (From C. H. 
Single, Low-frequency Equivalent Circuit 
for Copper-mandrel Potentiometers, Report 
CRD 658-14, Berkeley Division, Beckman 
Instruments, Inc., Richmond, Calif., Sept. 
8, 1968.) 


phase error is 0.1 per cent of full scale. 


resistance of a computer potentiometer may 
be as large as 0.5 per cent of the total resist- 
ance. Smaller end resistances can usually be 
specified at increased cost. One possible 
compromise is to have small end resistance at 
the Lo end and standard end resistance at 
the Hi end. ' 

2.1.6. Frequency-response Characteris- 
tics. In addition to resolution and linearity 
the dynamic characteristics of the potentiom- 
eter and its cabinet wiring limit the accuracy 
attainable. The construction of the potenti- 
ometer determines its frequency characteris- 
tics; the factors that enter are: 

1. Inductance of the wire turns 

2. Capacitance between individual turns 
of wire 

3. Capacitance between the resistance 
wire and the mandrel 
The deterioration in frequency performance 
is due primarily to the third factor and 
depends on potentiometer resistance. For 
resistances between 10,000 and 100,000 ohms 
the distributed mandrel-to-winding capaci- 
tance varies from 0.002 to 0.004 uf. The 
bandwidth of a potentiometer is defined as 
the frequency at which the maximum in- 

For potentiometer resistances from 10,000 


to 100,000 ohms the bandwidth varies from 15 to 1 ke. 

Furthermore, capacitance is also added if shielded wire is used’ when the potentiom- 
eter is installed in the computer. The over-all effect is to change the attenuation 
factor slightly; but, more important, a quadrature voltage is introduced, i.e., the 
input and output voltage are out of phase. This phase shift should be kept as small 
as possible. Even a phase shift of only 0.01 deg at computing frequencies may pro- 
duce errors in sensitive computer circuits such as a sine-generating loop (Fig. 2.1.2; 


see also Sec. 2.4). 


2.1.7. Potentiometer Loading. Figure 2.1.3 shows the most commonly used 
coefficient-potentiometer circuit. The coefficient depends not only on the shaft posi- 
tion of the potentiometer but also upon the load resistance rz; rz is usually ‘‘grounded”’ 
at an amplifier summing junction. This loading effect must be taken into account 
when the potentiometer is set. Two techniques are used, depending upon the setting 
method. The first consists of calculating (or using a graph, Fig. 2.1.4) the necessary 
correction. In the second method the input is disconnected and a reference voltage 
(+100 volts) is substituted; then the potentiometer shaft is turned until the desired 
output is obtained, with the load connected (Arts. 2.1.10 and 2.1.11). To prevent the 
output amplifier from overloading (which would, incidentally, produce an erroneous 


sane of resistance values is restricted. 


“iff due to capacitance from the arm 


11,000 to 100,000 ohms. ’ 
Tho lower limit on the power rating 


x?(1—x) vs x 


oo 


Ol 


oon 


0.04 


0 02 04 06 O8 1.0 £ 


Vie, 2.1.4. Potentiometer-loading correc- 
tion chart based on the relation 


Xo bt 
an Xx = ar(1 a) 53 


Multiply the ordinates corresponding to a 
deaired value of a = Xo/X1 by the value 
aly/rp, < 0.8; this quantity must be added 
to the desired value of the coefficient 
4, /X\ to obtain the correct potentiometer 
eottinga, The use of charts of this type is 
wel recommended if setting accuracies 
hottor than 0.1 per cent are desired; in this 
saee charts or tables based on the exact 
formula (2.1.1) should be used. (From 
WA, Korn and T. M. Korn, Electronic 
Analog Computers, 2d ed., McGraw-Hill 
Hook Company, Inc., New York., 1956.) 


ie resistance is too low, it will load the Input 
input amplifier excessively and will not 
juve adequate resolution. The upper limit 
i» determined by the availability of wire- 
wound resistance elements and by the phase 


wround. The resistance of potentiometers 
jeod in commercial computers varies from 
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londing effect) most computers provide a control mode (por sET) in which rz is dis- 

sonnected from the amplifier and grounded (Fig. 2.1.3). ; y 
4.1.8. Resistance Value. Theoretically, the resistance of a coefficient potentiom- 

olor is not significant since it is used as a voltage divider. . Practically, however, the 


If 


to 


en Control 
= relay 
O Patchbay terminals 


IS Pia. 2.1.3. Circuit for setting a potenti- 


‘omputed from the requirement that the  Qmeter with the load connected. 


wtontiometer must take the reference volt- ; F ; 

ee (4-100 volts). Four- or five-watt units provide a satisfactory margin of safety . 
\wilures in coefficient potentiometers usually arise not from excessive input deo 

hut rather from incorrect patching of the output (operator mistake). For example, a 


i i 13 ma. If the input is 
10,000-ohm 5-watt potentiometer has a current rating of 
100 volts, the coefficient is 0.95, and the output (arm) is grounded, then 60 ma flows 


through some of the wire turns. Since 
mistakes of this kind arise, it is advisable to 
fuse the potentiometer arm. This protec- 
tion is required only for accidental over- 
loads, and thus a fuse capacity of two or 
three times rated current is adequate. A 
larger fuse also reduces the loading effect of 
the fuse resistance. For the example cited 
above a 342-amp fuse is provided. 


HAND-SET COEFFICIENT 
POTENTIOMETERS 


2.1.9. Dials. One method for hand-set- 
ting coefficient potentiometers is to provide 
each with a calibrated linear dial and a shaft 
lock. Turn-counting analog dials (Helipot 
DUODIALSS) and dials with in-line digital 
indication (Borg Model 1801 MICRO- 
DIALS8) are available for use with multi- 
turn potentiometers. 7 

The dial reading a corresponding to a 
given coefficient Xo/X1 depends on theratio 
of the potentiometer resistance r to the 
load resistance rz. The loading correction 
(which must be added to the desired coeffi- 
cient to obtain the correct dial setting) is 
given by 


Xo -2 a?(1 +7 a) (r/rt) (2.1.1) 


*~X, 1+al —a)(r/r1) 


Viwure 2.1.4 shows a universal loading-correction curve based: on Eq. (1); one may 
sleo tabulate the loading corrections for suitable values of the ratio r/rz. rae 

4.1.10, Comparison-potentiometer Method. Figure 2.1.5 shows a on eer 
setting coefficient potentiometers, with their loads connected, by a null-in 
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comparison with a standard potentiometer set to the desired coefficient value. The 
null detector used may be a galvanometer, vacuum-tube voltmeter, or oscilloscope 
The null detector must not load 
The com- 


and should have a sensitivity of 10 mv or better. 
either the coefficient potentiometer or the comparison potentiometer. 
parison circuit is also useful for accurate measurements of other computer voltages. 

2.1.11. Voltmeter Method. A more convenient if somewhat more expensive 
method replaces the comparison circuit in Fig. 2.1.5 by a precision digital or servo 
voltmeter which reads each coefficient setting directly, with the load connected. The 
voltmeter input impedance must be sufficiently high to prevent loading errors. 


Coefficient 
potentiometer 


+100 


Selector 
switch 


Null 
detector 
Precision 
potentiometer or 
digital voltage 
divider 


e 
6 @ 
7 


+100v 
reference = 
voltage 


© Patchbay terminal 


Fra. 2.1.5, Comparison-potentiometer circuit. 


SERVO-SET COEFFICIENT POTENTIOMETERS 


2.1.12. Advantages. In large computers (over 100 amplifiers) the use of servo-set 
potentiometers becomes economical. Servo-set systems are inherently similar to 
the comparison system described above, except that each potentiometer shaft is 
turned by a servomechanism controlled from a central keyboard. Such systems are 
not designed merely to prevent operator fatigue; the effort of setting one hundred 
potentiometers by hand is not much greater than that required to push a set of buttons 
one hundred times. On the other hand, servo-set systems permit punched-paper-tape 
input and furnish a printed output, and are thus powerful aids in setting up large 
problems. A block diagram of one system is shown in Fig. 2.1.6. Such systems pro- 
vide the following advantages: 

1. Each coefficient setting is automatically and permanently recorded. 

2. Every coefficient change is recorded. 

3. Each time a problem is removed all coefficients are recorded, and a punched 
paper tape is prepared so that all coefficients can be correctly restored. 

2.1.13. Packaging. The components shown in Fig. 2.1.6 may be packaged in a- 
variety of ways. The input-output equipment can be combined in one unit, an electric 
typewriter with a paper-tape punch, tape reader, and a translator. The decoder 
may consist of relays and crossbar, stepping, or electronic switches, as well as combina- 
tions of these components. 

Each coefficient potentiometer may be driven by its own servo motor, or several 
potentiometers (usually 20) may be connected to a single motor by means of clutches; 
new inexpensive clutches have made the second method economical. Two pre- 
cautions must be observed in systems using clutches. First, the potentiometer should 
be declutched after servo null is reached but before the output voltage is read. Sec- 
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i iometer 
onl, elutehes must decouple completely to prevent the motion of one potentiom 
from dragging others. 


W114, Servo Performance. In addition to the standard servo-design criteria, a 


few epevial factors must be considered. The system error is usually specified to be less 


10 or 20 mv. r I 
_ tho stringent requirement that its static error be less than 10 mv 


peer . t 
i in several units, the servo mus 
Since component errors can arise in \ anes 


i racy of 
‘ent polontiometers having about 12,000 wire turns must be set to an accuracy 
one wire turn, 


| 


aA ; id 
‘Tho servo dynamic response is also critical; the potentiometer should be set rapi ly, 


i ear 
jit al the same time the servo should be overdamped to prevent potentiometer w 


Automatic input 
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paper tape 


Manual input 


Heyhoard or 
typewriter 


Oooelficient Address 


Servo motor 


Visual 
display 


Reference 
voltage 


Close after 
declutch 


Potentiometer 
selector 


Digital 
pelentioneter 


I 
| Declutch 
! at null 


amplifier 


Comparison voltage 


¥ra, 2.1.6. Block diagram of a servo-set potentiometer system. 


ne : Ms Ws echt ide 
dive to hunting. One method for accomplishing both design objectives is to provi 


or TREN ps In addition to the basic circuit described most systems 


jnelude some special control circuits: 


| yvor eireuits to warn the operator if the oe sain gee by the digital volt- 
8 i igi tentiometer ou 
‘ler does not agree with the digital po } - 
{ Seats regan potentiometer outputs when the potentiometers are connecte 


in the problem 


i iometer 
Vrovision for the slaving of any servo-set potentiometer toa ae: potentiom 
I\torlocks to prevent the system from interpreting erroneous 
i i ial com- 
Aw in the other comparison methods, - system gee pe pen iripageas ens 
i e compu 
wnonte for measuring other voltages in be at oe 
s0di litate these measurements \ 
Jootors, controls, and coding to faci ee er a arabe mase tae 
} iti m ; e addition of cireui 
lively small additional cost. Furthermore, by ( ‘ fees 
"y ere (RWANT, OPERATE, HOLD, etc.) semiautomatic and automatic op 
fan be achieved (Bee, 4.2). 
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THREE-TERMINAL POTEN TIOMETERS 


2.1.16. Special Circuits. In many d-c analog computers at least some of the 
coefficient potentiometers have free rather than grounded Lo terminals for use in 
various special feedback circuits and diode circuits (Sec, 3.3). In many such con- 
nections, the 100-volt reference voltage used with comparison, voltmeter, and servo- 
setting methods would blow the potentiometer fuse, so that dial readings or indirect 
voltage indications are used to set the potentiometer. If servo setting is essential, one 
can disconnect the potentiometer from its computing connection during the setting 
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PART 2: RC NETWORKS AND LINEAR OPERATIONAL AMPLIFIERS 


By Grantno A. Korn and THeREsa M. Korn 


2.2.1. Basic Circuits and Design Formulas.1.2 Relatively simple resistance- 
capacitance networks permit the computer designer to relate input and output voltages 
by the basic mathematical operations of multiplication by constants, addition, inte- 
gration, and differentiation (Fig. 2.2.1) and by more general linear transfer-function 
operators of interest in control-system synthesis (Table 2.2.1). Useful particularly 
in special-purpose computers, computing networks can often save electronic circuits 
and their attendant power-supply, drift, and maintenance problems. Suitable net- 
work components are discussed in See. 2.4, 


circuit of Fig. 2.2.2. If there is appreciable admittance between summing point and 
ground, this is regarded as an additional impedance Z. = Z, without an input voltage 
(Sec. 2.3). If the feedback loop is stable, and the loop gain is large, the summing- 
point voltage Xo/A ig negligible, so that node analysis yields the basic design formula 


=> — Xi Xe . . . 
Xo = —Z(P) Ls +7 + | (2.2.1) 


where P = d/dt denotes differentiation with respect to real time (computer time). ; 


Table 2.2.2 shows a number of useful circuits. 


2.2.2. More Detailed Performance Analysis (see also Secs. 2.3 and 2.4).1 If 
X0/A is not neglected, one must add an error term 


= 1 S59 eke yh ee 
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Table 2.2.2. Examples of Parallel-feedback-type Operational Amplifiers for a 


Number of Transfer Functions —2 = 


Xo, | ZelP) 


xX, Zi(P) 


Additional circuits may be designed with the aid of Table 2.2.4. 
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l'on relations are used to estimate the working frequency range of the operational 
amplifier (see also Sec. 2.3; note that error amplitude is not the same as amplitude 
error), 

4.2.8. Effect of the Load. Output and Input Impedances.! If a load of impedance 
», in connected to the operational amplifier, the effective d-c amplifier forward gain is 


Ao(jw) + (Z1/Zo) 
1 + (Z;/Zo) + (21/41) 
whore Ao(jw) and Z; are, respectively, the open-circuit gain and the internal impedance 
(output impedance, source impedance) of the d-c amplifier alone. 


The internal impedance (output impedance, Thévenin source impedance) Z, of the 
sporational amplifier is 


“(b= BGw)lZr + [1 — Ao(jw)B(jo)]Zo 


AGuy = (2.2.4) 


“af zi : s 
[ TGaaGa if MoGwdsGu)] > 1| (2.2.5) 
i) most applications, Z; varies between 1,000 and 50,000 ohms, and |Ao(jw)8(jw)| 
jn wo large that |Z,/Z |, and thus the effect of the load, is negligible at low frequencies. 
\\ higher frequencies, capacitive loading may 
hve to be considered. 

The input impedance seen by the ith input 
vollage source is practically equal to the im- 
widance Z; whenever the absolute value of the 
Hop gain A(jw)B(jw) is large. 

4.2.4. Effects of Gain Changes and Distor- 
tion, The inverse feedback inherent in the 


»porational-amplifier circuit helps to reduce the ——— 
effeots of gain changes in the d-c amplifier on _ Additional inputs 
thw output voltage Xo; the range of permissible Fre. 2.2.2. Basic parallel-feedback 
gain changes may be investigated with the aid °Petational amplifier. Zo(P), Z,(P), 


Z:(P), ... are two-terminal imped- 
ance operators, with P = d/dr. The 
d-c forward gain A(0) is negative for 


of Was. (2) and (8). 
lor pure sinusoidal’ voltages, the fractional 


effet of a steady-state gain change dA(jw)on stability. 


ihe output amplitude is reduced in the ratio 

1 |1 = A(jw)B(jw)|. A similar reduction applies to the fractional amplitude of each 
sinusoidal distortion and intermodulation component originating in the d-c amplifier; 
the effect of the feedback on total distortion is not easily computed. 


\ects of d-c amplifier drift and leakage are discussed in Sec. 2.3. 


MORE GENERAL OPERATIONAL-AMPLIFIER CIRCUITS 


4.2.6. Combinations of Operational Amplifiers and Networks.'? Table 2.2.3 
showe a number of computer circuits capable of implementing complex dynamic- 
»yetom relations with a single d-c amplifier. The special circuit of Fig. 2.2.3 is par- 
tioularly useful for economical computer representation of second-order linear systems 
‘Hineeeepring-dashpot systems) with the transfer function 

Xo 1 a 1 
Xi é = Ri R2C1C28? + (Ri + 2R2) Cos +1 


2 (2.2.6) 
—+2—s+1 
Wn On 


with the damping ratio § and the wundamped natural frequency wn/2r given by 
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Htoference 2 contains several useful examples. 
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resistor of another operational amplifier. 


parameter changes are not required. 


Table 2.2.3. Additional Operational-amplifier Circuits 
These circuits may simulate components of dynamical or electrical systems and are 


useful for the solution of partial differential e 
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Passive linear 
four-pole transducers 


xX, 


Passive linear 
four-pole 
transducer 


Additional inputs _ 


(a) (6) 
Fig, 2.2.4. Operational amplifier employing four-terminal input and feedback network 
(a), and definition of short-circuit transfer impedances (b). (From G. A. Korn and T. M. 
Korn, Electronic Analog Computers, 2d ed., McGraw-Hill Book Company, Inc., New York, 
19656.) 


2.2.6. Operational Amplifiers with Four-terminal Input and Feedback Networks.12 
If the input and feedback impedances of a parallel-feedback operational amplifier are 
replaced by linear four-terminal networks (Fig. 2.2.4a) Eq. (1) still describes the ampli- 
fier operation for high loop gain, provided that each impedance operator Zo(P), 
Z\(P), Z2(P), . . . is understood to denote the short-circuit transfer impedance (ratio 
of input voltage to short-circuit output current, Fig. 2.2.4b) of the four-terminal net- 
work in question. Table 2.2.4 lists transfer impedances of commonly used networks 
and is very useful for syntheses of operational amplifiers with specified transfer func- 
tions. The error analysis of Art. 2.2.2 does not apply; detailed performance analyses 
require solution of the node equations in each case. 

2.2.7. Transfer-function Synthesis by Differential-analyzer Techniques.'2 Table 
2.2.5 shows computer setups implementing commonly useful transfer functions with 
integrators, summers, and potentiometers by classical differential-analyzer tech- 
niques (Sec. 5.1). These circuits permit convenient adjustment of parameters and are 
suitable for use with “committed’’ operational amplifiers in commercial analog com- 
puters. Additional special circuits have been collected by Estes, who points out that 
a circuit with the transfer function (1 + 7%s?)/(1 + 7's)? (use circuit 8 of Table 
2.2.5) is useful as a notch filter for rejecting an unwanted frequency component. Fig- 
ure 2.2.5 shows a number of practical differentiating circuits. 


ERRORS DUE TO PARASITIC CIRCUIT PARAMETERS 


2.2.8. Errors Due to Parasitic Circuit Parameters. The design formulas of Arts. 
2.2.1 to 2.2.7 are based on the assumption of ideal resistances and capacitances (and 
possibly inductances) in all operational-amplifier networks. In practice, the per- 
formance of operational amplifiers is compromised not only by insufficient loop gain 
(Art. 2.2.2) but also by parasitic resistances, inductances, and capacitances superimposed 
on the desired network elements. In particular, integrator performance may suffer 
from resistor series inductance and parallel capacitance, and from integrating- 
capacitor leakage and dielectric absorption. The relevant error analysis involves the 
composite design of operational amplifiers, coefficient potentiometers, patchbays, and 
cabling and is discussed in Sec. 2.4. 
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(a) sal 


a |: @) 
(b)  %& (CP+1)(RC;P+1) 


a 
R 
x, R pa 
‘ 
R 
xX, P 

(*) x "~ GP+1 (e) 
Pin, 9.9.5, Analog differentiating circuits. : 
tin, 9.9.64, Basic operational-amplifier differentiator. , : J 
fin 99.5), Addition of the resistance r prevents overloads in the preceding amplifier 
anil amooths noise peaks. Capacitor Cr may be added for additional smoothing. F 
tis. 4.9.50, Differentiation and smoothing by implicit computation. The high-gain 
siipiifier may have to be feedback-limited (see also Fig. 2.2.5d). ; é 
fis 44.5d, Combination of Fig. 2.2.55 and c. The high-gain amplifier has adjustable 
wath and le feedback-limited (Sec. 3.3) to prevent overloads. (Contributed by J. McLeod, 


tT annatrs Aatronautics.) ; . List 
tin, ¥.4.5e, This implicit-differentiation circuit yields two approximate-derivative outputs 


P2 P? + kwP ) 
Xo * (1 - ) Px, Yo = (: — Pf hkeP +o! PX1 


' P? + kwP + w? 
+. ls more accurate, and Yo is smoother.. Integrators must be supplied with appropriate 
jnitial-oondition voltages. (Contributed by L. Bauer, Reeves Instrument Corporation.) 
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Table 2.2.4. Transfer Impedances for Operational Amplifiers* 
This table is used to find networks whose transfer impedances Z,(P), Zi1(P), Z:(P), «+ - 


match the desired performance equation 


x,. 2) 


Z(P) X1 or Xo = —Z,(P) [ 


xX X2 
ZP) * ZP) * | 


for an operational amplifier of the type shown in Fig. 2.2.4. 


j Transfer- 
hepeiaans Network Relations a 
ie 
A R=A 
P.-E oe eS 
A R= 4 
1+ PT o=7 
See See 8 
ie 4 
A(l + PT) rie 
ae 
J _ TS 
Ri = A6é 
Ri: = A(1 — 6) 
T 
a AG — 6 
1+ Per 
4(yor Fae mpers eres Ore 
6<1 Ri= oe 
(Ri + R:)C R= >, 
ies _ TU - 6) 
a" S03; C= 
fat 2 ee. ee 
2RiR: A 
A Sere Bi Bae gaa @ 
Ric 
T= == R=4 
cu 42-9 
Ri = = 
4 ( 1+Pr 2 
1+ Per ae) ae 
a — 6) 
Peis o = 470 - ® 
A 
A 
=; 
2T7(2 — 8) 
C1 A 
276 
Ci + Ca Ca ae ts 


* Reproduced by permission of the McGraw-Hill Publishing Company from F. R. Bradley 


and R. McCoy, Driftless D-C Amplifier, Zlectronics, April, 1952. 
by S. Godet of the Reeves Instrument Corpo. 


This table was developed 


ration, New York City. 
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Table 2.2.4. Transfer Impedances for Operational Amplifiers (Continued) 


T fer- ; 
impetanee Network Relations 
function 
B=(1 


T. = (Ri + R2)C2 


TiT: = RiRsCiC2 
Mm+Ti = RiCi eas 


bs 
i 

2 
-_ 
mr 


C1C2 
T. = Re Cia Ca =) 


TMT; = Rik2CiCa 
. Pd + P7Ty)a + PTs) 


ri 1+ PT: 7 T= RC. 
m1<%M%<Ts ee 4° R2C2 + RiCs 
B=(C1 
T. = R2Ca 


TiTs = RiR2CiCs 


Ti+T7s = RiCi ey 


B=(1 
T: = RoC2 


T1T; = RiR2CiC2 
™M+T7T1 = RiCi + Pees 


102 


B=C: 


i 
py + PTO + PTs) TiT: = RiR:C:C2 


1A T 
: M+T. = RiCi + es 
B=(C2 
1 f+ PT) + PP2) at TT, = RiRsCiC2 
7] P VTiT2 5 
Ts vé Ts [ Tr + Tem Ris +, Ras 
ad i" CiC2 
BP" OF oh 
T= RC1 


1 P+ PT). + PT) 7} % oe 
Pi\ PAT, | 4 Pe 
R R 
M1 <T1 


T2 = R(Ci + 2C2) 
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Inverse 
relations 


is MT + a T 
Ri = TM1T3(T1 + Ts — T2) 
* B(Ts — T:)(T2 — 11) 
C:1=8B 
= B(T3 — T2)(T2 — 71) 
7 Ca + Ts — Ta)? 
T1T: 
ac BT: 
(T1T2 + TeTs 
—T1T3)? 
Ri = BrAT, — Ty) 
(12 — T1) 
BT 2 


” Fils + T3Ts— Tils 
B(T3 — T2)(T2 — 11) 


C1 = Ty + Tals — Tals 
TM1Ts 
a= 37, 
R (Ts — T2)(T2 — Ti) 
eg BT: 
C=8 
BT} 
C= Tym — To) 
TMT; 
i= BT: 
TiT2Ts 
Ri = 30 — Ty (11 — TD 
C=8B 
B(Ts—T2)(T2 — 71) 
on re 


TMT; 
B 
V™MT2 


R= 


+: BV MT: 
(VTi — VT)? 

C1 = B 

(WVJTi — VT»? 


ba Ne 


B 


VT? 
Tee 


BVTiT2 


+. (VT1 — VT2)? 
C= B 


Table 2.2.4. Transfer Impedances for Operational Amplifiers (Continued) 


Transfer- 
impedance Network Relations Inverse 
function relations 
Git) hp has 
1+ P2717 
ert Ry = ATM 
C1 Sp 472 
, c, = 42 
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c=B8B 
1+ ca Sieh Cc iH 
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j] 1 Bo 
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PB \I + Por eet: 
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¢ oe is 
+ Ci = Bo 
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C: = B(1 — 6) 
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Table 2.2.4. Transfer Impedances for Operational Amplifiers 


Transfer- 
impedance 
function 


Network 


A LP | 


1+ PT: + Parils 
™%> a (complex roots) 


Ti>T: 


A 1+ PTs | 


1+ PT + P2717: 
™> a (complex roots) 


m<T1 


AQ + PT) (1 + PT) 
m<T 


A= 


Relations 


2RiRs 
(2R1 + Re) 
Ri(RiCi + 2R2C2) 
2Ri + Re 
RiR2CiC2 
RiCi + 2R2C2 
RiCi 
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= 2Ri 


= RoC: + 2RiC2 


Ri(Ri + 2R2)CiC2 
R201 + 2RiCe 


= (% +2) C1 


= 2R 


= R(C2 + 2Cs) 


— RCs(C1 + C2) 
C2 + 2Ci 


~2at C2) 


= Re 
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= Re 
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= R; 


Ri(2Re + Ra)C 
“Rit RR: 
R2R3C 
a (2R2 + Ra) 
2Rik2C 
~ (Ri + Ra) 


= 2Ri + Re 


Rike 
2Ri + seem) 


= RiC 


Ci = 


(Continued) 


Inverse 
relations 
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2(73? — T1(T3 — T2)] 
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Ti(T3 — T2) 
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Ey 
2(273?—T1(Ts—7'2)} 
AT; 
271(Ts — T2) 
AT; 
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AT, 
AT3? 


4[71T2— T3(T1—T)] 
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A 
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AT; 
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Cm 


AT??? 


~ B2TiPs 
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2(71 — Ts) 


mi 


Table 2.2.4. Transfer Impedances for Operational Amplifiers (Continued) 


_Transfer- 
impedance 
function 


1 (1+ Per 
PB\I+P? 


9<1 


1+ PTs 


Q + PT1)(1 + PTs) 


Ti <I" < Ts 


Network 
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Relations 
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TiT: = Rik2CiC2 


Ey 
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Te 
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2B 
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Te 
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Table 2.2.4. Transfer Impedances for Operational Amplifiers (Continued) 
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Relations 


Rik: 
Rit+2R2 


RiC2 


Rit R: 


RiCi 


Rik: 
Ri + Re 


RC 


(2C1 + C2) 


Jiearten 


Inverse 
relations 


AT: 


~ (Ti + 1) 


AT? 


“(i + 1) 


(T1 + Ts — 27s) 


og EuTa ch Ts) 
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AT: 
AT, 


“(i + Ts) 


AT, 
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Table 2.2.5. Differential-analyzer Representation of Transfer Functions* 


The table contains computer circuits for the simulation of all possible transfer 
functions which may be represented by. any combination of three-terminal, two-, 
three-, four-, or five-element RC networks (see also Table 2.2.1). Note that 71 > 
T2 > T3 > T, in each case. 

Included with the circuits are the associated Bode plots, factored transfer functions, 
equations for transfer-function time constants and gains in terms of analog gains and 
equations for the necessary analog-circuit gains as functions of the desired time 
constants. 

If there are more analog-circuit gains to be determined from time-constant relations 
than there are independent equations, assume one of the circuit gains and solve for 
those remaining from the equations given. In such cases, equations for the gains 
assumed are omitted from the tabulation of equations for analog-circuit gains in terms 
of transfer-function time constants. 

All analog-circuit gains are shown on the diagrams as potentiometer settings. 
Where a circuit gain is greater than 1, a gain greater than 1 must be used on the 
associated amplifier. 


Transfer Time 


No. Bode plot function constants Gains 
E 
1 
0 ee, 
1 YT 1 T = es Aa B= te 
Ts +1 A T 
0 fase hace 
eS K : A T 
ad VT 
Ts +1 
vg ue B= AK 
: i 
wha | 
3 c——- = eRe! wis 
nes Ts +1 ieee 
Ce ae = a A= i 
4 TF a4 pdm A P 
‘t Te+ K = BT B= AK 


* Heizer, L. E., and S. J. Abraham, Transfer-function Simulation by Means of Amplifiers and 
Potentiometers, CONV AIR-Fort Worth Rept. Sept. 16, 1955, CONVAIR (a division of General 
Dynamics Corporation), Fort Worth, Tex.; reprinted ‘by permission. 
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Table 2.2.6. Differential-analyzer Representation of Transfer Functions (Continued) 
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Boge pier function constants 
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Table 2.2.5. Differential-analyzer Representation of Transfer Functions (Continued) fable 9.2.6. Differential-analyzer Representation of Transfer Functions (Continued) 
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Table 2.2.5. Differential-analyzer Representation of Transfer Functions (Continued) 
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Table 2.2.5. Differential-analyzer Representation of Transfer Functions (Continued) 
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Table 2.2.5. Differential-analyzer Representati i } 
P ion of Transfer Functions (Continued) jeble 4.8.6, Differential-analyzer Representation of Transfer Functions (Continued) 
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Table 2.2.5. Differential-analyzer Representation of Transfer Functions (Continued 


fable 2.2.5. Differential-analyzer Representation of Transfer Functions (Continued) 
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Yable 2.2.5. Differential-analyzer Representation of Transfer Functions (Continued) 
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Vt, 1/7, (Tis + 1)(Tas + 1) a 1 — Ts 
eT eas paged 
a 1 fi T2 
pt tT) — 7. 
P= 
EMT: 
SR a ot J ri o _— w Ke A A = CK 
1 1 ¢ 
TM = A=— 1 
D — EF Ts 6 —K(Tis +1) eee Bea 
whe slg T:-T7.% 0: T2%s? + 2hT2s + 1 B : 
Oper! Se Wy = B= 1 fie 
34 K 1/T, | a Ty T2? 
BN ae eee Daya | Oo ; 
5 = 
Vv VW ae 11) A-B be Bick a Dm ee 
| 1 T2 2 = 
% = — 
A T, — 7: 
Mr ~ Err, +} 
ne 1i4 1f2 
ToT; 
ee a ee nS - Biscod a 
1 
1 D ee 
Ti = 
a” D— EF Ms 
a ‘ 1 lp T2—T; 
a oe. ee ToT: 
Vr D-E 
35 mn YT, te ee ; o = tm? " 
1/7, 18 38 + 1) = ag , 
Ts Aes T1Ts 2h z 
1 -oom. a, Fela gs 
7-1 Die be LS Ks(Tis + V) ihn Ts TM 
A 2 0; 72s? + 2hT2s + 1 i T.2 + Ti? — 2hT%1T2 
(T2)? < T2T3 F yy - TiT:QhT: — Tr) 
- 4/B(D + ©) Eee es 
B+D Dm 


h= — 
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Table 2.2.5. Differential-analyzer Representation of Transfer Functions (Continue 


No. Transfer Time 
F function constants 


Ks = A=CK 
39 Cc 
1 bE 
T, = er —4 B= ees SA 
V BE 27 i(heTi — hi Ps) 
cf) —K(71s? + 2hTis + 1) : D—sF ‘ Ty! 
6: To's? + 2hoT23 + 1 ger \/BE ~ Te 
1 2he 
?; = —— D = — 
V BCE T2 
i D E 2 (2 hi 
| Es ——— — = _—_-— — 
2+/BCE Tr TT, 


PART 3: DESIGN OF VACUUM-TUBE D-c AMPLIFIERS 
By Epwarp M, Binuincuurst 


DESIGN SPECIFICATIONS 


2.3.1. Typical Requirements. Operational amplifiers (Sec. 2.2) have primary 
specifications based on the required computing performance and secondary specifica- 
tions such as drift stability, cost, and component availability. . Typical requirements 


follow: 
Low-cost d-e High-quality d-c 
analog computer analog computer 
Output voltage range (100 eps)..........., +50 or +100 volts +100 volts 
Output current CLOUD Mi dih. Sexi atch 3 to 15 ma 20 to 30 ma 
Open-loop gain at d-c.......0 112) 771*7 500 to 105 107 to 108 
Open-loop gain at 100 eps........ 211) 500 to 104 | 104 
Closed-loop phase shift at 100 eps (unity . | 
COUR eae re omit te ee Te Less than 0.5 deg | Less than 0.1 deg 
Closed-loop’ phase shift at 100 eps (gain of | 
> Oo cy See wee ea Ranier Tle Less than 1 deg | Less than 0.15 deg 
D-C offset (referred to BDU eck VS clon ere TO to 50 my | Less than 100 pv 
8-hr drift (referred to BIG Aa oe Cy 10 my 20 to 100 pv 
in TCR 3 SE Fane TE ert 100 my peak-to-peak | 10 mv peak-to-peak 


Examples of computer-amplifier design will be found in See. 2.5. 


inee also Sec. 2.2). 
‘onal amplifier is given by 
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‘ rmance vs. Open-loop Gain and Phase Shi 


i ; i era- 
4.8.2. Operational-amplifier bee he output voltage H, of a representative op 


In Fig. 2.3.1a, t 


AY oY ¢ 
~ E:| Yole—-Yr [: a: | sis 
E, = —Z; —o “Seen y.¥) A f 
i=1 2 vay, —- 7h 
i i ne8 ¢ admittances 
in (—A) as well as the various hall and ac 
. ee : iable s, an 
p aad Y betel ag the complex-frequency variable s, 
yan are C 
b (2.3.2) 
Y. Ls VE 
Fig. 
inati BNO Zao ste ahah 
he admittance of the parallel combination of Zs, Zag, 
}, ia the adr 
Oi). 
Summing Z 
junction 
E, 
a rks forming 
ical tional-amplifier system block diagram (a), and netwo: 
tio, 2.3.1. Typical opera’ 
y, and Y,(b). 


: : : 7 . € 

( mee )} ° 
Y is th dmittance f the paral! el combination f Lies Zi, an 1 £ 
b i e a o it oO dZ Fi 2.3 1b Z 


+ lifier. : 
the output impedance of nae Selec ancatas desired performance equation of 
in ] 


. ight of Eq. (1) : lity and low-frequency 

pabae! bio = Shia peloigd term eee cated above the working 

- pie a on is usually of interest agile Ji contribute to computing 
errors. 


t genera , le . 
pecsency, nee ee a PE eS 3.10) usually involve only resistance 
i bility. ol es 
errors or amplifier sta’ 


i lel. 
ingle R and Cin parallel. are 
i ften be reduced to a sing <ternal circuitry is 
and capacitances and eee in Eq. (1), the effect of br emplifier gain, [—A(s)]. 
Re ii aisigi tikiantiin and phase-shift terms to the 
“ pontribute a 7 


i i ase shift of 
ho Nyquist stability criteriat require that the ph 


AF ore (2.3.3) 
5 You ¥ ie 
Latass ‘on AG) 
i t is desirable to design | 
A ere ee 10). For the time being, 


= w/2zx below about 1 Mc. ! 
f ae Snaeney response [A Ge) pan 
To determine the requirec 


ho leas than 180 deg when its eon a a 
wo that the phase shift is less Lee Laberge 
awwume that |A(jw)| > 1 at frequ woes 
igure 2.3.2 illustrates a typica -‘whiptideg 
Large low-frequency gain reducés comput Q 


— 


DESIGN OF VACUUM-TUBE D-C AMPLIFIERS 2-43 


2-42 & 
LECTRONIC ANALOG COMPUTERS AND NETWORKS 


frequency gain i 
approximate FE ; 
, Eq. (1) by )eratlel capacitance, and this capacitance will vary at least +1 uuf for 1-megohm resistors; 


the phase shift of Z;/Z;, the multiplying expression in front of the error term, will be about 
‘07 deg at 100 eps. The phase shift of the error term will, thus be small compared with 
It is possible to add capacitance across summing-amplifier 


n A (joo) 
ji 2 E; Ie ZV, is the phase shift of Zs/Z;. 
f E 1 : ee fois 
i A (jo) Zy P a [1 pa. ahs | (2.3.4) + sistors to equalize them (Sec. 2.4), but this is expensive in general-purpose computers, 
‘= bits i 7 bd : ‘ 
bee 8 oe = A (jo) \nually, the gain determined by the above method will not be sufficient for accurate 
‘ulewrntion at low frequencies. However, accurate integration requires automatic 


haluncing cireuits (Art. 2.3.14) which add to the low-frequency gain. 


The bracketed term deter mines the amplitude error at a parti ular fr eq 1ency. The 
Cc U 


low-frequency amplitude error is given by 


_ AG) 
_T+Z,Y, | 


ate 


1+Z,¥, 


Bz 
ae 
@ 
nce 
S 
S 
of 
ot 
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e 
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ns 
Da 
oe 
i 
@o 
oO 
al 
iol 
iS) 
= 
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B 
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ro 
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cr 
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i} 
5 
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design tolerances in Z; and Z,. 


amples will serve to illust 
I te the meth 
Py stra method 
; " ee pin rmining the required low-frequency 
Log frequency, cps 


Log gain (db) of A(jw) 
= 
Ses 


Fie. 2.3.2. Typi i as oh Ry 
mie as ON gira se gain-fre- Assume that Z f ma $ a Previn pees 
posers Of an operational resistors; 24=1 Seonbhan cys Shaiya 
“ive ! at computing fre- 
quencies; a maximum of t i stom 
cent amplitude a i ‘ > 1s Tequired, so th a 250 kilohs; 1 per 
devas sent eb ls required. For this low accuracy pig he (ally be oes a 
phase shift at 100 cps. The required condition thea cegerraed a 

en 


| AGe) 


much gain requires a res i 
phase shit ics so with a corner frequency at 1 ke, so that A(jw) will have | 
at low frequencies. If th i i leat 
Fail Aeacte 4 e amplifier is to be used as an i i i 
hao e plate Ht re on this basis to deteraihe ica: Rgds ets 7 ae 
resistors, but an accura vinming Amplifier. Assume the same i it and feed 
osiask fae cy Tequirement of 0.01 per cent, F, sd. accu oance 
veces ry ri re Under these conditions, 1 + [A i Wp vill oie ep 
picoe ne j Peay phase. A cut-and-try method of ta bli “ons i nina 
ie tha a) ete silis he establishing A(jw) is required 
m then is (2 X 103/90 deg), | 
ie eae /90 deg)/(1 + 2 X 103/90 de ba i 
- 90 deg is 2,000.00025. The error is (2.5 % 107! 2 itp, ae 
St aes 10™4)/(2 X 103), or much less 


Thus a gain of 80 db i 
than 80 db, with 18 more than satisfactory. A low-fr i 
at 100 cps, will give. a Fasavngs below 100 eps to keep the itnae ap ener ie a 
phase error at 100 eps a yea amplitude accuracy. Note that "Gee aed. 
phase angle of A(j e about 0,025 deg, which i ’ /48 response, the 
jw) at 100 ¢ . , is greater than it ] ‘ 
however, becaus Ps were 0 instead of 90 d : would be if the 
’ e of A eg. Th 
accuracy, viens phase characteristics of the comepniting phan rte can be tolerated, 
esistors must be used for computing. The aii ole per om 
, b ave a sma 


A (jw) (2.3.5) 
0.4.8, Choice of Output-stage Circuit. 


delivering the required current and voltage ranges. 
have low output impedance to minimize load-capacity effects on closed-loop amplifier 


swbility. High-gain amplifiers can stand more output-stage distortion than low-gain 
swplifiers, since the distortion effect is reduced by the gain of preceding stages. 
\iplifiers should be capable of delivering rated voltage and current at all frequencies 


h : J ba ; 
ase errors may be included in the first term of Eq. (1) a pine app Soe 
é e effect o 


For low-gain amplifiers j i 
low phase shift in the pe glen 
while high-gain amplifiers may have 90 de : 
phase shift near the upper limit of the coll 
puting range (e.g., at 100 cps). Two oa 


tbelow 100 eps. 


‘quired current and plate-dissipation capabilities. 
‘volves a compromise between dynamic range and plate-dissipation limits; supply 


vallages of £250 to +300 volts are typical. 


\{(or the required amount of gain is determined, d-c amplifier stages can be designed, 


slarling with the output stage. 


DESIGN OF D-C AMPLIFIER STAGES 


The output stage must be capable of 
It should also be designed to 


Figure 2.3.3 illustrates different output circuits. 
i) woneral, low- or medium-» tubes are required for output stages to have the 
The choice of supply voltages 


0.4, Voltage-amplifier Stages. Voltage-amplifier stages need not supply much 


font and may be designed with the aid of linear equivalent circuits based on pub- 


Symbols are defined as follows: 


liehod vacuum-tube parameters (Fig. 2.3.4). 
/.: supply voltage in the plate-cathode circuit 
/.. supply voltage in the grid-cathode circuit 
/.«: quiescent (no signal) current into the plate 
/. quiescent plate-cathode voltage 
fh): quiescent grid-cathode voltage 
/, vetual plate current with signal applied 
/ wetual plate-cathode voltage with signal applied 
/ netual grid-cathode voltage with signal applied 
i Ii) ~ Ip: variation in plate current with signal applied 
» © By — Ey: variation in plate-cathode voltage with signal applied 
» « ly — E.: variation in grid-cathode voltage with signal applied 


+, © variation in cathode voltage with signal applied 

+, © &/%, When e- is constant: dynamic plate resistance 
tim @ th/ee, when e is constant: transconductance 

© elo ™ Trgm, When %, is constant: amplification factor 


A.C, or small-signal, linear equivalent circuits involve only small-signal vacuum- 
The tube manufacturer’s data sheets give uw, Tp, and gm for various 
In general, » remains fairly constant over a wide 


tube parameters. 
3 and gm increases with increasing plate current. 


aperating points (Art. 2.3.5) 


yperating range, but rp, decrease: 

‘Tho grid-plate capacitance C,p, the grid-cathode capacitance C,x, and the plate- 
sathode capacitance Cx can affect high-frequency response and amplifier stability. 
ure 2.5.5 shows the small-signal equivalent circuit of a triode stage. For pentode 
siauen, One may have to consider the dynamic effects of the screen unless the screen 
pan bo suitably by-passed. 

Vigure 2.3.6 shows a regenerative (positive-feedback) stage used to obtain large 
he wnin from one tube. ‘ 

Basic stage-design techniques utilize the 


4.6. Selection of Operating Points. 
cuum-tube characteristic curves. The quiescent plate voltage Exo 


Wiblished va 
ve about half the plate supply voltage Z,, for stages near the amplifier output. 


should | 


- Fra, 2.3.30. Plate-loaded amplifier. This ci 
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B+ By sep 
E; R, 
£, 
E, 
ty E£; E, 
10-40 ma| R, 
Be ee 
» ©) 


OB+ 


OB— 


Kia, 2.3.3. Typical output-stage circuits, 

Fig. 2.3.3a. Cathode follower. This circuit has low output impedance and less 

gain. A disadvantage is the relatively high quiescent current required. The quiescent 
current must be greater than the maximum expected negative load current, 


The quiescent current must be greater than the maximum expected positive load current 
The gain is given by 


As) = = ——— 


The output impedance is the parallel combination of rp, I, and the load resistance. 

Fia. 2.3.3c. Bridge-balanced amplifier (see also Ref. 2, p. 207). 

Fig. 2.3.3d. Series amplifier (also referred to as ‘“‘totem-pole’’ or ““cascode’’ amplifier), 
This circuit has relatively low output impedance and requires little quiescent current, 
The no-load gain and the output impedance are given by 


= Bo _ _=u(rp + mR) 
RE. Ae arp +1 +m)R 
senshi 
ot (aes) 
(Ref. 3, pp. 456-457). 


Fig. 2.3.3e. Series amplifier. This arrangement also has low output impedance and low 
quiescent current but requires three tubes. The d-e gain obtainable with low-u tubes 
is approximately 12 to 15, The output impedance is about 300 ohms 


A somewhat lower Eo can be used for early stages which do not require a large dynamic 
range. f 

Ivo should be selected so that gm > 600 micromhos. Even higher values of g», are 
desirable for good high-frequency characteristics, Zyo must not be too large, since 
this requires either a small R, or a large By. R, should be large compared with ry, for 


2-45 


DESIGN OF VACUUM-TUBE D-C AMPLIFIERS 


iy 


Fia. 2.3.4a. Triode amplifier. . 
Fra. 2.3.4b. Voltage designations of triode amplifier. 


+250 +250 


Rp "p e 
+ 
" don Zz, 
as —pe 
©) R, 2a 
1. 3.5 Fia. 2.3.6. — 
Fria. 2.3.5. a 
fin Y..5a. Triode amplifier with load impedance. (b) Triode amplifier sma’ 
feet 20.06, Shar . 
eee-equivalent circuit. Gain is given by ; 
pZi 
fie my “ h ling 
i i f the coup 

| %. is the parallel combination of Rp, Cpr, and the input impedance o 

where 4y he 
" » following stage. co 
Ba ‘ : 4 sor a amplifier stage. The no-load stage gain is , 
BZiNtp + Zi +O +e) Re) _ = ye 
ACs) = | pliBiity + Ze + + eRe a Be 
ing i st stage: 

“hore 2%.» is the impedance working into the cathode of the first stag 


(Zi + rp) Re 
node EN eS 


The high atage T btail n re e the number of amplifier stages and hence also 
“ we gain obta nable ca duc : 


i oles. 
the number of transfer-function p 
“youutre adjustments for gain and d-c level. 


i 1 plate power- 
iaxinum low-frequency gain. The value of Ibo his ye St aca vee 
wipply current; a value of Jpo giving gm of 1,000 to 1, 


jiuate. 2, can be determined from 


= Fu — Boo heals (2.3.7) 
Tied Tho 
where Ly is usually between 250 and 300 volts. Spe 


i istors.? 
%.4.0, Effects of Cathode-bias Resistors and a OA Baels a ghee 
ri blan for the operation of an amplifier tube is obta: yn ) 


as 


- 
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resistor in the manner shown in Fig. 2.3.7a, the net voltage between grid and cathod 
becomes 

& =e — tpR, 


The current and voltage changes may again be derived from the equivalent 
cireuit as shown in Fig. 2.3.76, 
grid-to-plate gain of the Stage is 


Ex, 


Co =e 

i a ee 

& Ro +r + (1 +pn)R, 
where ¢; is the input voltage, and e, is the 


output voltage. The grid-to-cathode 
gain is found to be 


(2.3.9) 


ek uh, 
ae 2.3.10 
e: Rp +r + (1+ whi ( ) 


where e, is the cathode voltage change. 
All voltages are measured with respect 
== = to the point shown grounded in Fig. 
(a) (6) f28 values of rp, gm, and « to be used 

. . . Py Ymy 
tee x tegen degeneration in Eqs. (9) and (10) are again determined 
by the effective Operating point. The 


the plate current i), A comparison of Eq. (10) and the equation given in Fig. 2.3.5 


Te = t+ (1 + n)R, (2.3.11) 


connected in the simpler circuit of Fig. 2.3.5. It is also seen that the inverse feedback 
due to the cathode resistor has decreased the gain of the stage. A similar effect ig 
produced by a screen dropping resistor used 
with a pentode; the corresponding analysis 
is quite complicated. Because of the loss 
in gain, the use of cathode and screen drop- 
ping resistors to obtain correct electrode 
voltages is often avoided in favor of fixed- 
voltage sources. On the other hand, the 
degenerative effect, especially of the cath- 
ode dropping resistor, tends to reduce the 
effects of amplifier-gain changes and 
distortion. 

In differential amplifier circuits like the 
one shown in Fig, 2.3.8, the degenerative 
effect of the cathode and screen resistors is 
canceled, or at least reduced, because the y ‘ , 4 ee. 
plate-current changes in the two tubes op- Fig. 2.3.8. Differential amplifier circuit, 

Pay A Rpi may be zero or different from Ros. In 
pose each other. In such circuits, BPPLOXI- addition, R, may be returned toa negative 
mately one-half the full-stage gain given in F 
Fig. 2.3.5 can be realized in spite of the be eithe: 
cathode and/or screen dropping resistors, 

2.3.7. The Effect of Load Resistance.? Each computer amplifier stage is, in 
general, connected to a resistive load of resistance Ry, which may be returned to ground 
or to some fixed-voltage source of voltage E. with Tespect to ground (Fig. 2.3.9a). 
One can analyze the effect of the load on the.amplifier performance by drawing a new 
load line across the characteristics of the amplifier tube. Such a load line is shown in 
Fig. 2.3.9b for a triode amplifier and expresses the relation between the plate voltage ¢ 
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»,,andR,. The value 
il the plate current 7 as determined by ae age! = 2 : a hte Poi re * neta 
of - ifier stages is so large the Lis! mee 
W a ah sa tg eens eee load line has been chosen, it is pos 
When the o 


" q V Vv Itage 
tube to deri e the 0. 
wen to use the linear e uivalent circuit for the vacuum 
tad rrent changes. Figure 2:0.9¢ shows the linear equiv alent circult for Fig. 2.3.9a. 
1 | * ge alin 1s now easily derived by substi g e total loa 
iw alage gi itutin, th ] it d resistance 


eee (2.3.12) 
7 Rs + Rp 
Similar equivalent 


ute oad resistance in the equation given in Fig. 2.3.0. 
| : i es. 
, oo” y bs used to derive the gain of other loaded amplifier stag 
pipourts a V' 


E,,R, + ER, 


E,,Ry+ ER 
Pisa he Liban her 
Ry+Ry 


— E,,, volts 


(0) bes 
. i i haracteristics (b), 
4.9 Bie amplifier with load resistance (a), load line on %, e cha 
Pid, 2.3.9. 


suc equivalent circuit (c). 
9 Lop 


(a) 


i - led a-c amplifier. 
| 2.8.10. Development of d-c amplifier stage from a resistance-coup 
ia, 2.3.10. 
! \ther triodes or pentodes may be used. 


ie ict i it may be 
i Tables. To save time, ¥ 
4.3.8. Use of Resistance coupled amplifier - bs a : V 
, li ‘nt to ¢ d »pt é _ p ge ns s. il 0 e given in stanaar 
pe pedient to adc vacuum tube operatin onditio imilar t: thos ive tt: d d 


-c voltage ampli- 
e-coupled-amplifier tables. Such tables mega oe resistor Rx. 
nm aire on ey a shown in Fig. 2.3.10a, having ey thins d-c amplifier, shown in 
Her atage of the i “equivalen z ah : 
vd data may be used to design an “e t oint as 
% rites ee Bethe will have approximately the same operating p 
Ih, aud. , ‘ 


he ori inal a-c am pli fier if the resist: e of t load conne ted to it is high this 18 
Cc gn; 
g T h stanc f the 


» case for voltage-amplifier stages. cen eae ar 
i re the aa of pateaden a fixed screen Vint enh bee ko bene 
on ight ly higher than that given in the beste pate : ‘o Pe wegen neon 1 
mp J 
i the load connec 
luo because the resistance of id con ey 
=i Sp hlsher than the resistance 2, specified in the tab 
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In a-c amplifiers, the 
: ; value of the plate load resistan i i 
: : ce R i 
ee 0 i required of the stage. In d-c uae ga oh 
pera bse _ er — values of R, and correspondingly small rahe tenbes ted 
arge voltage gain. In the case of pentodes maximum ean vain 
7 gain 
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+250 


Fie, 2.3. i i hve 
: 3.11. Typical compensated interstage coupling network (EZ = —465 volts) 
can be obtained by usin ‘ 
e 0 g low screen volta y 
pach ge as well as low plat 
abi i Sra of plate and screen voltages will be deta torte o Hes nek 
oe 4g “ current which can be tolerated aD pea 
-3.9. Interst: i ‘i 
satin totes mak oe Networks. ‘igure 2.3.11 shows a typical interst 
opening ices E be dean es gi coupling (d-c operation) at the ps 
ars | 02 second grid. R, and Re shoul i 
plate resistance rp and the plate load resistance R, ile wie ee Me 
: com- 
putes the required value of the ratio R2/R, from 


Re _ E.o. + E 


R, 5 2 (2.3.18) 


Values of R: and Rz can tl 
é nen be selected 
- a5 ~ is much larger than R,. one 
118 Shunted across R; to com i 
d act pensate partiall 
ms the effective Input capacity of the acd 
stage. The input impedance of a vacuum-tube- 


amplifier st i i Calas 
Ye hd ape is determined from the circuit of 


Fie. 2.3.12. Circui 
] 1.3.12. t for determinin, 
input impedance of vacuum tube, * 


) re St+ea 

fin = pet ~] 1 8(Cop +C, ks +a Kia, ie 

h tin =U + A(s)]8Cop + 8Cy. ~~ where ; LFW rae 
where A(s) is the grid-to-plate gai 

§ ~ f 
the amplifier stage and is aecoueics 3 = mG C 
Pear oe input impedance of the a t+ R,/ ° 
g stage. C i 
Ki = d-c gain of the second stage 


The input impedance of the second stage, i 
preisiemide gine cannot be completely comp. 
€ transfer function of the inter; tw 
and denominator, Le., ar 


n parallel with Re, gives a second-order 
ensated by a single capacitor. C; causes 
rk to be of second order in both numerator 


Se kt oe ee 
Cot 8? + bis + be (2.3.15) 


In general, e,2/e,1 will h 
‘ ave two zeros and tw 1 
pole-zero pairs are formed in whi cme lke: “tee 
pore I in which each pole-zero pair, or dipol ie 
ins 2 Haag i that the interstage network will have aeston ae shomun toa 
y response. This will be true if R,C; is approximately K,C Re Ch 
1Ggplte; Oy 


can be somewhat smaller to i i 
pees ea reduce the effective capacity shunting the first-stage out- 


large as possible. 
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One can minimize the attenuation due to the interstage network by making EF as 
‘Also R; can be a device with large d-c resistance and small dynamic 
youmtance (neon tubes or Zener diodes). For reasonable values of Z, the attenuation 
‘luo to resistive networks is not objectionable. 

\tosistance tolerances permissible for Ri: and R: depend on the location of the net- 
work in the amplifier. If eo requires almost the full dynamic range of the plate, i 
wud ty may have to be 1 per cent resistors. For early stages, 5 or 10 per cent resistors 
ave enerally sufficient. To be safe, the network coupling the output stage to its 
viver should consist of 1 per cent resistors of sufficient power rating. 


FREQUENCY STABILIZATION: ROLL-OFF NETWORKS 


4.9.10. High-frequency Stabilization. After the various stages and their coupling 
setworks are designed, the open-loop frequency response must be shaped to yield 
stable closed-loop operation. As a starting point, a frequency-gain curve (Fig. 2.3.2) 


Uncompensated response 


Gain, db 


Log frequency 


(b) 


(a) 


fio, 2.3.13. Typical series RC compensated stage (a), and gain-frequency plot of com- 


peneated and uncompensated stage (b). For rp K Ri, rp < R, Co KC, 


wo © 1/1777 

w2 = 1/RC 

w3 + 1/rpCo 

ws t/RC. 
‘ny be selected. For amplifiers which are to be operated with a variety of input- 
feedback network combinations, it is usually desirable to have an open-loop response 
which goes through unity gain with a slope approximating 20 db per decade; special- 


juirpose operational amplifiers must be designed with the particular application in 
mind, 

‘The reason for going through unity gain on a 20 db per decade slope is to ensure that 
\) amplifier has no more than 90-deg phase shift at unity gain. This, in turn, helps 
1) ensure that the phase shift of the second term of Eq. (1) is less than 180 deg when its 
‘wugnitude is unity. The Nyquist condition for stable operation is then satisfied. 
iloll-off networks are inserted to reduce the gain at the desired rate. 

9.9.11. Roll-off or Lag-lead Networks. The most commonly used type of roll-off 
network is a series RC circuit from plate to ground (Fig. 2.3.13). If we assume that 
(ho coupling network to the following stage has a low-frequency impedance large com- 
then its effect is primarily that of the input capacity to the 
»oupling network, represented by C,. Actually, because of the effect (Miller effect) 
discussed in Art. 2.3.9, C. is not a pure capacitance. For most purposes, however, 
('. is the series combination of the actual input capacity of the following stage and 
ie compensating capacitor of the interstage network. 

Tho transfer function of the stage with compensation is 

6 


—pR (s + 7) 


~ohan c.( mye 32) | ( za) 
ro [rR e+ Fad \° t Re putt Rated «Sau 


. jared with rp and R,, 


(2.3.16) 
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Equation (16) is somewhat complicated but can be simplified by certain assumptions. 
If one assumes Rp > Tp, RK rp, C > C,, then Equation (16) can be approximated by 


x 
fo uk (3 +7) 


in ‘é, Yh 1 2 
ej Tp + Ry TpCo (s +=) (« + Ea) 
P 0. 


Equation (17) shows that the d-c gain is unchanged, a zero is produced at the break 
point of RC, a pole at the break point of rpC, and a second pole at the break point of 
RC.. From Fig. 2.3.13, w1 = 1/rpC, wo = 1/RC, and w, = 1/r,C,. The value of C 
determines the frequency at which the roll-off starts, and the ratio R/r, determines 
the attenuation produced. Note that the zero at w. = 1/RC is exact; it does not 
depend on the approximations involved. 

The uncompensated stage has a pole at ws which will be at a frequency below 1 Me, 
The corresponding high-frequency pole of the compensated stage is moved out a dis- 
tance very nearly equal to the attenuation produced, 1.€., w3/w, is approximately 
equal to R/ry. Thus uncompensated high-frequency poles can be moved out to 
frequencies at which their effect on stability is greatly reduced. By frequency- 
compensating several stages one can cause the open-loop frequency response to have 
the desired 20 db per decade slope out to beyond 1 Me. 

In a multistage amplifier it is usually desirable to frequency-compensate all stages 
except the output stage and possibly one other stage. If each compensated stage has 
an attenuation approximately equal to its d-c gain, then the residual high-frequency 
break points, corresponding to w,, will all be moved out to the region beyond 1 Me, 
provided that the gain-bandwidth product of each stage is greater than 1 Mc. If one 

stage takes all the attenuation, the re- 
+jo maining stages will have their w; break 
points below 1 Mc. Because the external 
circuitry produces poles at relatively low 
frequencies, it is desirable to have no more 
2 than one amplifier pole below 1 Mc 
The roll-offs of the various stages should 
jw be spaced so that the total roll-off is rea- 
Fig. 2.3.14, Typical pole-zero plot of multi- sonably smooth. Assume the lowest- 
stage amplifier with compensation in frequency roll-off network has its pole at 
several stages. the frequency determined from F ig. 2.3.2, 
and a zero such that the ratio between the 
pole and zero frequencies is equal to the low-frequency gain. The next roll-off network 
then would have its pole corresponding to the zero of the first network. If one stage 
is to be left uncompensated, the last zero produced by a roll-off network should be at 
the pole position of the uncompensated stage. Figure 2.3.14 illustrates a pole-zero 
plot of an amplifier with several roll-off networks. 

Exact pole-zero cancellation is not necessary. Twenty per cent components can 

generally be used, since slight miscancellation has a negligible effect on the over-all 


(2.3.17) 
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Another effect to be considered is that of operation of stages preceding the roll-off, 
As the gain of a particular stage is reduced, the stages ahead must have larger signal 
Swings in order to produce the desired output amplitude. This effect may limit the 
frequency at which maximum output amplitude can be obtained, If certain stages 
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i i f the amplifier. Consider- 
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he bee ort sate to meet maximum amplitude Oe ee 
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Bisom plished Several compromises may have to be esta ; 
Anoo . 


i i ined at less than 
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»peciications on frequ es 50 


i ili i tions. 
wrtain distortion are all interdependent with stability eos se secon 
+n ; 2 kept sufficiently low for the desired computing ba une 

hus -] : A : 

i i ; 0.01 per cent error 
xr designed to have less than 0. i 
at the wie oar desired tiny, Sora ee wo ee anid 
p 1 Compensating Networks. pe ms Sc gp a 
li a sient oe associated with the amplifier. Addition of capacity 
' >, 2 


R, 


i ing integrator (b). 

“5.15. Equivalent circuits for a summing amplifier (a) anda or sige hn bia ia 
ia se impedance, and C;’ and C, are ampli pe oretelypia 
alr tg “Cl. CY’, and C4” include the effects of cables tn Ln cele 
com ee te ale t oh acitances as large as 1,500 pyf. Possible sta cota area 
tasted in | re aia: sometimes C%’ is increased artificially to McGraw-Hill Book 
ih stg ality: M cay Electronic Analog Computers, 2d ed., Mc' 
ifvom GC, , és . 
Fumpany, Inc., New York, 1956.) 


ie sity added from 
“immer feedback resistors will send $e rec si se leodbank 
; junction to ground will help stab ; Fig. 2.3.15). 
Eelehance Aegon capacitive feedback (e.g., integrators; see also Fig 
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ted i he 
i i f computer amplifiers, t 

3. Offset Voltages and Drift. For balancing 1e) , 

ao | ‘ asta, level of the d-c amplifiers used as renee Dae TH elements 

ant aid to the input (grid) d-c reference le 1 (usually zero W1 I respect oO 

mua i a) f ve 


yround) order to I t d- fe ac onnections of computin, elements. 
£ 
' n le perm d-c edb k and intere 


1) jn necessary to have some means of adjusting eis aaa Z ree eee ane 
Much an adjustment is termed the rete ate si cae ae abr 
i , typical arrangements for balance I ; ——. 
, fg ye i 191ff., for a good discussion of drift-reduction me 
1“ . 


i -loop block 
ilizati ri 2.3.18 illustrates a typical open-l [ 
4.9.14, Chopper Stabilization. Figure 3 “es lly, ag tei 7 


dinwram of a chopper-stabilized d-c on EN | 
other configurations may be used (Fig. 3.19), eeibarcay irre r. Hes 
Ani 4 capacitor, as in Fig. 2.3.19b, may be used 1 eon pp 
Ap oy Mthe capacitor should be a pend cealitx ply eden a 
tans resistance and minimum soakage effect. Soakage is 
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tor to maintain a small d-c volta: i 
D oltage after being charged. The time fi i 
pe enc ae even with a low-resistance discharge path, pies arom ‘a 
- 4 aper capacitors are poor; Mylar dielectric capacitors are danidatabiy 


better, and polystyrene capaci 
, capacitors are better than Myl 
A disadvantage of this circuit is that the capacitor owe 
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Fia. 2.3.16. Switchin 
.§ ing arrangement for balancing a summi i 
and T. M. Korn, Electronic Analog Computers, 2d ed., Midumslty Ronco pat 
Ll Y, £ne., 


New York, 1956.) 
Reset relay 
(energized in reset condition) 


Ay ; 
To initial condition circuits 


D-c 
Balance amplifier 
a A I 
a a Ghia 
Balance 


\ 
| 
| 
1 control 
\ 


Ry 


Output 


Reset or compute 
OL | 


wp Reass 


; ‘ g circuit for balancin i i 
Ate g a summing integrator. i i 
p or C is often replaced by a feedback resistor for hadnestihaas pees oats 


Fie. 2.3.17. A switchin 


T. M. Korn, Electroni 
Neo Yeas rontc Analog Computers, 2d ed., 


McGraw-Hill Book Company, Inc., 
pees with relay contacts which are closed in RESET; alternativel 
od ener diodes between summing point and ground j ra 
Ps : avira age 2.3.19¢ helps to filter out harmonies generated by the chopper 
wit slant er excessively large time-constant filter at the stabilizer output. This 
Hira tde-ten Raat aie — still permits adequate filtering. The stabilizer 
preening of A;(s) at the mixing point are reduced by the gain 


The circuit of Fig. 2.3.19d is a combination of the second and third typen 


one may con- 


; ‘ a es duri i 
and may require a relatively long time to discharge. Tt is te ee a ‘i 
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I've, 2.3.18. Block diagram of a typical chopper-stabilized d-c amplifier, 


Bo(s) _ A3(s)[A1(s) + A2(s)] 


e(s) 
S.J 1 7, 
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| | 
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ja, 2.3.19. Block diagram of stabilized amplifier with direct input to summing point. 
\'yo, 2.3.19b. Block diagram of stabilized amplifier with capacitor input to summing point. 
ia, 2.3.19c. Block diagram of stabilized amplifier with capacitively coupled single stage 


of gain abead of summing point. 
io, 2.8.19d. Block diagram of stabilized amplifier with capacitor input and capacitively 
eoupled stage of gain ahead of summing point (summing point mixes the stabilizer signal 


and high-frequency signals). 


9.3.15. Design of Chopper-stabilizer Circuits. The over-all open-loop transfer 
funetion of the chopper-stabilized amplifier is 


E, 
e(s) 


i,(#) and A2(s) must be selected so that the magnitude of their sum does not decrease 
to a value too low for accurate computation, i.e., their individual frequency responses 
must be carefully matched. It is possible to analyze this sum on a frequency-response 
unin by vector addition of Ai(jw) and A2(jw) through the range of frequencies over 
whieh they operate. ‘This is a tedious process: the stabilizer transfer function A 2(s) is 
not a simple ratio of two polynomials in S due to the action of the chopper. Sampled- 


= A;(s)[Ai(s) + Aa(s)] (2.3.18) 
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of the proper networks is even more difficult. Fortunately, 
input and output filters, and a reasonable approximation can 
gain between the filters to be independent of frequency. 
Figure 2.3.20 shows a typical chopper-stabilizer circuit usin 
modulation and demodulation, Separate choppers may be used 


amplifiers are built in groups of two or four; more frequently, 
(which is less sensitive to drift) i 


e used for this analysis, but the 


In Fig. 2.3.20, Ko is an axc 
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reduction desired. Increasing K» 
frequency of zero adjustment req 


~coupled amplifier, 
st few harmonics is d 
lowers the amp 
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lifier drift rate and decreases the 
¢ balancing circuits still require a 


R, C, 
2.2M 0.003 


Fig. 2.3.20. Typical chopper amplifier circuit. 


“fine”’ zero adjustment for o 
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signal. The input filter is not a 
but for R, > ki, the filter can be assumed to have a time constant R Ci. This 
approximation is not rigorous, but it simplifies the analysis without introducing serious 
error. 

21C\ serves two 
the input circuitry, 
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at that rate for con 
full output amplitude to 1,000 ¢ 
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A2(s) is dominated by its 
be made by assuming the 


Its gain to the frequencies of the 
etermined by the amount of drift 
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A2(s) (2.3.19) 
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fiers, so that the stabilizing-pulse am 


action i ile. wotinnatist;eheaes aplifier is utilized on a time-sharing basis. The 
principle similar to that of individual automatic Ak pcam amplifier served is in 


stabilization; the d-c gain of the circuit is again given by Eq. (18) 
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MISCELLANEOUS DESIGN CONSIDERATIONS 
2.3.17. Low Grid-current Input Stages. 
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1. Nyquist, H.: Regeneration Theory, Bell System Tech. J., II (January, 1932). 
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PART 4: LINEAR-ELEMENT ERROR SOURCES AND EFFECTS 
By Cuartes H. SINGLE 


INTRODUCTION 


4.4.1, Scope. This section presents a discussion of linear-element error sources 
snd their effect on problem-solution accuracy in an analog computer. Balanced 
‘losign is stressed; that is, no error source receives undue emphasis with resultant 
dewradation of over-all system performance. ‘ ‘ 

4.4.2. Basic Considerations. Static accuracy is achieved through high-gain low- 
vif d-e amplifiers (Sec. 2.3), precise and stable resistive network elements, and stable 
vellicient-setting potentiometers of high resolution (Sec. 2.1). Dynamic accuracy 
aud stability margin are of at least equal importance. For optimization of these a-c 
harncteristics, the composite system transfer function should approach its ideal 
‘ont closely. Contributing a-c factors include capacitor stability, electrical purity 
ol network resistors and capacitors, potentiometer capacitive loading, and amplifier 
apen-loop frequency response and output impedance. The interaction of these 
jyotors is further complicated by such practical considerations as patchbay wiring 
‘Mee, 4.4). Resultant optimum system performance is generally achieved with non- 
uplimum individual elements, particularly if compared with the more ideal individual 
henoh characteristics. “A , y 

Vor many linear-element configurations, the typical system-stability margin will 
jw sufficient. The principal error source will then be from net system phase shift, 
sine even slight phase shifts can combine to produce significant dynamic errors 
(Art, 2.4.3). ; J 

Croater Rostecisdtaniiny margin is of tremendous value for accurate simulation of 
sonrplex and/or high gain loops of either differential or algebraic form (Art. 2.4.14). 
1 \y aluo advantageous with unusual feedback configurations (limiters, etc.) or with 
oupneltive loading, such as occurs in driving remote equipment. 

4.4.8, Dynamic Errors vs. Stability Considerations. Generalization of the error 
vvulynes in Sees. 2.2 and 2.3 shows that the transfer function of any combination of 
\iimur computing elements (such as a cascaded coefficient potentiometer and summing 


amplifier) can be written as 


X0(s) 

= 1- : (2.4.1) 
Xi (s) Y(s)[1 — e(s)] 

whore ¥ (a) is the desired transfer function, and e(s) is a fractional-error term due to 
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stray capacities, finite amplifier gain, ete. For sinusoidal input and small errors at 
normal computing frequencies (w/2r < 100 eps), (jw) causes essentially only phase 
shift (negligible amplitude error). The largest possible absolute value of the fractional 


error due to phase shift |e(jo)|max is approximately equal to the spurious phase shift in 
radians, or 


le(ieo)|max ~ Jarg [1 — e(jeo)]] ~ o| > fe ») ety chee) np of 
k=] 


j=1 
where 7» is the equivalent first-order time constant formed by the algebraic sum of the 
inevitable high-frequency poles and zeros that occur in the practical system. The 
lead or zero terms are taken as positive, lag or pole terms are taken as negative, and 
$; 1s the damping ratio of quadratic terms. 

Thus, if the system’s maximum fractional error due to phase shift is to be less 
than 0.2 per cent at 100 cps or 0.02 per cent at 10 cps, the equivalent first-order time 
constant ro must be less than 3.5 usec.* The break-point frequency (wro = 1) 
is 50,000 cps for this case. This again is the desired net effect from all computing 
elements of the system in question (e.g., potentiometer and summing amplifier). 

A conventional method of achieving low phase-shift error without requiring the 


involving complex loops or loops with high gain. Fortunately, techniques have 
been developed that not only achieve the desired small phase shift at computing fre- 


Errors for particular linear differential equations have been investigated in some 
detail though substitution of various nonideal transfer functions for the ideal linear 


elements.!23.4 Articles 2.4.11, 2.4.14, and 2.4.15 deal with improved, more realistic 
analyses of this type. 


COMPUTING RESISTORS 


2.4.4. Resistor Specifications and Matching (see also Sec. 4.7). Most computing 
resistors are wire-wound because of the well-established long-term stability char- 
acteristics of such resistors. This situation may well change with continuing develop- 


ment of other resistor types. Typical electrical specifications for wire-wound com- 
puting resistors include: 


Value: 
WitMeleobine cares Gia ee (10) 5-(10) 6 
Relative, Dom tahy ceed tle torent 20-1,000 
ENDED OLS SUD ING setiine ne an Aue = 50-1,000 
Stability, ppm per bi EE Pa ee A, ae ai 100-1,000 
Temperature coefficient, ppm per °C........._. 5-25 
Powertsting: Wettextles, wietys. al. >. caer, 4-1 
A-C characteristics (Art. IASB). ene ss .-. Uncontrolled or controlled 
AGKREIN Es Af aviay. cat siclfin scleliwh ised eee Nonencapsulated or encapsulated 


Factors that make such specifications somewhat inadequate are subtle. The value 
Specifications may hold only at much less than rated power because of self-heating 
(without very special temperature control). Thermal potentials may cause errors 
(even with only slight temperature gradients across the resistors). Encapsulation 
in plastic can aggravate self-heating and may not be needed except under high- 
humidity conditions. The best recommendation is to evaluate resistor samples 
carefully in the expected environment. 

The method used to match computing resistors can limit the flexibility of the com- 
puter. It is possible to achieve excellent summing-amplifier d-c accuracy with many 


* Note that this is a true percentage, not, the per cent of full scale usually specified, 


ae 
LINEAR-ELEMENT ERROR SOURCES AND EFFECTS 2-59 
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are un J 


i i i iated with 
lion of the total resistor complement is unassigned (that is, Set aguaireae ‘ ayo 
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INTEGRATING CAPACITORS 


2.4.6. Properties of Practical Capacitors. Stability. The practical adjustable 
capacitor approximates its desired ideal transfer impedance Z,(s) = 1/C;s much less 
closely than a resistor approximates ideal resistance. Capacitor characteristics are 
less stable, and their idealized equivalent circuits are more complex. Even the 
nominal value of a given capacitor is subject to different interpretations (Art. 2.4.10). 
The principal reasons for using a resistance-time measurement technique of some sort 
for capacitor-value determination are: first, convenience, since the same resistance 
standard used for resistor measurement can be used to form the time constant to be 
measured, and second, it is difficult to maintain precise capacitance standards for 
conventional bridge measurement. Also, bridge frequencies usually exceed analog- 
computing frequencies and hence yield changed capacitance values. 

Even carefully selected capacitors in a constant environment show variation in 
value with time. This drift is influenced by the magnitude of recent value adjustments, 
by the time following the adjustment, and by other undetermined factors. To 
achieve the best possible stability, it is necessary to maintain the capacitors in a well- 
controlled environment and to be able to readjust them without thermal disturbance. 

The temperature coefficient of the computing capacitors rather than that of the 
resistors will determine the component-oven temperature-stability requirement. 
Care should be taken to see that the capacitors are never severely temperature- 
cycled; a 10°C drop in temperature may necessitate capacitor readjustment, even 
though the oven temperature is returned to its exact original value. A maximum 
lemperature-retrace error should be specified. 

Capacitors change value with voltage level because of mechanical stresses intro- 
duced by variation in electrical forces with voltage. This effect can be minimized in 
manufacturing but should also be specified. 

2.4.7. D-C Leakage. D-C leakage limits integrator accuracy at low frequencies. 
This leakage increases with temperature; this factor imposes an upper limit on com- 
ponent-oven set-point temperature. The leakage resistance is readily detected by 
the decay rate of large integrator voltages in HOLD, with 


Emax 1 
Rac — C dE/dtmax 


(2.4.5) 


which should be averaged over positive and negative values of Emax to cancel the 
amplifier grid current and offset errors. This measurement should be made only 
after a few minutes in RESET to avoid dielectric-absorption errors (Art. 2.4.11). 

An alternate method involves measurement of amplitude decay in a three-amplifier 
sine generator below 0.001 eps, where 


Bac ~ (2.4.6) 


os 
aC 
Equal capacitors (C) are used in the two integrators, and a is the attenuation con- 
stant of exponential decay (Art. 2.4.15). 

2.4.8. Dielectric Losses. Choice of Dielectric Material. In practical computer- 
capacitor applications, various “relaxation mechanisms” (dielectric absorption) dis- 
sipate more energy than direct resistive leakage. The dissipation factor is defined as 


_ average power loss ie 1 
~ peak power stored whi (f)C(f) 


(2.4.7) 


for steady-state sinusoidal capacitor voltage, where R,(f) is the parallel equivalent-loss 
resistor and C(f) is the capacitor value (both frequency-dependent). For frequency 
and material variation see Fig. 2.4.2. 

Integrating-capacitor dissipation is an important error source at typical computing 
frequencies. A three-amplifier ‘sine-generating loop (Fig. 2.4.7) with perfeet ampli- 


LINEAR-ELEMENT ERROR SOURCES AND EFFECTS 2-61 


fiers, resistors, and potentiometers would yield a per-radian amplitude decrement 
equal to the dissipation factor D. 


‘lo achieve less than 0.1 per cent amplitude loss per radian of steady-state sine- 


i 4 flon dielectric capacitors can be con- 
signal, only Mylar, polystyrene, or Te al 
dered. For ven tr accuracies, only polystyrene or Teflon should be used (Fig 


x-filled paper Ss 


WSs N 
SW Ny il 


Metallized paper 


ULZZ4 


NZD 


N 


Lk 4 
yd 


AN 
N 

ni i pas 

GALA EL 


Ni 
aN 
YAN 


aaa 
TZ Peaymer ted paper 47 


Z 
Z 


a 
NS 


Sw 


WW 


N 
SSNS SS 


S 
SSSI. GGG 


ee a 


(04 


+ é4 4 war anew aro 
Cbd hehehe dedeke MART 


N RS “9s . 
NNVNVASS 
NMOAQQSs 


a 15 2253 4 5678 10 15 20 2530 40 5060 80 100 


Frequency, cps ‘ 
}\o, 94.2. Dissipation factor D of 0.1-uf capacitors vs. frequency for various dielectric 
materials at 25°C. 
+44), Teflon cannot as yet be recommended over polystyrene because of the poorer 


stability ¢ steristies of Teflon (Art. 2.4.6). ‘ 
: , ‘ . pibadlser wa iteslent Circuits. The frequency es for : ( Oe sty of 

on i —0.02 per cent per decade 4 
' mnerally be neglected (approximately 0.0 1 : 
Phils sca Sacktiel ity nlaies loss resistor varies almost inversely with frequency 


Vaing 
u Le (2.4.8) 


Ri ~ T5d0)-00 
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shows that the effective capacity decreases only slightly with frequency, and the 
nt loss resistance decreases approximately linearly with frequency. The 
ation is approximately —0.02 per cent variation per fre- 
quency decade, as indicated by the C,, values in Fig. 2.4.4, whose R,C, time constants 
wore selected at decade intervals. Careful measurement of three-amplifier sine- 
yenerator oscillation periods confirms this capacitance variation. Equivalent-loss- 
youlutance variation is easily confirmed by dissipation-factor measurement. 

A recommended and simple adjustment procedure for setting nominal 1-yf capacitors 
ln to adjust three such capacitors iteratively for correct oscillation period (using two 
onpacitors at a time) at 1 radian per sec.° This has the effect of ‘‘balancing”’ the 
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Vio, 24.5. Capacitance change vs. recovery time. 
Error due to termination of 


value changed by initial condition or recovery time only. 
approximate circuit (Fig. 2.4.4) above (10)? eps. 


sapacitor variation over the normal 1-uf analog-computer frequency range (about 
(01 to 1.6 eps). The C value of Fig. 2.4.4 is thereby adjusted to 0.9931 uf; 0.1-uf 
oapacitors are similarly adjusted at » = 10 radians per sec, which is the correct center 
frequency for the smaller capacitors. 

44.11. Transient Effects of Dielectric Absorption. The equivalent circuit of 
lly. 2.4.4 was shown to be adequate for dielectric-absorption or capacitor-history 
phenomena by careful reevaluation of the apparent capacitor-value change with 
jn itinl condition or recovery-time interval using the transient (ramp-parabola) capaci- 
‘oy measurement method.®»?7 This method yields very consistent apparent capacitor 
values (0.0008 per cent) in repeated measurements if the recovery time or reset 
‘vterval between runs is constant. A change in the reset interval will cause the appar- 
ont capacitance value to shift to a quite different but equally stable value. 

A rigorous analysis of this apparent capacitance-value shift has been completed 
for the polystyrene equivalent circuit of Fig. 2.4.4.7 Even for a rather mild transient 
(oapacitor shorted for recovery-time intervals 0 < te < 1,000 sec) there is a significant 
shill in the time tq, required for the integrator parabolic output voltage to equal its 
ramp input voltage in magnitude, ta ~ 2R;C;. The analytical curve (Fig. 2.4.5) 
emontially agrees with careful experimental data and confirms the transient validity 


of the equivalent circuit. 
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COEFFICIENT-SETTING POTENTIOMETERS 
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peers sal Praha Circuit for Copper-mandrel Potentiometers. If summin 
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sinbility margin (Art. 2.4.14), the phase shift from potentiometer input to wiper arm 
ran ensily become the largest single error source at computing frequencies. Figure 
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It is adequate for most analog-computer error 
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Table 2.4.1 
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R C Equivalent-circuit Fig. 2.4.7 
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A Lee eps eps 

10 | 200 1.1(10)* 6.6(10)* 

20 | 204 550(10)8 3.3(10)* 

30 208 350(10)8 2.1(10)* 

50 216 200(10)8 1.2(10)* 
100 224 82(10)8 | 590 
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limit is based on experimental step-function data, 


Ihe equivalent-circuit frequency 
2.4.7 is based on a first-order low-frequency mathe- 


while the frequency limit of Fig. 


* Data for type A 10 turn potentiometers manufactured by Beckman/Helipot Div. 
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matical equivalent of Fig. 2.4.6, where the potentiometer phase shift is given by 


@ > wTnet 


RCL — y)(1 — Ky) (2.4.11) 
and K 


2+ C1/Coxt 


The low-frequency phase shift is invariably the most important error source at com- 
puting frequencies (Art. 2.4.3). It has therefore been plotted in normalized form, 
$/RC), in Fig. 2.4.7 for various values of K to allow ready determination of poten- 


tiometer phase shift for any potentiometer value, frequency, displacement, and load 
capacitance. 
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Fie. 2.4.9. Potentiometer normalized phase shift vs. displacement, showing effect of 
potentiometer compensation. 


oe = Bes (for both potentiometers) 
= (1 —y)(1 — Ky) (for uncompensated potentiometer only) 
Ci + Ce Coxt 
K = = 
ae Behe 


2.4.13. Capacitive Compensation of Copper-mandrel Potentiometers. From the 
simple equivalent circuit (Art. 2.4.12), it is easy to compute a compensating capacitor 
to be connected between potentiometer wiper and either potentiometer input or 
ground so as to cancel phase error for each specific combination of potentiometer 
setting and resistive-capacitive loading. 

A more practical scheme employs capacitors connected to potentiometer taps for 
approximate compensation at any potentiometer setting (Fig. 2.4.8).9 The experi- 
mental normalized phase shift is greatly improved (Fig. 2.4.9), and the square-wave 
response is still excellent (Fig. 2.4.10) at 25,000 cps; note that the low-frequency phase 
error is the more important criterion for analog-computer use. A few such poten- 
tiometers will occasionally prove invaluable for critical simulations in even moderate- 
sized computer installations. ” 
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COMBINED OPTIMIZATION OF LINEAR COMPUTING ELEMENTS 


4.4.14, Capacitive Compensation of Summing Amplifiers. Referring to Sec. 2.3, 
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closely identical to the ideal summing-amplifier equation 


E. (Ce Pcs el! 4d 


over as wide a frequency range as possible. The necessity of balancing Z;/Z; in 4 
a-¢ sense in addition to the normal d-c sense has been discussed in Art. 2.4.5. Wi 
capacitively matched resistors, the system root-locus plot of a typical operationa 
amplifier is shown in Fig. 2.4.1la. The very-low-frequency closed-loop poles an 
zeros at the right-hand side of the diagram have very little bearing on either the high 
frequency stability characteristic or low-frequency computational accuracy. Hoy 
ever, the pole caused essentially by the summing-junction capacity (actually Y 
combines with the deliberate low-frequency pole to yield a dominant second-orde 
system characteristic. This is shown by the location of the closed-loop poles in th 
lower part of Fig. 2.4.1la. This system characteristic is typical of most operationa 
amplifiers in use and results in the usual peaking and rapid phase-shift increase of 
second-order system. The bandwidth for such an arrangement is between 15 an 
20 ke, and the stability margin is sufficient only for standard circuity configuration 
(not for low feedback impedance, limiters, driving remote equipment, etc.). 

It has long been known that a fairly large capacitor placed around the feedbac 
resistor would stabilize the amplifier at the expense of bandwidth and computing 
frequency phase error (a standard technique now used to achieve stable limiters, ete. 
If, however, an exactly corresponding capacitor is placed around the input resistor, th 
original favorable low-frequency phase-shift characteristics can be retained while th 
bandwidth is increased and the system-stability margin is considerably improved. 
root-locus diagram of Fig. 2.4.11b shows the effect of capacitive compensation of both 
feedback and input resistors. There is a slight movement (to the right) of the pole 
caused by Y, but a considerable movement (again to the right) of the zero caused b 
Y;. This means that the zero due to Ys may be close enough to bring the root locu: 
back to the real axis. This is the case for typical amplifier gains, and the resultan’ 
closed-loop poles are not only at a much higher frequency but also have the mo 
desirable first-order closed-loop roll-off characteristic. 

As an example, the Berkeley EASE 1048B operational amplifier had a bandwid 
of approximately 13 ke with a peaking of about 3 db. This same amplifier wil 
capacitively compensated resistors produces the bandwidth characteristic shown i 
Fig. 2.4.12. Note that the roll-off characteristic of this circuit differs considerab 
from the more typical underdamped quadratic characteristic and yields a much highe 
system-stability margin. 

With three such amplifiers in a loop, the amplitude margin is three times the ampli 
tude margin of one amplifier at 60-deg phase shift; 60-deg phase shift occurs 
approximately 90 ke for this amplifier. Under these conditions there is approximately 
3.8 db gain margin from each amplifier, or 11.5 db gain margin fortheloop. Hene 
the loop gain can be inereased to approximately 5.7 before oscillation starts; thi 
compares with a loop gain of about 2 for typical uncompensated network resistors an¢ 
amplifiers. This is a significant improvement for either differential- or algebraic 
equation loops of high gain. 

This technique is of general interest since it can be applied to existing computers to 
improve their transient response, bandwidth, and system-stability margin. Anothe 
indication of the improved stability margin is the ability of summing amplifiers to 
drive heavy capacitive loads. With the recommended 40-uuf (1-megohm) com- 
pensation, the damping factor ¢ (assuming a quadratic response) still exceeds 0. 
with 0.1-uf capacitive load. A compensated-resistor time constant larger than 40 ys 

generally reduces the stability margin. 

Another undesirable effect resulting from too much capacitive compensation on th 
input resistors of summing amplifiers is due to capacitive loading of a precedin 
potentiometer. In particular, if a summing amplifier has both 1l-megohm and 
100-kilohm summing resistors (gains of 1 and 10), capacitive compensation of the 
1-megohm resistors with 100 wuf would require 0.001 uf for the 100-kilohm resistors, 
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phase shift (Fig. 2.4.7). This situation can be improved by providi 
potentiometers phase-compensated for these loads (Art. 2.4.13).9 
If compensated resistors are used in a summing amplifier, care must be taken 


remove the compensating capacitors from the input resistors if the amplifier is ever c 
verted to an integrating amplifier. 
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Fig, 2.4.12. Berkeley 1048B frequency response (analytic vs. experimental data). A, 


experimental data; ©, analytical data based on above circuit with G(s) of Berkeley 1048 
amplifier approximated by 


lke 2ke 4ke 7kc 10kc 


5.712(10)13[s + 1.1(10)§] 


) fe + 2(10) Is + 5(10)4] 
resulting in 
E, ty 1.727(10)—fs + 2.304(10)4][s + 1.099(10)§][s — 1.557 (10)7] 
E; rj [s + 2.440(10) 4][s + 3.740(10) 5][s? + 3.544(10)% + 4.467 (10) 12] 
w = 1.839(10)7 w = 2.113(10)6 
¢ = 0.5843 ¢ = 0.8385 


[s? + 2.149(10)7s + 3.383(10)14]Ci[s + (10)-6/C;] 
[s + 5.653(10) *][Cys + (10)-8/C5] 


2.4.15. System Performance for a Sine-generating Loop.” Figure 24.13a illus- 
trates a sine-generating loop used to check the performance of the linear computing 
elements. The components used would be normally 0.1-uf capacitors and 100- 
kilohm input resistors, giving a gain of 100 volts per sec per volt input for both 
integrators. With a summing amplifier of gain 10, this will yield over-all loop gains 
up to (10)5, which results in sine-wave oscillations at a maximum of approximately 
50.4 eps. The oscillation would be constant in amplitude with ideal computing 
elements. 

The damping factor due to the capacitor alone equals the capacitor dissipation 
factor, which for polystyrene is approximately constant at +1.5(10)-4. The residual 
integrator input-resistor lead causes a slight convergent effect as shown, and the 
summing amplifier can cause either a lead or lag effect depending on resistor a-c match, 
The remaining important érror source is the potentiometer. The data shown (Fig. 
2.4.13a, b) are for a potentiometer capacitive load of approximately 660 pul , Which is 
approximately 30 per cent less than that encountered in a typical large analog com. 
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' "04 aces damping, £ = a/w, vs. frequency (showing Se eee 
Setasion), ‘Includes capacitor dissipation, maximum integrator hag ae: thee’ 
‘sasimum amplifier error and variation, and potentiometer err’ 
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puter. It should be noted that the 
potentiometer phase lag at mid-range potentiometer settings. 
frequency for this particular case is quite high (approximately 23 to 33 
system is not optimized on the basi 


for the more common lower-frequency case shown in Fig. 2.2.130. 
is reduced to 104, ing i i 


cps). J 
but rath 


i t, or a maximum 
wing a balance in error effects from all sources. ; 


view of the individual characteristics of the line 

elements of the analog computer has been given. Criteria for balanced syste 
an indication of possibilities: if the inverti 

enerator of Fig. 2.4.14a were selected for 
ents, the area of 
ine. With com 


Such system per 
ained when needed. 
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PART 5: EXAMPLES OF COMPUTER AMPLIFIER 
AND POWER-SUPPLY CIRCUITS 


By Granino A. Korn 


2.5.1. Examples of Computer Amplifier Circuits (see also Sec. 2.3). 
ts manufacturer’s s 


pecifications for a number of American-made d-c amplifiers 
suitable for medium and lar 


ge electronic analog computers. Only vacuum-tube 
amplifiers capable of supplying at least 12 ma at +100 volts are listed, All but two 
amplifiers use 60-cps choppers. Circuits are shown in Figs. 2.5.1 to 2.5.0, 
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ROSC 


sin 12AX7 6BL7 


+100v +270y +270y 


To, overload 
amplifier 


0.01 pf 
2K 


30K 


4.7M 


510K 0.25 yf 


SG 
1 
« Fine balance 
voltage 


VSG 
os Poe stage et, jSvetems, Ine., MC-508-C d-c amplifier. A powerful totem- 
oe. aa - Careful equalization yi 1 
high gy tears response (Table 2.5.1). No grid-blocking capacitor is ised: the nal 
age gri current is less than 107-9 amp. of chopper contact ; d oval 
of chopper excitation in STANDBY j 8-h ffse le er nie 7; oe 
es oa r offset less than 50 KV; noise 


it } or. Overload recovery tim 1 
an 0.5 sec; note overload-discharge diodes. Dual unit; no printed circuits tes used, i 
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10K Mylar ~ 
haut lw 0.1 pf 
" AN 
- 2 unt 


12AX7 12AX7 


+200v +200v +200v +200v +200v 


A0Oupt 


22K 15M 
0,001 yt 9.1K 
3.9M 270K 82K 910K I. 
1.8M aS 
si ig —200v 
SG SG SG'—200v —200v —200v —416v 
. 12AX7 To overload 
OOlpf 0.01 pf +200 v +200v indicator 


To remote 
a } 0.02 pf 10M _ | balance 
SG 


270K 


v70K 


oo? ple 


SG SG -—200v SG SG —200vSG SG 60 cps a-c 


To other amplifier 


SG 


- . im 
tive d-c amplifier. _Elabora 
eras sitter iad circuit. Semiconductor 


Dual unit; diode demodulators 


“6.4, Donner Scientific Co. Ze 
Mere remove stray 60-cps voltages from the et 
diodes protect the chopper contacts gon iy * 
permit one input chopper to serve two amplifiers. 
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2x1 6072 46072 


6U8 +300v 
+300v +110v +300v 


2 
+300v +110v +300v Md 


Balance 


O 
Out 


age —500v -—300v 
Balance # 
+300v = +110y 
6AWS To overload 10M 
47K indicators 
2w = 
0.05 uf 5 unt 0.05 yf 
100 K 10M 
220K 
eae 47K 
1M 2 uf 


0.0047 pf 
1M 8209 ip 50 uf 


V SG 


Fia. 2.5.5. Electronic Associates, Inc., Model 6.002 d-c amplifier. 94-cps chopper excita- 
tion minimizes hum-pickup effects. Zener diodes prevent large overload voltages on sum- 


ming point and grid-blocking capacitor, Quadruple unit. Note that the balancing switch 
disables the chopper-stabilizer channel, 
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1008 Lathe 
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400v 
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— Ih 500. 47 pe 
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= wi ra bi - —200v 
So —-400y | —400v Vanda 
+200v 
To overload circuit ae 330 K 
$270k balance 
0.1 uf 50K 50K 
0.02 uf] 4.7M | 18M 
8 uf 
50 pf = 330K 
6v 
=~ > 
ins1 GY) @) 1N81 
—200v 
1K 1K 
To other 
amplifier } } 
V5sG SG 60 cps a-c 


i, 2 6 eeves tS} -400- ca ifier. This am lifier 
' ih R es Instrument Corporation Model A-4! 1 d-c ampl ‘ r Pp 
: 'y & id- locking capacitor, ich is by-passe iy 1 
; fiipl ea grid-bl wh b d b TI 622 C diodes to permit fast 


sevovery after overloads, 
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500 2, 100w 
(removable) 


To other 6080's 


12x 16080 


& 
o 
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Connection for 
external reference 


Compensation 


‘ (92}2|n3eiun) a EQg 
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a 
°o 
8 


0.01 uf: 


2 F 
s S $400v WW = Wire-wound 
3 3 shiek ibma 
5 ey ew 
LS iS 241K 266K 50 241K 210K 50K 
8 hv ww Www 10 pyf W Ww Www 10 put Www + ed v 
ma 
. 0,05 yf ae 
iS = 
7 180K 180K 
2 koe 
: ie ee 
& 
§ 10 put 10 pyf 50 
oS ( ‘) BE 10K Be K 
2BH7 
3 390 K (10 w) s 390K end 
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(with No, 47 pilot lamp or —300v +300v 


radioactive paint) 

fio, 96.8, This simple and accurate comp 
M4 soa. A VR tube or Zener reference volta 

+) (Philbrick K2-W) to yield output impedance 

41 volt from no load to full load. Chopper stabilization can be added to reduce the 
ene form drift to below 0,2 volt. Additional cathode followers can be paralleled for 
sruer loads, If a battery reference is to be substituted for the VR tube shown, a ‘‘ boot- 
stiap' vosistor from the positive output terminal must be connected to the positive reference 
terminal to supply just enough current for zero battery drain. (C. Fotles, J. Hartmann, 


eet HL. Koerner, Electronic Design, May 10, 1959.) 


uter reference supply supplies +100 volts at 
ge is amplified by a pair of low-cost d-c ampli- 
es less than 0.1 ohm and regulation within 


ze supply. Note the feed-forward or compensation control. 
Tr 


nalog Computers, 2d ed., McGraw-Hill Bo 


Electronic A 


} i 4.5.9. This bootstrap circuit supplies all current drawn by the load, and thus eliminates 


all loading effects, if 
TL 
R = —— (bR. — RF 
TL ce Ri ( o 1) 
Moet frequently, the input resistor Ri of the operational amplifier is the only load, so that 
and R = bR, — Ri. The bootstrap principle has many other applications. 


Precision regulator circuit for a computer high-volt 
-volta, 


» Inc.; from G. A. Korn and T. M. Korn. 


Fig. 2.5.7. A 


A 
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Note that frequency-response data depend radically on the installation (summing: 


point and load capacitances) and on capacitor compensati i 

resistors (Sec. 2.4), Similarly, offset and noise i Sea reo ceil 

ground currents and leakage into summing points (Sec. 4.4) Nn 
2.5.2. High-voltage Power Supplies. Pipe 

d-c amplifiers, low power-supply impedance (common im 

objective as voltage regulation; both objecti 

means of feedback-controlled seri 


capacitors. The design of accurately regulated hi 


common VR tube, Zener, or battery reference by s 
2.5.3. Reference Power Supplies. 


r A more accurate and 
pe skoanic involves precise amplification of a V. 
ordinary operational d-c amplifi i 
special power output stages to supply up to 250 ma (Fig. 2.5.8). Wore thes al a 
transformer-rectifier-filter units. To obtain the 
4 prety! P iat tty voltage. A bootstrap 
ischarge of the standard cell; a rel i 
cuit is inoperative. cele 
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PART 1: 
COMPUTER SERVOMECHANISMS AND SERVO RESOLVERS 


By Bernarp D. Loveman 


INTRODUCTION 


3. 1. 1 Comp ° 
uter Ser Vv omechanisms Computer servomech 
multiplication of tw O var iables, for the I esolution of vector Ss. 
fs 


of functions of one or more variables 


anisms are used for the 
and for the generation 


chanical feedba ck system which ontro. rT 
: contr 1s the position or ti 
i ate 


2 of a potentiometer or 
or servo-deésign procedures 


er. 
, performance factors of servo components will be 


» discussed, 


COMPUTER SERVOMECHANISMS AND SERVO RESOLVERS 3-3 


\ block diagram of a position servo driving several potentiometers (usually called a 
(wultiplying servo) is shown in Fig. 3.1.1. The difference between the input signal X 
plified and fed to a control motor coupled 


wd the follow-up potentiometer voltage is am 
ometer and to a multiplying potentiometer. 


jmoechanically to the follow-up potenti 
I'he signals applied to the former are +E and —E volts and to the latter +Y and —Y 
The output voltage 


Stabilization circuits improve the dynamic performance. 
XY/E, with zero at the center. The volt- 


nce voltage (100 volts). By adding 
y the variable X by other signals to 


volta. 
from the multiplying potentiometer is y = 
ayo Lis usually constant and equal to the refere 


jo tontiometers to the servo shaft, one can multipl 
form the products XU/100, —XV/100, —XW/100, ete. The variable X will be 
Servo 3 +E +Y +Z 
lifier 
Input, X Error poe motor 9 ,- 


Stabilization 
circuits 


(a) 


XU 
(b) Lota 
fio. 4.1.1. Position servo. (a) Block diagram. The servo is shown driving three elements: 
the follow-up potentiometer with + E volts across it, a multiplying potentiometer with + Y 
The servo system drives the follow- 


volte, and a function potentiometer with +Z volts. 
‘4p bo reduce the error to zero. Then y = XY/E and z = Zf(X)/E. (b) Computer oper- 


stor's aymbol for a servo. The follow-up is not shown, and the voltage across it is assumed 
4s be +100 volts. Each output product may be positive or negative. 


valled the master input; Y, U, V, and W are called the slave variables. Since the refer- 
eave voltage across the follow-up is plus and minus 100 volts, the master variable may 
jw pouitive or negative (clearly the slave voltages may be of either sign): such a servo 
jo « four-quadrant multiplier. In this section, all servos are assumed to have plus and 
‘sinus L00 volts across the follow-up, unless the contrary is stated. 


iy the majority of commercial servomultipliers the d-c error signal is modulated 
The principal reason for not 


sid applied to an audio amplifier and a-c servo motor. 
vein an all-d-e loop has been the drift of d-c amplifiers, which necessitates the use of 
AvifU-atabilization circuits (Sec. 2.3).. These are slightly more expensive than a low-cost 


‘eliable chopper used as a modulator; the need for d-c-motor brush and commutator 
‘wuintenance is also a minor nuisance. The a-c amplifier and servo motor do not 
eauee any special problems. Although this section will deal mainly with a-c servos, 
wil-ileo servos have been very satisfactory (Fig. 3.1.9). 

The cholee of the carrier frequency determines the theoretical upper limit on the 
servo bandwidth, ‘The loop gain at a frequency of one-half the carrier must be atten 
vated (we Ref. 19). In actual practice, the bandwidth is a much smaller fraction 
((yplonlly leas than one-tenth) of the carrier frequency. Commercial computer servos 
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use 60- or 400-cps carriers, for which components (choppers and motors) are available 
at a reasonable cost; 60-cps a-c is readily available; 400-cps servos have a better fre- 


quency response. The need for improved dynamic performance has led to increased 
use of 400-cps servos. 


The advantages of servos as analog multipliers include: 
1. Low cost ner product. 


2. No errors due to the slave variables (the product is directly proportional to the 
variables Y, U, etc.). 


3. No adjustments are normally required. 
The principal disadvantage is the dynamic limitation imposed on the master vari- 


able. These include limits in servo bandwidth, maximum velocity, and maximum 
acceleration. 


In addition to linear potentiometers the servo may drive other computer elements, 
€.g., a resolver. A resolver is an electromechanical transducer with a mechanical 


(: -( cos @ ney, (‘) 
B \-sin@ cos@ B. 


Fira. 3.1.2. D-C resolver servo. The follow-up is not shown. The angle @ is proportional 
to X. The other inputs are A and B. Although not shown, the voltages —A and —B are 
also required. The application of a resolver to rotation of rectangular coordinates is shown 
in the diagram and is also defined in matrix notation. In one system the coordinates of P 
are A and B; in the other they are @ and B. 


input 6 and two electrical inputs A and B. The resolver outputs are two signals 
a = Acosé+Bsin6and 8 = —Asin@+Bcos 6 (Fig. 3.1.2). A servo which drives 
a resolver (usually called a resolver servo) is used to perform a coordinate trans- 
formation of vectors. One can generate nonlinear functions with a servo by using non- 
linear potentiometers (special winding or shaped cards), or by loading multitapped 
linear potentiometers (Art. 3.1.16). If the applied signal is +Z and —Z volts, 


then the output voltage z will be a function of two variables Z and X, specifically 
2 = Zf(X)/100, as in Bigs Silt, 


MULTIPLYING SERVOS 


3.1.2. Servo Potentiometers. The performance of a servomultiplier depends in 
large measure upon the characteristics of its potentiometers. These units are similar 
in construction to coefficient potentiometers (Sec. 2.1), and characteristics, such as 
resolution, end resistance, loading, and power rating, apply equally to servo multiply- 
ing potentiometers, In addition, several other characteristics are important for servo 
applications; these include linearity, conformity, noise, and maximum velocity. 

The accuracy of a potentiometer is expressed in terms of its linearity error, i.e., the 
deviation of the transfer characteristic (output voltage vs. shaft position) from a 
straight line. The error is expressed in per cent of full-scale voltage applied across the 
terminals. Every potentiometer has some end resistance (resistance of the wires con- 
necting the coil ends to the terminals) ; this results in three types of linearity specifica 


‘minal 
Hone) (ndependent, zero-based, eaeyth — 
the third is the preferred met . 
jolependent or zero-based-linea 


fermiialelin 
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linearity (Fig. 3.1.3). For computer _— 

luating and specifying linearity. ee - 

ty potentiometers are rt i poate nr 
i i i inearity, padding resistors m 

carity units for a specified lin y; < 

= resistance 


resistance ail 
ob 


100% 


woe 


Output curve 


Straight-line 
approximation 


Output voltage 


( Straight-line 
‘ approximation 


; “. Linearity tolerance L Vg 


To 100% 
Travel of contact 
End 
tia Travel of contact resistance (b) 
jealetance 
(a) End 
resistance 


100% 


= 


Output curve 


Straight-line 
approximation 


Output voltage 


i Linearity tolerance 


To 100% 


End Travel of contact 
resistance (c) 


; ; he best 
; ity is determined by the bes 
11.4. Potentiometer linearity: (a) Independent linearity (b) Zero-based linearity is 


ve. 
Aly » that can be drawn through the output cur the output curve and through 


ehralwht lin 


i i n through t cu 
vd by the best straight line that can be aes pace ah ee terete is output 
shetorimines "y ‘ Terminal linearity is determined oy Poche uke dee Hrcoah the 
- fo: SNe ctlaatiy perfect output curve, 1e., a § 
ve rom a > > ¥ " 
Blain and the 100 per cent point. 


ver- mance becomes equiv- 
" ( the ends of the winding, so ha he over-all perfor 
sive owt) at the e , t ie Bena: f 


3 ; a 
In the following discuss 
i ineari tenti 
the terminal-linearity po si | 
eit eased will be used in the sense rf aie tae sothattd 
"Binoo the accuracy of each output product reer he seek apices 
penitioant criterion for accuracy 18 the conformity 


meters, amore 
-up and each 
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multiplying potentiometer. One measures the conformity error by applying +100 
volts and —100 volts across each potentiometer and measuring the output dif- 
ference between the follow-up and each multiplying potentiometer (see also Sec. 4.4.7). 
To express the conformity error in per cent, the error voltage is divided by 200. If 
each potentiometer has a linearity of L per cent, the conformity error will be no larger 
than 2 per cent, provided that each multiplying potentiometer is properly aligned 
with the follow-up. The one disadvantage of. aligning the potentiometers so as to 
minimize the conformity error is that the electrical zeros may not necessarily coincide; 
ie., if the master variable X = 0, the output of the Y potentiometer will be zero 


Potentiometer No.1 — Potentiometer No.2 = Potentiometer No. 3 


8 100% I 
fs 
3s 
8 
=] 
ro) 

0. 100% 0) 100% 0 100% 

Travel of contact 
(a) 

% 100% mtd ~~ 
Fs 
$ 
3 
A= 
Ss 
°o 

0 


100% 0 100% 0 100% 
Travel of contact 


(6) 
t Trimmer £ Trimmer ° 
(c) 


Fria. 3.1.4. Padding to compensate for zero-based linearity. (a) Linearity curves before 
adjustment. (b) Linearity curves after adjustment. The trimmer for potentiometer 1 
is set to zero because it has the least output at 100 per cent travel. (c) Schematic. <A 
similar circuit is used for independent linearity potentiometers except that two trimmers 
are required for each potentiometer. 


+4YZL volts. For example, for Y = 100 volts and L = 0.025 per cent the output 
(error) may be as large as 100 mv. 

If the potentiometers are provided with center taps, the potentiometers can be 
adjusted so that the taps are aligned. In this case the center taps are grounded in 
normal use (see Fig. 3.1.5), and if X = 0 the output of each multiplying potentiometer 
is zero. This advantage is obtained at the expense of increased over-all conformity 
error (4L per cent), and this condition is aggravated by any error in the location of the 
center taps, typically 1 deg. Consequently the first method of alignment is preferred 
for general-purpose applications. 

The output electrical noise in potentiometers arises from various kinds of noise, such 
as Ioading-current noise, shorting noise, resolution noise, generated noise, and high+ 
velocity noise (see Ref. 10). The noise in the follow-up potentiometer deteriorates the 
servo performance; noise generated in the multiplying potentiometers is fed into the 
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somputer circuits as a signal and introduces computing errors. A circuit that has been 
wed extensively for measuring potentiometer noise is shown in Fig. 3.1.6. This test 
s\oult is artificial for computer servo applications; a more realistic and preferred 
method for evaluating potentiometer noise is that shown in Fig. 4.7.11. In this test 


Linearity curve No. 2 


Mechanical 
ree curve 
No. 1 


center 
Electrical 
center 


Mechanical Linearity curve No. 2 


center 


Linearity curve 
No.1 ° 


Electrical 
center 


e (a) % (b) 


—100 


fio, 3.1.5. Servo potentiometers with grounded center taps. Only the central portion 
of the linearity curves is shown. (a) Linearity curves before grounding the center taps. 
\)) Linearity curves after grounding the center taps. This error may increase if the center 
‘ape are not located exactly at the mechanical center. (c) Schematic. 


(ie potentiometers are checked in the same circuit used in the multiplier servo loop, 
vod both conformity and noise are evaluated simultaneously. Noise specifications 
depend upon the potentiometer conformity; typical values are given in Table 3.1.1. 

The maximum velocity at which a servo potentiometer is driven determines its useful 
life; usually the first sign of deterioration in a potentiometer is an increase in noise, 
wud the end of its useful life is reached when 
ihe noise exceeds twice the specifications. 
'he allowable maximum velocity depends 
‘iypon the potentiometer diameter; typical 
values for a useful life of one million cycles 
ave given in Table 3.1.2. This life can be 
jnvrensed by designing special circuits to 
prevent the servo from running at high speed Adjust to 
ul those times when an accurate output is ima 
wl required (see sLo-REsET, Art. 4.1.10). Fra. 3.1.6. Potentiometer noise-test cir- 

4.1.38. Potentiometer Loading. In multi- oyit. This method has been widely 
lying servos, each output product is usu- used. However, the circuit shown in 
ally connected to an amplifier input. ‘Since Fig. 4.7.11 is preferred (see text). 
‘in input is a finite resistance, a loading error : 
will result (Ref. 2); this error should be less than the linearity error. The magnitude 
of the loading error depends upon ; 

1, The circuit configuration, e.g., Fig. 3.1.1 or Fig. 3.1.5¢. 

4. The angular position. \ 

4. The ratio of the loading resistance R to the potentiometer resistance r. Let 
| Md K/r, 


Potentiometer 
under test 
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For the preferred circuit (Fig. 3.1.1), a convenient rule of thu i i 
mum loading error in per cent of full scale is 5/p. For inerenrickes sored ‘the 
potentiometer resistance varies from 20 to 100 kilohms, and the input resistance varies 
from 100 kilohms to 1 megohm; the ratio R/r consequently varies from 1 to 50 Thus 
it is essential to reduce the loading error, and fortunately a simple and convenient 
method is available. It consists of loading the follow-up potentiometer with the same 
impedance as each multiplying potentiometer. Then the angular position of the fol- 


low-up at which the servo nulls (i.e., the i 

‘ LO input voltage equals the feedback signal) i 
offset by an amount sufficient to compensate for loading. The one Mintiatias of 
this method is that a linearly calibrated dial : 


I I 1 will not accurately indicate the i 
signal. Any residual error is due to differential loading because of resistance ‘loll 


Table 3.1.1. Servo-potentiometer Noise Specifications 
See text for definitions 


Conformity, Noise Specification 
% Peak-to-peak, mv 
0.5 200 
0.2 133 
0.1 100 
0.05 50 
0.02 20 


Table 3.1.2. Maximum Velocities for Servo Potentiometers 
n is the number of shaft revolutions for full scale, +100 volts 


e—————————— 


Allowable max velocity 
Diameter, 
in. 
rps Volts per sec 
1 10 2,000/n 
2 8 1,600/n 
3 5 1,000/n 


e_—_ 


Table 3.1.3. Servo-potentiometer Characteristics 


Wire-wound Film 
Performance factors 


Ten-turn | One-turn | One-turn 


$ Badstates, Knog SN haat tae 30. 5‘ "50. 

2a. Resistance tolerance, %....................... +2 i % 

rape: Tesistange ohms. ..520 ANF: Oe. we) WER ‘5 ty a 

. Conformity, OP yp ARO Ot clk Aen: oe 
4. Resolution, wire turns.............. ; : : a : : ; Sat ae Pa Decueiil 
res 4 A lally 

infinite, 
less than 

5. Noise, peak-to-peak EV. 2G DPD s wires ee ete 50 133 re 

6. Max velocity, wioltevpet S60... sk of tye, wee 150 1,500 ‘a0 

%. Power dissipation, wattare:: 2. en a. eleven amen 5 at 40°C | 1 at 40°C | 1 xiona 

8. Breakaway torque, oz-in. per section............. 2.0 ly Ret 

9. Moment of inertia, g-em?2 per section.....5. 6s... 14 5 he 
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seeee of rand R. The maximum residual error occurs approximately at an angular 


joeition of 58 per cent, or 100/+/3 measured from the center. The equivalent circuit 
»! (hie position and a plot of the maximum residual error as a function of resistance 
‘lerance are shown in Fig. 3.1.7. The required tolerance on the loading resistance is 
solily available. On the other hand, a close tolerance on potentiometer resistance is 
sot etandard, The best commercial tolerance on the resistance of wire-wound poten- 
‘omoters is 1 per cent and for most film potentiometers 5 per cent. The latter will 
prorluee excessive errors for most applications; i.e., the residual loading error of the 


potentiometer is larger than the linearity error. 


+E 
r TF s 
e is] 
R N 
-E oD ‘ 4 
= Q rs) 
(a) ye 
oar! 
aie 
s ° 
Of 
o 
oO 
0.58E = eu 0088, 6 
1+ ae 
(b) fa 
(c) Tolerance of R/r, per cent 
fi) 41%. Potentiometer residual error due to differential loading. (a) Schematic of 
potentiometer with load. (6) Equivalent circuit at the position which produces maximum 
‘soar due to tolerances in r and R. (c) Maximum residual error vs. tolerance of R/r for 


several values of the ratio R/r. 


Vho use of fuses to protect the potentiometers was discussed in Sec. 2.1. In the 
eee of multiplying servos no error will occur unless the resistance of the fuse in the 
follow-up differs from that of the fuse in the multiplying potentiometer. Let this dif- 
f-renoo between the two resistances be denoted by A. If A < LR/100 (L equals the 
Hnearity error in per cent and R is the loading resistance in ohms), then this error will 
te less than the linearity error. 


i commercial analog computers multiplying servos use either one-turn film poten- 
Hiometors, one-turn wire-wound potentiometers, or ten-turn wire-wound potentiom- 
stom A comparison of these three types is shown in Table 3.1.3. The important 
ssechanionl factors (excluding dimensions) are the breakaway torque and the moment 
of \nortins these are also included in Table 3.1.3. 

1.4. Servo Amplifiers. In a-c systems the input circuit feeds a phase-sensitive 
»ippremod carrier-modulated signal into the servo amplifier; the latter drives the servo 
wolor. ‘Lhe amplifier can use vacuum tubes, transistors, and/or saturable reactors 
‘negnetic amplifiers). Vacuum-tube circuits are conventional in most commercial 
snalog-computer servos; a typical circuit is shown in Fig. 3.1.8. The gain in the oper- 
sli frequeney range is about 66 db, and the output power is 10 watts. A push-pull 
-\voull in used to eliminate the d-c component in the output To increase efficiency 
‘he output stage is tuned. Amplifier output noise will contribute to the amplifier and 
sotor saturation; if it has a quadrature component with respect to the fixed field of 
ie motor (see below), it will produce a spurious torque. In either case, the noise is 


svleetrable and should be kept to a minimum; in particular, with the input grounded 
te output noise should be less than 10 per cent of the maximum output voltage. In 
‘ie prosence of the inputs the noise, including quadrature and harmonics, may increase 
iy) ae Much as 80 per cent of the output voltage. 

A fow servos have been constructed with transistors. The major disadvantage, at 


Note that the rating of the vacuum tubes 


Kui eo = fr 
1 is the on OFF relay (Reeves Inst ument Cor poration; 
’ 


put power is 10 watts. 


e Sec. 4.3, 


0.1 yf 


ran 
ct 

= 

°o 


12AT7 


100K 
100K 


68K 
eration of overload circuits se 


The gain is 66 db and the out 


1M 
1M 
For op 


0.005 yf 
0.005 yf 


12AT7 
¢ servo amplifier. 


220K 
220 K 


+200v 

1G0K 

1-200 v 
Fig. 3.1.8. Typical a- 


1M 


1M 
in the output stage is 20 watts. 


see also Sec. 4.1). 
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‘ily time, is the high cost of transistors in the amplifier and the possible need for 
separate transistor power supplies. 

Compared with vacuum-tube amplifiers, magnetic amplifiers have the advantage of 
seanonable cost and long life. However, their dynamic characteristics in the linear 
snd the saturated region have been so poor that the dynamic response of the servo 

Consequently, these amplifiers have not 


syetom is limited by this factor (Ref. 7). 
heon used in commercial computer servos. 

I'he servo amplifier for a d-c system consists of a drift-stabilized amplifier (Sec. 
+4) with the added requirement that the output stage have sufficient power. A d-c 
‘yansistor output stage to drive a d-c motor is shown in Fig. 3.1.9. 

117 vac 
Input 
stabilized 
1M d-c amplifier 
+200 


feedback 
Standard d-c amplifier augmented by a transistor output 


Vio. 9.1.9, D-C servo amplifier. 

siaue to provide the power necessary to drive the servo motor. The transistors must be 
proteoted from excessive output of the d-c amplifier. A series resistor or amplitude limiter 
way be used (Goodyear Aircraft Corporation, Akron, Ohio). 


4.1.6. Servo Motors. A-C servo systems are usually 
Hon motor. One winding is excited by a fixed voltage (. 
sonnected to the output of the servo amplifier (control field). 
forque proportional to the voltage applied to the control field when the two field volt- 

The current due to in- 


driven by a two-phase induc- 
fized field) and the second is 
The motor develops a 


phase voltage is undesirable 


auon are GO deg out of phase. 
d contributes to the saturation of the magnetic field. 


Hoonuse it produces no torque an 
‘he chopper modulator (see below) pro 
excitation, and the additional phase shi 


foapect to the 
network. Either the fixed-field vol 


ho developed with an RC 


duces a phase shift of 25 to 65 deg with 
ft necessary to make 90 deg can 
tage or the chopper exci- 
The first method has the 


(ation ean be phase-shifted with respect to the line voltage. 
twork will usually reduce 


Jimadvantage that the high impedance of the phase-shift ne 
the motor damping; hence the second method is usually preferred. 


The control field is usually available w 


ith a low-impedance coil (50 to 500 ohms) or 
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prc ae cost with a hi 
riven directly from the output st. i 

The linear performance of the ime sire Fear Aes ie 
function Km/s(1 + tms), where K,, is the motor gai 
and tm is the motor time constant in seconds 

tant, since the amplifier can be adjusted to i 
time constant determines the over i 


4 
3 
: : 
S 8 
x 2 . $ 
g § 
a = 
5 
) 1.8 3.6 


Torque, oz-in. 


Per cent rated voltage 


i“ @) 


IN 


Stall torque, oz-in 


Rpm x 1,000 


N 
= 


0 0.8 1.6 2.4 
Torque, oz-in. 


oO 
oO 


100 
Per cent rated voltage 


(c) 
Fia. 3.1.10, Characteristics 
i of two-phase a-c s 
pa ervo motors (see Table 3.1. 
a RUS ANOES euganot np upbet oie and curves c se d are ie ee 
] 1 ge is applied to each field. : 
is applied to the fixed field and the control-field uote is Be 2 ae 


the Bode plot,* the motor i 
response consists of a 6-db-per- i 
st a per-octave sl 

eee? ee phiigeh slope at a corner frequency of 1/t» radians saat He veThe noel 

pant ‘rors can be determined from the relation tm = MmJm, where M. is os ss 

cekttan 8 7 rae curve and J. ns the motor moment of inertia. With the te oe 

icerctwd ~ ba : sage inertia will be somewhat greater, and this will redull 
A i i ’ 

rik Meade tag me constants for high-performance servo motors range 


A F ; < 
ny practical motor will be nonlinear. Characteristic curves for 60- and 400-cps 


servo motors are shown in Fi i 
peak haan n Fig. 3.1.10 (see Table 3.1.4). Other important performance 


is : cad , ; 
Straight-line approximation of amplitude in decibels va, log froquoney 


gh-impedance winding (4,000 to 6,000 ohms); the latter can be 


e described (Ref. 4) by the transfer 
n constant, s is the Laplace variable 
The motor gain is relatively unimpor- 
eld the desired open-loop gain. The 
-all forward open-loop characteristic. In terms of 
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{ Maximum motor velocity. 
4 Maximum motor acceleration. 
4 Hirenkaway voltage—the minimum signal below which the motor will not turn 


the load. At this voltage the torque becomes equal to the static friction. 
|).C) computer servo systems are usually driven by a d-c permanent-magnet motor; 
te output of the servo amplifier is connected to the armature. Performance charac- 


forintion (see Fig. 3.1.11) are evaluated in the same way as for a-c motors. 


Table 3.1.4. Representative Servo-motor Characteristics 
(See also Figs. 3.1.10 and 3.1.11) 


Characteristics Fig. 3.1.11) Vig. 3.1.10a,b Fig. 3.1.10c,d 

POUONCY, CPS......---. 0 cece terete d-c 60 400 

Jax control power, watts..........--+-- 20 8 9 
Hator inortia, g-cm?..........-.----++- 4.5 4.0 4.0 
Porque at stall, oz-in.......-. 2. eee eee VR 3.5 2.5 
We load speed, rpm..........--- +65 e0ee- 12,000 3,400 4,800 
Time constant, msec.........-..--.-5-65 46 6 12 
Theoretical acceleration at stall, radians 

WOE O08... eee cece ee nee eee res 27,000 62,000 40,000 
SEED OB 4.6.4 sin tanvacerar $a <> Soper ryt? 4 12 12 


a hc et 
4.1.6. Mechanical Components. Precision mechanical components are required 


foy accurate computer servos. Backlash should be kept to a minimum. If wire- 
sound potentiometers are used, the maximum backlash of the gear train measured at 
‘ho follow-up potentiometer shaft should be less than the angular resolution of one- 
half wire turn. For example, a servo using a ten-turn follow-up potentiometer with 
10,000 wire turns satisfies this requirement if it has less than 11 min of backlash. 
Ailompts have been made to reduce backlash by means of anti-backlash gears, but 
‘iene gears also increase the moment of inertia of a 


the wyatem. 

‘Tho gear ratio from the motor shaft to the poten- 
‘iometer arm K, is a compromise value designed to 
eatinfy the following requirements as closely as 9 
promible, 

|. ‘The number of steps in the gear train should be 3 
a» emall as possible to minimize backlash. The x 6 
jarqoat single step in the gear train is limited to 6:1 = 
esoopt in the special case when the motor has a pinion e 
shaft. In this case the first step in the gear train 3 
may be as large as 20:1. 

4 The maximum motor speed divided by K, must 
not exceed the maximum allowable potentiometer 


apeod. ; : 0 0.6 ie 18 
4‘. The maximum torque at the potentiometer T ; 
a ae orque, oz-in. 
shaft (the maximum motor torque TJ multiplied by \ 
K,) whould be much larger than the friction of the F2¢- 3.1.11. D-C_servo-motor 
characteristics. Torque-speed 


load, say ten times as large. 

|, The output acceleration should -be as large as 
powsible, ‘The acceleration will be a maximum if the gear ratio is chosen so that the 
joment of inertia of the motor reflected to the load shaft (that is, JK,*) is equal to 
‘ho inertia of the load. Under these conditions the maximum acceleration at the load 
will be 7'/2d mKo. 

Tho need for limit stops arises from one of the following conditions: 

i. The resistance element of single-turn potentiometers covers slightly less than 
WO dog; there is a gap between the ends of the element. If the arm of the follow-up 
iravela into this gap the servo will lose the feedback signal and run away. 


relation (see Table 3.1.4). 
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2. Multiturn potentiometers are usually supplied with mechanical stops, which do 
not have adequate strength. Additional mechanical-limit stops are used to restrict 
the travel of the potentiometers to about 98 per cent of the total travel; the master 
variable is limited to +98 volts. The stop must withstand the maximum torque 
exerted by the servo motor multiplied by the gear ratio. In addition, the stop must 
be able to absorb the kinetic energy of the system, ice., it should have a low coefficient 
of restitution. Otherwise the gears may be damaged or slip with respect to their 
shafts. Gears are usually fastened to replaceable elements, such as potentiometers, 
by means of friction clamps. A typical lead-screw-type 10-turn limit stop has a 
torque capacity of 500 oz-in. and can absorb a kinetic energy of 30 in.-oz. 

Electrical limit stops are provided in some servos. One method consists of provid- 
ing taps near each end of the potentiometers. The computer signals are fed to the 

ae ted taps of the multiplying potentiometers (Fig. 

ou e YP Multiplying 3:1.12). The taps of the follow-up are fed 

+110 with +100 volts and —100 volts; a similar 
voltage gradient is continued across the end 
sections of the potentiometer. In this case, 
the amplitude range of the master variable 
is +100 volts. A disadvantage of this 
method is that full-scale travel may be re- 
duced, and as a result the linearity error will 
be inereased. At some extra cost this diffi- 
culty may be avoided by adding extra turns 
to the follow-up; for example, 11- or 12-turn 
potentiometers can be used with 10 turns for 
full scale, +100 volts. 

Linearly calibrated dials serve two func- 
tions. First, they show when the servo is 
moving and give the approximate magnitude 
of the master variable. Second, in servos 
XY) with 10-turn potentiometers the use of two- 
ae 100" speed dials allows the servo to be used as an 
Fig. 3.1.12. Electrical limit stops. The accurate voltmeter. The disadvantages of 
advantage of this scheme is that the full dials are 
pi 4 ee meee erlabe (servo posi- 1. Added cost (relatively small) 

2. Added inertia : 

‘Two types of mechanical construction have been used for computer servos. In the 
first the motor, potentiometers, gear train, and limit stops are fastened to hangers and 
mounted on a slotted plate. This method provides a large degree of flexibility, and 
components can be rearranged or special transducers added to fit many requirements. 
The second method consists of mounting the components in a specially designed cast- 
ing. The advantages of this method are dimensional stability, greater economy, 
improved mechanical accuracy, and compactness. 

3.1.7. Input and Stabilization Circuits. In a-c servo systems the input circuit 
generates the d-c error voltage and modulates it to produce a phase-sensitive sup- 
pressed-carrier error signal. The essential element of the input circuit is the modu- 
lator. A mechanical vibrator or chopper is used in commercial computer servos princi- 
pally because of its versatility, low noise level, and small unbalance errors. Two 
basic input circuits are shown in Fig. 3.1.13; each produces a push-pull signal. The 
RC network at the arm of the chopper (1 kilohm and 390 mmf) reduces transients when 
the chopper contacts break. 

The advantage of the first circuit (Fig. 3.1.13a) is that no current flows in the input 
circuit when the servo reaches a null. In other words, the input impedance is infinite. 
On the other hand, during transients, the current flow in the input circuit may be as 
large as 600 wa. A servo which has this input circuit may be used as a precision volt- 
metér, provided its potentiometer linearity error is small, for example, 0.025 per cent, 
Note that the input and feedback voltage have the same sign at null. In the second 


Feedback 


joult (Pig. 3.1.180) the input and feedba 


inipedance 


‘ivootly on or closely geared to, th 
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ck voltages are of opposite sign. The input 


: : ? 
at null is 1 megohm; the maximum input current flow is only 100 yu 


ts are designed to shape the open-loop transfer function to obtain 


Miabilization ecircui pr paren aE ‘Tere kindarof einelite tare 


‘Jo, accurate closed-loop response erwnipesec. 
~ : Seainardiil computer servos, tachometer feedback Ge — 
Beer consi f a d-c permanent-magnet generator whic Snares 
Bitte en or cioedly: e servo-motor shaft. The network damping 


y= tentiometer. 

he output of the follow-up po 
ap eye ride the smoothest (low-error) slow-speed 
tion path around the motor. The dis- 


» of an RC network connec J 
Hyetems with tachometer feedback can provi 
because ‘there is a‘ tighter compensa 


“ i , ensation, are 
os athe of tachometer feedback, as compared with network comp : 
wily cs 
0.002 yf 
Chopper 
+100 
Followup 
—100 
1K 390 wf 
0.002 uf 
1M- 
+100 iM 
Followup pad 

-100 (b) ay 
i = r signal, 
1.1.18. Typical input circuits. Each circuit generates a Sic oak ar Ae ee. 
the ee } network at the arm of the chopper (1 kilohm and 390 0% ee ae 
\ - is when the chopper contacts break. (a) At null (zero _ peg ees, 
voll are equal, the input impedance is infinite, and there is ee ae 

owe hull + input and feedback are equal in magnitude but have op 

(h) , the 


i -up i hm. 
jipul impedance is 1 megohm, and the loading on the follow-up is 1 mego 
nd friction. With network damping 


d the system is relatively ineffective 
gear train; in addition, 


wlded cost as well as increased system inertia a 
‘he compensation loop includes the gear train, and the s 
agninat pecan torques omit Someta in the | 
“gm aoe See dea eattingk . not adequate to reduce pay is ipl acim 

— { alia words, at low frequencies the open-loop response 18 ¢ “ee Paepi: hele 
eae in ri also Art. 3.1.8). Consequently either a second- wires eA awn 
Sedosdir system is used in the feedback. The yas ¥ ae - rien cp pai apse 
summed with the input circuit; typical tachometer and n 


eee: Bestormance- The important closed-loop characteristics of the 


werve are 
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1. Static accuracy 

2. Tracking accuracy 

3. Linear response, including bandwidth, amplitude rise, and dynamic error 

4. Nonlinear response, including maximum velocity, maximum acceleration, and step 
response. 

Servo-system-design techniques are given in many texts. The purpose of this sec- 
tion is to present test methods for evaluating servo performance and typical numerical 
values obtained in such tests (Table 3.1.5). 


Table 3.1.5. Characteristics of High-performance Computer Servomechanisms 
The carrier frequency is 400 cps and the follow-up voltage is +100 volts 
(Reeves Instrument Corporation) 


Potentiometers 
Performance factors 
Single-turn | Ten-turn 
UPR TOIMREOR RET. cite bie Vs a ares sues OW AG | 50 10 
eee a oe ne ean es 50 25 
Servo bandwidth, Ops.|.............ieeee. 50 35 
Computing bandwidth, cps................| 2 | 8 
PSS CL 2S 0 I ee ean Ree 4 3.5 
Max velocity, volts per sec................. 1,600 140 
Max acceleration, volts per sec?............ 60,000 5,500 
Synchronization, msec. .......46...05 60660055 | 100 | 300 


The static accuracy depends upon 

1. The motor breakaway voltage vw in volts 

2. The backlash between the motor shaft and the follow-up potentiometer 6 in 
radians 

3. The number of shaft revolutions n and the number of wire turns N of the fol- 
low-up potentiometer 

4. The voltage gradient of the follow-up K, in volts per radian; for a linear n turn 
potentiometer K, = 100/nr 

5. The gain of the servo amplifier Ka 
If the first four factors are fixed, the maximum permissible amplifier gain K 4 depends 
upon whether the follow-up is a wire-wound potentiometer (case I), or a film potenti- 
ometer (case IT). 

In case I, K4 = 1 N/100, provided & < n/N. 

In case II, Ka = v,/K,5. 

Under these conditions the maximum static error ¢; in volts is 

Case I, « = 100/N. 

Case II, « = Kpé. 

The above formulas are derived from a consideration of the smallest change in the 
motor position which will produce a recognizable increment in the follow-up voltage. 
This incremental follow-up voltage multiplied by the servo-amplifier gain must be no 
greater than the servo-motor break-away voltage. In case I, the incremental voltage 
is determined by the follow-up resolution and in case II by the backlash. If the ampli- 
fier gain is larger than Ky, the servo will chatter (hunt between wire turns or in the 
backlash) and wear out the potentiometers; if the gain is smaller the static error will 
increase. Incase lif 6 > an/N the servo-amplifier gain must be reduced. The static 
error is measured by taking the difference between any constant servo input and the 
corresponding output voltage of the follow-up. As a rule the static error of a high- 
performance servo will be much smaller (one-tenth) than the conformity error, and 
then the static-product accuracy depends only upon the conformity error. 

One of the most important criteria for computer servo performance is low-speed 
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is criterion i bility of the servo to follow 
wuracy. This criterion is a measure of the abil to 
ey, oh fists accurately. The tracking rreadoed foi a — yt: es 
i i input voltage. e error ii 

-» from an integrator with a constant inpu a. . 
Ther “os between the integrator output and the follow-up output. A high: acre 
shew worvo will have a tracking error less than one-half the linearity poi - 6 

jtewrator output changing as slowly as 10 my per sec; for example, if the follow-up 


0,002 pf 


Chopper 


0.002 pf 


F.U. — Followup 
100 


Input 


0,002 pf 


| oa | 


i001 


250K 
Gain control 


(0) 
1.14. Stabilization circuits. (a) Tachometer feedback with a high-pass filter to 


os w the velocity constant (reduce velocity error). (6) Network damping. A third- 


Belor not work is used to improve performance at the computing frequencies. ; The a7 
+) 8450) modify the network to provide stability for large error signals, i.e., at low amp 
vain, (Reeves Instrument Corporation.) 


' arity error of 0.025 per cent, and with a full scale of +100 volts, this require- 
4 “y is af isfied by a Gitking error less than 25 mv. With asmall hk tracking 
ervor, the product accuracy is not degraded by servo error at low ee 8. pad oe 
l'ho linear performance of the computer servo may be complete ye ae A art 
jin closed-loop frequency response, which is in turn determined by its wore sf ect 
vctorintics, ‘Che inherent forward-loop transfer function 1s KaKm : at : ne 
where the gain constants Ka,Km,Ko, and K, have been defined an sd Lis Ss ya 
syetem time constant (the servo-motor time constant increased to eae * oS 
tho load), Several synthesis procedures for shaping this eb te Bese 00 ee ee 
slosed-loop performance are available. Two typical shaping networks are 


Wig, 8.1.44, iy. : 
Tho closed-loop response may be specified by the servo amplitude and phase charac 
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teristics. Two properties of s 
amplitude curve; they are 


1. The bandwidth, the frequene i i 
y at which the amplitude i 
. ans resonant peak, the maximum amplitude of vs een 9 Yi 
nee es — for measuring these quantities are simple and well known. A k 
pre ee psig ‘is desirable for a snappy transient response but ae 
f e too high, in order to ility ; 1 
peak lies between 3 and 6 db. Beene ere 


pecial interest can be obtained immediately from t 


this pe 


A useful criterion for the computi 
U } puting accuracy of a servo is the dz ti i 
the amplitude of the difference between the input and output fnertncti ion sine 


input. In other words, the dynamic error is the magnitude of the vector differen 


100 


Pe 500 mv P-P error (0.25%) 
200 mv P-P error (0.10%) 
“ 100 mv P-P érror (0.05%) 

a 
a. 
> 
na 

1.0 

0.1 

1.0 10 100 


Frequency, cps 


Fra, 3.1.15. Dynamic 
] 1.15. error response for a high-performance 400-cps se 
input signal and the dynamic error are expressed in the same a aeciast peek 


The percentage figures 
voltage +100 ride express the error voltages as a fractio 


o-peak voltage, 
mn of the full-scale follow-up 


between the input and out 


of the di i 

yy i ci Re ab pm ried aa oe the input signal amplitude and fre- 
¢ or presenting these data is to plot the i i 

amplitude vs. frequency for a fixed error ; typical curves are deus in 1 on 


Contours for sever al Vv alues of ynamic error ar shown be cause of the system non- 
d a ce e cau y 
linearities. For Inputs Ww hich are lar ce com r V t y p 

ge c pa ed vith he d namic error, the in ut 


n Hence the ratio of the input t i 
Fy at aca ae pila “! iG open-loop gain. For RG. ig in ee Tae af 
eee eons EL, peak-to-peak input is 100 mv; consequently the gain at 
Th i si 
ee oe Wines a eae are usually only a small fraction, less than one-tenth, of 
pears Nin paint eget ‘ das “a the bandwidth frequency the dynamia 
pees input signal (Fig. 3.1.15). Second, the ampli 
(ae Bulow aa | sa rapt extremely sind pars of velocity and ae aia ea 
A ‘ t te or evaluating servo dynamic perf 0 i 
ha vorforn 
called computing bandwidth, the frequeney at whieh a catia peal marek 


typically the resonan 


put; it includes both the amplitude and phase components 
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volts produces an error of 0.5 per cent of the input (100 mv); typical values are 
piven in ‘TLable 3.1.5. 


the two principal nonlinear performance factors are the maximum velocity and the 
sermum acceleration. The former can be measured in three different ways. In the 
splowt method a large step input is applied, the resulting output of the follow-up 
potentiometer is recorded, and its maximum slope is measured. This maximum slope 
es (he maximum velocity. In a second method a sine-wave input is applied. In 
he linear range the servo output is also sinusoidal, say r = Asin wt. The maximum 
output velocity is Aw and the maximum acceleration Aw. The amplitude and fre- 
jueney may be selected in such a way that the maximum acceleration remains small 
sod the maximum velocity becomes large (A large and w small), The maximum 


-slovity may then be increased gradually until the output becomes distorted because 
| velocity limiting. This condition may be recognized by the distortion at the zeros 


+f (he output (triangular wave shape). The third method for measuring the maximum 
_sjovily consists of applying a constant-velocity input (ramp) and measuring the servo 
sor after the initial transient. At the maximum velocity there will be a sharp 
juerense in the error. 

‘Ye maximum acceleration is more diffi- Absolute value of 


amplifier output 


- alt lo measure; two methods may be used. 

ihe (iret again uses a sine-wave input, but F 

sow the amplitude and frequency are ppaccibncnial 
‘howen so that the output is within the 


velocity limit (small A and large w) and the 
‘weimum acceleration is increased until 


‘he slne-wave output limits. Acceleration 

jailing is evidenced as a flattening of the 

peaks of the output. The maximum accel- a ke 
/yation may also be determined by applying _,, ; , 

» vonstant-acceleration input (parabola) a neg vee yew vag aes okt 
owl measuring the servo error for different red and fe os ilies Sorin the. CANON yal. 
-alues of this acceleration. In this case the 


yor will be small until the maximum acceleration is reached. Here it should be 
voted that during each run the velocity increases linearly with time and the error 
jyoreases abruptly when the velocity limit is attained, but unless the acceleration limit 
js exceeded this happens a finite time after starting. 

\ high-gain servo with good linear transient characteristics can still become unstable 
fy a large step input. This behavior can be explained in terms of another nonlinear 


factor called the synchronization. A servo is said to be in synchronism whenever it is 
following the input signal with an error small enough to lie in the linear portion of the 
sinplitude-response curve, ie., in the linear notch in the curve shown in Fig. 3.1.16. 


Whon a step input is applied, the error will exceed this value temporarily, and the 
servo paturates. The time required for the servo to return to synchronism is called 
‘\e synchronizing time. For practical purposes the synchronizing time of computer 
sorvon may be defined as the time required for the output to achieve and to remain 
within 10 per cent of the final value, when the servo is subjected to a 50-volt step. 
iy order to follow large step inputs with good synchronization (without many over- 
shoots) it may be necessary to use nonlinear elements or two-speed circuits (Ref. 6). 


RESOLVER SERVOS 


9.1.9. Introduction. A resolver, as a d-c analog-computer element, was defined 
shove (Pig. 3.1.2). The accuracy of a resolver is customarily described by its con- 
formity, Conformity is defined as the maximum functional error with one electrical 
input sero (e.g., A = 0). It is usually expressed as a per cent of the full-scale (peak- 
n-poak) output, i.e., 2B volts. Thus a 0.1 per cent conformity resolver means that 
with A» Oand B = 100 volts the errors in the a and 6 outputs are less than 0.2 volt. 

9.1.10, Induction Resolvers. An induction resolver is an a-c electromagnetic 
‘yaneducer for performing trigonometric computations.!8 Essentially it is a trans- 
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former with variable coupling between the primary (stator) and the secondary (roto 
windings. Commercial resolvers are provided with two input stator windings 

two output rotor windings (see Fig. 3.1.17a). The internal construction of the resolv 
resembles a two-phase two-pole wound-rotor induction motor with slip rings. T 
pair of stator windings are at right angles to each other (in space quadrature); t 
rotor windings are also in space quadrature. The windings are distributed in ¢ 
slots so that the output voltages are sinusoidal functions of the rotor angular positio; 


—E->- 


E;=E, cos 0—E, sin 
E,=£E, cos 0+E, sind 


Demodulator 


(b) 


Fia. 3.1.17. Induction resolver. (a) Schematic. 
the a-c output voltages are FE; and E.. 
d-c input voltages to a-c signals, 

manner and compensator circuits 


The a-c input voltages are E; and Ey 
(b) Block diagram. The modulators convert the 
In practice, the resolver does not perform in an ideal 
are required. These include two auxiliary resolver 
windings (not shown) similar to the stator windings, and booster amplifiers for isolation, 
Each booster is a feedback amplifier with a net loop gain of 60 to 80 db. The auxiliary 
windings provide the feedback voltages for the booster. These circuits improve the linear- 
ity of the resolver amplitude characteristic, and they also compensate for variations due to 


frequency and temperature. The a-c resolver outputs are converted to d-c in the 
demodulators. 


If a-c voltages are applied to the stator windings, 
magnetic flux such that the magnitude of the flux vector is proportional to the vector 
sum of the stator currents, and the angular position of the vector is equal to the are- 
tangent of the ratio of the two currents. The rotor outputs are then proportional to 
the magnitude of the flux vector and to the sine or cosine of the angle of rotation of 
the rotor with respect to the flux vector. Explicitly, the outputs Hs; and EF, expressed 
in terms of the inputs E; and FE, and the rotor position @ are the resolver relations: 


the stator currents produce a 


E; 
Ey 


Nol 


E, cos 6 — EF, sin 6 
FE, cos 0 + By sin 0 


‘These relations are the same as the equations in Fig. 8,1,2. 
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0 jor advantages of an induction resolver are: _ ar wy 
FP pmall size with high accuracy; for example, a unit 2 in. or aie te ae 
foetrument Corp. Model R 600), has an output functional error of les A 


sont of the input voltage. 


i i f angular position. 
th output (no granularity) as a function o } 
; Negligible vat from use, because electrical contact to the rotor is made through 


wy rings. 


i i i lators and 
‘io disadvantage of an induction resolver is the requirement for modu 


i d for modulation and 
s (Fig. 3.1.17b). If standard techniques are use 1 
ton ic is dificult to obtain accuracies comparable to that of the resolver itself. 
4 
re 8 oe 
1M he 


Output to 
resolver stator 


D-c input, 
A 
33K 
115v 
400 cps 
i i Iternate 
fie, 81.18. Precision gated-amplifier modulator. Diode on - ee 2? oa ge 
hall ayclea; this switching provides the required modulation. i r if Ah ag mae 
prevent the amplifier from overloading when bridge I is open. 


the input voltage. 


pee cab by 

One special technique for precision modulation is pe of 3 mg ge 4 
ontrol the a-c output amplitude from the d-e input. st geen geo 
y ig. 3.1 18; its output is a 400-cps square wave ee a oe As! ie ti Bo 

nal to th i vitching i trolled by the diode- t 
‘ional to the d-c input. The switching is contre yc tieen > sentgeeecrnenons tee 

} slitude is determined by the ratio of the 1 apes 
Pe pbk eBeem ai the peak-to-peak value of the output is Pete - rig brite 
junal, ‘Two modulators are required for each resolver, one for 

1 one i i peeeDitey 

Be an are usually designed for carrier peter of a a hie Hing cae oh 
iro oasentially reactive elements; a typical 400-cps resolver ha 


i i lied 
ope to 40 ke with a resonant peak at 30 ke. Consequently, if a square wave 18 app 


tow re solver stator, e 10) Ww wave Wl h tra sients at the 
are a t at 
’ xach rotor utput ill be a squi 


vali ulyes. A peak-to-peak detector which suppresses - 
? hy “per A ek somienk circuit is used to prevent vee predier eniycrrs 
in ne output. In addition, a zero-to-peak detector et _ clauaree 
the output that this circuit delivers. a hats saree nape sere Seaver ite bits 

ing during the center portion of each halt c¢ bel core 
cme he are three choppers and a d-e amplifier. The chopper driving 


wave with peak-to-peak amplitude equal to 


Resolver 
rotor 


. qh T3 df 
Lp T, 


+ 
A, & A> 
ta To ty Ts 
ay gee te ts ts T. 
cee 2 Reenaree a 
(6) 


rig 3.1.19. Precision peak-to-peak demodulator. 

1 and A; are both connected to their negative ter 
connected across condenser C; 
output voltage. 


(a) aig oa: When chopper arms 
v minals, the resolver rotor terminals are 
ies oe Tee caps it charges to the peak value of the resolver 
pa ae Ae Pps rarms A, and Az are both connected to their positive 
pees ‘ge aah agin 2 (0.1 uf) is charged to the peak-to-peak resolver output, i.e., the 
panei pti plus the voltage stored on condenser C;. During the time intervals 
par et Prien cenit connected to C2, the amplifier holds the output constant, 
peg a te pag om _ a and Az; are negative during the time intervals 4; to 7; 
Oe, ge he 0 1 and A: are positive during the time intervals ts to 7's aod 
e resolver output (not shown) leads V» by approximately 20 deg. 
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++) phased so that the resolver output issampled at the proper time intervals. Another 
» portant property of the circuit is its low output impedance, which makes it suitable 
+» «living other computer circuits. Two detectors are required for each resolver, 
one for each rotor output. 

fhe accuracy of the modulator and demodulator is 0.05 per cent, i.e., the gain from 
‘he dhe input to the d-e output is 1+ 0.05 per cent. The major limitation of this 
Ho luction resolver system is that the dynamic performance with respect to the A and B 


inputs is limited to a few cycles. For example, at 10 eps the total error is 0.5 per cent. 

#111, D-C Resolvers. Commercial d-c resolvers consist of two or more ganged 
svt carefully aligned sine-cosine potentiometers. D-C computing amplifiers are 
yyiired to invert the inputs A and B to provide —A and —B; amplifiers are also 
seeded to sum the potentiometer outputs to form a and 6 (Fig. 3.1.2). Three types of 


+ wound sine-cosine potentiometers are used in commercial d-c analog computers. 
‘Tho (iret consists of a closely wound rectangular resistance card rotated by the input 
shaft; four contacts are attached to the case (Fig. 3.1.20 and Ref. 9). A typical 
sail four inches in diameter has a conformity accuracy of 0.5 per cent (e.g., Gamewell 
tu. Model RL-14MS). 
Yhe other two types are rotary potentiometers with the resistance element wound 
»sound o core formed into a circle. The voltages (+A and —A) are applied to the 


‘sue of the coil and the output is obtained from a contact which is fastened to the 


jopul ehaft, One unit of this kind uses a combination of two methods to provide 
‘he woouracy required for the trigonometric functions. The potentiometer consists 
+| » wire-wound mandrel with variable pitch. In addition, loading resistors are 
-ennooted across taps located on individual turns of the coil (Fig. 3.1.20b). A typical 
sult in. in diameter has a conformity accuracy of 0.14 per cent (Helipot Corp., 
Model SNX2031). In another method, a shaped card is wound so that the length of 


«ive for individual turns varies and the rate of change of output varies accordingly 
‘bie 4.1.20c). A typical unit 15 in. in diameter has a conformity of 0.07 per cent 
‘I leolvonie Associates Inc., Model 315). 

Tho advantages of the sine-cosine potentiometer are that it is inherently suitable 
hy «dec analog computer, its simplicity and its relatively, good dynamic characteristics. 
fm the negative side are brush contact noise, limited resolution, lower maximum 
sperating speed, and shorter life; also, for a reasonable size the conformity is relatively 
wel 
Vilm potentiometers with sine and cosine outputs have also been constructed. 
‘ snmereial units are available in which the functional relation is obtained by varying 
‘he width of the film element. A typical unit two inches in diameter has a con- 
fmity of 0.3 per cent (Computer Instruments Corp., Model 206). A special resolver 
‘iat has been constructed consists of a cylindrical film resistance element. Electrical 
ontnet is made at one end by a set of brushes mounted on the input shaft and at the 
other ond by a segmented metallic ring (Fig. 3.1.21 and Ref. 14). Other methods 
fy wenerating sine functions are a cam-driven linear potentiometer, or the use of a 
sporinl mechanical linkage such as a Scotch yoke. 

fonding effects must be considered for all of these sine-cosine potentiometers. 
leir impedance is usually small, 20 to 50 kilohms, and a low-impedance source 


‘uch as a d-c amplifier) is required for both the +A and —A inputs. Moreover, 
‘he weunl values of impedance at the output will cause a loading effect and increase 
‘he funetional error. In most commercial units the no-load functional relation is 
jwolified (preloading) in order to take account of this condition and to give the correct 
yowull with, say, a 1-megohm load. 

4.1.12. RECTANGULAR and POLAR Modes of Operation. In the following sec- 
‘one no distinetion will be made between the two basic types of resolvers, induction or 
fe, except when it is specifically mentioned. 

iy sweTANGULAR the resolver servo computes the coordinates of a vector subjected 
jo a rotation of axes (Fig. 3.1.2). In order to use the resolver for such a problem it is 
vesential to know the gear ratio between the follow-up potentiometer and the resolver 
shaft. This ratio is the resolver scale factor K,, usually expressed in degrees per volt. 
‘Tho permissible excursion of the resolver shaft angle @ should be at least 360 deg. 


4A cos 0 


A sin @ 


-1A sin@ 


—3A cos 0 


(0) 


Fia. 3.1.20. Wire-wound d-c sine-cosine potentiometers. 
C sine-cos - (a) Rectan, i » 

bid pa a on erga es winding is rotated by the ee ae The pe ‘of rotation i 
ees ee p ane of the diagram. The four contacts are attached to the fixed 
Woe taceeatice - _ contact travels over the card in a circle about the axis of rotation 
ak ee required for a resolver, (b) Rotary potentiometer-variablo 
quadrant for 0.125 per sath scious Reh i ro i =m pole rain ai 

, y. ’ re is wound on a mandrel with 
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Minoo the normal follow-up travel is +100 volts, the resolver scale factor must be no 


hes than 1.8 deg/volt. A convenient and often used value for K, is 2 deg/volt. The 
,eolvor is usually aligned with respect to the follow-up so that with zero servo input 
‘ie ponolver is at zero degrees and the resolver angle takes on positive and negative 
saluon. ‘Then with K, = 2 the range of @ is essentially +200 deg; there is an overlap 
of 40 deg at 180 deg. Although the resolver itself need not have stops, the servo 
sequires limit stops in this mode to restrict the travel to slightly less than the nominal 
valuon (wee Art. 3.1.6). 


A 


100 K 


Cylindrical 
resistive surface 


A cos 0+B sing 


—A sin @+B cos 6 


i 4.1.21. Film resolver. The operation of this resolver depends upon the current distri- 
‘sion of a uniform, thin resistive cylindrical surface with boundary conditions determined 
hy the four brushes at the top and the segmented conductive ring at the bottom (see Ref. 18). 


i) WneWANGULAR the resolver output accuracy depends not only upon the conformity 
srvor but also upon the accuracy with which the resolver shaft is positioned. Assum- 
joy that the mechanical errors between the follow-up and the resolver (e.g., backlash, 
shall runout, mounting tolerances and shaft eccentricities) can be neglected, the 
teeolver position error is A@é = eK,, where e is the error in volts of the follow-up posi- 
‘ion, ‘The resolver output errors caused by this angular error (A@) depend upon the 
snule 0 and the resolver electrical inputs A and B. These errors are evaluated using 
‘ie same method as before (see the definition of conformity): let one of the electrical 
jnpuls, say A, equal zero. Then the maximum errors in the a and 8 outputs are 


Aa = AB = eK,B/57.3 volts = 0.873eK, per cent 


where the resolver error is taken as a percentage of full scale, 2B volts. ‘For the a 
wutpul the maximum error oceurs at @ = 0 deg, and for @ it occurs at 6 = 90 deg. 


iyoular cross section, The mandrel is divided into several segments and a different wind- 
‘iw piteh (ie., number of wire turns per inch) is used in each section. In order to provide 
wlequate resolution the ratio of the maximum to the minimum pitch is usually less than 3 
oy) 4 tol. Since the sine function requires a larger slope change, shunt padding resistors 
are weed to reduce the slope. In practice the number of shunt resistors depends upon the 
sanufneturing methods and the winding tolerances. Two mandrels of the type shown are 
wooded for a single-turn sine-cosine potentiometer and two concentric sine-cosine potenti- 
ometers (four mandrels) are required for a single-turn resolver. (c) Rotary potentiometer- 
shaped card, The length of resistance wire for each individual turn is equal to twice the 
with of the eard at the location of that turn; the rate of change of output with shaft posi- 
_ (wradient) is proportional to the width of the card. The shape of the card is modified 

om the theoretical form to correct for a 1-megohm load. The card shown is wrapped into 
eylindrical shape; two concentric cards are required for each resolver. 
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Under steady-state conditions the servo static error is usually negligible, and the 
resolver position error is « = 2LK, degrees where L is the follow-up linearity in per 
cent and the voltage across this potentiometer is +100 volts. Nonlinearity of the 
follow-up is a practical limitation on the accuracy of the resolver output; this error 
may be as large as or even larger than the resolver conformity error. For example, if 
L = 0.025 per cent and K, = 2 deg/volt, the static resolver error is 0.087 per cent. 
If the gear ratio K, is increased to 20 (i.e., the angular range is increased to +2,000 
deg), the static error becomes 0.87 per cent. Thus increased resolver angular range 
is obtained at the expense of accuracy. These calculations are predicated on the 
assumption of zero or negligible loading of the follow-up; this can be achieved by a 
bridge-type input circuit such as Fig. 3.1.15a. Under dynamic conditions the position 


Servo Servo 
amplifier motor 


AGC 
amplifier 


Tia. 3.1.22. poLaR operation. The inputs are A and B; the outputs are V, and 6. The B 
output of the resolver is the servo error signal. An AGC amplifier is required to maintain 
servo performance independent of the inputs. The 6 output is obtained from one of the 
servo linear potentiometers; an unloading circuit is used to prevent potentiometer loading 


errors. In lieu of this circuit it is possible to use a special potentiometer (at extra cost) 


which is linear for a prescribed load resistance. 


error is larger because of the servo error (Fig. 3.1.15), and the resolver error increases 
in proportion. 

POLAR operation of a resolver servo is used for the computation of a vector from its 
two components. If the components are A and B, the magnitude of the resultant ig 
V, = VA? + B? and its phase angle is @ = arctan B/A. These calculations are per- 
formed indirectly. The angle 6 is determined by using the 8 output of the resolver as 
the servo error signal; the servo drives its error signal to a null. With 6 = 0, the @ 
output will be equal to R. If the phase angle @ is also required, a signal proportional 
to this angle can be obtained from the output (arm) of one of the servo linear poten- 
tiometers with a constant voltage across its terminals. For accurate results, the 
potentiometer output should be unloaded (Fig. 3.1.22). 

In poiar the components in the servo loop are the same as for the servo multiplier 
except that the follow-up voltage gradient, K, = d6/d0, is now dependent upon the 
problem variables A and B. 


a8 —Acos@—Bsin 0 = —a 


This gradient may have a large amplitude range, varying typically from 100 volts /rad 
to I volt/rad. In order to obtain satisfactory servo performance; the loop gain must 


hw made independent of a. | mpli ) 
See ccontrol (AGC) amplifier with a gain varying inversely with a. (Art. 3.1.13). 


jeeful purpose in POLAR. i t 1 ote 
sperate without limit on the number of revolutions (continuous rotation). Mechanical 


COMPUTER SERVOMECHANISMS AND SERVO RESOLVERS 3-27 
This is usually accomplished by providing an automatic- 
jn amplifier is connected in tandem with the servo amplifier. 


i i i imit stops serve no 
. resolver servo has single-turn linear potentiometers, the limi 
ae Servos with retractable limit stops permit the resolver to 


+300v 


To grid of 
following stage 


First stage of 


servo amplifier 100K 


(a) 


Aan : 
tio, 4.1.28. AGC circuits using variable-p pentodes. Method (a): The control pentode : 
jeod asa variable plateload. This circuit has limited amplitude range because the require 
‘notional relation (gain inversely proportional to a) depends upon the tube eR Aer 
Method (6); This circuit uses two identical variable-mu pentodes Vi and V»). AP 1 
wa a) ac amplifier whose gain is controlled by the feedback circuit consisting of V2, Vs, 
and V4. The AGC voltage, a, is modulated and used as input to V2. The feedback circuit 
provides a d-e bias controlling the gain of V2in such a way that its output remains erent 
independent of a. This same bias is then used for V1. A potentiometer is provided in the 
sereen circuit of Vi to compensate for small differences in the characteristics of Vi and V». 


slopa éan be retracted by solenoid operation; electrical stops can be withdrawn by 
romoving the limit voltages (see Art. 3.1.14). On the other hand, limit stops are 
always required for servos with multiturn potentiometers. — It is sometimes advan- 
(ugeous to have a servo drive more than one resolver, particularly if it is a continu- 
ounrotation servo. Then one resolver may be used in potaR and the others in 
\OTANGULAR, 
5.1.18. AGC Circuits. The type of AGC to be used depends upon whether the 
yonolver servo has an a-c or a d-c loop. For a-c Servos the servo error signal (the B 
output of the resolver) is modulated and combined with the d-c control signal (the « 
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output of the resolver). The latter is used to regulate a nonlinear element which 
varies the a-c gain of the amplifier. Finally, the a-c and d-c signals are separated. 
If the servo uses an induction resolver with the same carrier frequency as the servo, 
the a-c error signal can be obtained directly from the resolver rotor, bypassing the 
demodulator and modulator. 

One commonly used nonlinear element is a variable-mu pentode; the transconduct- 
ance of the pentode can be controlled by varying its bias. The a output of the resolver 
is used for the bias and thus varies the a-c gain. The simple circuit of Fig. 3.1.23a is 
effective for a limited range of a because the performance depends on the pentode 
characteristics. The amplifier of Fig. 3.1.23b uses two pentodes and a feedback 
circuit to improve the AGC performance. The servo loop gain is maintained con- 
stant within 6 db for a 26-db change in the control signal. The necessity of main- 
taining the circuit in adjustment is its principal disadvantage. 


Output 


+200v 


312AU7 


Each 100 2 


Note: All diodes shown are IN459 


Fre. 3.1.24. AGC amplifier using diode function generator. The desired functional relatio 
gain inversely proportional to a, is obtained by a set of straight-line approximations. Th 
servo error is modulated (not shown) and summed witha. This d-c voltage determines th 
number of diodes that conduct and thus the slope (or gain) of the function generator, Th 
0.05 uf condenser is used to block the d-c component in the output. 


An AGC circuit that remedies these difficulties is shown in Fig. 3.1.24. The mod- 
ulated error signal is summed with the d-c gain-control signal and fed to a diode-con- 
trolled attenuator. Its gain varies inversely with the control signal. The d-c com- 
ponent is removed at the attenuator output with a blocking condenser. For this 
circuit the servo loop gain is constant within 6 db for a 40-db change in the control 
voltage. The amplitude range of this circuit is restricted because the noise increases 
in proportion to the gain and eventually saturates the amplifier. In practice it is 
difficult to obtain an amplitude range in excess of 40 db. 

These circuits cannot be used for d-c servos because both the error signal and the 
control signal are d-c. A different technique is required. One method is to use @ 
high-gain d-c servo amplifier with nonlinear feedback. A feedback resistance which 
varies inversely with the control signal is required. A practical circuit based on this 
principle uses a photoconductive cell as the feedback resistance (Fig. 3.1.25). The 
resistance of the cell is inversely proportional to the light intensity to which it is 
exposed. The control signal « is connected to a neon lamp which is mounted close to 
the cell in a light-tight enclosure. The light intensity is proportional to this signal. 
The servo loop gain is maintained constant within 2 db for a 26-db change in the con« 
trol signal. : 
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§.1.14. Continuous Resolvers and Velocity Servos. As noted above, in the rec- 
‘anwulur mode the resolver angle is usually restricted by the servo limit stops to essen- 
tially one revolution. This limitation is due to the type of servo used to drive the 
jeeolver and not to the resolver itself. The outputs of the resolver (a and £8) are 
siwaye bounded even if the angle @ increases without limit. A system capable of 
providing these outputs is called a continuous resolver. A signal proportional to the 
sowular rate d0/dt is available in many applications requiring a continuous resolver. 


Follow-up 1M 


[Cadmium | 
' selenide cell! 


| 


+100 
tin, 3.1.25. AGC circuit for d-c servos. The d-c servo amplifier (see Fig. 3.1.9 and text) 
hue a photoconductive cell as the feedback resistance. The magnitude of the AGC input, a, 
sontrols the light intensity of the neon and this light intensity is inversely proportional to 
iho resistance. of the cell. The +100-volt source is used to keep the neon fired at all times 
titel, 15). 
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hia, 3.1.26. Velocity servo. The tachometer is used as the feedback element; the servo 
error signal is the difference between the tachometer voltage and the input Signal Xx. 
Uider steady-state conditions, the servo error is zero and the input impedance is infinite. 
The shaft velocity is then proportional to X and the shaft position is proportional to the 
integral of the input signal. 


lleetromechanical and electronic methods for producing a continuous resolver have 
won devised; only the former will be considered in this chapter. One electromechani- 
val system uses a two-integrator sine-wave circuit and one or two multiplying servos 
in the circuit of Fig. 3.25a or b. In a second method, a velocity servo driving a 
howolver is used; a block diagram is shown in Fig. 3.1.26. The components in this 
servo loop and in the position servo (Fig. 3.1.1a) are the same, except that the feed- 
luck potentiometer is replaced by a d-c tachometer generator. The input signal X, 
(herefore, controls the angular rate; in particular d@/dt = cX where c is a constant. 

The angular position is 


o(t) = ef, x dt + 0 


where 09 is the initial position. For this reason a velocity servo is also called an 
integrating servo, 
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Since this servo is an integrator, it requires the same operating modes as the elec- 


tronic computing integrators (Sec 4.1). To intr initi i 
¢ & pays oduce the initial angle (in RESET) t' 
servo is converted to a position mode with a linear follow-up ss writs : 


voltage proportional to the initial angle is fed to the initial condition (IC) terminal 


(Fig. 3.1.27). Since the angul. ition i imi i 

3 B 1 gular position is to have unlimited rotation in op 

only single-turn linear potentiometers may be used. Limit stops are pouited ae 
RESET and then must be removed when the computer is switched to OPERATE 


IC input 


D-c tachometer 
generator 


100K 1K 


Fia. 3.1.27. Velocity servo in rEseT, Th i i 
Ht i. y iT. e servo is operated in its position mode; th 
position 6 is proportional to the IC input. In this mode the tachometer is used tor daca 


_Input ee 
signal, X , D-c tachometer ie | 
O generator | 
I 
< 1 
! 
I 
I 
Operate-hold ' 

relay 

100K Servo I 
amplifier 1 
| 
a 


Genus aig woe in Ps acy por oe HOLD. In opERATE the relay is deenergized and 
é portional to the input signal (see Fig. 3.1.26 i 
potentiometer is used to adjust for differen i Shncertancena ee 
> tachometer volt rradi 
Ha tg agro ntots: 1 ces in tac! age gradient (see Table 
y is energized and the servo input is ded 
acts as a short-time-constant inte Secon: Sita coe 
; grator and prevents a posit i 
pik edi some twa ech L position error when the servo is 
i yystem inertia causes the servo to overshoot; th i i 
: : ; the transient e 
stored in the condenser and then the servo is driven back to the correct angular poate : 


In reset, the follow-up i 

, 1p potentiometer and the resolver zeros are aligned t i 
be ei lesdeige et ~~ negative values. The follow-up on the ecole 

red one-to-one; otherwise their zeros will not remain i i 
revolution of the follow-up. The initial an ightly Joos than, ot 1st Ga 

; gle must be slightly less than +180 d 

porns of Om my in the follow-up, say +5 deg. The usual IC scale factor is 75 
es 1A . ’ “a pep é eet _ paper it is usually desirable to provide a 
; } } ervo, is is easily accomplished by removing the input 
signal and grounding the servo input (Fig. 3.1.28), Since this servo is az litaareea 
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ool \t has inertia, there will be errors in starting or stopping the servo. To minimize 
‘ieee errors an RC integrating network is connected to the servo summing junction. 

i} performance of a velocity servo depends to a large extent upon the charac- 
\ sietion (especially the linearity) of the tachometer. Typical electrical specifications 


sve wiven in Table 3.1.6 and a sample linearity curve is shown in Fig. 3.1.29. The 
-haracteristies of the other elements of the servo system—the servo amplifier, linear 
potentiometer, servo motor, and mechanical components—have been described in the 


preveding section. The important differences in system design are the gain of the 
“vo amplifier and the gear ratios. The limitations on the maximum amplifier 
sain, Ky, do not apply to a velocity servo in opERATE (Art. 3.1.8). In this mode the 
\yvo iy an integrator and there is no need to limit the gain of the amplifier. In 
practice Ka will be restricted by the input noise level; for a typical high-performance 
oyvo the amplifier gain is 100 db. In 
seen the servo is in a position mode and 1,00 
‘ie amplifier gain must be reduced. 
lhere are three basic gear ratios: the * 
seeolver to the follow-up potentiometer, the = ed | 
jwlor to the tachometer, andthe motor to 8 
‘ie youolver. As previously explained, the = 0 
- tyet of these gear ratios must be one to one. § 
the motor to tachometer gear ratio, K;,is © 
determined by matching the maximum 2 _o59 
speeds of the motor and tachometer. For 3 
ssample, if the motor of Fig. 3.10e,d is used © 
with the tachometer of Fig. 3.1.29 this gear —1.00 
satio is 1.6, sothat when the motor is rotating 0 1,000 2,000 = 3,000 
4»! maximum speed (4,800 rpm) the tachom- Rpm 


vier is driven at its maximum velocity Fra, 3.1.29, D-C tachometer linearity char- 
4,000 rpm). Such close gearing of the acteristic. The linearity error is expressed 
tachometer to the motor reduces the servo as a percentage of the local value. For 
dynamic performance, but in this instance speeds between 100 and 200 rpm the linear- 


‘he linearity of the integrator is of prime rah ae a ea Soa a ier 
jwiportance. Finally, the gear ratio from linearity is less than 0.01 volt. At zero 
‘he motor to the resolver K, is a compro- — gneeq the output is zero. 

vilee value determined by the same factors . 

w» the multiplying servo gear ratio, K, (Art. 3.1.8). These three gear ratios deter- 


wine the integrator scale factor or gain. Since the servo has two possible outputs, 
the resolver and the linear potentiometer, there are two corresponding definitions 
for the integrator gain. If the tachometer voltage gradient is V; in volts per rpm, then 


(ho integrator gain to the resolver is 60K,/K,V deg /sec /volt and to the linear potenti- 
amotor it is 60K;,/1.75K,pV-z volts/sec/volt. It is convenient for the operator if one of 
‘hone seale factors is made a suitable integer (say 1, 5, or 10). This can usually be 
wohioved by adjusting Kp. 

ly adding relays for control and linear potentiometers for multiplying, a computer 
velocity servo can be made extremely versatile. If the controls are wired so that 
enol servo integrator may be individually controlled, i.e., the relays not permanently 


Table 3.1.6. Electrical Specifications of a Typical D-C Tachometer 


1. At 1,000 rpm the output shall be 24 +2.4 volts. 

4. The output voltage shall be linear with respect to speed within +1 per cent of lecal 
value or 0,1 volt whichever is larger (see Fig. 31). 

4. Tho maximum tachometer speed shall be 3,000 rpm. 

i. The rms value of the ripple in the output voltage shall not exceed 2 per cent of the d-c 


output, 
The minimum brush life with the tachometer running at 3,000 rpm shall be 600 hours. 


‘. ‘The dee resistance between diametrically opposite bars shall be 286 +43 ohms. — 
iligh potential test; 500 volts at 60 eps from each terminal to the frame for one minute. 
The insulation resistance to ground shall be at least 50 megohms between the terminals 


wand the frame measured with 500 volts d-c. 
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Tah 3.1.30a. Use of loaded linear function potentiometers for approximating various 
nonlinear functions. The potentiometer setting is determined by the machine varia- 


ble Y. (From Korn, G. A., and T. M. Korn, Electronic A 
Hill Book Company, Inc., New York, 1956.) OME at NETO TA EEF AP 
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oR 
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YR b+c+Y ; Pa'd 
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oR {a = 0.911; b = 0; = 0.067) 


Fie. 3.1.30b. Miscellaneous cireuit arran itti i 

. : ; gements permitting the use of simple linear 
potentiometers for generating nonlinear functions. The networks are aeind in each 
case to match the desired functions. The potentiometer setting is determined by the 
machine variable Y, (From Korn and Korn, op, cit.) 
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-snneoted to the control lines (Sec. 4.1), the servo may be used as a position servo in 
Heanwe for 

| A rectangular resolver 

4) A polar resolver (an AGC amplifier is required) and 

A multiplying servo 


SERVO FUNCTION GENERATION 


#116. Survey. The analog circuit for a specified nonlinear function is not unique. 
\ eaveful choice of the mathematical form and the circuit configuration is essential 


1.0565R |1.1129R 2R 


ss N 


yoe—-———-— -— -— — — — — — - - eS SS 
2 
cos 21-55 +a5 within on (-Fs 2-7) 


Fia. 3.1.31. Cosine computing circuit.'’ 


Output voltage © 
io, 9.1.82. Cam potentiometer. Linear resistance usually 20,000 ohms with 0.1 per cent 
jimeurity. Typical functional accuracy is 0.15 per cent of input voltage. 


fo accurate results. A simple example is a function with an appreciable linear con- 
‘ent; then the linear portion can be removed and the nonlinear portion generated 
separately. Another technique that may be helpful in function generation is a 
tyaneformation of coordinates. 1!” 

‘The most versatile servo function generators utilize tapped potentiometers. Other 
{oolhniques for using servos as nonlinear function generators include: 

|, Polynomials. The linear potentiometers of the servo can be used directly to 
yenerate polynomials; the highest degree polynomial that can be generated depends 
‘pon the number of potentiometers driven by the servo. If only odd powers of 
polynomials are needed, the use of center-tapped potentiometers will permit the 
saving of amplifiers. 

4%, Loading. Functions which can be expressed as the ratio of two polynomials can 
hw simulated by loading the linear servo potentiometers (Fig. 3.1.30 and Table 3.1.7). 

4. Variable Feedback. Useful and accurate simulation of various functions can be 
obtained by using the servo linear potentiometers as input or feedback resistance of an 
»perational amplifier (Fig. 3.1.31 and Table 3.1.7).1%7% 

4, Special Potentiometers. Nonlinear wire-wound or film potentiometers may be 
sonstrueted for special-purpose applications. These are driven directly by the servo 
ohaft, 

5. Cam Potentiometers. The servo may be used to drive an insulated drum on 
whieh is mounted a paper carrying a wire cemented to it. A linear resistance clement 
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is mounted parallel to the drum axis and tangent to the drum. The wire on the curv 
acts as the arm of the potentiometer and picks off a portion of the voltage appli 
across the potentiometers. The output depends upon the shape of the wire curv 
(Fig. 3.1.32). 

6. Automatic Curve Followers. 


ELECTRONIC ANALOG COMPUTERS 


TAPPED LINEAR POTENTIOMETERS 


3.1.16. Construction. Wire-wound servo potentiometers have taps welded to om 
turn of wire on the resistance element. The tap locations and the number of ta 
connections are limited only by the physical space occupied by the tap-terminal lugs 
Tap resistance (typically 5 ohms) is negligible compared to the potentiometer resis 
ance per section. 

Servo film potentiometers are available with two types of taps: 

1. Finite width and zero tap resistance. This method is not suitable for general 
purpose computers, because at each tap there will be a flat spot in the output function 

2. Zero width and finite tap resistance. The resistance between the wiper and t! 
tap when the wiper is at the tap location is approximately 4 per cent of the potentio 
eter resistance, i.e., 40 per cent of the resistance per section for a unit with 10 sections 

The usual number of taps is such that 10 to 20 linear segments are provided; typie 
accuracy of tap location is 0.5 deg. Loading (padding) resistors are connected to t 
taps and used to produce the desired function. These padding resistors may be sm 
variable potentiometers or fixed resistors and may be mounted on interchangeab 
plug-in turrets to permit the operator to change functions rapidly. 

3.1.17. Loading Circuits. The padding resistors control the voltage at each ta 
so that the output voltage is a piecewise linear approximation to an arbitrary fun 
tion. Within any segment the potentiometer interpolates linearly between the ta 
voltages. The accuracy with which a given function can be approximated depen 
upon its slope and curvature as well as the number of tapped segments and thi 
potentiometer load. The problem of properly padding the potentiometer can bi 
divided into two parts: 

1. Given the function and the tapped potentiometer determine the desired tap 
voltages, i.e., the best straight lines. 

2. Given the desired tap voltages, determine the circuit configuration to produce 
these outputs accurately. Only this second problem will be treated here. 

Two basic circuits for padding a tapped potentiometer are: tap-to-tap loading and 
tap-to-end loading (Fig. 3.1.33). In the first a loading resistor is connected across 
each segment to reduce the voltage gradient across that segment to the value required 
by the slope of the function. In the second method a loading resistor is connected 
from each tap to one end of the potentiometer. In each of these circuits the +100 
volts may be replaced by an independent variable +Z and the output will bez = Zf(x), 
a special function of two variables. The first method has the advantages of minimum 
current drain from the source (this is particularly significant if the +100 volts are 
replaced by the outputs +Z of d-c amplifiers) and little danger of burning out the 
servo potentiometer. Its disadvantage is that it can only be used for monotonic 
functions. The second method requires that each tap be fused; it can be used to 
generate monotonic or nonmonotonic functions. 

A combination of the two methods is a reasonable compromise, using tap-to-tap 
loading on the monotonic sections and tap-to-end loading where the slope changes 
sign (Fig. 3.1.34). 

3.1.18. Calibration. There are three techniques for determining the padding 
resistors for the desired output. The first is a low-cost practical method in which the 
resistance values of the padders are computed; then the resistors are adjusted to the cal- 
culated values using, for example, a Wheatstone bridge. The calculations are a simple | 
and direct application of Kirchhoff’s laws at each tap position. The function is divided 
into monotonic sections. Thé calculations always start with the segment that has 
the steepest slope; this segment is unpadded and its current is determined immediately 
from the given slope. The calculations then proceed in turn to succeeding segments, 


Lo 


(a) (0) 
)is, 4.1.33. Tapped linear potentiometer for function generation. 
ih) Tap-to-end loading. 


(a) Tap-to-tap loading. 


3,005 _100 


X(volts) 
(a) 
(d) —100 
Vio, 81,84, Generation of a desired function by means of linear tapped potentiometer 
ieing both tap-to-tap and tap-to-end loading. (a) Desired function. (b) Potentiometer 


Desired voltage at each tap location is shown. 
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with padding resistors, 


ial 
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At the taps where the slope changes sign tap-to-end loading of the appropriate polarity 


is required (Fig. 3.1.34). 


In the second method, the servo is driven in turn to consecutive tap locations and a 
each tap the neighboring padding resistor is adjusted until the output becomes equa 
to the desired value. The inherent shortcoming of this method is that in general 
there will be interaction between the padding resistors. If, for example, the serv: 
is returned to tap 1 after potentiometers P1 and P2 (Fig. 3.1.33) have been adjusted 
the output at this tap will no longer be correct. This means that a long and tediou 
iteration procedure is required and thus this method is usually not practical. The on 


Fig. 3.1.35. Tapped linear potentiometer 
driven by current source. A positive-feed- 
back circuit is used to generate a current, 
t = V/Ri, through the tapped potentiom- 
eter. If r is the resistance of the padded 
potentiometer one must have 


Rik2 100 
a | 
Aas Ri + R2 [ |V\ | 
to prevent the amplifier output from exceed- 
ing 100 volts. 


exception to this rule is for monotoni 
functions driven by a constant curren 
source (Fig. 3.1.35). 
In the third method the padding resis- 
tors are also adjusted empirically but the 
interaction is prevented by using a specia 
calibration device. As before the voltags 
at consecutive tap locations is measured 
and at each tap the neighboring paddin 
resistor is adjusted until the output equal 
the desired value. As each tap is ea 
brated, the padder is removed from th 
next tap and replaced by the desired vol 
age applied by means of a d-c amplifie 
(Fig. 3.1.36). 
3.1.19. Practical Considerations. 1, 
Tap Location and Follow-up Loading 
Since equal spacing of the taps is on 
nominal, the actual servo inputs at the tay 
positions must be determined by direet 
measurement for a _ specified loading 
This data should be recorded in a suitabl 
log book for each tapped potentiometer 
for standard loading resistances applied 
to the follow-up. 
2. Tapped  Potentiometer Loading. 
Since padding resistors are adjusted wit 
the load connected, the only effect of th 
load resistance is to make the interpo 
tion between taps slightly nonlinear (Ref, 
12). 
3. Resistance between Taps. If the 
calibration scheme is used, the actual 
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Tapped 


Potentiometer R 
50K 


Mos, 
paren 


Padding resistor 
1M 


x = 7 
Oe ee ee ee — 50 
a = Tin 90 
ed a 
O > © 
10 Sang, 10 
0 
i i oe 
(Neate = Sos eerTS: 
—— 1 A == Reference 
= : potentiometers 
0 +100 le +100 O +100 O +100 
o— —100 o— -100 o——-—100 o——-100 
tio. 41,86, Calibration circuit for padding tapped linear potentiometers. To calibrate 
jap 10) (a) Reference potentiometers are set to desired tap voltages. (b) Taps me eee 
are #ewumed to have been calibrated. (c) Switch S4 isin position shown. (d) Switc 11 


js (urned to orr position. (e) The padding resistor at tap 10 is adjusted until null meter is 


serood. Note that load resistor R is connected to the tap that is being calibrated. 


these values should also be recorded in the log book. 


4. Tap Resistance. All the calibration schemes described above assume negligible 
tap resistance. If the tap resistance is appreciable, an iteration procedure is required 


to determine the padding resistances. 


5. Resistance Value. The resistance of the tapped potentiometer should be as 
large as possible, preferably at least 50K. After calibration the effective potentiom- 


eter resistance will usually be 20 to 25 per cent of the original value. 


6. Maximum Slope. The power rating of the potentiometer limits the maximum 
slope m. Let the servo input voltage for full travel of the tapped potentiometer be 
2E in volts, its power rating P in watts and its resistance r in ohms; then the maximum 
permissible slope ism = V, Pr/2E volts per volt. Caution: If an attempt is made to 
simulate a slope larger than this value, the potentiometer may burnout. For larger 


slopes the function must be reséaled. 


7. Typical Accuracy. With the potentiometer properly loaded the over-all aceus 


racy can be made as good as 0.05 per cent of the reference voltage (100 volts), 


sistance between taps must be measured} 


4.1.20, Functions of Two Variables. Because of the linear interpolating feature of 
tipped potentiometers, they may also be used for generating functions of two varia- 
bien JUX,Y). The taps are fed by single variable function generators with outputs 


HN, Y), f(Xs,Y), f(Xs,¥), where X1,X2,Xs, . . 


_ are fixed values of X. As before 


‘he funetion Z f(X,Y), a function of three independent variables, can easily be gener- 
aleod (Mig. 3.3.19). 
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PART 2: ELECTRONIC MULTIPLIERS AND RELATED TOPICS 
By Cuarurs D. Morrinu 


INTRODUCTION 


3.2.1. Survey. Electronic analog multiplication methods may directly instrument 
a physical law (Arts. 3.2.2 and 3.2.3), use physical circuit elements or special function 
generators in logarithmic or quarter-square multipliers (Arts. 3.2.4 to 3.2.6), or provide 
multiplication through a combination of modulation schemes (Arts. 3.2.7 to 3.2.10), 
Some of these techniques may be improved through multiplication using shared or simi= 
lar variable transmission networks (Arts. 3.2.11 to 3.2.13). Multipliers using the quarter- 
square and feedback-stabilized modulation schemes have been most successful in gen- 
eral-purpose analog computers. These multipliers provide four-quadrant operation} 
accuracies to within 0.1 to 0.01 per cent of full scale and bandwidths up to 2 to 20 ke 
are common. Generally, the higher accuracies are obtained at the expense of band- 
width reduction or increased noise. Output noise in multipliers that do not employ 
repetitive waveforms may be on the order of 0.01 volt rms. Multipliers such as the 
time-division multiplier may have output noise up to 0.1 volt rms. The effect of such 
increased noise is in some instances negligible, even in following multipliers, because 
of noise frequency and waveform; time-division multipliers have been used to raise @ 
variable to the thirty-second power without any noticeable error attributable to the 
output noise of each stage. 

Electronic dividers (Art. 3.2.14) and most electronic resolvers (Art. 3.2.15) are 
basically related to multipliers and multiplication schemes. . 


MULTIPLIERS BASED ON INSTRUMENTATION OF PHYSICAL LAWS 


3.2.2. Multipliers Employing Electrical and Magnetic Fields. In the so-called 
dynamometer multipliers? a feedback loop balances forces or torques due to several 
electromagnets so that an output current is made proportional to the product of two 
input currents with an accuracy of 0.2 to 1 per cent. Dynamometer multipliers are 
electromechanical devices and do not compare with electronic multipliers in speed 
or accuracy. 

In the crossed-fields electron-beam multiplier,® the electron boam in a cat hode-ray tube 


) deflected electrostatically and electromagnetically by two signals. 
svolng electrostatic deflection requires a third signa 
tho firat two signals (Fig. 3.2.1). 


liplier. Accuracy to 0.1 per ce e achieved 
a n simile? eficet that may be instrumented to produce multiplication is the 


»» valled Gauss effect or magnetoresistor effect on t 
4.4.4) nee also Sec. 7.1).5 
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A counterbal- 
1 proportional to the product of 


lid-state analog of the crossed-fields electron-beam 


: i As pe ae 
agi pi 9 nt and response to 20 cps may be achieved (Sec. 


he resistivity of bismuth wire (Fig. 


4.4.5. Miscellaneous Multiplication Schemes. Strain-gauge multipliers are based 


: ‘ x ey a 
+» the linear relation between resistance and deformation of strain-gauge elements; 


feedback loop causes a loud-speaker element 
to balance a strain-gauge bridge.* Accuracies 
to 0.2 per cent and frequency response to 200 
cps have been obtained. AS 

The use of heat-transfer multipliers (Sec. 8.3) 
and multipliers based on the photoresistive' 
and electrochemical’ effects is restricted to 
special applications where either accuracy or 
speed is less important than simplicity. Simi- 


” 
: a 
= 
o 
8 2.0 A 
= S im 
eA a7] 
fis 2.1. Crossed-fields electron- 9 
team multiplier. os 
Wy = (K/V Ba) EiEs 1.0 so eter ae 
elhere By is the first anode ee Magnetic field, gauss 
Aw oy is within 1 to 2 per cent; re- YA y : ; 
pases to changes in Fiand BZeared5to Fia. 3.2.2. Resistivity of bismuth wire in a 
+) peoe, rompectively (based on Ref. 3). magnetic field. 
ipliers i i haracteristics of vacuum tubes 
lorly, multipliers that instrument the nonlinear ¢ Stic ¢ 
‘nullierid tubes or single-grid tubes with square-law characteristics), thyrite,® forward 
senduetion of diodes,!° special beam tubes,!!!? and multipliers such as one ba ie 
sation from similar right triangles,}3 and products based on probability theory** have 
fad limited use in special applications. 


LOGARITHMIC, QUARTER-SQUARE, AND 
TRIANGLE-INTEGRATION MULTIPLIERS 


4.4.4. Logarithmic Multipliers. Logarithmic multipliers implement the equation 


log-! (og X + log Y) = XY (3.2.1) 
i i Sec. 3.3). Representative of 
vith the aid of various function generators (see also Sec. 3.3) oe 
nat ‘ral’ logarithmic elements is the 9004 diode operating in the spose charge am 
pomioni (Wig. 3.2.3).15 When used in the feedback path of an operational mn ra be 
jovarithm of an input variable is produced, and vice versa. ac meners De _— eH 
ore juhorently one-quadrant multipliers; four-quadrant operation is produced by a 


jm poeilive constants to each input variable and subtracting extraneous terms from 
the resulta, : ; 

The logarithmic multiplier is inherently complicated and is not conerelly aay 
However, its elements may be useful in producing terms of the form log exp ye 
soy, In performing four-quadrant multiplication, an accuracy of about 1 per 
way be expected; bandwidth varies but is generally less than 50 eps. 
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3.2.5. Quarter-square Multipliers. Quarter-square multipliers implement a re 
tion of the form 


MAX + Y)? + a(X + Y) +6) — [(X — ¥)? +a(X — Y) +0] — 2aY} = XY 
(3.2. 


While vacuum-tube characteristics, nonlinear resistors (thyrite, see Table 3.3.1), 
and special beam tubes!!!” have all been used to produce the required quadratic fun 

tions of the voltages X + Y and X — Y, two types of quarter-square multipliers 
based on diode function generators (see also Sec. 3.3) and triangle integration, are f 
superior to all others. The design of a commercially produced quarter-square multi 
plier employing biased-diode networks is illustrated in Fig. 3.2.4. 


Logarithm of plate current, amp 


Plate voltage, volts 
Fia. 3.2.3. Plate characteristics of a 9004 diode. 


3.2.6. Triangle-integration Multipliers.1517.31to 31 'rjangle-integration multipliers 
generate the quadratic functions required to implement Eq. (2) by integration (averag- 
ing) of clipped triangular waveforms whose fundamental frequency can range between 
1,200 cps and 2 Me (Fig. 3.2.5). Since the triangular waveform must be accurately 
generated, clipped, and then filtered out, improvements in multiplier frequency 
response will involve compromises between static accuracy and output noise, as in 
modulation-type multipliers. In general, the multiplier output will be inversely pro- 
portional to the triangle amplitude, which must thus be accurately regulated. 

Triangle-integration multipliers permit static accuracies of 0.5 volt with a frequency 
response yielding 5 deg phase shift at 2 ke, or 0.05 volt static accuracy with a propor- 
tionally smaller frequency range. With careful control of the frequency of the tri- 
angular waveform and use of a double-notched filter, noise may be reduced to between 
0.01 and 0.05 volt rms. For low-accuracy multiplication or squaring, requirements on 
the linearity of the triangular waveform may be relaxed; thus replacement of the tri- 
angular waveform by a sinusoid can still yield a squaring circuit accurate within about- 
15 per cent. A single triangle generator (pulse generator plus integrator) can serve 

several multiplier channels. 
Figure 3.2.6 shows an accurate triangle-integration multiplier based on the ampli- 
tude-selector circuit of Fig. 3.2.5, Simultancous multiplication and division (see alae 
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A and B and output amplifier (6), and 


(c) 


phase shift 


may be used, an advantage 


d. At 100 eps, 


d 1,000 cps are achieve 


y any operational amplifier 
(Reeves Instrument Corp.) 


details of networks 


es (a), 
Virtuall 
and response beyon 


(d). 


f about 0.25 volt 


averages about 1 deg and noise about 0.01 volt rms. 


tiplier employing biased diod 
A and B networks (c), 


Fie. 3.2.4. Quarter-square mul 
transfer characteristics of the 
of the method. Maximum error 0 
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Ok} 
Art. 3.2.14) make the multiplier output independent of the triangle amplitude at the 
expense of some additional components. 

The amplifiers labeled W are standard two-tube operational d-c amplifiers; those [sl ole 
labeled P are chopper amplifiers used to provide stabilization against drift. This Zul s|° 
combination, along with current-booster circuits, is shown symbolically in amplifiers 1, ss 2 
2, and 3, and in more detail in the circuits of amplifier 5. The booster of amplifier 6 


provides additional voltage gain as well as current gain since this amplifier-booster 
assembly is operated at a net gain substantially greater than unity. The ‘‘index volt- 
age decade”’ provides a convenient means of calibration and fault isolation. The 
essential feature of this multiplier is the diode-selection matrix shown in the upper 
part of the diagram. Each of the six diode pairs (X1-X2, X3-X4, ete.) selects the 
most positive of the two values connected to the diode anodes. Since points D and # 


333.33 K 
+0.01% 


= 50 
Lego 
gs53 
= 
8 58 
@ bort 
= 
= 


cte doe Sec ars 


af resistors are lM 
All diodes are PS7 


10mh 
+0.01% 


2.2K 0,005 uf 


(a) (0) 
Pia, 3.2.5, Amplitude-selector and averaging circuits (a) and clipped triangular waveform 


(b). V = V@) is a triangular waveform of peak-to-peak amplitude 2Vo. The average 
value of the amplitude-selector output U equals (X — Y + Vo)?/4Vo0 + Y. 


(matrix) 


are connected to summing points of operational am 


plifiers, they are at ground poten- 
tial. Assuming diodes are perfect switches, refe 


Ry 
rence to Fig. 3.2.5 shows that the w( === 
average current through each summing resistor R is given by 
<< e 
r 1 ei ) (at “ 1 es — @out "4 e3 i f sae 8 at 
Aen ge ny (Rs BY 17 | Ve = 4 SR ae = mo.g © 
Pee SVREAG 4 ry eee pe Ses 5R 2 so - 3 BH 3 3° 
1 e2 ¢ O ba 3 S os 
as eek? at [°C $< 
. » & @® al $x Eg 
mee att 4 7,)' — oe | 24) - & cs 8 ei - 
~eivaen 5 BR VV AVEONG TL? ae ag OM A 
1 #& 


9, D (matrix) 


in = erie i § (3.2.3) 
a aR 5 : = 


The currents ip are inverted by amplifier 4 and added to the currents zz. The result- 


ant currents into the summing junction of amplifier 5 must add up to 0, so that 
Cout = €1€2/e; with all voltages measured in volts. 


Static accuracy is within 0.1 volt, <¥ 5s sat ee eae 
including long-term drift. A selector switch selects either a frequency response 3 db 83 53] 8 
down at 10 ke with 10 deg phase shift at 1 ke or 0.5 deg phase shift at 500 eps with gH] 12 SH 
some sacrifice in amplitude response. Output noise is less than 0.035 volt rms (manu- 


facturer’s specifications). J XNES & 
Note that no amplifier in Fig. 3.2.6 is required to pass the high-frequency triangular 8 5 38 

waveform. If this requirement can be relaxed through the use of a lower triangle <a i So 

frequency (5 to 20 ke) and/or wide-band d-c amplifiers, then substantially simpler ae z 

triangle-integration amplifiers can be assembled from the various limiter circuits B+ 

described in Sec. 3.3 (Fig. 3.2.7; see also Sec. 7.1).31:3334 ~The precision limiter circuits Os 

of Art. 3.3.2 are of particular interest in this connection and permit multiplication = 


accuracies of 0.05 volt with the circuit of Fig. 3.2,7a,%4 


Fic. 3.2.6. An accurate triangle-integration multiplier /divider (Model K-5M, G. A. Philbrick Researches, Inc.). 
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MODULATION SCHEMES WITHOUT FEEDBACK REGULATION 


4.4.7. AM-AM Multiplier.1%19 In Fig. 3.2.8 a carrier is amplitude-modulated by 
one variable and serves as the carrier excitation to a balanced modulator (Fig. 3.2.9), 
shore it is amplitude-modulated by a second variable. The synchronously detected 
‘/ iy. 5.2.10) and filtered result is proportional to the product. Although the circuit 


Filter 
network 


RXY- 
js lunically simple, accuracy and stability are generally poor. 
0 Ey, + 
viel Filter 
network 
Carrier 
ec, 
RXY Output 


Vit) Filter 
network 


hXY First half 


(c) 


Fia. 3.2.7, Triangle-integration multipliers employing simple limiters (a), a dual limiter (b), 


Vit) 


Slope =0.715 v-4 


and a dead-space circuit (c) (based on Ref, 34). 
Second half 


Carrier excitation 


Balanced a Balanced eee ~ Phase-sensitive Low-pass | 0 = Key €2 
modulator filter modulator filter detector filter 


Vig. 3.2.8. Block diagram of an open-loop AM-AM multipli 

a ; : - plier. The second modulator 
must, be balanced, since either input. may be greater than the other. Depending on the 
rejection capability of the phase-sensitive detector, the bandpass filters may be omitted, 
An accuracy to about 3 per cent and a bandwidth of 70 ke have been reported, 
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(0) 
Ay 4.2.9, A simple balanced modulator circuit (a), and its input-output gain due to each 
all triode (6). The output is seen to be approximately proportional to the square of 
the eum of e and ¢ = e sin wt. The portion of the output at w is proportional to the 
Values of grid summing resistances are set so that, with e; = e, = 0, 


_ of e and ey. 
Po) @ (body @ 18 volts, with e: and e, aiding, (egx)1 or (egce)2 * —2 volts. (Goodyear 
Aleoraft Corporation.) 


ee 
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(6) 


ey Leg aes eres of an open-loop AM-PM multiplier (a), saturable-reactor phase 
ree Ae RE BP Pi Fig. pete virtually the entire voltage appears across 
: r-T, or T: saturates, at which time voltage > 2 
PA hegictebah Scie en ag ae voltage appears across Ry, 
A 2 must be matched thr ins © j 
ment, to the amplitude and frequency of #y and value of — aggheeredomccdyiogn 
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Oscillator transformer Magnetic phase shifter 


a Saturable 
Bias reactor 
adjustment 
E —s Y% 
(a) = she 
Modulator Demodulator 


(b) 
4.2.13. Another magnetic-oscillator phase shifter 
fhe principle of the resulting multiplier is the same as 
ty about 8 per cent and bandwidth of about 100 cps may 


(a), and modulator-demodulator (b). 
that shown in Fig. 3.2.12. Accuracy 
be obtained. In the referenced 
xVy)/20, and the oscillator frequency 5 ke. 
frequency as well as amplitude of phase- 


multiplier, inputs are £10 volts, output is (V 
Multiplier is partly self-compensating, since 
sifted detection signal varies with 2. 


4.9.8. Open-loop AM-FM Muttiplier (Fig. 3.2.11).22 The open-loop AM-r'M 
Multiplier has no advantage and some disadvantages, such as poorer linearity and sta 
hility, when compared with the AM-AM multiplier. Its one inherent advantage, a 
sapability of separating the input effects on modulation products, is useful only in 


feedback schemes (Art. 3.2.11). 

4.4.9, Open-loop AM-PM Multiplier (Figs. 3.2.12 and 3.2.13).24% In terms of 
anourncy and response, the AM-PM multiplier seems to offer no advantage over 
\M-AM multiplication. However, its capabilities may not yet have been fully 
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Ia. 3.2.14. Open-loop time-division multiplier. In operation, average output is pro- 
portional to both width and height of a rectangular waveform. Not shown is a pulse 
generator and a phantastron or equivalent circuit for producing time delays. Multiplier 
shown handles only positive quantities but is easily modified for four-quadrant operation 
with a resultant 4:1 increase in error voltage. 2, driven from saturation to cutoff by T1, 
acts as a switch. C1 ensures low impedance at switching frequency. Ro provides rapid 
discharge of stray capacitances. In one version, Ro and the input through 2R are replaced 
by a second switched amplifier with input —Y and output connected to the junction of R 
and the plate of 7». Ry and C2 provide filtering of the switching noise. The value of K, 
usually 0.01, depends on Ry, R, and the design center and adjustment of the phantastron, 
Accuracy to about 0.2 per cent and response to about 1 ke are typical. 


exploited, and it seems well adapted to magnetic-amplifier techniques. The output is 
sensitive to changes in either amplitude or frequency of the excitation waveform. 

3.2.10. Open-loop PAM-PWM Multiplier (Figs. 3.2.14 and 3.2.15).28 The PAM- 
PWM or time-division multiplier (or pulsed-attenuator multiplier) has substantially 
better accuracy than most other modulation multipliers because of (1) the precision 
with which time delays may be produced?‘ and (2) the accuracy with which rectangu- 
lar waveforms may be amplitude-modulated. Sources and corrections of errors are 
discussed below. 

The switch tube 7; (Fig. 3.2.14) when 
conducting may be approximated by a 
series battery and resistance. The effect 
of the equivalent battery may be eliminated 
by a small positive bias added to amplifier 
1. One can eliminate both effects by plac- 
ing the switch tube inside the forward loop, 
or by driving the switch with a current 
generator (Art. 3.2.12). In electronic 

Ez switches the instants of opening and closing 
Fig. 3.2.15. Modified switch driver. A may be dependent on the voltage being 
modification of the circuit of Fig. 3.2.14 switched, because of the finite rise rate of the 
to reduce the effect of finite switching switching waveform. Without compensa 
speed. With C small, it charges rapidly tion, error will be 
during the first instant of on time to E 
(Ee + Y); it discharges only a small Per cent error = — X10? (8.2,4) 
amount through & when switch is off, but ar 


the amount is more than sufficient to track > . 
Y. The peak-to-peak amplitude of the where E = voltage to be switched 


keying waveform is now (Eg — FB) .with a = average of rise and fall rates 


peak value —Y, and changes in Y do not (E ha 0) é ‘ 
affect on-off ratios, T = period of awitehing waveform 
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iy electronic multipliers employing voltage switches, this error ea ene to 0.02 to 
05 per cent. A method of minimizing this error is shown in I ig. ie a Yee 

\\rror is further introduced because of the coupling of the ci ed Mi pins ae _ 
load Io (Fig. 3.2.14) through the grid-plate capacitance of T. when 721 


Hesultant voltage across Ro is approximately 


C. 
bay riley OCH? (3.2.5) 
ae 
i i i 2 i id-plate capacitance Cp. 
\wore Ey» is the voltage applied to the grid of T», having a gri te « ¢ 
th. ~ nd . are Toatent, as in some multipliers, the error may be peepee: vod ona 
Bddition. If either is nonconstant, capacitance coupling from an alternate switc 
viver or complementary-waveform source may be provided. 


LATION 
IPLIERS EMPLOYING FEEDBACK REGU 
sa OF DUAL VARIABLE-GAIN DEVICES 


The most accurate electronic multipliers 
ltage-sensitive vari- 
K is independent of 


. : ee 
§.2.11. Feedback Regulation of Gain. 
‘veo the feedback scheme of Fig. 3.2.16 to make the gain K of a vo 


ablo-gain device proportional to the ratio X2/Y of two voltages. 


XX; 

Pact atc ~ eae @ ek 
Xx, r A 1 X= Y 
ous Gain K(V,) ie 

ORS CAR 
a ik 
Voltage sensitive I xX, 
iable-gain - 

prow im Differential 
identical amplifier: 


characteristics 


Gain 
K(V,) = A(X,—KY) 


i i i -gain device accurately 
iio, 3.2.16. Feedback scheme used for setting the gain ofa variable-gain ak ee 


i i d Y. Note that X1, xs 
io « value determined by the input voltages X2 an cee 
Re sured in ‘machine units’ of, say, 100 volts. (From G. A. Korn and T 


Vlectronic Analog Computers, 2d ed., McGraw-Hill Book Company, Inc., New York, 1956.) 


ssarily linearly) with the gain-setting volt- 


\, or Y but varies monotonically (not — Se ks etna dikantate mtoY 


, Vo. Feedback through the differentia segs are j 
%, 00 that for high-feedback loop gain K = X2/Y. If the two variable-gain devices 


identi i + is proportional to the 
) we accurately identical gains K(Vo), then the outpu 
Berea ordain Additional “‘slave channels’ ’ ean yield other products X3X2, 


Tl 4 best-known example of this feedback scheme is the well-known servomultiplier 


(Moo, 3.1); the heat-transfer multiplier described in Sec. 8.3 also aad 4 ws pan? 
principle. Because of the difficulty in obtaining identical gain func = i : “< . 
eval workers have proposed a A a OY og “ sole ety ha a : ne i Gace 
- . . . mu 
single variable-gain device.?*.*? Most modern feedbac a 
i i hich do not depend critically 
j)lo-gain devices based on modulation schemes, w do ni presen rs 
ri isti h circuits are the feedback-reg 
oy serniconduetor characteristics. Examples of suc J Attensa 
i iplier (Fi lier (Sec. 7.1), the sampling multiplre 
{M-l'M multiplier (Fig. 3.2.17),26 the step multip Sana botennine nee 4 
Wm. Out ~ d pulsed-attenuator or tume-division mul 
(Wig. 8.2,18),28 and the feedback regulated — ier ik was 9 
i ipli 128,29,32 Peedback-regulated time-di | 
4.2.12. Time-division Multipliers.”” ‘ : f ee 
i , d. Constant triggering rates p' 
‘pliers ean be externally triggered or self-excite : geri pin 
nore seloctive filtering providing lower output noise and phase Sip a om usefu 
quency band, Self-excited time-division multipliers are generally pler. 
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Feedback to linearize amplitude modulation 


AM - FM 
detector- 
discriminator 


FM output 


D-c balance 
voltage 


Adjust gain 


3 i AM - FM 
Amplitude 
discriminator 


D-c voltages 
(a) Feedback to linearize amplitude modulation —--— R-f voltages 


Discriminator 
I-f transformer transformer 


1M_ AM output 


AM - FM 
output 


Temperature 
comp. capacitor 


(o) 


Fra. 3.2.17. Block diagram of an AM-FM multiplier (a), and an AM-FM detector-discrimi- 


nator (b) especially designed for analog multiplication. The GAIN, FREQUENCY, and 
BALANCE controls are adjusted for zero output with X1 = 0, X2 = 0, and Xi = X2.=0, 
respectively. The most sensitive parameter not compensated for through the use of similar 
networks is the center frequency of the discriminators, which may drift because of changes 
in secondary inductance, capacitance, or loading with temperature. Accuracies of 0.05 
per cent of full scale, with response up to 20 kc, may be expected. In Fig. 3.2.17b, use of 
an intermediate-frequency transformer, typically 1.5 Me, improves accuracy through 
filtering and permits use of peak detection to reduce loading effects which may make dis- 
criminator tuning a function of amplitude. Putting diodes in the primary of the dis- 
criminator transformer further reduces detuning effects due to changes in diode impedances 
with amplitude. Since outputs are connected to summing junctions of operational ampli- 
fiers, they are at ground potential; the AM output current is essentially independent of 
frequency. Diodes D2 and Ds: serve to balance the discriminator circuit. (Computer 
Systems, Inc.) 


The key elements of the time-division multiplier are accurate electronic switches 
which may be either voltage switches (Fig. 3.2.19a) or current switches (Fig. 3.2.19b,c) 
Figures 3.2.20 to 3.2.22 show complete time-division multipliers of several types. 

3.2.13. Ripple Filtering vs. Frequency Response in Modulation-type Multipliers. 
If, as is often the case, the multiplier output voltage is to be integrated, then little or 
no filtering of the pulsed-attenuator ripple is required. If, on the other hand, the 
multiplier feeds nonlinear devices, and, in particular, other similar multipliers, then 
one must reduce the rms ripple voltage below about 0.1 per cent of full scale to avoid 


Xj) =X,-(%, + -e7*y 


WX. 1(t) 


X switch 


Derived sampling 
pulses (t = 7) 


Periodic sampling 


—t/RC, 
eo) 


Y'() = Y-(Y+E\(1-e 


Comparator 


x, 


e -E 
tio, 1.2.18. Block diagram of a sampling multiplier. Capacitors Co prevent changes in X1 
sud Y during the short sampling interval during which time Xi and Y’ rise to Xi and Y, 
sepectively; X{ and Y’ then change in the manner indicated in the figure. : Y(>X2) is 
seually a constant. When Y and X: are equal, the comparator emits a sampling pulse, so 
that the output W of the sample-hold circuit is 
, l Xe + E 
W = Xi(t) = Xi — (X11 + BE) YT — exp { — Ok Fae 
a XiXo + EX: + EX: — YE 
a Y+£ 
the undesired terms are easily subtracted out. Accuracy to about 1 per cent at a 2- to 


\ bo sampling rate may be expected. Substitution of different RC values in one of the two 
swnnels generates products of the form X1X 2%. 


100 K 


270K 


Out 


(a) : 100 K 22K 725K = 


fio, $.2.19a. Precision bipolar electronic voltage switch. Amplifier is either chopper- or 
eommutator-stabilized and, for stable, drift-free operation, must have good bandwidth 
relative to keying frequency. The RC series impedance at the input provides preemphasis 
i the input signal to compensate partly for the smoothing filter following the switch (not 
shown).. The small capacitors are added to equalize signal injection from keying wave- 
form (gate pulses) through interelectrode capacitances of switch tubes (12AU7). The 
variable resistor equalizes the time constant of direct loads on the switch (43 kilohms, 
4) \dlohma, and the potentiometer in series) to make recovery of each output during OFF 
evele identical, Although not nearly so critical as the 100- and 250-kilohm resistors, the 
stability of the 43-, 22-, and 25-kilohm resistors is important to stable switch operation. 
(Goodyear Aireraft Corporation.) 
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Integrating Gate pulses in Integrating x, 0 Electronic 
capacitor, TIL capacitor, ' switch 
or filter 6CG7 B= 0 


V, or filter 
: 100K _ network 


network 


Adjust X 


Gate generator 
(bistable multivibrator 
and amplifier) 


Current 
proportional to X 


() ls) nore FE 


Ey vs time yl- . 
(Average value ~E—X2) Time 
(Average value +0) X,-E 
Ey vs time 


Se ex aX! E-% bam Time 
(b) [average value a — 


Integrating capacitor 
or filter network 


Current out 


1N54A 
clamping diodes 


Cig Ps 
lowe lo 
A-c amplifier 
(gain —1) 


A-c amplifier 
(gain —100) 


ena x>0 
x 


; ° 
== 4 
Current out Say Gate pulses in 
br n n r 
220 unt 3 
ps 
(o) : 
(c) Gate pulses in +400 +400 


Fia, 3.2.19b. Precision monopolar electronic current switch. Amplifier should be chopper- 
or commutator-stabilized. Stability of all resistors shown is critical. Error due to current 
drawn by stray capacitance to ground at the cathodes of Vi and V2, and due to current 
injection from keying waveforms through the grid-cathode capacitances of Viand V2 can be 
compensated in the manner of Fig. 3.2.19. 

Pia. 3.2.19c. Dynamic compensation of a current switch. The first a-c amplifier (gain = 
—100) provides positive clamping voltages for the gate pulses to compensate for current 
losses through stray capacitance from the switch-tube cathodes (high-impedance output of 
current generator) to ground. The second amplifier provides negative clamping voltages 


to compensate for effects of unequal current injection through grid-cathode capacitances. 
(RCA Laboratories Division.) 


Resistors are 2 watt 
type unless specified 10K 


serious errors due to ripple rectification. Since the two pulsed attenuators should be 
identical, the impedance presented by the output amplifier and/or ripple filter to the 

1 Switch may have to be made equal to that of the amplifier, integrating circuit, or 
ripple filter connected to the Y switch. 

The frequency response of a pulsed-attenuator multiplier is essentially determined by 
that of its ripple filter. For an rms ripple output of 0.1 per cent of full scale, the fre- 
quency response can be made flat within 0.5 db, and the phase shift kept below 8 deg, 
up to a frequency of the order of 1 per cent of the lowest repetition rate. Unfortu. 


(d) 


i i i b), diode s 
fia, 42,20. k diagram (a), idealized waveforms (6), dio: 
alae ro rae time-division organ at The output vol 
: aoe “we " to its most negativ 18 open toate Mego 
Injen Blow hrm oe Bog te Br aE optus akained, ouch 

soond threshold level Mret. our- 
‘aNnge to both X; and X» and aubweetion o yp bap 
Aoouraey te of the corner 8 0.8 Fa VS ae Lives j 39 Hi 210) 
] ~alabiliged amp ean 4 yg ont : 
+ si SAA TAH volb, (Donner Seientifie Gompony: gure adamses irs eat t KS 
Miosuronte Analog Computers, 8d ed,, MeGraweHill Book Company, Pnen 
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Sy! phir ed genet the switching frequency is 40 to 
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3-56 ELECTRONIC ANALOG COMPUTERS 


nately, increased repetition rates imply less accurate electronic switching and increase 
stray-capacitance effects, so that one must make a compromise between static and 
dynamic accuracy. Complementary-waveform ripple injection (e.g., through the 
1,200-uuf capacitors in Fig. 3.2.22) reduces noise without producing phase shift. 


10 kc 
generator 


Phantastron 
delay 
generator 


Filtering 
networks : 4 


—~300v +100v: 


Fia. 3.2.21, A time-division multiplier using similar precision current switches. Not 


‘ shown are a second slaved section producing X Yo, and switches and relays for making use of : 
amplifiers when not used for multiplication, and to select desired filtering and dividing net- 


works. The 10-ke generator is a conventional astable multivibrator. The delay generator 
is a five-tube circuit consisting of a phantastron, a squaring and phase-inverting circuit, 
and a pair of output circuits producing a rectangular waveform operating between —50 and 
—70 volts. Accuracy is within 0.01 to 0.04 per cent, depending partly on number of 
products (XY,). With one filter setting, phase shift is as low as 0.5 deg at 100 cps. (Elec- 
tronic Associates, Inc.) 


ELECTRONIC DIVISION AND ELECTRONIC RESOLVERS 


3.2.14. Electronic Division. Analog division by implicit computation (using high- 
gain amplifiers) is described in detail in Sec. 5.1. Many commercially built electronie 
multipliers have a built-in two-quadrant division mode which utilizes the output 
amplifier as a high-gain amplifier; as a rule some sort of high-frequency stabilizing 
network will be required (Fig. 3.2.23). 

In feedback-regulated multipliers (Arts. 3.2.11 to 3.2.13) the reference voltage Y 
can, in principle, be varied to produce division by a variable Y. Since, however, 
changes in Y affect the loop gain and hence the accuracy and stability of the feedback 
regulation, this division method applies mainly to special-purpose computers where Y 
changes only over a narrow range, although automatic-gain-control circuits could con- 
ceivably be used (see also Sec. bash 

3.2.15. Electronic Resolvers and Inverse Resolvers (see also Secs. 3.1 and re: 
In applications of electronic analog computers to aircraft and missile systems, the 


500K 500K 5 
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itchi i i 1 network in the timer section e b tim: 
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veep ty scale. Phase shift is adjustable to zero at agence ee 100 eps with a 
corner frequency of about 2,500 cps. (Goodyear Aircraft Corporation. 
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accuracy and speed of resolvers and inverse resolvers are often the weak links in the 
computing system (see also Sec. 5.5).3° Electronic resolvers can be more accurate as 
well as faster than servo resolvers at some expense in circuit complexity. 


Z 


Cc 


4 
oO 


fb 


100¥ 100Y 
-oX y “oe 


_.100¥ 
= 


Fra. 3.2.23a,b. Electronic division using multipliers. Normal method (a) requires a capac- 
itance in the amplifier feedback to prevent oscillations due to multiplier phase shift. 
Corner frequency of divider is at w = (RCZmax/Z)~'. The equally stable circuit (b) permits 
wide-band operation for large values of Z and lower phase shift for signal frequencies at 
all values of Z. Z > 0 in all cases. 


Fia. 3.2.23c. Compensated electronic division. Multiplier 1 is a precision multiplier. — 


Multiplier 2 is a relatively inaccurate wide-band multiplier, e.g., a simple quarter-square 
multiplier. Static accuracy is not improved with this method but phase shift is small for 
all values of Z. (Goodyear Aircraft Corporation.) 


Electronic vector resolution requires implementation of machine equations like 


t t 
X = Reos 0 = Reos 6 dt Y = Reino = Rsin [ 6 di (3.2.6) 
or X = Ucos0+Vsin 6 Y = —Usin@ + Vcos 0 (3.2.7) 


by one of the following methods: 

1. Straightforward combination of electronic multipliers and function generators. Fig- 
ure 3.2.24 shows a circuit employing quadrant switching of sine-cosine generators in 
the manner described in Art. 3.3.5. 

2. Use of multipliers and integrators to generate sin 6 and cos @ as solutions of a 
differential equation (Fig. 3.2.25). The input to such a device is dé/dt = 6 rather than 
6, and sin 6 and cos 6 are produced without scale-factor restrictions on 0. 

3. Voltage-controlled sampling of a sine-wave oscillator output (see also Sec. 7.1). 

4. Digital-servo generation of R cos 6 and R sin @ (Sees. 3.3 and 7.1), or use of digital 
function generators (Sec. 3.3). 

Methods 1, 2, and 4 permit static accuracies better than 0.1 volt and useful fre- 
quency response up to 100 cps at the expense of fairly complex circuitry, 
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50 sin@ 


1006 
—50 cos @ 


Fia. 3.2.25a. Electronic resolver using multipliers. This method provides good accuracy 


for short periods of time. Wh i i 
¢ % en products involving si i i 
separate multichannel multipliers are used.3° ee ee ae 


R 


Fra. 3.2.25b. An improved version of Fi 
compared with unity; 


g. 3.2.25a, in which sin? 6 + cos? 6 is contin 
¥ v1 uousl 
the error is fed back to the integrators as a correction term.30 y 


Inverse resolution or vector composition may involve direct computation of 
R=<VSX!+Y? o= arctan + (3.2.8) 


as shown in Sec. 7.1, or utilization of resolver circuit: 


stun aenteaaee s to generate Rk and 6 by implicit 


—Xsin@+Ycos6 =0 Xcosé+YVsino=R (3.2.9) 


with the aid of a high-gain-amplifier loop with or without automatic gain control in the 


manner of Sec. 3.1. The vector-compositi rig. ¢ i 
Sec. | position scheme of Fig. 3.2.26 
method with sine-cosine generation in the manner of Fig, 3.2.25. iig some. 
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100 cos 6 


—100 sin 9(0) 


a. 3.2.26. Electronic vector composition. As in Fig. 3.2.25, an additional channel may 
he added to each multiplier to produce sin? 6 + cos? 6 — 1 as a correction signal. The 
awe circuit, which is to keep the loop gain independent of R, may be a photoconductor and 
hinsed neon bulb.? Sometimes, for stability, a small capacitor must be used in the feed- 
back path of the amplifier generating 100 6. 
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PART 3: ELECTRONIC FUNCTION GENERATORS, SWITCHING 
CIRCUITS, AND RANDOM-NOISE GENERATORS 


By Granino A. Korn 


DIODE LIMITERS AND SWITCHING CIRCUITS, OPERATIONAL RELAYS 


3.3.1. Basic Diode Limiter Circuits. 1to4 
3.3.la to f utilize the nonlinear current-voltage characteristics of vacuum or semi- 
conductor diodes. The resulting input-output transfer characteristics can simulate 
important properties of dynamical systems (Sees. 5.3 and 5.4) or may be combined to 
produce a large class of arbitrary functions (Arts. 3.3.5 and 3.3.6). 

Figure 3.3.19 to m shows practical bias circuits for various diode limiters used in 
combination with operational amplifiers. Finite diode forward and back resistances 
produce deviations from the ideal-diode characteristics shown (see also Art. 3.3.4). 
In the feedback limiter circuits of Fig. 3.3.1k to m the limiting portions of each charac- 
teristic are not ideally flat but have a finite slope equal to — plto/Ri(o + Ro)(= —p/R, 
if p < Ro), where p is the sum of the diode forward resistance Rp and 7,71, 0rre. For 


good limiting, one often. makes E large (300 volts) and lets r and r’ be as small as possi- 
ble without undue loading of the amplifier. 


In general, series limiters (Fig. 3.3.1a,b,¢,9, 
limiters (Fig. 3.3.1d,e,f) and feedback limiters. The dual series limiter (Fig. 3.3.2) and 
the especially useful bridge limiter (Fig. 3.3.3) are series limiters whose transfer char- 
acteristics are similar to those of dual shunt or feedback limiters, 

3.3.2. Precision Limiter Circuits,| to 8 While the limiter cireuits of Figs. 3.3.1 to 
3.3.3 may involve static errors between 0.2 and 1 volt, depending on the particular 


The basic diode limiter circuits of Fig. 


h,i) limit more accurately than shunt 
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’ sts, it is inside a high-gain degenerati , $0 : 
: ange “built-in bias voltages’’ are divided by the loop gain. As D, ceases 


‘ D 
sonduet, the open-loop gain of the amplifier produces a sharp ne ia o’ and cuts D; 
all decisively. Figure 3.3.5 shows aie ae bee neapimbonagonrgs aoe ATM 
3. -limi -space ¢ s 
Vigure 3.3.6 shows dual limiter and dead- : TT ee ae a 
uluce sision limiter action. With suitab e amplifie C ( ; , 
4 ¥ roite a used even at high audio frequencies in Mie gga with triangle 
\logration multipliers (Sec. 3.2) and special switching applica 30 tse shite 
4.3 $. Comparators, Multivibrators, and Other At epee ace - ee 
bd, i ircul i alog c > 
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its. ; 
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‘i isi ltage steps whenever the sum ; 
ouit of Fig. 3.3.8 produces decisive vo a ocr bebg ices fy REO 
' 8 sig: d can drive operational relays to change prog . U “ 
i hve Saco 42 and 5.3 for applications). Polarized relays may. aes ted 
Special differential amplifiers, but a of the Abe lia circuit do 
) nee larized relays and special components. : 
at acts pric ct speeds, relay operating times (0.5 to 2 msec) introduce errors, 


; : é ; a 

and relays are replaced by the accurate ts ee cestidae _ lea 
) he diode-bridge limiters of Figs. 3.3.3 and 3.3. erat gee 

Wionis evitehek through reversal of their bias voltages. In the circuits of Fig. 3.3 


ihe switch is inside a feedback loop, so that the forward resistance of the switch is 
Se ey ee is area be operated by roo nee belay onatc! 
oben, a aac ae. reve Td 3.3.7), 3.3.10, 3.311) supplies 
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otra pointe sesteh tg: hor el ahve! oe Cin aon deed 
i “a a ie ne ee ie Ail diogtee shea vitiesand between 100 and 200 


volts peak inverse voltage. 
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onld rational-amplifier Circuits for Storir Roig 
eer web an, 1080. These circuits were developed to mark and store the max 


avovleration in a Donner accelerometer application. 


sh te 
(a) = Slope =1 
xX, . 
= I at Xo ° 
Eco 7 
—~4ce 
rT, X, 
(b) —— Slope =1 
(c) 
(d) 
(e) 
ff) 
Slope = — = 
(g) . 
Eco= noe 


Fig. 3.3.1. Basic series diode-limiter circuits (a) to (c), shunt limiters (d) to (f), and practical 
operational-amplifier circuits (g) to (m). The transfer characteristics shown assume ideal 
diodes and zero-impedance voltage sources. Note that HZ, may be negative as well as 
positive, and He: and —F,2 can both be positive or negative, as long as Bo > =e; thus 
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Slope = -#o 
. Er 
Eo== 
R R 
(i) Slopes = “oer ot 
i 
Er Er 
Eq eri i teas 
Slope = — 7 
(k) 
(/) 
Slope = — | 
Er Er, 
Tr a a 
(m) 


iti i imi the limiting por- 
\yealpolnts can be positioned at will. In the feedback limiters (k) to (m) t 
tone Mt each characteristic actually have finite slopes given by —rRo/Ri(Ro + 7), 80 that 
one requires small values of r for accurate limiting. 
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pensating diodes (two-diode circuits like that of Fig. 3.3.7a reduce the effective break- 
point drift by a factor of 2 to 5). 

Circuit resistances associated with diode limiters should be designed so as to ‘swamp 
out” diode back or forward resistances, whichever is more important. The effects of 
finite back resistance (leakage) are reduced by circuits which combine series and shunt 
limiting (Figs. 3.3.4, 3.3.7, and 3.3.10). Precision-limiter circuits (Figs. 3.3.4 and 
3.3.6) eliminate the effects of breakpoint drift and forward resistance at low frequen- 
cies. They also reduce the effects of finite back resistance, especially if combined 
series and shunt limiting is used (Fig. 3.3.7). 


+100 —100 
Xo 
50v 
40v % 
1M 
sae Slope=—1 
Fia. 3.3.2. Dual series limiter, 
Xp 
Eco 
xX, 
Eq i 
Slope = 1 


ae E Lie 
Bar Fi ser Ben 82a 


-E, <E2 
Fia. 3.3.3. Bridge limiter. 


The effects of diode and cabling capacitances on diode limiter performance become 
noticeable at frequencies as low as 2 cps and cause hysteresis-like ‘‘spreading”’ of the 
transfer characteristics for increasing and decreasing voltages, capacitive leakage 
through limiters, and integration in circuits comprising feedback diodes. Capacitive 
as well as resistive leakage is minimized by combined shunt and series limiting. Care- 
fully designed diode function generators permit 0.5-volt accuracy beyond 100 cps, 
With short leads, low-capacitance diodes, and suitable amplifiers, the precision-limiter 
circuit of Fig. 3.3.4 will limit with an accuracy of 1 per cent of peak output at frequen- 
cies exceeding 50 ke. 


DIODE FUNCTION GENERATORS 


3.3.5. Special-purpose Function Generators. Use of Smoothing Oscillators. The 
broken-line transfer characteristics of resistive networks containing biased diodes can 
approximate a large class of functions; Fig. 3.3.12 shows three typical arrangements, 
Nonmonotonic functions must be obtained by subtraction of a nondecreasing function 
and a nonincreasing function, For best accuracy the diodes should be used only lo correct 
a linear or analytic approximation to the desired function. 

Figure 3.3.13 illustrates the use of a high-frequency (5 to 500 ke) smoothing oscillator 
for rounding diode-function-generator characteristics near the break points.’ The 
triangular or sinusoidal smoothing-oscillator voltage is added to the function-generator 
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input, which is thus swept across the breakpoints; an output-averaging filter yields 
‘\e smoothed characteristic. The same principle is used in triangle-integration 


suarers and multipliers (Sec. 3.2). , 
igure 3.3.14a shows the use of a diode limiter to produce the absolute value of an 
input X. Such circuits are used in instrument inputs and to generate functions 


¥100K 100K x, x, 100K 100K Xo 


tom 


tu) 


X, 100K 100K Xo. 


Xo 
X, 
X5 
50v 
x; 
Xo1 
Xy 
Xo 
Xy 
Xo2 
Xx 


(h) 


rR 
a ray f 


Ww) -300v 
!\o. 4.9.4. Precision-limiter circuits. The biasing circuit in Fig. 3.3.4b can be omitted if 
silioon-junetion diodes are used, since such diodes have “‘ built-in bias.’”!:5 


joourately symmetrical about X; = 0. Figure 3.3.14 and ¢ shows the analogous use 
of dual limiters and dead-space circuits as quadrant switches for sine and cosine gen- 
evators, Uhe precision-limiter circuits of Figs. 3.3.4 and 3.3.6 are recommended for these 
applications, They not only permit static accuracies better than 0.05 volt, but their 
huillein comparator outputs may be used to light polarity- or quadrant-indicating 
noon lights, if desired, 
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3.3.6. Diode Universal Function Generators.* The diode function generator of 
Fig. 3.3.15a permits one to approximate a wide variety of functions systematically by 
summing the output voltages of simple series-limiter channels. Figure 3.3.15) shows 
another diode function generator based on shunt-limiter circuits. 

3.3.7. Function Setting and Storage.? One determines break points and slopes 
for a given function Xo = F(X;) by fitting a graph of the function (or of the appropri- 
ate correction function, Sec. 5.1) with the desired number of straight-line segments. 
For special-purpose function generators, the required resistance values can then be 
computed on the basis of ideal diode characteristics. Final adjustments should be 
made empirically, with the function-generator output connected to a servo plotting 
board, to a comparison potentiometer, or to a servo or digital voltmeter. 

In the universal function-generator circuits of Fig. 3.3.15, each limiter-channel out- 
put affects only function values corresponding to arguments X, beyond its break point 


Output voltage, X9 


0.5v 


Input voltage, X, 


Series limiter with 1N302A 
junction diode 


Precision feedback 
limiter 


Series limiter 
with % 6AL5 
vacuum diode 
Fra, 3.3.5. Reproduction of actual d-c transfer characteristics of the series-limiter circuit 
of Fig. 3.3.19 (followed by a phase-inverting amplifier) with vacuum and solid-state diodes, 
and of the precision limiter of Fig. 3.3.4a (EZ. = 0). 


Break-point and slope settings can be made by reference to calibration curves based on 
actual diode characteristics; instead, one usually sets all slopes initially to zero and 
adjusts breakpoints and slopes empirically for successively higher values of X;. The 
entire procedure should be repeated once or twice in order to allow for possible inter- 
ference between breakpoint and slope adjustments. 

Ease of function changing and storage (and hence resettability) are design features of 
great importance in multipurpose computers. In large computers, slope and break- 
point adjustments are set by automatic potentiometer-setting systems (Sec. 2.1), so that 
settings can be stored on punched tape; card-controlled diode function generators are also 
commercially available. In medium-priced computers storable plug-in function-selting 
networks (possibly using fixed break points for simplicity) are probably the best solution, 

Wherever accuracy is important, the outputs of arbitary-function generators must be 
used only as corrections to analytic approximations generated by linear computing elements 
and accurate multipliers: frequently linear approximations are sufficient (Sec. 5.1). In 
addition, every attempt should be made to utilize the full dynamic range of function- 
generator input and output variables through efficient scaling. In this manner accu- 
racies better than 0.2 per cent can often be realized. 


CATHODE-RAY-TUBE FUNCTION GENERATORS 


8.3.8. Photoformers.!°t°!? In'the pholoformer (Fig, 3.3.16a), a feedback loop com. 
prising the cathode-ray tube, the photocell, and the vertical deflection amplifier keeps 
the spot on the sereen just below the edge of a prepared function mask as the input 
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voltage X; (horizontal deflection voltage) varies. Hence the output voltage Xo (verti- 
val deflection voltage) varies as a function Xo = f(X1) of Xi. 

8.3.9. Cathode-ray-tube Scanners.!*4 In a second type of cathode-ray-tube func- 
(ion generator, the electron beam is positioned horizontally by the input voltage X1, 


7 R, Ry Xo 


Roy 


Rorp t+ Rory trp") * 


Ror E 
Ror, +Rore +1," 


(a) 


R, Xi 100K 100 K X3 


(b) 


Fra, 3.3.6. Precision dual limiter (a), and precision dead-space circuit (b).5° 


while a linear sawtooth sweep causes the beam to sweep vertically 80 as to scan an 
Hpaque or transparent function mask between 5,000 and 50,000 times per second. 
Vor each value of X,, the photocell current is, then, pulse-width-modulated in accord- 
anee with the function /(X;) used to shape the mask. The resulting pulse-width- 
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modulated square wave is filtered to yield F(X) and could even be used to multiply 
other variables by F(X:), as in a time-division multiplier. Accuracy and frequency 


response are comparable with those of photoformers; the scanning scheme reduces 
some of the errors due to screen and phototube persistence, changes in spot size, and: 


+300v 


—300v 
10M -X 
x Max (X, Y) Max (X, Y) 
es 
(a) (0) +300v 


Fra. 3.3.7. These amplitude-selector circuits are useful as limiters and gates, and also for 
various logical operations. These symmetrical circuits have low output impedances in 
either state and tend to cancel break-point drift due to changes in temperature or diode 
cathode emission. The circuit of Fig. 3.3.7b incorporates precision-limiter action.*® 


Fig. 3.3.8. Analog-comparator circuit. Note the three possible output connections, 
The circuit can drive relays, electronic switches, indicator lights, ete.; addition of a bridge 
limiter (Fig. 3.3.3) yields accurately limited output levels suitable for further computtt= 
tion.)5 EBay = Eri/ri’, Be = Ero/r2'. 


variations of deflection sensitivity. Provision of an opaque or transparent reference 


line yields standard reference pulses for automatic calibration. 

3.3.10. Appraisal. Cathode-ray function generators permit convenient and rapid 
function changes if prepared function masks are available. Static accuracy is better 
than 0.5 per cent of full scale; response up to 100 ke is possible and permits application 


to repetitive analog computers (See, 6.3), One can improve the effective accuracy by 


Comparator 
Xy 
X 
xX, 
Comparator 
X, 
. Time 
-Xo 
=X> 
Time 


(b) 
iio, 3.3.9. Bistable multivibrator circuit with push-pull output. Addition of the integrator 
»lreuit shown in dash lines yields a free-running multivibrator which generates accurate 
iviangle and pulse waveforms; both pulse-amplitude and pulse-width modulation may be 
jntroduced.?5 
E>0 


Reset 2 Rs 


X,<0 


(a) = —300v 
+300v Eo<0 
10M Rg 


X,<0 


(b) = —300v 
Hin, 14.10, These analog timer circuits combine an integrator and comparator to mark 
seourate time intervals, Note the low-leakage feedback limiter used. 
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Marker 
Psyc outputs 


Marker 


outputs Marker 


outputs 


(a) +300v (b) 


Fa. 3.3.1la, b. These maximum-remembering circuits combine amplitude comparison 
(Fig. 3.3.7) and analog storage (Sec. 4.2) to permit continuous read-out of max (X) as the 
input voltage X changes. Reversal of diodes and bias voltages would yield min (X), 
These circuits are also useful for accurate resetting of integrators in various timing or 


sweep circuits (see footnote to Art. 3.3.3). 


Xo 


X 


—~-V, on V2 on 


(c) ~200v 


Ira, 3.3.12. Diode function generators for monotonic functions, Many combinations of 
such circuits are possible; nonmonotonic functions may be obtained as differences of monde 


tonic funetions,* 
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€ 


Smoothed 


Smoothing characteristic 


oscillator 
(20 to 500 kc) 


Diode 


characteristic Straight-line 


approximation 


Diode 
network 


(a) (b) 


fio. 4.3.13. Use of a smoothing oscillator to smooth diode-network transfer characteristics 
o». and effect of smoothing on the voltage near a breakpoint (b) (based on Ref. 3). 


Xo 


x, 


; X= 
Diode network 100 sin 6 
for sine function 


; —90° to 90° j 
(i) 


is, W414. Use of diode limiters to generate the absolute value (a) and quadrant-switching 
haraeteriaties (b), (c) for sine-function generators (d). The precision-limiter circuits of 
} ive. 4.4.5 and 3.3.6 are especially useful in such applications. 


vein the function generator only to correct an analytic approximation (Sec. 5.1), by 
wljueting adjustable function masks (Fig. 3.3.16)'> until the measured output voltage 
‘oatohow the desired function, or by preparing masks photographically with known 
deflection voltages. 


MISCELLANEOUS FUNCTION GENERATORS 


§.4.11. Varistor Function Generators.'%!7 The varistor function generator of 
Vig 4.4.17 utilizes a current-sensitive nonlinear resistor (silicon-carbide varistor, e.g., 
Urnoral Bleetrie Thyrite or Carborundum Globar) to produce a voltage transfer char- 
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diode channels 
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Isumming! 
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(Additive linear 
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Fia. 3.3.15a. Simplified schematic di i 
; L. ic diagram showin sries-limi 
pier : sl g a series-limiter cha 
pes goer a ts Different polarities of diode, input ae be 
peda a hes ee four-position “quadrant switch” yielding one of the fourd mal 
g S Shown at the right. Breakpoint and slope are set with a minim 


interaction on 10-turn helical potentiometer. 
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Fig. 3.3.15b. The Donner Model 35 diode function 


prising 12 pairs of shunt limiters with 
d-c amplifiers are used. as castes Se 


generator is an accessory package com= 
ias and filament supplies; two external 
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Input X, 
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D-c 
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(a) . 
Fia, 3.3.16. Block diagram of a 
. LE photoforme 
(b) consisting of a set of metal shims nee gg 
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and an adjustable photoformer m 
uitable frame (based on Ref, 15), — 
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aoloristic of the form Xo = aX,". In the Douglas Aircraft Company’s Quadratron 
‘notion units the factory-adjusted linear-resistance network sets the exponent n at 2 
‘/ wnit) or 3 (C unit), while a thermistor minimizes temperature-change effects on the 
sapitor, The resulting transfer characteristic is accurate within 0.4 volt at d-c. 
!hnne shift is comparable with that associated with an equivalent fixed-resistance net- 
work and is normally negligible below 100 cps for P units and below 50 cps for C units; 
with lead-network compensation quadratrons are usable up to 400 eps. 

Varistor function generators are simple, rugged function generators of moderate 
soot and are useful within their accuracy limitations, particularly in special-purpose 
somputers. Table 3.3.1 shows typical applications; combinations of P and C units 
jroduce truncated power series for many additional 
aiulytic functions. 

.9.12. Analog-digital Function Generators (see 
aloo Sees. 6.3, 6.5, and 7.1).!8 Various combinations 
of analog and digital computing techniques yield 
fynetion generators generally characterized by high 
seouracy (0.1 to 0.01 volt) and convenience in func- 
‘ion setup and storage. Specially designed analog- 
‘ivital function generators can have excellent fre- 
4ueney response (to at least 1 kc), but then tend to 


xX, 


Thermistor 


jecome expensive. Methods of analog-digital func- 
tion weneration include the following: 
|. lectronie switching of operational-amplifier 


filnnetting resistances by a voltage-controlled 
feversible binary counter (‘digital servo’’; see Sec. 
/\ for a multiplier circuit of this type). One 
+ounter can control several function generators. 

4 Use of input and output analog-digital con- 
vevtors with (a) digital computation of analytic 
funelions and/or (0) table look-up in digitally stored 
jablow and digital interpolation. Either general- 
jiirpoue or special-purpose digital computers can be 
weed: vefer to Sec. 6.5 for sampling and decoding 
problems. 

| iwital function generation is particularly useful in 


Fia. 3.3.17. Simplified circuit of 
a varistor function generator 


(Douglas Aircraft Co. QUAD- 


RATRON). Maximum ratings 
are 100 volts and 5 in A; maxi- 
mum input resistance is 20 
kilohms, maximum output im- 
pedance is 4 kilohms. RMS 
noise is of the order of 0.05 volt 
(based on Ref. 17). 


-onneetion with functions of two or more variables (Art. 3.3.17). One can often 
seduce the effective cost of a digital function generator by time-sharing the digital 
fynolion generator, i.e., by using one function generator to generate several functions 
(Mew, 6.3). 


§.0.18. Low-frequency Test Oscillators. Low-frequency oscillators capable of 
yenorating sinusoidal (and sometimes also square-wave and triangular) signals over 


‘he frequency range of 0.01 to 2,000 cps are used to supply test excitation for various 
‘onl or simulated control systems and for miscellaneous test applications. Desirable 
specifications include peak-to-peak output voltages of 40 to 50 volts, frequency cali- 
}yation and sine-wave distortion within 2 per cent (preferably within 0.5 per cent), 


sil some provision for phase-shifting or for phase-reference pulse output to facilitate 
‘/jnoe easurements. Since LC and beat-frequency oscillators are not generally useful 
wlow LO eps, the following types of oscillators are of interest: 

{. late-servo-driven rotatable transformers (synchros) excited by 400 to 5,000 cps 
«©, with or without phase-sensitive detection? ; 

¥ RC phase-shift oscillators 

i), ‘Punetion-generator” types, which use a sine-generating diode network to shape 
the Wiangular waveform obtained through integration of a multivibrator square wave 
(Hewlett-Packard function generator) !® 

{Lotatuble-transformer oscillators!® permit convenient phase shifting for servo test- 
jue. the modulated output waveform is also often useful in this connection. Such 
sleotromechanical devices are rarely used with d-c analog computers. 

WC and function-generator-ty pe test oscillators are of special interest for computer 


Table 3.3.1. Examples of Functions Generated with Varistor Function Generators 


Right-triangle solver 


15M 0.5M 


4. Quarter-square multiplier (can be modified for division; 
see also Sec. 3.2) 


Oe, FS. out 100v 
eo= —KeN 
1/24N 1 


&1 FS, out 20v 
e,=—KeN 
oF 1=£N42 


5. Powers with various exponents 


* Contributed by L. D. Kovach and W. Comley, Douglas Aircraft Co., Santa Monign, 
Calif. ; see Ref. 17 for additional examples, including truncated power series for trige 
onometric and hyperbolic functions, ss 
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Table. 3.3.1. Examples of Functions Generated with Varistor Function 
Generators. (Continued) 


Alternate 


eareerriat " Pot number @ set for 2.08 volts into the 


100K input summing resistor 
Pot number ® may be used to set K 


e 
ke * Full scale e;=100v 


e,= Kei Truncation error 0.42% 


6. Truncated power series for eX(2 ¢ X 2) 


*pplieations, because both can be implemented with standard operational amplifiers 
+ \{er on a computer patchbay or as special-purpose devices; the resulting accuracy is 
often betler than that of commercially available test oscillators. 

Vigure 3.3.18 shows three examples of phase-shift oscillators. In practice, it is 
iipomsible to maintain the desired 90- or 180-deg phase shift at the signal frequency 
*snolly, so that all phase-shift oscillators exhibit an increasing or decreasing amplitude 
‘ueuative or positive damping). With high-quality amplifiers, and with variable 
tyvistora PR replacing the phase-shift-generating potentiometers, the circuit of Fig. 
/ | |Sa can maintain its amplitude within 0.07 per cent per cycle at frequencies up to 
‘J eops, Practical circuits introduce automatic damping by a tungsten-filament lamp 
‘} i. 4.3. 18)) or a thermistor, or a diode limiter circuit can be used to limit the ampli- 
tude. The distortion due to clipping is small (below 2 per cent) if the damping is 
‘iitieally adjusted, but this adjustment is not easy to maintain. Tungsten-filament 
‘eiiping introduces distortion below 20 cps because of insufficient thermal inertia; 
vu indirect heating schemes with longer time constants tend to become compli- 
vatod 

‘The llewlett-Packard function generator uses a simple diode function generator to 
shape a multivibrator-generated triangular waveform into a sine-wave output voltage 
seurate to about Ll per cent. The free-running multivibrator/integrator is readily 
Hoplemented with standard operational amplifiers (Fig. 3.3.9), so that addition of a 
siiple —00- to +-90-deg sine-generating network (Fig. 3.3.14) yields a very useful 
ye oecillator setup capable of producing push-pull square-wave output and triangular 
Sevelormea as well as sine-wave output. In addition, differentiation of the square 
» eye produces useful phase-reference markers. The timing accuracy is excellent, and 
the Winngular output is invaluable for measuring transfer characteristics of function 

Hherators, transistors, etc., at different frequencies, and for testing multipliers (Sec. 


M), 
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Fig. 3.3.18. Low-frequency test oscillators (phase-shift oscillators). 


FUNCTIONS OF TWO OR MORE VARIABLES 


3.3.14. Use of Conventional Computing Elements. 


5 Interpolation Schemes. 
function of two or more machine variables X, Y, . . a 


generating functions of a single variable. Thus one can obtain the function 


F = F(X,Y) =sin (X + Y) 


by first adding the voltages x and Y and then generating the sine of theirsum. Func 
tions of several variables given by empirical data (tables or curves) can be similarly 


In pare 


approximated by various approximation and interpolation schemes.” t 22 
ticular, Levitt?* suggests approximations of the form 


P(X,Y) = fi(X) + (¥ — Yi)fe(X) + (Y — Vi)(¥ — Y2)fs(X) +... 
Three terms are often sufficient. The functions fi(X), fo(X), . . 
successive substitution of Y = Yi, Yo, . . 
tiometers (Sec. 3.1) so that each product term can be generated by servo multiplication, 


Figures 3.3.19 and 3.3.20 show two mechanical interpolation schemes adaptable for 
use with conventional analog computers. ' 


(3.8.1) 
. are computed by 


ore m . is often obtained or approxi« 
mated by means of judicious combination of summers, multipliers, and/or deviol 


. in Eq. (1) and are set up on tapped poten= 
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Note that combinations of two-variable function generators can generate functions 
«f any finite number of variables; thus F(X,Y,Z) = F[f(X,Y),Z]. 

4.8.15. Use of Diode Function Generators.?*'e?> If a variable voltage Y replaces 
‘he constant reference voltage E in the diode function generator of Fig. 3.3.15a, the 
oulput voltage Xo will be a polygonal func- 
‘ion of X for each value of Y (Fig. 3.3.21a), 
»» that a function F(X, Y) is produced.*8 
ince the break-point voltage of the 7th 
\iter channel will be b:Y, where }; is a 
sonstant, all break points generated by any 
one limiter channel must lie on a straight line 
‘ivough the origin. These break-point loci 
jund segments of equal slope and are indi- 
sated in broken lines in Fig. 3.3.21a. 

One may generalize the above procedure 
hy adding a function of X or Y to the output 
voltage Xo. One can obtain an even more 

eneral class of functions F(X,Y) by intro- 
eins suitable functions b:;G(Y) or G;(Y) of 
) a» bias voltages in the limiter channels of 
i. 5.3.15a, so that the break-point loci are 
wo longer straight lines. To set up a given 


F(X, Y;) 


A “ rs 
v Vv 
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Fia. 3.3.19. Use of a servo-driven tapped 
potentiometer for interpolation. 


funotion F(X,Y), one must locate the break-point loci by joining points of equal slope 
o# « wet of parametric lines like those in Fig, 3.3.21a. 

‘Tho Philbrick Model F2V function generator (G. A. Philbrick Researches, Inc., 
fionton, Mass.)24 uses a set of selector channels (Fig. 3.3.21) to produce a desired 


function F(X,Y) as a weighted sum of 
functions 


F;(X,Y) = max [min (X — X;, Y — Y;), 0] 


which may be regarded as two-dimensional 
generalizations of the line segments in ordi- 
nary diode function generators. The con- 
tour lines of Fig. 3.3.21c illustrate the nature 
of a typical channel output F;(X,Y). 

To set up a desired function F(X,Y), one 
first chooses the break points (X;,Y;) and 
adjusts the slope controls to obtain the de- 
sired function values F(X;,Y;:) for succes- 
sively increasing valuesof X;and Y;. Figure 
3.3.21d shows a three-dimensional graph of a 
function F(X,Y) generated by a Philbrick- 
type function generator. 

The accuracy of the diode function-gen- 
erator circuits described depends, again, on 
the nature of the function generated. Ac- 
curacies better than 1 per cent at frequencies 
in excess of 200 cps have been obtained in 
representative applications. The basic cir- 
‘cuits shown permit many variations. 

3.3.16. Cathode-ray Function Generators. 
If a translucent mask of variable density is 
placed between the screen of a cathode-ray 
‘ihe and a photocell** the photocell output voltage will vary as a function Ff (X,Y) of 
‘he horizontal and vertical deflection voltages X and Y applied to the cathode-ray tube. 
2 accuracy of such function generators is limited to between 1 and 10 per cent by the 
Hieully of positioning the beam accurately, The frequency response is excellent 


4100 
" 


Pin 4.4.20. Use of a servo plotting table 
sith semiconducting paper for inter- 
polation between contour lines F(X,Y) 

sonst deawn with conductive ink. A 
sommercially available servo plotting 
table positions a probe sensing F(X,Y); 
fyojueney response is limited to below 
J ope for 4Q-in. excursions. * Function 
sheets can be stored for reuse. 
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Fra, 3.3.214, A function F 
function generator of Fi 
variable voltage Y. 


Fig, 3.3.21b. Generation i 
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double selection circuit. Maen hh 


> aiF;. 


(X,Y) of two machine variables X and Y gene 


g. 3.3.15a if the constant reference voltage E peri ae 


is replaced by the 


(X,Y) = max [min(xX — X 
ER CR e 
A very general class of functions may be Soelocbadted ta a 


t 
Ita, 3.3.21¢. Contour lines of i 

ps a fune ‘ = 
erated by the circuit of Fig. 33.21b onda 
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pr greig og gonna of a function F 


max [min(X — X;, Y — Y:),0] gen- 


XX, YoNb: i 
Note the triangular fsb co "— 


Polimerou? has adapted his pulse-width-mod Tay £g 
( ulating cathode. Ta function enerator 
Art. 3.3.9) to gener ate functions of two var iables by a switching scheme selecting 
one of several tr ‘anspar ent function lines im accor dance with a second voltage ie 


3.3.17. -digi i 
a aie Bea Pigg hn Generators. Analog-digital function generato 
interpolation essentially syed aaa me ae 5 Sesre as and/or table look-up nd . 
s ! ction ingle i 3.¢ 
and 6.5). This application is, indeed, prs th ieee eo iouline Gull 


pra ee n is, it t e main reason for adopti 
: on on generators; digital function settin | ; sere ieutaaia 
pe corte & and storage are particularly 
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RANDOM-NOISE GENERATORS 


9.3.18. Noise-generator Specifications.**.” Analog-computer studies of random 
processes and related statistical studies require sources of randomly varying voltages 
(noise) for use as random driving functions, coefficients, and/or initial conditions (Sees. 
6. and 6.3). Wide-band noise of approximately gaussian character is easily obtained 
(rough amplification of the output of noisy resistors (thermal noise), temperature- 
\iited vacuum diodes (shot effect), gas-filled tubes, and of Geiger- Mueller or scintilla- 
‘ion counters with a small radioactive source. It is quite another matter to produce 
\oine which satisfies the accurate statistical specifications desirable in typical computer 
applications, viz., 

(aussian or other specified probability distribution within 1 to 2 per cent probability 

hr average d-c unbalance at output less than 0.05 volt with probability 0.95 
(‘wlow’? computers) 

Maximum rms output level of the order of 10 volts, with 0.2 per cent calibration 
fcuracy 

Power spectrum flat within 0.1 db to 35 cps (“slow”’ computers) or within 2 db to 
W4 ke (repetitive computers, Sec. 6.3) 

Output uncorrelated between samples: autocorrelation function (Sec. 5.9) less than 
| por cent of mean-square output for delays exceeding 0.02 sec (“‘slow”’ computers) or 
(05 msec (repetitive computers) 

In particular, it is necessary to discriminate carefully against the effects of line-fre- 
4uency pickup and power-supply variations which might introduce periodic compo- 
vents into the noise-generator output, since the effects of such errors can accumulate 
iy wtatistical averaging operations. For the same reason, even the measurements 
soquired to check the above statistical specifications are subject to pitfalls. Since very 
Jong integration times would be required for accurate checks of low-frequency noise 
generators it is probably best to sample the noise-generator output accurately and to 
sompute the requisite statistics digitally from the voltage samples. 

White-gaussian-noise generators can be made to yield noise with various power 
spectra and probability distributions by the methods of See. 5.9. 

4.3.19. Noise Generators Employing Radioactive Sources. In Fig. 3.3.22a a self- 
4uonched Geiger-Mueller counter tube activated ly a small radioactive source triggers 


« bistable multivibrator at each count to produce a random telegraph wave, with the 
jwobability of K zero crossings during any time interval 7 given by the Poisson 
distribution 
(ales 
P(K,T) = Jey, ee? 
whore ois the mean count rate. The random telegraph wave can be accurately limited 


wud may be passed through a low-pass filter to yield band-limited white gaussian noise. 
\'\ure 3.3.22b shows a practical circuit. The random square-wave output is useful in 
iis own right, particularly in simulations involving randomly timed events (processes 
with equipment failures, waiting-line problems).**.*4 

Tho useful frequency range of such noise generators is limited by the mean count 
sate «, and thus by the deionization time of the Geiger-Mueller tube; in particular, the 
otoll frequency of the low-pass filter in Fig. 3.3.22a must be small compared with a 
if » flat output spectrum is desired. Substitution of a photomultiplier-type scintilla- 
fon counter and pulse amplifier for the Geiger-Mueller tube can increase the useful 
fyoqueney range up to 30 ke, so that the noise generator can be used with repetitive 
analog computers. The long-term average count rate can be stabilized through 
\ntoural-control feedback of rectified pulses to the photomultiplier power supply 
and/or the multivibrator trigger level, but the sensitivity of photomultipliers to power~ 
supply variations and stray magnetic field presents problems.*® 

4.9.20, Demodulator- and Sampling-type Noise Generators.**** The demodula- 
lurtype noise generator shown in Fig. 3.3.23 was originally developed at the Hughes 
Alroraft Company and is packaged for three major analog-computer manufacturers by 
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Noise from a thyratron placed in a transverse 
ks is first amplified by an a-c regulator amplifier 
whose gain is accurately controlled to yield a constant rms output. A bandpass ampli- 
fier selects a band of frequencies about 100 cps wide and accurately centered about 
100 cps. The resulting regulated, band-limited noise is demodulated by a 400-cps 
shopper (synchronous demodulator) and filtered to produce an output spectrum flat 
within 1 db to 35 eps and centered around zero frequency. Note that the demodula- 
(ion process eliminates any low-frequency fluctuations introduced in the noise source 
and low-level amplifier stages. The Elgenco noise generator satisfies the specifications 


Variable gain A-c 

pentode amplifier 
¥, D0 Rectifier 
integrator 


Fia. 3.3.23. Demodulator-type noise generator. 
for low-frequency noise generators listed in Art. 3.3.18; it is not suitable for repetitive- 


somputer applications. 
32 replace the demodulator block in Fig. 3.3.23 by a 


Sampling-type noise generators*' 
-hold circuit (Sec. 6.3) and low-pass filter. The sampling frequency may be of 
mmensurable with the line frequency. 


\'lwenco, Inc. (Los Angeles, Calif.). 
iagnetic field to prevent resonance pea 


Output 
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T, , Tz are Stancor power transformers P6010 


T3 is 6.3 v, la filament transformer 


All resistors are 1 w, + 5 per cent and 
all capacitors are 600 v unless otherwise marked 


(Elgenco, Inc.) 


Note: 


mirnple 
‘he order of 400 cps and must not be co 


(limiter optional) 


(Goodyear Aircraft Corporation; From Ref. 33.) 
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PART 1: CONTROL CIRCUITS 
By Burnarp D. LoveMan 


POWER CONTROLS 


4.1.1. Basic Power-control Circuits. Figures 4.1.1 and 4.1.2 show basic power- 
sontrol circuits. In each case, filament supplies are energized before acs 4 
(plate) supplies; chopper excitation may be applied together with (or just before) hig 


To filament 
transformers 
Line 
Fuse : 
| To plate (HV) 
0 ob ! Lz transformers 
| 
Neutral Lb 
Filament switch Plate switch 


Ita, 4.1.1. Basic power-control circuit using toggle switches (up to 20 amp). 


voltage to save contact wear. The circuit of Fig. 4.1.2 has push buttons and latching 
relays, so that one does not need to check the high-voltage switch before energizing 
the filaments. 
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4.1.2. A More Refined Power-control System. Another power-control circuit 
used on at least one large computer installation consists of a servo-driven autotrans- 
former which increases the filament voltage gradually from zero to rated voltage to 
prevent vacuum-tube failures due to thermal shock. When the main switch is first 
turned on the voltage to the computer filament and plate transformers stays off until 
the servo has slewed the arm of the autotransformer to its zero position. Then the 
output of the autotransformer is connected to the computer filaments and the applied 
voltage is increased to 95 volts over a 3-min interval. Next, the servo is switched to 


Filaments Plate 
On Off On Off 


die 


To filament 
transformer 


To plate 
transformer 


Filaments 


3 60 cps 208 v line to line 
115 v line to neutral 


Ready 
Fia, 4.1.2. Typical power-control circuit for large systems. Momentary on-orr push 
buttons are used. Ke is a time-delay relay; the plate voltage cannot be turned on until 
about 3 min after filament voltage is applied. 


its positioning mode and nulls at 115 volts + 1 volt. Finally, a contactor closes to 
permit plate power to be applied. 


OPERATING CONTROLS 


4.1.38. Introduction. Computer operating modes are required to control integrator 
operation; i.e., the initial conditions must be introduced, and the computation must be 
started and stopped. The two essential modes are RESET and OPERATE (COMPUTE); 
in the former the initial conditions are applied and in the latter integration takes 
place and the computer gives a solution to the problem. In addition several other 
modes are usually provided to permit efficient operation of the computer; these are 
HOLD, BALANCE CHECK (POT SET), and PROBLEM CHECK (see also Sec. 4.3). Finally, 
some analog computers have special-purpose modes such as REFERENCE OFF, REPETI+ 
TIVE, and SLO-RESET. 

4.1.4. RESET and OPERATE (COMPUTE) Modes. To set initial conditions, one 
can discharge each integrating capacitor to zero and add a d-c voltage equal to the 
desired initial condition to the integrator output (REsET). To start the computation, 
one releases the integrating capacitors, with the initial-condition voltage still added in 
(Fig. 4.1.3). Because of the complication of the extra addition, this method is used 

“mainly on high-speed (repetitive) computers (Sec. 6.2). 

In the second method, the inputs of each integrator are removed and each integrat- 

ing condenser is charged, so that the integrator output voltage will start from the 
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vorrect initial value (Reset). To start the computation, one removes the initial- 
vondition voltages and reconnects the inputs (Fig. 4.1.4). In RESET, it is important 
(0 remember that dielectric absorption (soakage) will produce errors in the initial 
wondition. For high-quality polystyrene condensers, this error can be held to 10 mv, 
provided that the integrator is in rEsET for at least 30 sec (see also Sec. 2.4). 


IC voltage IC voltage 


Reset Operate 


Fia. 4.1.3. A reset circuit used only for repetitive operation. 
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Precision input resistors 
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+100v (Tea Fe al 


IC potentiometer ee el 
Precision input resistors 


© Patchbay 


(c) Hold 
W'ia, 4.1.4, Standard integrator modes (a) RESET, (b) OPERATE (COMPUTE), (c) HOLD. 


The voltages at other components such as summing amplifiers, position servos 
(multipliers or resolvers), function generators, and electronic multipliers are deter- 
wined at all times by the output of the integrators and/or by fixed constants. In 
jaw? and OprRaTE—as well as in HoLD—these components are in “operate.” — If 
{he computer contains electromechanical integrators such as rate servos or time 
motors, their modes must be controlled. Each one has an initial position from which 
\ starta when the computation begins, and because of inertia the initial rate should be 
wero (neo also Sec, 3.1). ' ’ 

4.1.6, HOLD Mode. This mode is used to halt operation of the computer in such a 
fashion that all voltages remain at the value they had at the instant the ames! 
wae stopped, Using this mode, the operator can measure the instantaneous value o 
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one or more of the problem variables at a specified time, or at the time another vari- 
able exceeds or falls below a given voltage. This mode is also used to stop a problem 
so that the circuits or coefficients can be changed. 

To halt an electronic integrator its inputs are disconnected from the amplifier; the 
output voltage will then remain fixed, provided the feedback condenser retains its 


Open in | 


BALANCE CHECK d - 
(see control panel) X line 


© Patchbay (a) Yy x Return 


Reference 
power supply 
+ 100v 


' Initial condition voltage 


Input 
terminals 


(b) Y (hold) relay : 


Fria. 4.1.5. Two integrator relay circuits. RESET: relays X and Y are energized. OPERATS! 
relays X and Y are deenergized. uo.p: relay X is deenergized and relay Y is energized, 


charge (Fig. 4.1.4c). In this mode the condenser discharge (or charge) rate is deter+ 
mined by its leakage resistance and by the summing-junction current. The latter 
is due to grid current, amplifier unbalance, and rectified a-c noise from the chopper, 
With a quality polystyrene condenser and a high-performance d-c amplifier this drift 
can be made as small as 1 mv per min, 
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In noxp the voltages of the other components such as summing amplifiers, function 
yenerators, and electronic multipliers are held constant by the integrator output 
voltages. Position and rate servos have inertia and overshoot when the computer is 
switched to HoLp. An error signal is then generated to permit the servo to recover. 
i) position servos the error is developed because the input signal stops; in rate servos 
un integrating circuit is added in HOLD to produce the required error voltage. 

4.1.6. Integrator Relays. Since the d-c analog computer is a parallel machine, 
all integrators must ordinarily start and stop at the same instant. ‘‘Slow” d-c 


Patchbay 
' 


Y line Yi Y2 


\} 
Varistor TEE 
) 2 = 


| int. | _Int. 
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supply 


Return 


io. 4.1.6. Computer mode-control system, In BALANCE cHECK the X, Y, and Z lines 
ave energized and initial-condition inputs are disconnected. In reset X, Y, and Z’ lines 


ave energized. In opprate only Z’ line is energized. In notp Y and Z’ lines are ener- 
weed, Varistors are used to suppress transients on the relay lines. The rotary mode 
»witeh shown ean be replaced by suitable push buttons. 


\nulog computers use relays to change integrator modes, and if all three modes 
(WANT, OPERATE, and HOLD) are provided, then two relays, say X and Y, are required 
for ouch integrator (see Fig. 4.1.5). All X relays and Y relays are connected in parallel 
vnc the X and Y lines are wired to the control panel, where a mode switch controls the 
voltage applied to these lines (Fig. 4.1.6). The integrator control relays must have 
jatehed timing, i.e., all relays pull in or drop out at essentially the same time (see 
alno Fig. 4.7.10). D-C relays are-preferred to a-c relays because their timing can 
le matched more accurately, because they introduce less noise into the computer 
wmplifiers, and because they are more efficient (less power required) than a-c relays. 
‘Vypical time specifications for quality low-cost d-c relays are 16 + 16 msec pull-in 
lime and & & 1 msec drop-out time. 
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The relay power supply consists of a transformer, rectifier, and filter; regulation is 
not required. Relay ground currents must not flow through computer signal-ground 
connections. 

The following additional precautions prevent the relay control circuits from intro- 
ducing errors in computation: 

1. To minimize noise pickup due to ripple in the relay supply, the control relays 
are deenergized in the OPERATE mode. 

2. The control circuits are suppressed either individually at each relay, or more 
economically at the X and Y lines in the control panel. For this purpose, varistors are 
convenient and low in cost. 

3. The two relays associated with each integrator must be controlled in the correct 
sequence. For example, when the computer goes from RESET to OPERATE in Fig. 
4.1.5a then, if the X relay contacts open before the Y relay (A2) opens, the initial 
condition will change. It increases if A1 of X opens first; it decreases if A» of X 
opens first. One can remedy this situation by delaying the removal of the voltage from 
the X line for a few milliseconds (Fig. 4.1.6). 

4.1.7. BALANCE CHECK (POT SET) Mode. This mode serves one or more of the 
following functions: 

1. To adjust the balance of d-c amplifiers 

2. To set the coefficient potentiometers 

3. To put the computer into a standby condition 

The usual procedures for the zero adjustment of d-c amplifiers (see also Sec. 4.7) 
require each amplifier to have zero input and a resistance feedback. For integrators 


the rEsET mode satisfies these requirements provided the initial-condition voltage is 
removed. 


10 1M 
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4 “+ 
1 Z line 
1 Return 
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' Precision 
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Fig. 4.1.7. Summing-amplifier relay circuit. Z relay is energized in BALANCE CHECK 
(Port set) and deenergized in all other modes. 


For each summing amplifier the inputs are removed by a relay, say Z, which dis- 
connects the summing junction (SJ) from the grid (Fig. 4.1.7). All Z relays are con- 
nected in parallel, and the Z line is brought to the control panel. The three lines (X, 
Y, and Z) are connected to the relay supply in BALANCE CHECK (Fig. 4.1.6). 

The relay contacts which disconnect the summing junction (SJ) from the grid 
can be used to ground the SJ, so that coefficient potentiometers connected to amplifier 
inputs will be correctly loaded (Figs. 4.1.5 and 4.1.7). The potentiometers can then 
be set accurately and without overloading amplifiers (see also Sec. 2.1). 

If amplifiers are to be used in high gain, i.e., with feedback through special patch- 
board connections, then relays to add a feedback resistance in BALANCE CHECK aré 
provided. An alternate method is to have a resistance feedback across each amplifier 
normally and to use a relay (when energized) to convert the amplifier to high gain. 
Then the converting relay is deenergized in BALANCE cuncK (Fig. 4.1.6). 

In some computers, balancing is done in rEeswr with the aid of individual balancing 
switches on the amplifier panels. 
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In some computers the term sTaNbByY refers to removal of plate voltage; this permits 
the operator to leave the computer unattended. However, turning the plates on 
and orr frequently may increase the number of tube and capacitor failures because 
of large transients. Since in BALANCE CHECK all amplifier outputs are zero, this is a 
convenient standby condition, provided that the servos (and other electromechanical 
components) are also turned orr. This may be accomplished by providing the servos 
with oN-oFF relays (ON with the relay energized). 

4.1.8. REFERENCE OFF Mode. As the name implies, this mode removes the 

| 100 volts and the —100 volts from the patchbay. This mode is required on com- 
puters with grounded metal patchboards to prevent the reference voltages from being 
wecidentally shorted as the operator changes patchcords at the computer. 

4.1.9. REPETITIVE Mode. This mode converts a real-time analog computer to 
sopetitive operation, so that it cycles from RESET to OPERATE at a frequency of 1 to 
40 eps. One of two methods may be used to perform this rapid switching. The 
lira consists of replacing the regular X and Y relays with high-speed (1 msec operate 
\ime) relays and changing all integrating condensers from 1 to 0.1 uf. Then the X 
and Y lines are driven from a low-frequency oscillator at 1 to 15 cps. The output 
(wolution) is displayed on a cathode-ray oscilloscope with a long-persistence screen. 
In this method the relay time delay will produce errors as large as 2 per cent at the 
\\iwher frequencies, and if the repetitive mode is used continually the relays will wear 
rapidly. At 10 eps 30 hours of use require more than 1 million relay operations. 

In the second method the X and Y relays are replaced by electronic switches that 
wun be driven by an oscillator at 5 to 30 cps; a standard cathode-ray tube may be used. 
The integrating condensers are reduced from 1 to 0.01 uf (see also Sec. 6.2). 

In the REPETITIVE mode electromechanical components such as servos cannot be 
timed, 

4.1.10. SLO-RESET Mode. This mode is the same as ReEsEr for all electronic 
vomponents and differs from it only in the special controls for electromechanical units 
sich as servos. At the completion of any run the computer is switched from OPERATE 
oy OLD to RESET. The electronic components return to their initial value practically 
jnutantaneously (integrators usually have a time constant of 100 msec). Unless the 
servo position is near to its initial value, this switching to RESET produces a large step 
\nput to the servo and causes it to slew to the initial position. The servo slewing 


speed is much larger than that normally required during computation; so that the 
wreatest contribution to potentiometer wear occurs during such slewing in RESET. 
llonce it is desirable to reduce the slewing speed during the initial RESET period, say 
ly reduction of the power used to drive the servo motor for about 10 sec after switching 


to 1mwsnr (see also Sec. 3.1). 


MISCELLANEOUS CONTROL FUNCTIONS 


4.1.11. Control Panels. A centrally located control panel permits the operator to 
wonitor and control the performance of all components. In addition to the mode 
switch one or more of the following may be supplied: 

|. Amplifier selector (switch or push buttons) 

¥, Coeflicient-potentiometer selector (switch or push buttons) 

4, D-C voltmeter 

4, Amplifier unbalance indicator 

6, Master overload indicator 

6, Calibration controls 

Tho amplifier and potentiometer selectors enable the operator to monitor the outputs 
of these components without disturbing the patchboard. The arm of the amplifier 
w lector is usually connected to the d-c voltmeter and to a point on the patchbay, 
the latter to permit read-out on external test equipment. The potentiometer selector 
arm in also connected to a patchbay terminal (see also Sec. 2.1). . 

The d-e voltmeter (preferably a vacuum-tube voltmeter) is used to make coarse 
(1 per cont of full seale) measurements in order to check relative magnitudes of com- 
jiilor voltages, Several ranges, such as 200, 100, 10, and 1 volt full scale, are needed. 


0.0lv A-c amplifier 
gain K 


off Circuit 
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100 2 > Microammeter 


V Computer ground 
VTVM out 
Fic. 4.1.8. Sensitive d-c vacuum-tube voltmeter with zero drift and high input impedance. 
The chopper is used for modulation and demodulation, and to compare the output voltage 
with the input. The high input impedance is due to series negative feedback. The input 
KR; 
Rz 
voltage at the output terminal is zero if the meter current is zero, i.e., with zero input 
voltage (see also Fig. 4.1.9). 


impedance is Rin = 2Ri + 1); for K = 1,500 one has Rin = 3.8 megohms. The 
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(see Fig. 4.1.8) 
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Fra. 4.1.9. Block diagram of control panel. Relay Ki is energized in BALANCE CHHOK, 
In this mode the neon light L: and the speaker serve as unbalance indicators; in the other 
modes they are overload indicators. If an overload occurs in oppraTe, relay Ke switches 
the computer to HoLp. The mode switches normally located in the control panel are 
not shown in this drawing (see Vig, 4.1.6), 
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If an additional very sensitive range, such as 10 mv full scale, is included, the volt- 
meter may be used for accurate measurements using bridge or null methods (Fig. 
1.1.8). The sensitive meter range can also be used for zero adjustment of d-c ampli- 
fiers; an unbalance as small as 100 nv can be detected. 

To permit zero adjustment of amplifiers remotely located from the control panel 
an audible and/or visual (indicator light) unbalance indication can be provided. 

The master overload indicator (see also Sec. 4.3) usually provides audible and visual 
signals to warn the operator of overloads. The master overload circuit may also 
he used to switch the computer to HOLD to permit the operator to locate overloads. 
\ block diagram of a control panel comprising all the preceding circuits is shown in 
Wig. 4.1.9. 

Calibration controls to set function generators, to balance electronic multipliers, etc., 
tay be included in the control panel (see also Secs. 3.2 and 3.3). On the other hand, 
if these controls are located in the individual units, it is helpful to provide an indi- 
cation at the control panel to warn the operator if any component is in “calibrate.” 

4.1.12. Slave (Parallel) Operation. If the problem is too large for a single com- 
puter, a second or even third computer may be added, provided that the following 
precautions are observed. 

If only additional summing amplifiers, multipliers, resolvers, function generators 
ave needed, i.e., no electronic or electromechanical (rate servos) integrators are used, 
ihe only requirement is that all computers use the same reference voltage. One 
yolerence supply with sufficient current capacity to drive all the computers can be 
provided. Alternatively, each computer may have a “slavable”’ reference supply, 
wo that all of them may be slaved to a master unit. 

If integrators of two or more computers are to be used in the same problem, then an 
additional requirement is that the integrator relays be controlled simultaneously. 
Tho simplest situation occurs if the integrators of two computers (A and B) use the 
sume type of relay, and a single relay supply (large enough to drive all the relays) 
i used. Then corresponding relay lines are connected (X to X and Y to Y). The 
»ontrols of the SLAVE UNIT B are set to that mode which deenergizes all relays (OPERATE 
in the system described above, Fig. 4.1.5). Station A is the master, and its control 
switch determines the mode of all integrators. Conversely, station B can become the 
aster unit simply by switching station A to OPERATE. 

If each computer has its own relay supply or different types (voltage or time- 
delay) of integrator relays are used, then additional control relays will be needed. 
(‘he criterion for correct parallel operation of computers is that all integrators start 
wud stop at the same time. It should also be remembered that difficulties are likely 
io be encountered if two (or more) relay supplies are operated in parallel. If the 
source impedances are not properly balanced, then the division of load may be so poor 
‘hat one supply may have to drive the entire load. 

4.1.18. Remote Control. It is desirable to provide additional control stations at 
several locations in a computer installation, so that the operator can change the 
somputer mode without returning to the control panel; usually only RESET, OPERATE, 
wud ony are needed. The principle of slave operation is used to provide these 
‘emote controls. A control station consists of a cable connected to the computer 
snd a mode switch; the cable contains the X and Y lines and the relay-supply lines. 
Now the computer is switched to opERATE (no voltage on the relay lines), and the 
semote-control switch is used to apply the relay voltage to obtain the selected inte- 
wrator modes. If two or more remote-control stations are supplied, all except the 
autor station are switched to OPERATE. 

Output devices such as a recorder or a plotting board are locations at which it is 
sonvenient to place remote controls (see also Sec. 4.2). Some plotting boards are 
furnished with a mode switch, and the cable that carries the computer signals also 
hws provision for the relay lines. ‘Since the pen lift on such a plotter is also relay- 
operated, it is possible to use one pole of the mode switch to control the pen (down in 
oemnaTs, up in Reser and HOLD). 

4.1.14. Individually Controlled Integrators. A few individually controlled inte- 
yrators may be required for special problems, such as the simulation of sampled-data 
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systems (see also Sec. 4.2). The ur sides of the X and Y relays and the relay-supply 
lines are then made available at the patchbay (see also Sec. 4.6). 


PART 2: SEMIAUTOMATIC PROGRAMMING 
By Bernarp D. Loveman 


INTRODUCTION 


4.2.1. Survey. Semiautomatic programming techniques for electronic analog com- 
puters may be divided into two categories. The first consists of specialized equipment 
which relieves the operator of repeated routine operations in studies requiring many 
parameter changes (parameter-optimization and component-tolerance studies). The 
parameters to be changed include coefficients, initial conditions, and nonlinear func- 
tions. The response of the system to different kinds of inputs may be investigated; 
these may include a step, a constant velocity, an exponential, or random noise. Since 
the equipment required is closely related to the task to be performed, many different 
automatic programmers have been constructed. Three types that are of general 
interest have been selected for detailed description. These are an autocycler, an 
output scanner, and an input-output programmer. In addition, one scheme for auto- 
matic recorder calibration is described. 

The second category of semiautomatic programming techniques involves those 
special programs which permit a reduction in the number of runs required to solve a 
problem. ‘These include circuits for determining the values of parameters which 
yield optimum results and the use of integrators as analog storage units (see also Secs. 
5.11 and 6.6). 


AUTOMATIC PROGRAMMING EQUIPMENT 


4.2.2. Autocycler. The autocycler permits continuous operation of the computer 
with only nominal supervision by the operator. It may also be used to turn other 
equipment, such as recorders, on and off at specified times. The unit is particularly 
useful when many repetitive runs are desired. 

The autocycler has three modes of operation: 

Mode 1. Fixed Automatic Cycling. In this mode the periods of time assigned to 
the OPERATE (COMPUTE), HOLD, and RESET phases are independently adjustable and 
may be preset by the operator over a range of several minutes, typically zero to three. 

Mode 2. Variable Automatic Cycling. In this mode the oppRatTE phase is termi- 
nated by a signal (voltage level) from the computer. The duration of the OPERATE 
phase is not restricted. 

Mode 3. Manual. In this mode the autocycler is used as a remote station for 
manual operation of the computer. Controls and indicator lights are provided to 
indicate various functions. An electric counter records the total number of OPERATE 
cycles in modes 1 and 2. 

In Fig. 4.2.1 the autocycler is shown switched to mode 1. The computer is assumed 
to have the same integrator-relay operation as that shown in Fig. 4.1.5a. The com- 
puter mode switch is in opERATE (no voltage on the relay lines). In mode 2 switch S; 
is reversed and the opERaTE phase is terminated by energizing relay K, with a signal 
from the computer on the external-connection line. Thereafter the cycle is the same 
asin mode 1. Remote-control operation (mode 8) is described in Art. 4.1.13. 

By the addition of potentiometers, relays, and/or stepping switches it is easily 
feasible to extend the capabilities of the autocycler so as to permit changing coefficients 
between runs. 

4.2.3. Output Scanner. The purpose of a scanning system is to record automatically 
and in sequence all amplifier output voltages in Reser and noLD and all potentiometer 
coefficients in BALANCE cHEcK (see also Secs. 2.1 and 4.1), A typical scanner can 
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accommodate as many as 200 different outputs. The principal components are a 
printer, an analog-to-digital converter, a sequencer, an output selector, a relay unit, 
and a control panel. Functions and typical specifications of these components are 
listed in Table 4.2.1. 
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fia, 4.2.1. Schematic of autocycler. Computer is switched to oppratTe (no voltage on 
the relay lines). With the switches as shown the autocycler is in mode 1. Operation is 
we follows: 

hase 1. oppraTe timer energized through contact 3 of relay Ki and contact 1 of 
vloy Ko. operate light on through contact 4 of relay Ki. X line and Y line deener- 
gived, Computer in OPERATE. 

hase 2. Preset opeRaTE time elapses and timer contact A switched to No. This 
»nergives relay K, through contacts of rEspr timer. The contacts of relay Ki: (1) latch 
‘\, through contacts of RESET timer, (2) energize Y line switching computer to HOLD, 
(1) remove voltage from oprRATE timer and light, (4) apply voltage to HoLD timer and 
Hight 

l’hase 8, Preset Hop time elapses and timer contact A switched to No removing 
vollage from Hoxp light and applying voltage to relay Ke and reset timer and light. 
\ vontact of relay Ke applies voltage to X line, switching computer to RESET. 

hase 4. Preset RESET time elapses and timer disconnects A from NC and deenergizes 
relay Ki. Its contacts remove the voltage from: (1) Y line, (2) Hotp timer, (3) RESET 
finer and light, (4) relay Ke The contacts of relay Ke remove the voltage from the 
\ line, switching the computer to OPERATE, and apply voltage to the OPERATE timer. 
hile wtarts the next cycle, and the run counter advances one step. 


4.2.4, Input-output Programmer. This is a flexible digital input-output unit 
which accepts input data and transmits them to the analog computer; in turn, it 
seeelves and records the answers from the computer. It is used to carry out the fol- 
lowing operations (Fig. 4.2.3): > 

|. To set automatically coefficient, initial-condition, or problem-check potentiom- 
elers and to verify the results 

4. To measure the potentiometer coefficients (with 100 volts on the m1 side) and the » 
polentiometer output voltages (111 side connected to the problem) 
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3. To set up function generators from coordinate information and to verify the 
function 

4. To read outputs in any order in response to input commands 

5. To read outputs in sequence (scanning) 

6. To control the computer modes for programming a set of runs 
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Fie. 4.2.2. Block diagram of output scanner system. Amplifier output voltages are 
recorded in RESET or HOLD; potentiometer coefficients in BALANCE CHECK. 


Table 4.2.1. Characteristics of Output-scanner Components (see Fig. 4.2.2) 


Component Function Typical specifications 


POM ns 14 Pak ae ee Records simultaneously on one|tI1 characters per line, 
line the address, in a suitable} 100 lines per min 

code, of the component and its 
output voltage including polarity 
Analog-to-digital converter. .| Usually a digital voltmeter with a | Voltage error as small as 
visual display. Its output is| 10 mv. Balance speed 
connected, after balance, to the| 1 sec. Input imped- 


printer ance essentially infinite 
PM CIUCTIOGES oc Bese de Bol hse Control center of seanner—gener- | Time to advance one 
ates address signal to printer step 16 msec 
Selecta sy. 16 sus duadesed< tases Selects the output that is con-| Selects one of 200 differ- 


nected to digital voltmeter and| rent outputs in approxi- 
consists of one or more of the| mately 40 msec 
following: relays, stepping 
switches, crossbar switches 
TRGTAY WOE cs cea eas es Applies reference voltage (100 
volts) to the coefficient poten- 
tiometers (see Sec. 2.1) 

Control pane; Bi csc Sh Ace Used to start and stop scanning 
and to select starting point for 
scanning by component group 
such as integrators, summing 
amplifiers, function generators, 
multipliers, ete. 
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Fia, 4.2.3. Block diagram of input-output programmer (see text). 


Some of the units used are described elsewhere in this handbook, namely, servo-set 
potentiometers (Sec. 2.1), servo-set function generators (Sec. 3.3), and sequencer and 
selectors (Art. 4.2.3). The remaining principal components and their functions are 
iloncribed below: 

|. The input units consist of a punched-paper-tape reader and an electric typewriter 
ur keyboard. Typical input or output speed is 8 characters per second. The typed 
sopy is prepared in a suggestive code, e.g., spt 27 + 2347 for ‘“‘set coefficient poten- 
tiometer number 27 to 0.2847.” 

2, The output units consist of a paper-tape punch and an electric typewriter. In 
some installations the input and output units are combined in one assembly (electric 
{ypewriter with a paper-tape punch and reader). 

4. The decoder converts the input signals from serial pulses to a parallel-coded 
juetruction and stores the command until it is executed (see also Sec. 6.5). 

1. The encoder converts parallel output information from the digital voltmeter 
julo serial coded signals that are printed out by the typewriter. 

h, The remote-control unit provides relay switching to control the computer mode 
(Moe, 4,1) from typed commands or properly sequenced prepunched paper tape. This 
fnulure permits the operator to prepare a complete automatic program, with the end 
of the opwrarEe phase controlled by a relay comparator circuit (Sec. 3.3). Other 
sontrols include a time delay after RESET and a circuit to prevent the computer from 
eWilching to oppRaTE if any component is overloaded. 

‘The punched-paper-tape input of this programmer contributes to a large extent 
0 \ts versatility. Three fundamental computer operations can be carried out auto- 
iiatioally, viz., 

|, Variation of parameter studies 

“, Problem-checking procedures (Sec. 4.3) 

i, Automatic equipment checks (Sec. 4.7) 

4.4.6. Recorder Calibration and Controls. Multichannel variable-speed direct- 
Writing oxcillographs (strip-chart recorders) are used extensively as analog-computer 
output devices. Mach computer run requires one to record run designation, paper 


Relay coils 


Relay supply Hi 


(a) 


Relay return 


Input Kk, 


- 


Input 
attenuator 


~—200 


To 
paper-speed 
switch 


(6) 


Fra. 4.2.4. Recorder calibration and controls. (a) Calibration sequence is controlled by 
motor-driven switch. Before each run, coded calibration deflections are recorded at a 
fixed paper speed. Then the paper speed previously set on the speed switch is resumed, 
and the computer is switched to opmratn, (b) Switching circuitry for one channel, 
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speed, and recorder zero and scale for each channel; in larger computers this is often 
done automatically. One method uses relays and a motor-driven switch (Fig. 4.2.4). 
The calibration is performed at a fixed speed independent of the paper speed used in 
the problem. A useful run-designation unit can be constructed with a stamp and a 
“ounter operated by a solenoid before each computer run. 

In addition, it is convenient to provide remote controls (Sec. 4.1) at the recorder 
vontrol panel. After the mode control is switched from RESET to OPERATE, the com- 
puler remains in RESET until the calibration has been completed and sufficient time 
lus elapsed for the paper to return to the correct speed. A pip or mark denoting the 
start of each run is an added convenience. 


AUTOMATIC PROGRAMMING TECHNIQUES USING ANALOG STORAGE 


4.2.6. Analog Storage Circuits. Automated parameter-optimization studies (Sec. 
11), statistical studies (Sec. 6.3), and solutions of boundary-value problems (Sec. 
4.0) and difference equations (Sec. 6.6) require circuits capable of storing analog- 
vollage values for insertion into the computation or into a later computer run. 


lyf 


lyf 


: | 


Y relay 
(b) (c) ae 


Vio, 4.2.5. Storage circuits. A standard integrator with individually controlled relays 
stores a signal whose derivative need not be available. These circuits have two modes: 
rou and Hoxp; in the first, the relays are deenergized and in the second, the Y relay is 
energised (Sec. 4.1). (a) Basic circuit. The disadvantage of this circuit is that the 
voltage stored will be in error because of the lag due to the RC time constant (typically 


1 sec). In store, the transfer function is Z,/Ei = —1/(1 +0.1p). (6) Improved 
siroull, The input time constant is matched to the feedback; the transfer function in 
wronn is —1. (ce) Detailed schematic of circuit b. 


livery d-c integrator will store its output voltage in the HOLD condition (Sec. 4.1). 
ludlividual integrators can be switched to Hoxp if their hold relays can be controlled 
(\vough the computer patchboard (either individually or in groups). Figure 4.2.5 
slows how a conventional integrator is connected to store a voltage whose derivative 
iiay not be available in the computer setup; this is the basic analog storage circuit. A 
‘imdvantage of integrator storage is that it does not remain accurate for an indefinite 
lime; this disadvantage can be overcome through combination of integrator storage 
siroults with servo-set potentiometers. 

\ligh-speed sampling/storage circuits and their applications are discussed in Secs. 
fil, 6.4, and 6.3. 

4.4.7. Automatic Scale Changing. It is frequently necessary to study a system 
whowe variables have large dynamic ranges. One approach is to divide the problem 
\\10 two phases with different voltage scales for these variables in each phase. Storage 
viroulle are used to Hop the integrator outputs at the end of the first phase; these 
vollages are then used as the initial-conditions for the second phase with rescaling as 
yeoded, In order to implement the scale change automatically, another relay, say 
1, is needed for the initial-condition circuit of each integrator; in the second phase, 
4 new mode called reser IT is required. The mode sequence in the first phase is the 
‘ounl toswr, OPBRATE, and HOLD; in the second phase Reser ITI (initial conditions 
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Initial condition 
from RESET 1 


EB W relay 


Fia. 4.2.6. Voltage-scale change. The voltage v is stored when the integrator is in OPERATE. 
The store unit is in HOLD when the integrator is in RESETI, RESET II, or HoLD. The stored 
voltage with desired scale change is used as the initial condition in RESET II. When the 
scale of the voltage » is changed (phase II), then all computer circuits fed by v must_be 
suitably adjusted (see text). 


from the storage circuits), OPERATE, and HOLD (Fig. 4.2.6). Other methods for pro- 
gramming variables with a large dynamic range include transformations (e.g., loga- 
rithmic transformation) which reduce this range and automatic continuous scale 
change (Sec. 5.5). 
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PART 3: PROBLEM-CHECKING CIRCUITS AND PROCEDURES 
By Brrnarp D. LovEMAN 


INTRODUCTION 


4.3.1. Survey. Assuming a complete and correct mathematical problem statement 
and setup diagram, checking procedures include 

Routine equipment checks (Sec. 4.7) 

Programming checks (patchboard verification, static checks, integrating-capacitor 
check, time-scale check) (Arts. 4.3.5 to 4.3.8) 

Monitoring of excessive and insufficient signals and parasitic oscillations during come 
puter runs (Arts. 4.3.2 to 4.3.4) 

Solution checks (‘‘reasonableness” and repeatability of solution; comparison with 
numerical or digital-computer check solution; check solutions for special parameter 
values; checking by resubstitution into differential equations) 
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[quipment-test acceptance accuracies are guided by manufacturer’s specifications, 


but the accuracy obtained in programming and solution checks depends on the 
problem. Experience shows that a large error (say 0.5 per cent in a computer with 
().1 per cent components) in a static check is usually due to an erroneous setup or a 
component failure rather than to error accumulation. If a large error or lack of pre- 
vision (repeatability) due to accumulation of small errors occurs, then reprogramming 
or @ more accurate computer is required. 


EXCESSIVE AND INSUFFICIENT SIGNALS 


4.3.2. Amplifier Overload Circuits. D-C amplifier output voltage exceeding rated 
limits (say +100 volts) can operate neon overload lights or relay-actuated visual 


Output stage of 
balance amplifier No. 2 
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amplifier No. 2 


Master overload 


Balance grid* 


+300 


Chime 
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from amp. 
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fin. 4.4.1, Chopper-stabilizer overload circuit. Excessive output in any stabilizer channel 
‘feo, 2.3) lights a neon bulb and actuates relay K1; intermittent operation of relay Ks 
siiwe the chime. 


wuil/or audible overload indicators. In modern chopper- or commutator-stabilized 
‘io amplifiers (Sec. 2.3) overload circuits monitor the stabilizer-channel output 
yathor than the amplifier output (Fig. 4.3.1). Such circuits indicate nonlinear amplifier 
speration due to excessive output current and many amplifier malfunctions as well as 
ereeseive output voltage; and they will admit output voltages in excess of nominal over- 
joud if the amplifier still operates linearly (say +120 volts output with a light load!). 


ineo & momentary overload indication might be overlooked, stored-overload circuits 


heop the overload light lit until extinguished by a push button or by the computer 
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reset switch (Fig. 4.3.2). Overload-hold systems place the computer in HOLD (Art. 4.1.5) 
whenever an overload occurs to permit convenient investigation of scaling, etc.; the 
overload-hold feature can usually be turned off at the operator’s option. 

Overloads in electronic multipliers and function generators are monitored in the 
d-c amplifiers associated with them. 

4.3.3. Computer-servo Overload Indicators. Servo overload circuits similarly 
monitor servo-amplifier output voltages or motor control-field current to indicate 


To amplifier No. 1 


To amplifier No. 2 
To amplifier No. 3 


To amplifier No. 4 


Stored overloads 


Neon fires at 130 volts 
Neon sustains with 70 volts 


© © 
Open to reset 
Overload indicators 


Fie, 4.3.2. A simple stored-overload circuit. Amplifier connections are to chopper- 
stabilizer channels (Sec. 2.3). 


Prescribed voltage (P) 


Note: 
Prescribed voltage (P). 
(P) is adjustable from 
+ 2 volts to + 50 volts. 


Open to reset 


—200v 

Fig. 4.3.3. Minimum-excursion indicator circuit. Neon indicator J; is turned on at the 
start of every run. Light is extinguished and remains off if the magnitude of input |S| 
exceeds prescribed voltage P any time during the run (see text). 


excessive servo error, and hence lack of dynamic response and malfunctions as well as 
overtravel. Servo overload circuits may be connected to the master overload system 
as d-c amplifiers, or they may operate a separate master overload indicator. 

4.3.4. Minimum-excursion Indicators. A minimum-excursion indicator (MEI) 
indicates that a computer voltage § has exceeded a prescribed minimum voltage P 
during a computer run as a check on computer scaling. Figure 4.3.3 shows a Reeves 
transistor MET circuit (U.S. Patent 2,851,638). MEI lights for all computing ele- 
ments are lit at the beginning of each computer run; scaling is considered satisfactory 
if all MET lights go out during the run and no overloads are observed. If an MEI 
remains on, its computing element is checked for rescaling or for a component failure. 

Referring to Fig. 4.3.3, transistor Q, will not conduct unless its emitter-to-base 
voltage exceeds 0.1 volt. Neon J, (Ne 97) fires at 130 volts and sustains at 70 volts, 
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When Q, is not conducting, indicator J, can be ignited by the reset button (applying 
200 volts through R,) and remains illuminated because —50 volts is supplied to 
terminal C via CR, when the button is released. This condition continues as long 
aw the magnitude of the input remains less than the prescribed voltage, i.e., |S| < ae 

Assume the signal S is negative; then diode CR; does not conduct, and the emitter 
potential is zero. Transistor Q: will begin to conduct when (S + P)/2 reduces to 
approximately —0.1 volt, i.e, |S] =P. Conduction of Q, reduces the potential 
across J; to below 70 volts, and the neon is extinguished. Indicator J; now remains 
in this condition regardless of the input signal because terminal C is clamped at —50 
volts, and 90 volts is not enough to fire the neon. , y ‘ 

If the signal is positive, diode CR; conducts and the potential of the emitter is S. 
Therefore the emitter-to-base voltage is (S — P)/2. As a result, the transistor con- 
duets when S = P. 


PROGRAMMING CHECKS 


4.8.5. Patchboard Verifiers. In most computers the patchboard connections are 
ehecked by visual examination. The patchboard verifier (PBV) performs this check 
w\itomatically and rapidly; it produces a printed list which itemizes all patchcord 


Wait 


Name code 


Print 
Code matrix and Control and 
relay unit sequence unit 
Enter code 


Scan or wait 
command 


Scanning 
unit 


Vio, 4.3.4. Patchboard verifier—block diagram. Every patchboard terminal is scanned 
i) turn to determine whether a patchcord is connected to it. When a patchcord is detected 
(he seanning stops and the printer records both the source terminal and the destination 
terminal. 


Name 
terminal No, 2 


Name 
terminal No. 1 


Prepatch board 
with patched 
problem 


Search signal 


sonneetions in pairs (connected terminals). A block diagram of the PBV is shown in 
liv. 4.3.4. The basic operation is as follows: ; 

|, livery patchboard terminal is interrogated in a prescribed sequence by applying 
« voltage to the terminal. 3 

¥ At the same time that the voltage is applied to the terminal, all succeeding ter- 
ijinale are examined to ascertain if a patchcord is connected to the terminal under 
interrogation. , 

‘ tf there is no patchcord, the next terminal is checked, etc., until a patchcord is 
ileteeted, 

4, When a patchcord is detected, the scanning stops until the printer records both 
{he source terminal and the destination terminal of the patchcord. 

6. The scanning then resumes until the next patchcord is found, etc. 

Vigure 4.3.5 illustrates one method for performing this operation. ?P, (Os Aer 
(denote the patchboard terminals. When patchboard terminal P is interrogated, the 
arme SW, SWs, and SW, of the scanning stepping switch are connected, respectively, 
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Fic. 4.3.5. Patchboard verifier—schematic diagram. The scanning stepping switch (decks SW1, SW2, and SW;) is shown checking terminal P. 


A patchcord is connected between terminals P and R, shown as a dot-dash line, and consequently relay Ki: is energized through diode CR2. 
this relay halts the scanning and the designations for terminals P (say 1nT 17 out) and R (say Pot 36 HI) are printed. The diodes CR, CRa, 


CRs, ete., prevent patchcord connections from being recorded twice. 
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io P1, Pe, and Q3. At the next position the stepper arms are connected to Qi, Q2, 
and R3, ete. Assume the stepper is checking terminal P and a patchcord (shown 
dotted) is connected between P and R. In this position ground is connected to P,, 

|+-48 volts to Ps, and the low side of relay K; to Qs. Because of the patchcord K;, is 
energized, and 

1. The stepping switch stops. 

2. +48 volts is connected to the printer coding diodes and the designation of ter- 
minal P (say inv 17 ovr) is printed. 

3. Relay Ke is energized, and +48 volts is connected to the printer coding diodes 
of R and the designation of terminal R (say por 36 HI) is printed. 2 is deenergized. 
Relay K, is also deenergized when the printing is completed, and the stepping switch 
continues to the next position, i.e., to interrogate terminal Q. Note that no printing 
takes place when terminal R# is reached because A, is not energized. Thus con- 
nections for each patchcord are recorded only once. No multiple patchcords or 
portable multiples may be used. 

Other special features included in the PBV are: 

1, It will detect and indicate faults (such as a short circuit between a patchcord 
and its shield) from any terminal to the ground frame of the portable patchboard. 

2. The designation for each patchcord terminal is printed in a code suggestive of 
(he computing element, e.g., por 36 arm. In addition, each terminal is assigned a 
iumerical value; subtotals and a total are printed out. If the problem is patched 
more than once, this feature permits a rapid check (without examining each printed 
line) of the later patchings. 

3, A SELF CHECK mode is provided. The PBV prints in succession the code for 
every terminal on the patchboard. In this way the functioning of all stepping switches 
und printer coding units can be verified. 

4.3.6. Static Checks. A static check is made in RESET and consists of applying 
initial conditions to one or more integrators and reading the resulting voltage outputs 
of wll other amplifiers, multipliers, and function generators. The values of the output 
vollages are also computed from the equations; if the setup is correct, the computed 
values will agree with the measured voltages. This test will detect mistakes in 
pulehing and potentiometer settings as well as malfunctions in amplifiers, servos, 
function generators, etc. The test will not check computing resistors and poten- 
‘iometers used at the inputs to integrators. Furthermore, in order to read nonzero 
vollages at every component, fictitious initial conditions may have to be used in the 
slatic test. This makes it possible for the wrong initial conditions to be used in the 
problem if the operator forgets to restore the problem initial conditions. 

New computers have special integrator circuits for performing tests similar to static 
check, but without its limitations; connections to all other components remain the 
samoasin RESET. For example, Problem Check* is shown schematically in Fig. 4.3.6. 
In PROBLEM CHECK STATIC the X and PC relays are energized. As a result the 
ii logrator shown is connected so that a feedback resistor parallels the integrating capaci- 
for, and the amplifier output is disconnected from the INTEGRATOR oUT terminal on the 
patehbay. This output is replaced by a voltage from the Problem Check potenti- 
ometer which serves as an input to the problem. Furthermore, the Y relay is deen- 
eruived and hence the summing junction of the input resistors is connected to the 
wiuplifier, The steady-state output of the amplifier is therefore the negative of the 
win of its inputs. 

The Problem Check potentiometers introduce constant voltages into the problem; 
(iene in turn cause voltages to appear at the output terminals of each computing ele- 
jwent, All output voltages are recorded and compared with theoretical values. 

\ very important feature of this circuit is that the checking procedure is carried 
oul without disturbing the problem setup: no changes in patching, scale factors, or 
jnilialcondition potentiometer settings are required. 

Another method for carrying out static checks is shown in Fig. 4.3.7. In this 
‘method initial conditions are used as inputs to the problem. Here the summing 


* Patent pending, Reeves Instrument Corp. 
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junction of each integrator can be connected in turn to a test amplifier, and thus the 
initial integrator rates may be checked. 

4.3.7. Integrating-capacitor Tests. In PROBLEM CHECK DYNAMIC? (Fig. 
4.3.6): 

1. The X relay for each integrator is deenergized, and this disconnects its feedback 
resistor. This puts the integrator into OPERATE. 

2. After a fixed time interval 7 determined by a precision timer, each Y relay is 
energized. This disconnects the summing junction from its amplifier and the integra- 
tion stops. 
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and PROBLEM CHECK 

Fie. 4.3.6. Problem-check circuit. Relay states for PROBLEM'CHECK STATIC and 

PROBLEM CHECK DYNAMIC are given in the table (also see text). 


The output of each integrator should now be (1 + 7’) times its initial value. The 
output voltage of the other computing elements will meanwhile remain unchanged 
because the integrator outputs remain disconnected from the problem. 

In the second method, called capacitor test (Fig. 4.3.8), each integrator is in 
OPERATE (zero initial conditions) with its input resistors disconnected. A constant 
voltage is supplied to each integrator through an additional precision resistor. After 
a time interval 7 the input voltage is disconnected and the output voltages of all 
integrators are measured. They should all be equal; any discrepancy is due to the 
integrating capacitor or, possibly, to the precision resistor. 

4.3.8. Time-scale Checks. In most modern computers drift in integrators has 
been reduced to such a small value (as small as 0.1 volt in 90 min) that the major 
difficulty in choosing the proper time scale consists in avoiding excessive speed. The 
purpose of time-scale check is to determine whether the dynamic errors are excessive, 


* Patent pending, Reeves Instrument Corp, 
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Vio. 4.3.7. Static-check circuit. In this mode the three relays (X, Y, and 8. C.) are 
energized. The summing junction of integrator 3 is connected to the test amplifier, and 
iis output is the initial rate; the output of integrator 3 is the static-check voltage. 
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for RESET, OPERATE, HOLD, etc. 
Hiv, 4.8.8. Capacitor test. The capacitor test relay is energized for a time interval T, 
aod during this period all integrator outputs increase linearly. If the time constants are 
equal, the outputs at time 7’ will be equal. 
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In this mode the time scale of the problem is reduced automatically, typically to 
one-half the nominal value. This is accomplished by doubling all integrator feedback 
condensers. If the half-speed solution agrees with the original result, the dynamic 
errors are negligible, i.e., the original problem time scale is not too fast. Time-scale 
checks cannot be performed if the computer setup includes actual system hardware. 
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PART 4: PATCHBAYS, INTERCONNECTIONS, AND ENCLOSURES 
By Tuappgrvs J. Kustro 


PATCHBAYS 


4.4.1, Introduction. Most multipurpose electronic analog computers are pro- 
grammed by means of a patchboard system which comprises (1) a patchbay with 
spring-contact terminations for the computing elements and (2) interchangeable 
removable problem boards which carry the actual interconnecting patchcords. The 
programming of each problem depends on the operator’s experience and ingenuity, 
since different valid computer setups can yield solutions of different accuracy. It is 
thus important to have a problem board which permits many useful interconnections 
with a minimum of confusion. 

Electronic analog-computer setups involve closed loops of computing elements. 
Most of these are operational amplifiers operating on summing-point voltages between 
10-8 and 10-6 volt over a working frequency range which rarely exceeds a few hundred 
cps for real-time simulation; but considerations of stability and dynamic-error reduc- 
tion (Sec. 2.4) require amplifier frequency response up to several hundred kilocycles. 
The effects of shunting and coupling impedances must, then, be considered over the 
latter frequency range, since these impedances can become severe weighting factors 
on the accuracy and stability of a computer (Sec. 2.4). The design of an analog 
computer can be only as successful as the degree of consideration given to low-level 
(summing-point) voltages, leakage between interconnections, and shunt and coupling 
impedances. 

4.4.2. Patchboard Layout. The number of patchcord connections that can be 
made on the problem board determines the number of components that can be ter- 
minated at a patching station and further determines the degree to which a computer 
can be expanded into a computer system. The number of patchholes that a problem 
board may be made to contain is determined by compromise between physical dimen- 
sions and required hole spacing. Since the legend identifying the component ter- 
mination must be visible to the operator after patchcords are inserted, consideration 
must be given to the appearance and the utility of the board carrying a full problem 
program. In addition, the rear of the patchbay must be accessible for service and 
maintenance after it is fully wired. These considerations, together with mechanical 
requirements, usually dictate a hole capacity between 2,000 and 3,600, the actual 
number being determined by the computing capacity of the equipment. 

Patchbay systems used on large analog computers can be classified into patchbaya 
of cellular (shielded) and molded construction. 

4.4.3. Cellular or Shielded Construction. The system shown in Fig. 4.4.1 incore 
porates all the features desirable in patchboard design and will serve to illustrate these 
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features. One of the prime requirements is mechanical rigidity to ensure unfailing 
achievement of contact between all patch tips and their connecting springs with every 
problem-board insertion. The patchboard of Fig. 4.4.1 is mounted in a rigid cast- 
iluminum frame with hardened-steel inserts at the working surfaces of the board 
und bay. Complete shielding is achieved by a method which leaves the front of the 
putchboard fully insulated while still permitting utilization of coaxial patchcords. 
An interlocking metallic grid surrounds nylon inserts designed so as to accept the 
patchcords with a locking action while providing a means of grounding the coaxial- 
shield-termination ferrules to the metallic grid by means of helical springs. Copper 
inserts are provided in four quadrants of the board, so that the metallic grid may be 


Vin, 44.1. Construction and equivalent circuit of an AM-P shielded patchbay system. 
Noto that this construction grounds patchcord shields but does not permit accidental 
wounding of patchcord tips. (Aircraft Marine Products, Harrisburg, Pa.) 


(od a8 & unipotential ground system which connects directly to the computer ground 
tyelom. This feature enhances hole utilization, since it permits one to ground com- 
jing components by means of a shorted patch tip in a single hole. Shielded patch- 
sords obviate noise pickup and leakage and reduce capacitive coupling between patch- 
mord connections to 1 yyf. Hole spacing is 0.375 in.; this constitutes a good 
sompromise for the physical size of the board as related to the number of contained 
liwlow and legibility of patchhole identification. Recession of the metallic grid and the 


‘leign of the patehcord tips effect a longer creepage path between coaxial center- 
mnductor pins. Direct leakage between patchcord connections through the cross 
motion of the board is prevented by the metallic grid which surrounds each nylon 
fnwort, ‘The high insulation resistance and low capacitance achieved by this type 
#! construction are illustrated by the equivalent circuit also shown in: Fig. 4.4.1. 


The patchbay is similarly constructed; its nylon inserts bear the contact springs 
Which incorporate taper-pin receptacles. These receptacles permit the use of solderless 
Wiring and the use of computing elements plugged directly into the contact springs 
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without intermediate wiring. Engagement between patchcord tips and the spring 
contacts of the bay is made with a wiping action which ensures a low-resistance contact 
under a spring pressure of 6 oz. Both spring contacts and patchtips are gold-plated 
to enhance conduction of low-level currents through a contact area which is rated at 
5 amp per circuit to prevent damage or burnout due to faulty patchcord connections. 

A more economical method of patchbay design utilizes a patchbay which incor- 
porates many of the features described above but utilizes a metal patchboard in which 
the holes are drilled. Shielded patchcords are used with shield-termination ferrules 
grounded to the metal board. The economy of such design entails some minor dis- 
advantages. Some flat panels, even when stress-relieved and reinforced, have a tend- 
ency to flex and lose contact alignment when patchcord plugs exert heaviest spring- 
contact pressure at the problem-board extremities. This condition may be alleviated 
by intelligent problem-board layout. The insulating finish on a metallic board is 
quickly scored by shield-ferrule contact, so that inadvertent shorting to ground of 
patchtips is not readily avoided during patching changes unless high voltage is 
removed from the patchbay for such changes. The design does, however, retain 
most of the features of the system shown in Fig. 4.4.1 at a substantial saving. 

4.4.4. Molded Construction. Patchboard systems comprising phenolic patch- 
boards and patchbays are adaptations of systems used with digital computers, where 
insulation and shielding characteristics are less important. Mechanical stability is 
achieved by means of a sturdy metal frame, but hole spacing is generally too close for 
optimum patchhole identification, so that holes may have to be sacrificed to prevent 
overcrowding of connections. Molded phenolics are characterized by high surface 
resistance, but cross-sectional leakage is comparatively high and unpredictable because 
of fillers used in the molding process. It is impossible to avoid leakage between con- 
nections, particularly if the patchtips contact the cross-sectional area of the board. 


Table 4.4.1. Patchbay Accommodations for Two Analog Computers 


Company A | Company B | Company A | Company B 


Component description iS |, 


Units | Holes | Units | Holes | Units | Holes | Units | Holes 


Integrator-summers.......... 16 352 18 432 34 748; 30 720 
Tntegrators: 00580 a ork 14 196 0 0 34 224 0 0 
Baamieree eee pce ihe seo 6 28 392 27 432 46 644 45 720 
ERY GREGTE 255.505, iets ravers ss Geiss 1 22 88 15 45 24 96 25 75 
Grounded potentiometers..... 93 186 70 140| 165 330} 140 280 
Free potentiometers.......... 12 36 10 30 20 60 10 30 
Relay amplifiers............. 8 64 6 48 16 128 10 80 
Function switches............| 10 60 12 96 16 96 20 160 
PREG OMUCN itches ae be | 16 32 9 18 25 50 15 30 
Free passive elements........ las: 25. 50 12 24 25 50 20 40 
Eight-pen recorders.......... | 2 16 2 16 3 24 3 24 
wepplotierernrs ches eh kbs 2 16 2 16 4 32 4 32 
Interconnects—trunks—spares, 150 150} 220 220} 190 190} 278 278 
Mapltiplag ns Na aiken. 72 72 96 96} 151 151] 192 192 
References—grounds......... 40 40 84 84 88 88| 168 168 
Miscellaneous—scope—noise 

ETOTAGOR. rch becouse atay es. doa, ens 18 18 26 26 23 23 56 56 
Transport delay units........ 2 8 0 0 4 16 0 0 
Fixed DFG units............| 6 12 0 0 12 24 0 0 
Electronic multipliers........ 30 100 12 54 54 180 20 90 
Function interpolators........ 10 20 0 0 18 36 0 0 
10-segment DFG... ..5....... 12 72 12 48 24 144 20 80 
Servo resolvers.............. | 2 52 3 87 4 104 5 145 
Servomultipliers............. | 4 88 6 150 6 144 10 | 260 
Total patchholes.............| 2,128 2,078 3,600 3,450 
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Unshielded cords are generally used with these boards and may cause noise pickup, 
hetween-patchcord leakage, and intercircuit capacitances in excess of 10 ppt. ; Shielded 
patchcords may be used, but since separate patching of the shield terminations is 
required, the number of available holes places an upper limit on the number of shielded 
patchcords that may be used. Molded patchbays are the most economical but do 
not meet the same specifications as shielded-type patchbays. 


Fixed int. Summers Int./sum. | E. mult. Int./sum. 
6 25 | 28 2 
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\iu, 4.4.2. Section of a Computer Systems, Inc., CSI 5900 computer problem board. 
lhe board layout permits maximum use of single- and double-ended patchplugs to facili- 
fale programming and patchboard switching. CP points accept single-ended plugs which 


round and thus energize relays to transfer amplifiers associated with multipliers and 
Sation generators to operation as inverting amplifiers. NA, NB, and NC accept single 
plume to transfer relay control bus to effect separate control of amplifier groups. SN points 
ave junetions of gain resistors 10, 1, 10 and are so grouped that they may be connected 
to the summing junction of the amplifier by a two-point plug or assigned to some other 
splifier by means of a patchcord. Amplifier outputs can be patched directly to potenti- 


simoetors, which may be patched to the input of the following amplifier. A study of the 
juyout will reveal numerous other connections which can be made by patchplugs so as to 
‘iinimise use of patchcords. Large capital letters denote different colors. 


4.4.6, Patchboard Layout and Human Engineering. For maximum efficiency in 
ihe use of computer time, the operator must have centralized control of the computer 
program, mode of operation of switched devices, and input and output monitoring 
ane for static and dynamic checks of computer performance. Setting of coefficient 
potentiometers produces the greatest time lag between problem insertion and initial 
problem solution, Larger systems require automatic input-output systems capable 
of controlling servo-set potentiometers from prepared punched tape and of verifying 
tho settings of the potentiometers against command information (Sec. 4.2). 

The greatest contribution to centralization can be made by effective problem- 
hound layout and patchhole utilization, In computer systems whose capacity does 
vot excood 125 amplifiers, it is preferable to avoid splitting the problem program 
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between two stations. Insertion of the problem board into the patchbay system must 
represent a complete address to the computer and the modes of operation of amplifiers, 
multipliers, dividers, function generators, and other accessory components so that 
the operator need not have undue concern about remotely located components and 
the states of associated switching circuitry. Table 4.4.1 gives a general comparison 
of number of computing devices which may be associated with a patching station 
while maintaining control of all the modes of their operation. Note that company A 
achieves an increase in amplifier capacity of 33 per cent over that of company B 
although the number of patchholes is approximately equal for their respective pro- 
gram boards. Company A employs a patchbay system permitting use of a single- 
ended ground plug instead of two-hole or four-hole shunt plugs for grounding and 
control purposes, thereby freeing several hundred holes for use with additional equip- 
ment. A further advantage of single-plug patching is that the presence or absence 
of a plug indicates to the operator that mode of operation of a switched device without 
the necessity of tracing connections. Figure 4.4.2 depicts a section of company A’s 


problem-board layout which extends the philosophy of plug patching with a minimum 
utilization of two-ended patchcords. 
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INTERCONNECTIONS AND GROUND CIRCUITS 


4.4.6. Miscellaneous Design Considerations. Machine contributions to the 
intrinsic errors of the analog computer determine the accuracy of solution and limit 
the configuration of programming and time scaling that may be used. High per- 
formance requires that the dynamic components have high internal gain, wide band- 
width, and good phase margins; such characteristics are more readily achieved in any 
single component than from an assemblage of components in a computer console 
(see also Sec. 2.4). Console layout, cabling techniques, and quality of workmanship 
can become severe limiting factors on computer performance. The most serious 
causes of inaccuracy are leakage, noise, coupling impedances, and stray capacitances, 

4.4.7. Leakage. Analog-computer programming involves interconnection 0 
high-impedance passive elements to high-gain electronic devices which derive thei 
outputs from incremental voltages applied to their input terminals. Leakage resis 
ance paths from other sources to these input terminals must be in the order of 10! 
ohms if the potential accuracy of the computer is to be achieved. The most rigoro 
test of computer static accuracy results when the program derives a term of an equ 
tion from the difference of quantities whose excursions encompass the full dynam: 
range of the computer. The importa 
of leakage contributions becomes obvio 
when the error in computation is taken 
a percentage of a calculated value. Fi 
4.4.3 demonstrates that leakage-path con: 
tributions can actually become more impor 
tant than the accuracy of passive elements, 
While leakage between other connections 
may be troublesome, the leakage to the 
amplifier input grid and across component 
terminations connected to it produces errors: 
of greatest importance. Discussion of 
patchboard construction indicates means 
of preventing leakage due directly to 
patchbay characteristics. Leakage in witty 
ing of the input grid to other components, 
such as control relays and amplifier conned. 


tors, can be obviated by the use of coaxial 
or shielded wire. Leakage paths of importance can then be fairly well relegated 


terminal-to-terminal leakage of components, the degree of importance being d 
mined by the level of potentials existing on neighboring terminals. ‘The most ela 
rate connectors provide coaxial contacts for amplifier-grid termination and thereby 


Fia. 4.4.3. If the leakage resistance R,; is 
1,000 megohms, the output error is 50 per 
cent, even though the computing resistors 
Ri, Ra, and Rs are ideally matched to 
1 megohm. The error in the output X due 
to leakage exceeds that resulting from a 
0.2 per cent deviation in either Ri or Re. 
If Rs is replaced by a 1-pf capacitor, an 
integrator drift of 100 my per sec results. 
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jwolate the grid from other contacts; other connectors separate summing-point ter- 
minations from high-voltage leads by grounded contacts; others merely rely on the 
longth of the ereepage path across body material with high insulation properties. 
he last method may be marginally satisfactory if solderless connections are used or 
if extreme care is taken to avoid flux spillage in soldering connections. The advan- 
(ages of modern insulating materials such as orlon, nylon, or filled diallyl phtalate 
ave often lost because of surface leakage paths which result from solder-flux residues 
which are extremely difficult to avoid, particularly on miniature components. 

4.4.8. Parasitic Coupling Impedances and Noise. The accuracy of 1 ean 
jiter solutions is a function of the time scale of the equation program. Precision 0 
jinsive elements and spurious inputs due to leakage are limiting factors if the program 
is sealed down in time, and the phase response of dynamic components limits the 
wecuracy if the program is scaled up in time. Neglecting electromechanical com- 
jwonents, the time scale that may be used for a given accuracy 1s determined “i 
jurasitic impedances inherent in the computer assembly and its power supplies. The 
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‘lynamic response of a computer is a direct function of the bandwidth of its amplifiers, 
which is never less than 10 ke and may exceed 50 ke if high-speed iterative operation 
jw w design objective. The parasitic impedances must then be considered over a 
frequency range of several megacycles, since they affect the usable bandwidth more 


iin any other factor (Sec. 2.4). The nature of these impedances is complex and fea 
jositions in a computing configuration are unpredictable; no reliance can be place 

on reduction of their effects by feedback in the closed loops. More often than not, 
\holr phase-shift characteristics produce regenerative action and parasitic oscillations 
wad increase the level of high-frequency noise. Parasitic oscillations due to capacitive 
wid resistive coupling between input and output terminals of amplifiers are easily 
dealt with by proper shielding and component layout. Series coupling ee 
(hat occur in power supplies, wiring, and the computer ground-return system are oe 
‘youblesome; they are not easily determined quantitatively and can affect bot 

ility and noise level. = 

rhe Me at which coupling impedances become critical for stability and produce 
»sconsive cross talk between amplifiers depends on the current through each coupling 


icl i - lifiers must 
‘wpedance. A power supply servicing over fifty general-purpose amp 
hin os an internal impedance in the range of 0.01 to 0.05 ohm over the frequency ipa 
of (he amplifiers if stability is to be assured for any computing configuration. 


redundancies in equipment can be tolerated and multiple power supplies are used to 
service small numbers of amplifiers, the internal impedances can be somewhat higher. 
(\rrent distribution and choice of conductor sizes in the power cabling should be 
determined so that cable impedances are small compared with the internal ee 
of (he power supplies. Cable layout and lengths should be chosen for minimum yas 
wluetance. Wherever possible, the cable impedance | should be enclosed ms ao 
vollage-regulator loop so as to divide the effective cable impedance by the = 8 : e 
ymulator amplifier. The noise level at the regulator output should be ae f “~h 
‘iy, #0 that power-supply contributions to amplifier noise may be kept to negligible 
jovels when amplifiers are operating in high-gain loops. ve Or aie 
4.4.9. Ground Circuits. The most prevalent cause of parasitic oscillation an ws 
soo lovel in the computer is coupling in the ground-return system. Since en the 
polontials in the computer are referenced to the computer ground bus, its impedance 
‘ybraces both power and signal sources. The distribution of electronic devices in a 


‘omputer often precludes effective grounding at a single point, so that se ocr 
syelem impedance must be low enough to effect an essentially unipotential vison 
Suh a aystem can be approximated with copper bussing of sufficient cross section : to 
hwy in.) to achieve a maximum potential difference of 50 pv between any two points im 


he eyatem under all operating conditions. Yor most effective grounding of power and 
ooh (orminations, the conductors between the bus and individual nga niteiaiea 
should be of minimum length regardless of cross-sectional area. pero grounding 
should be separately conducted to the bus system, so that conductor shields a ar 
eliher power or signal currents. Conductors of current to power devices — as ser 

weohaniame, relays, and stepping devices should be separately conducted to their power 
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source and grounded to the system at that point. Separate amplifier- 

connections and separate coefficient-setting paenaehends mini he “be Conall 
and may permit ground connections of smaller cross section (No. 10 copper wire) 
If the necessity of earthing the computer ground system exists, the secondary windings 
of all transformers connected to the ground system should be electrostatically shielded 
from the line power source. Utmost precaution in treatment of the ground system 
is warranted if the computer noise level due to line-frequency pickup, line transients, 
and computer switching and keying transients is to be kept below 1 mv. High- 
frequency pulses in the grounding system can be particularly troublesome, since they 
are generally integrated by chopper-amplifier decoupling networks and produce 
ee yon an on pulse height and repetition rate. 

-4.10. Stray Capacitances. Stray capacitances are of importanc | i 
effect on amplifier frequency response (Sec. 2.4). The fetonaa ne prance 
fier is difficult in itself, because neither the magnitude nor the nature of the feedbaol 
and input impedances is fixed but may vary widely depending on the requirements 
of the program. The designer therefore strives in tailoring the response of the ampli- 
fier to obtain the widest gain and phase margin. Stray capacitances deteriorate this 


Phase, degrees 


lke 10 kc 100 kc 
Fia, 4.4.4, Effect of cabling capacitances on amplifier frequency response. 


response by either decreasing phase margins to the point where stabili 

marginal or by peaking the amplitude response and pee ea itive the cau 
amplifiers that may be enclosed in a degenerative loop without parasitic oscillation of 
the computer. Shunt capacitances are unavoidable, since they are generated by other 
design considerations. Capacitive loading of an amplifier grid with respect to ground 
is a function of the shielding required to preclude capacitive coupling and noise picku 
Shielding is accomplished with consideration for wiring lengths and wire epecification 
with the percentage shielding of a wire of given dimensions determining the shunt 
capacity from the grid connection to the outer shield which is grounded. Such 
capacitance may vary from 11 yyuf per ft for coaxial wire to 50 uyf per ft for shielded 
wire with outer dimensions in the order of 0.090 in. In the writer’s opinion, the use of 
shielded wire should be restricted to wiring between high-impedance passive elements 
and input terminals, since shielding of low-impedance sources such as amplifier output 
connections may accomplish little more than increase in capacitive loading it is 
important to note that amplifier response must be compensated for capacitive loading 
of the input grid, and that such compensation imposes the requirement of equal loadin 
of all amplifier input grids if the response of all amplifiers is to be identical. In lar 7 
computers, where wiring lengths may vary widely, such equalization may be acodlll 
plished by selection of wire so that capacitance per foot is proportioned to the length 
of the wire. Figure 4.4.4 illustrates the effect of wiring capacity on the response of & 
typical amplifier. Note that, although the response at low frequencies is substantially 
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\naltered, peaking of response at frequencies that produce considerable phase shift 
limits the utility of the amplifier to loops that do not enclose more than three to five 
«mplifiers. One can minimize shielding requirements by cable-harnessing practices 
which separate power conductors from signal wiring and maintain low current densi- 
‘ion in cabling, particularly at line frequencies and their harmonics. A-c power 
wiring to high-voltage supplies, amplifier filaments, and conductors of unregulated 
voltages to power devices are major sources of difficulty. Power supplies can be 
loouted away from computing elements or, preferably, in a separate assembly. Ampli- 
(ior filament wiring is difficult to deal with, since it is virtually impossible to achieve 
vomplete separation of resultant magnetic fields and high-impedance connecting 
wiring. Multiple filament transformers suitably located help to avoid line-frequency 
piukup. Extreme precautions in line-frequency wiring is warranted if computer 
volne levels in the order of 1 mv are to be achieved without excessive shielding, which 
Wight deteriorate amplifier response. 


COMPUTER ENCLOSURES 


4.4.11. Cabinets. The design of analog-computer enclosures involves computer 
jerformance, reliability, and human factors. 

‘Two approaches have been taken to the design of computer systems. The concept 
of separate operating console housing the patchbay system and all scaling, control, 


- and input-output functions aims at separation of the operating functions from those of 


wrvice and maintenance. Such a design ideally 
joatricts the operator’s concern to problem solution 
nd places the maintenance engineer behind the scenes 
i deal with hardware performance with a minimum 
of communication between the two functions. While 
(hin concept effects a better environment for both the 
#porator and maintenance sections, the physical sepa- 
ration of the equipment from the control console 
Jeorenses the performance obtainable from the com- 
juilor because of limitations imposed by series and 
sunt impedances of extended cables. In such a sys- 
fom the entire computer-room installation attempts to 
‘seo computer-design criteria, and economic consider- 
tions have limited the number of such installations. 
‘he most prevalent design encloses the patchbay sys- 
fom and controls in the same cabinet, with modular 
sleetronic units inserted from the operating side of the 


hic 
is 


rT 


somputer. A compromise between the two concepts 

» aehieved in computers designed so that modular 

wuite are inserted from the rear or maintenance side 

ofthe machine. Sucha compromise effects separation 

»f computing and maintenance functions without Fra. 4.4.5. In the REACF 400- 
plysival separation of the equipment. Complete  Se7°s PE RONEET: be ae 
»»yaration of the two functions is obviously not possi- oboel cha rps ‘ee 
hie, since the computation depends on the operator’s gow x pitickont the potter te 
sownleance of equipment malfunction. The design the top of the cabinet, and 
should, however, aim at a minimum of interference. special ducts channel air from 

wether requirements of mechanical design are simi- the intake fan in the rear. 

ju to those of packaging any electronic equipment of 

eyual complexity. Accessibility of all parts will minimize down time. Modular 
pligein units facilitate service through quick replacement of malfunctioning units that 
‘way be serviced on auxiliary test jigs. Maintenance of control circuitry is greatly 
simplified by the use of plug-in relays. 


4.4.12, Ventilation. While most electronic devices will perform satisfactorily over 
« lunge range of temperatures, the temperature coefficients of passive elements 
inepoclally integrating capacitors, Sec. 2.4) require consideration if accuracy is to be 
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maintained. If sufficient ventilation is not effected, the passive elements must be 
enclosed in a temperature-controlled oven operating at an elevated temperature. 
Ovens, however, have considerable thermal inertia and must be energized even when 
the computer is not in use if temperature stability is to be effected and difficulties 
due to recycling (Sec. 2.4) and moisture condensation are to be avoided. The neces- 
sity for a temperature-controlled environment for resistors can often be avoided by 
temperature compensation (choice of resistance alloy) in manufacture. Capacitors 
whose temperature coefficients are in the order of 30 to 50 ppm per uf per deg C are 
sufficiently temperature-sensitive to warrant concern. Since capacitors are adjusted 
to close tolerances by mechanical compression, the stability of such adjustment may 
suffer with temperature cycling in improperly designed ovens. Good ventilation 
practices can often achieve sufficient component stability, especially since modern 


computer installations are equipped with air-conditioning systems which can main- 
tain ambient room temperatures within 5°F. 


The enclosure-ventilation method illustrated in Fi 
systems. In other designs, a thermal-barrier wall isolates heat-dissipating units from 
passive elements so as to achieve for the passive-element mounting area a temperature 
rise in the order of 1°C above ambient room temperature. Air-intake filters are incor- 


porated in most ventilation systems, and the intake fans pressurize the enclosure to 
avoid infiltration of dust. 


g. 4.4.5 is adaptable to ducting 


PART 5: COMPLETE ELECTRONIC ANALOG COMPUTERS: 
SMALL AND MEDIUM-SIZED COMPUTERS 


4 By Granino A. Korn 


INTRODUCTION 


4.5.1. Introductory Remarks. Applications. 
puter will be arbitrarily referred to as smail if it h 
Medium-sized d-c analog computers may have be 
from combinations of small computers to installations which differ from really large 


computers (Sec. 4.6) mainly by the omission of expensive digital programming, read- 
out, and checking equipment (Secs. 4.2 and 4.3). 


Users of small and medium-sized electronic analog computers include 


1. Industrial laboratories wishing to provide individual engineers with desk-top 
computers 


2. Educational institutions 
In industry, small electronic analo 


A general-purpose d-c analog com- 
as less than 20 operational amplifiers, 
tween 20 and 60 amplifiers and range 


g computers can give quick answers to many 
problems requiring only linear computing elements (e.g., control-system design, net- 


work problems) and problems requiring perhaps one or two multipliers and/or func= 
tion generators (e.g., nonlinear oscillations). Even small analog computers can also 
serve as stand-ins for filters, controllers, or aircraft in various partial-system tests 
(Sec. 5.6). Much less well known is the extraordinary power of the small computer in 
solving a large class of difficult nonlinear problems with the aid of plug-in fabricated diode 
circuits as the only nonlinear elements. Such problems can involve limiting, impact, 
mode switching, sampling, logical decisions, etc. (Secs. 3.3, 5.4, and 6.3). 

Educational institutions will use either individual small analog computers or several 
small patchboards associated with a medium-sized computer for instruction not only 
in computers and controls but also in many other fields such as physics, differential 
equations, random processes, and as psychological-test models. Amedium-sized instal+ 
lation may give students a greater sense of power and feel for industrial practice, and 
it is, of course, available for larger research problems. The main advantage of very 
small computers is their portability. 

4.5.2. Design for Expansion. Most computer installations will require expansion 
as users begin to realize the possibilities of the equipment and as new problems ariae, 
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In the specification of a computing system to be dani 8 perwerine bagi. ~ —_ 
r nite i i } timate of its largest c d ze. 
important initial considerations is an es _ permet 
i to expand beyon e plific 
A d-c analog computer which is not intende pedir 
i t output (5 to 10 ma) and, possibly, : 
wun safely employ amplifiers of small curren bs eri 
e cost of such amplifiers 
| 60-volt rather than a +100-volt output range. c Paro sein 
7 fiers suitable for use in expanded installat F 
about 70 per cent of that of larger ampli : t x ee ak 
j fication of 1 per cent instead of 0.1 per 
Awain, smaller computers often justify speci I avers pb teaneteve 
y carefully weig 
w 0.01 per cent network components. Such savings mus ry ct ly 
Ssinnt tthe possibility of future expansion, which is, in the writer’s opinion, most 
frequently the more important consideration. : Pxtnae 
F \ rt sie a 5.9 illustrates a practical expansion ——. A we rin = a 
freq i ts of an expandable - - 
‘ion can frequently buy successive componen 1 int Se eet dae 
: 3 i budgets rather than obtain funds for a comp 
5 2 ly i keshift fashion. On the manu- 
\nwtallation which can be expanded only in a make ; <i 
i i an open a larger mai ; 
fnelurer’s side, careful design for convenient expansion ¢ 
” reas should also be reasonably compatible with ee a ripe 
of other manufacturers and should, for example, fit standard relay racks and uw 
elandard +100-volt range. 


SYSTEM DESIGN 


4.5.3. Amplifiers and Power Supplies. The a - reget cece 
sch : ote f ee 
wnveniently employ d-c amplifiers requiring two identical b “s 
Fa. 300 cola or i 250 volts). Relatively simple vic oe atta 
ifi 7 in Fi tal two-tube plug-in, with as pper- 
wal amplifiers are shown in Fig. 6.2.1a (oc | z-in, regs A oe 
i i ted-circuit card with sta 
wabilizer module optional) and Fig. 6.2.1b (prin: it d : << 
i i tive as well as “slow” d-c analog com 
»hannel); both amplifiers are suitable for repeti A : er 
and high-voltage supplies are, 
lors. The same general type of amplifiers an 
os —_ the most suitable vacuum-tube amplifiers for a broad aud as Neat wi 
and instrumentation applications of operational amplifiers ees ze Seach et 
solos can broaden the cost base of a small computer and should be — u ade seer 
iy its design; indeed, the small computer may actually be a by-produc 
‘rational amplifiers. as ior 
ornate larger or expandable d-c ro ad a a saan ‘acho ro 
i i i al ampli Q 
\‘awe power supplies permits more flexible and economic I r 
.N), a the amples output stage can now supply voltage ge = i 
output current, and requirements on the preceding stage are +r 7 at hoe 
dual or quadruple amplifiers designed for larger computers een : ey she 
Hullo suitable for expandable smaller ee (20 to renter . ab he phic 
’ Sec. 2.3) help to prevent excessive ‘ 
Se etion hoes f +300 volts and —450 volts are particularly 
slallations. Power-supply voltages of + volts , ; : 
Biel since they also permit the use of smaller commercially available +300-volt 
lifiers, multipliers, ete. i 
aye ewe Computing Elements. Medium-accuracy (0.1 - Rvp 
wrvomullipliers and electronic multipliers (diode quarter-square, pres pha ay 
wn time-division types, Sec. 3.2) are commercially available. — _ ae 
\enance problems and preclude fast and especially repetitive vege ai ap aipetaod 
vdvantage lies in the relatively low cost of producing several — _ y aac 
of (he servo-input variable. Electronic gt ar ro ates ae : “ ch oP os 
siobilized units are well worth the small extra cost, even though : 
i i i j th their built-in balance meters. 
lived commercial units are fairly easy to adjust wi I 5 E t 
4 Diode ‘Aimdlion generators are also Te . Sheets Na vi Mal he oes 
He : wap 
ihelr own amplifiers, or the user may set up diode circuits 0. p i 
Sond, Plugein bias-setting networks are a ee es, means of function 
: for diode function generators (see also Sec. 3.3). i" 
arin Patchbays, Simulation Boards, and Control Systems. (a) Committed and 
wich . , . . 
‘neommilted (Plug-in) Networks. In the writer’s opinion, ‘ 
pr cet ted analog computers comprising 15 or more amplifiers should have 
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provision for a patchbay arrangement with committed integrators and summing ampli- 
fiers (i.e., operational amplifiers with computing networks and control circuits built 
into the patchbay) for speed and convenience in programming, and also to save 
(relatively expensive) patchbay terminations. 

2. Every general-purpose electronic analog computer should permit uncommitted 
operation of at least some amplifiers with plug-in network components and junction 
diodes; the most convenient method for this purpose involves small extra plug-in 
patchboards (“simulation boards’) with banana-jack terminations. Simulation 
boards permit very convenient patching of sophisticated RC networks and fabri- 
cated diode circuits (Sec. 3.3) and are an excellent place to put less frequently used 
components, such as operational relays, as plug-in assemblies. 

Plug-in network components may be 1 per cent types, or they can be adjustable 
with the aid of an accessory bridge or null voltmeter. Committed patchbays may 
as well use 0.1 per cent resistors at only slight extra cost. 

Uncommitted patching systems should definitely have plug-in resistors rather than 
built-in resistors with patchbay terminations. The small extra cost of duplicate resistors 
for a few plug-in patchboards is negligible compared with the almost incredible 
nuisance of patching, say, a summing integrator with patchcord connections alone, 
and there is little reason for placing modern low-temperature-coefficient. resistors 
in a patchbay oven. For larger computer setups, one should use committed networks 
installed behind the patchbay. 

(b) Design of Patchbays and Simulation Boards (see also Sec. 4.4). Even the small- 
est general-purpose electronic analog computer can have plug-in patchboards; the only 
exception is the case of fast repetitive computers, which require the shortest and 
most direct wiring possible. While elaborate spring-contact patchbays (Sec. 4.4) are 
out of the question for small computers, one or two 32-point ribbon-type cable con- 
nectors (e.g., Amphenol Blue Ribbon) provide excellent connections for small patch- 
boards (5 to 20 amplifiers). Coaxial connections to the amplifier summing points are 
collected at an end or at both ends of the ribbon connector and are separated from 
high-voltage and output connections by ground terminations to prevent leakage. 
Connectors may be on the cabinet front, or cables can be used between cabinet and 
patchboards. The connectors can also serve to connect fixed special-purpose com- 
puter setups which will make a set of general-purpose amplifiers into an inexpensive 
special-purpose computer (signal generator, servo tester, process controller, test set 
for psychological or physiological experiments, etc.). A 10-amplifier computer can 
have connectors for two five-amplifier patchboards. 

For convenient problem changing, all mode switching of computing elements 
will be effected through multiple plugs (“bottle plugs”) on the patchboard, not 
by switches on the panels of individual computing elements. In this manner, all 
integrators can be reconnected as summers. Since terminations for integrator con- 
trol relays add to the cost of the patching system, not all amplifiers on a committed 
or uncommitted patchboard layout are designed for use as integrators. 

In designing patchboard layouts, avoid collecting each type of computing element 
(summers, multipliers, etc.) together, but arrange functional groups of computing 
elements so as to minimize the number of long patchcord connections and to permit shorting- 


link connections. A typical functional group might comprise a convenient arrange- 
ment of 


2 integrator/summers 4 to 6 coefficient potentiometers 
1 summer 1 to 2 multipliers 
1 phase inverter 1 to 2 function generators 


to permit solution of a complete second-order equation of motion in a small area of the 
patchboard. Not all functional groups need contain nonlinear computing elements, 
In the writer’s opinion, all patching should proceed from left to right, with return cons 
nections through built-in patchbay trunks connecting patchbay terminations at the left 
and right of the various functional groups. Patchbays designed in this manner are very 
substantially easier to work with and greatly help to avoid patching errors, 
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Figure 4.5.1 shows a convenient layout for small patchboards, which permits com- 
mitted operation with plug-in integrator, summer, and comparator modules as well 
as uncommitted operation. Note how the same type of plug-in potentiometers serve 
both as coefficient potentiometers and as bias-setting potentiometers for a wide 
variety of fabricated diode circuits. Patchboards are preferably made of metal for 
minimum leakage. Nylon-insulated press-in or screw-in banana jacks are spaced on 
34-in. centers for use with network components and diodes mounted on General Radio 
plugs. General Radio shorting plugs replace many patchcord connections. 

The same boards can also be used as simulation boards for larger computers. 

4.5.6. Control Systems for Small Computers. On the smallest computers, inte- 
grator control relays (Sec. 4.1) can be replaced by simple ganged control switches on 
each patchboard. A slightly more elaborate system uses control relays mounted in 
the plug-in integrator modules of Fig. 4.5.16 and operated from the 300-volt supply 
through a small push-button control plugged into a telephone jack on each patch- 
board. If an oscilloscope with a triggered sweep is available, a hand-held compuTE 
push button is the simplest way to obtain repetitive computer operation. 

As the computer is expanded (Fig. 4.5.2), these simple controls are easily replaced 
by a true patchbay-mounted control system. In this connection, it is unwise to save 
by specifying inexpensive multiple relays for controlling groups of integrators. High- 
quality reset and hold relays serving at most two integrators will not only permit 
individual control (Secs. 4.1 and 4.2) but are absolutely necessary for timing accuracy. 
There is no sense in specifying 0.1 per cent resistors if 0.5 per cent timing errors are 
permitted. 

4.5.7. Metering System and Recorders. Smaller computers commonly utilize 
comparison potentiometers (null voltmeters) to set coefficient potentiometers (Sec. 2.1), 
initial conditions, operational-amplifier transfer functions, and limiter break points; 
the same comparison potentiometer can also read amplifier output voltages in HOLD, 
The meter used in the comparison circuit can also function as a center-zero voltmeter 
for rough voltage readings. 

In the smallest machines, the metering circuits connect to a hand-held probe whose 
cable is plugged into a special patchbay termination. Larger systems may add multi- 
point or push-button selector switches which select potentiometers, amplifiers, and/or 
patchbay points for metering. As the system is expanded, provision is made to 
replace the null voltmeter by a digital voltmeter-ratiometer. 

Relatively simple strip-chart recorders and servo plotting boards are available for 
use with small analog computers and can often be shared with other measuring appli- 
cations in a laboratory. In the case of the smallest 10-amplifier computers, the cost 
of the recording instrument may be comparable with the cost of the computer; hence 
small machines should have provisions for repetitive operation or at least for a push- 
button compute switch to permit oscilloscope read-out. A Polaroid Land camera 
permits convenient recording of oscilloscope traces. 

4.5.8. Reference Power Supplies. The smallest computers use battery-poten- 
tiometer “volt boxes” or small VR-tube stabilized transformer-rectifier packs as 
isolated sources of constant input voltages, initial-condition voltages, and diode bias 
voltages. It is preferable to use initial-condition circuits which do not require sources 
isolated from ground (Sec. 4.1) and to bias all diode circuits in the manner shown in 
Fig. 4.5.1. One can then obtain +250 to +300 volts from the high-voltage supplies 
and +105 volts with the aid of VR tubes and set voltages with the aid of a null volt- 
meter. As the computer expands, an accurate low-impedance +100-volt reference 
supply is easily built in the manner of Fig. 2.5.8; note that this circuit operates off 
the computer high-voltage supplies and does not require a separate transformer= 
rectifier unit. 

4.5.9. Typical Installations. (a) Desk-top Computers. A desk-top computer useful 
either for teaching purposes or for use by individual engineers comprises 10 to 20 d-¢ 
amplifiers capable of 5- to 15-ma output, a simple metering system, control relays or 
switches, and interchangeable patchboards for uncommitted amplifiers, Wither 
plug-in or panecl-mounted coefficient potentiometers are provided. Such machines 
are convenient and economical if further expansion is not contemplated; accessory 
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multipliers and/or diode function generators are mounted in separate desk-top cabi- 
nots and can be shared between several desk-top computers as needed. 

(b) Expandable Computer (Fig. 4.5.2). Initial purchase of a 10-amplifier module 
with chopper-stabilized 15- to 20-ma amplifiers together with power supplies sufficient 
for about 20 amplifiers permits desk-top operation with a simple metering panel, 
palchboards for 5 or 10 uncommitted amplifiers, and plug-in or panel-mounted coeffi- 
cient potentiometers. Control switching for four to six integrators is initially accom- 
plished with simple rotary switches or relays plugged into the patchboards. Multi- 
pliers and/or diode function generators are next added as needed. 


beat Simple metering system 


Power supplies 


Amplifiers, 
multipliers, etc. 
Coetficient potentiometers 


Digital voltmeter 


Patchbay-control module Oscilloscope 


Coefficient potentiometers 


Desk top 


Power supplies we 


~ 


Plug-in connections 
for simulation boards 


(b) 


iia, 4.5.2. Ten-amplifier table-top computer (a) and expanded installation (b). 


(‘he next major purchase is a patchbay-control module which admits committed com- 
juiling networks for up to 30 amplifiers and controls with high-quality integrator 
solaye for 12 to 16 integrators; a patchbay oven is optional. ; One may now add a 
‘ental voltmeter (this is invaluable for setting coefficients and initial conditions) and 
Baditional amplifiers, multipliers, function generators, and power supplies as funds 
}eeome available; the 30-amplifier patchbay permits utilization of up to 40 amplifiers 

(ie uncommitted patchboards are used as “simulation boards” for special networks, 

le eiveults, ete. It is of interest to note that two systems of this type are easily 
slaved together (See, 4.1) into a very respectable 70- to 80-amplifier computer. 
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PART 6: COMPLETE ELECTRONIC ANALOG COMPUTERS: 
LARGE INSTALLATIONS 


By Stantey Roaers 


INTRODUCTION 


4.6.1. Large Analog Computers. Because of the all-parallel operation of analog 
computers, solution of large problems (see also Sec. 5.5) will not increase the solution 
time but requires larger computer installations, which differ qualitatively from smaller 
ones. Differences arise from their high cost and large size, the difficulties involved in 
being sure the computer is giving correct solutions to large problems, the various 
fields in which the computers may be used, and the problem of staffing and adminis- 
tering a large analog-computer installation. 


MAJOR DESIGN OBJECTIVES 


4.6.2. Requirements. A large analog computer should: 

Be big enough to solve the largest problem anticipated 

Be big enough to handle anticipated volume of problems 

Permit simultaneous solution of several unrelated problems of different sizes at the 

same time 

Make efficient use of all computing elements 

Have sufficiently high component accuracy to provide solutions of acceptable accu- 

racy in the usual applications 

Be reliable in operation and easy to check out 

4.6.3. Simultaneous Solution of Different Problems. The computer must be 
divided into two or more “‘stations” or “bays,” each comprising 20 to 60 amplifiers 
and other computing elements, a patchboard, control system, and recorder. A larger 
number of smaller stations provides greater flexibility in handling problems of different, 
sizes; the control system should provide for slaving any of the stations to any one 
station. Disadvantages are increased cost and the nuisance of having larger prob- 
lems divided among many patchboards and stations. For the smaller “large” com- 
puters (100 to 200 amplifiers) two to six stations are usually satisfactory. Probably 
the number of amplifiers per station should not exceed 60, even for the largest com- 
puters (600 or more amplifiers). 

4.6.4. Efficient Use of Computing Elements. If all stations are alike, assignment 
of problems and maintenance procedures are simplified, but more efficient use of the 
installation suggests at least two types of stations. At Convair-Astronautics, for 
example, the main facility consists of three identical groups of five stations each. 
Four of each five are so-called “linear” stations (34 amplifiers) and the fifth is a 
“central” station. It has most of the multipliers (82 products), function generators 
(21), ete., of the whole group of five, and also has a smaller number (28) of amplifiers, 
which are usually needed in conjunction with these nonlinear computing elements. 
The central station has 600 trunks connecting it to each of its four “linear” stations 
and to the other ‘‘central” stations. 

This organization of the computer has proved to be very satisfactory for aircraft 
and missile simulation. The “linear” stations are adequate for many problems, 
Problems requiring much nonlinear equipment have ready access to it at the “central’’ 
station. Very large or very nonlinear problems may require two or all three of the 
central stations plus a number of the linear stations. Each central station can 
parcel out its nonlinear equipment in any desired manner through suitable patchbay 
connections, 

The Convair-San Diego analog computer uses an entirely different approach. The 
control busses (HOLD, RESET, etc.) and all control relays associated with integrators, 
multipliers, resolvers, etc., are brought out to patchbay terminations. An operator 
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ean thus use trunk interconnections to “borrow,” say, an integrator from another sta- 
(ion and control it. Such an arrangement can utilize otherwise idle equipment, but 
inukes the problem solution depend on a patchboard wired and in place at another 
station. 

4.6.5. Accuracy Requirements for Large Problems (see also Sec. 5.5). For com- 
jrable solution accuracies, the resistors and capacitors in gain-determining circuits 
uf large computers should be more precise than those in small computers. The extra 
vont of temperature-controlled ovens for input and feedback resistors and capacitors is 
‘wally justified for computers intended to solve large problems or to have maximum 
touracy. A large computer should include means to check positive and negative 
teference voltages at each station against each other and against those in other stations. 

4.6.6. Reliability and Checking Features. Reliability in a computer demands that 
fomponents be of high quality and be conservatively operated. Designs striving for 
{e utmost in performance are not likely to give trouble-free service; the same applies 
‘sy new designs which have not been proved by a substantial period of service. Since 
fimnufacturers vary considerably in the effectiveness of their quality-control and 
\nepection procedures, it will pay to consult with other computer users before buying 
urge amounts of equipment from a new supplier. Proved check-out and maintenance 
jrocedures for large analog computers are described in Sec. 4.7; problem checks are 
imcussed in Sec. 4.3. 

‘lo ensure maintainability and simple check-out procedures and to minimize faults 
aid errors, a large analog-computer installation should: : 

io built with conservatively designed elements 

Contain a number of each type of power supply 

Use a minimum number of different types of power supplies, amplifiers, etc. 

Ilave well-regulated transient-free electrical power 

l'rovide special test and check-out patchboards (Sec. 4.7) and special bench-test 

equipment (Sec. 4.7). 


PROBLEM SETUP AND STORAGE 


4.6.7. Requirements. A large analog computer should: 

l'rovide means for setting up problems and checking them away from the computer 

Ilave permanently wired subroutines 

lave automatic or semiautomatic means for setting potentiometers 

!luve digital voltmeter and printer for accurate readout and for “dumping”’ prob- 
loms at end of day 

l'rovide means for removing problems from the computer, storing them, and return- 
ing them to the computer quickly and easily 

‘To ensure convenient operation, the machine should: 

Inelude in strip-chart recorders means for automatically recording zero, sensitivity, 
paper speed, and time markers (Sec. 4.2) 

Mturt problem solutions in coincidence with a timing mark 

lave, for some applications, means for automatically programming runs and chang- 
ing a few parameters (Sec. 4.2) 

Ilnve illuminated push buttons for controls; indicator lights should indicate comple- 
lion of the control function, and not merely that the button was pushed 

Natohboards should: 

Contain the whole problem (few or no initial-condition and function switches should 
he on the control console) 

lrovide for unclutterd wiring (maximum use of bottle plugs) 

Minimize intercircuit leakage 


PERSONNEL AND ADMINISTRATION. TYPICAL INSTALLATIONS 


4.6.8, Operators. Under the best of circumstances, analog-computer operators 
would: 
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Understand the physics of problem 

Have feeling for the mathematics of problem 

Know analog methodology 

Know capabilities and shortcomings of the computer 

Use equations suited to getting answers desired 

Make good compromises in setting up problem 

Have patience to check problem 

Develop problem in steps 

Have skill in debugging 

Be carefully selected and be trained on the job (the best operators are not neces- 

sarily the most highly educated) 

4.6.9. Administration of Large Computer Facilities. Persistent disputes about 
administering large analog computers concern open-shop operation (“customer” 
works with computer) vs. closed-shop operation (computer personnel run com- 
putations), as illustrated by Table 4.6.1. The co-op shop teams the man who knows 
the problem with a professional operator who knows the machine and computer 
methodology. This combination, if practicable, is more effective than either open or 
closed shop. 


Table 4.6.1. Open-shop vs. Closed-shop Operation of Analog-computer Installations 


Open Shop—Advantages Closed Shop— Advantages 


Operator understands problem Operator understands how to get most out 
Operator understands significance of solu- of machine 

tions Operator turns out many solutions 
Operator avoids making useless runs Operator knows analog techniques, is skilled 
Operator gains insight into problem programmer 

Operator can best judge effect of com- Machine does not stand idle while operator 
promises in problem setup ponders over a solution 

Machine and operator form problem-solving Machine can be operated efficiently all day 
team long 
Operator is likely to observe effects of a 
machine fault quickly 


Since the computer staff is usually not in a technical or administrative position to 
judge whether any given problem should go on the machine, other means for controlli 
use of the computer are needed. If the computer is available without charge (i.e., 
facility costs are charged to overhead), unimportant problems may saturate the com- 
puter’s time. If facility costs are charged direct to problems on the computer, many 
problems that could be solved may not be, even though the machine stands idle a 
substantial part of the time. One possible solution: reduced charges for using the 
computer during off hours. Direct charge for computer time is necessarily a far more 
effective control than the mere requirement of supervisory approval from the depart+ 
ment originating the problem. 

Where analog-computer time is a direct charge against problems solved, charges for 
maintenance labor, electric power, depreciation (of company-owned computers), et¢,, 
are often collected in a distributive account and assessed on a monthly or annual basis 
against the appropriate accounts. The annual basis is more equitable, since heavy 
parts purchases in one month may result in disproportionate charges against certain 
problems. Both systems are in use. 

A large computer facility should have a permanent maintenance staff (Sec. 4.7), 
Depending on the size of the computer, the number of shifts it operates, the accuracy 
and reliability demanded by operators, the effectiveness of temperature, humidity, 
and dust control, and the age and condition of the computer, maintenance cost# 
vary widely. Where the highest standards of performance are demanded on multi: 
shift operation, annual maintenance costs may run from 15 to 20 per cent of the capi 
cost of the computer. 

Since the computer art is a rapidly developing one, existing machines may 
regarded as obsolete or obsolescent, Some companies owning large analog compu 
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Norz: Several installations make multiple uses of various equipments (such as multiplying by means of linear potentiomete 


by means of tapped potentiometers on servomultipliers, generating functions of two variables by means of tw 


* Under development at installation. 


possible, such duplications have been omitted from the table, the equipment being listed once only under its principal function. 
+ “ Partial.” 
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find that it pays to have engineers on the maintenance staff to keep the computer 
up-dated and to redesign troublesome circuits. 

A computer installation mixing several makes of computing equipment in one facility 
will be more versatile and accurate but more difficult to operate and maintain, and 
some equipment may have to be modified. 

4.6.10. Statistics on Selected Computer Installations. Table 4.6.2 indicates 
equipment distributions in typical large analog facilities. Quantities of various com- 
puting elements are given in terms of the number per 100 amplifiers in order to make 
comparisons easy. The sizes of the various installations are indicated by the number 
of amplifiers (first line of the table). 

As far as possible, the number of amplifiers listed in the table is the number available 
to the operator for use for summing, inverting, and integrating. Those amplifiers 
which are permanently wired to function generators, multipliers, etc., have been 
excluded when the information supplied for the table made this possible. 


PART 7: MAINTENANCE PROCEDURES AND TEST CIRCUITS 
By Haroutp L. Enters and Waiter Hocuwap 


INTRODUCTION 


4.7.1. Planned Maintenance. Prime objectives of a planned computer-mainte- 
nance program are (1) to maximize the total productive time, i.e., to minimize the 
computer time which is required to perform periodic maintenance checks and repair; 
(2) to minimize failures during operational periods, i.e., to maximize the mean error- 
free operating time of the computer. 

As an aid in achieving the first objective, modern computer design employs readily 
removable (plug-in-type) components. With adequate spares and appropriate off- 
line test equipment, the major maintenance effort may be performed without penalty 
to computer operational time. As a further aid, many computing facilities use spe- 
cially constructed test boards which permit the maintenance technician to check the 
functional condition of the computer. 

To achieve the second objective, a planned preventive-maintenance program must 
be provided. Predicting a component failure requires a more subtle type of test than 
that required to determine when a failure has occurred. Consequently, methods pro- 
posed in this area are more subject to controversy. One approach used for preventive 
maintenance consists of applying marginal tests of a component in place. A second 
method consists of removing the component from the computer at fixed periods to 
perform comprehensive tests by means of the off-line test equipment. 


TEST CIRCUITS 


4.7.2. Operational Amplifiers. Operational amplifiers must have high open-loop 
gain and low noise level, input current, and drift. The following tests compare 
measurements of these quantities with established standards. 

(a) Open-loop Gain. It is difficult to measure the high open-loop gain of most 
modern operational amplifiers (generally between 10 and 10°) directly. An approach 
to measuring the open-loop gain is to measure the gain of stabilizer channel and d-o 
amplifier independently. 

The gain of the chopper or stabilizer amplifier may be measured using the normal 
amplifier balance controls to: 

1. Disconnect the stabilizer-amplifier output from the d-c amplifier 

2. Introduce a small unbalance to the d-c amplifier 

3. Reconnect the stabilizer-amplifier output 

4. Measure the new unbalance 

The gain of the stabilizer amplifier is the ratio of the initial unbalance to the stable 
lized unbalance. 
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The gain of the direct-coupled amplifier (generally 104 to 10°) is also difficult to 
measure directly. A more satisfactory approach is to measure the closed-loop dynamic 
response and, from the measurement, to calculate the open-loop gain. Because the 
closed-loop phase lag is directly dependent on the open-loop gain, a short-cut method 
in to check the closed-loop phase lag at a single representative frequency above the 
stabilizer-amplifier cutoff frequency. A typical frequency for a high-performance 
amplifier would be 100 cps. The measured phase lag is compared with a preestablished 
standard to determine if the direct-coupled amplifier gain is acceptable. ; The phase 
lug may be measured by a commercially available phase meter or by a bridge circuit! 
(Wig. 4.7.1). 


Fia. 4.7.1. Test for amplifier phase lag. 


1M 
Function 
switch 


7.5 K load 


Fia. 4.7.2. Test for amplifier static gain. 


In Fig. 4.7.1, one matches R; and R, (as well as R; and R,) for resistance and 
\upacity by building up the capacity of one of these with conducting ink until the two 
ronintors can be interchanged without noticeable effect on the bridge balance. 


A 100-eps signal is applied at e:. The variable capacitance C and resistance Rs, are 
wjusted for a null at es on the cathode-ray tube. The phase shift between e; and e2 
in related to the value of the variable capacitance at null. A maximum acceptable 
vilue of C is preestablished for correspondence to the closed-loop phase shift, and 


(hus to the open-loop gain desired. 

(b) Closed-loop Gain. Tf the dynamic test of the amplifier open-loop gain, as 
‘leneribed above, is inconvenient to perform, a simpler but less thorough check can be 
iude of the closed-loop static gain at rated load. This test primarily checks the con- 
‘ition of the output tubes. Because of the inherent gain stability of the feedback 
amplitier, this test does not adequately check the amplifier open-loop gain. This test 
js not suitable for preventive maintenance, because it does not check for marginal 
yaouumetube performance. The test may be made by using matched resistors and a 
null meter (ig. 4.7.2), Alternatively, the amplifier output may be read directly by 
ioane of a digital voltmeter. 
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(c) Noise. Amplifier noise is best measured by observation on a cathode-ray-tube 
oscilloscope. The low-frequency noise is primarily due to harmonics of the a-c supply 
coming into the amplifier through stray couplings. The high-frequency noise (above 
1 ke) consists of random tube noise due to microphonics and resistor noise. Excessive 
high-frequency noise is usually caused by a faulty tube. 

(d) Input Current and Drift. If the amplifier is balanced by using the available 


‘balance controls with the amplifier wired as shown in Fig. 4.7.3, then the offset voltage 


as measured at the output is proportional to the grid current. (Note that a failure of 
the stabilizer amplifier could also result in an amplifier offset voltage.) If the stabi- 
lizer amplifier is operating properly and the unbalance does not exceed that which can 
be compensated for by the stabilizer amplifier, the amplifier drift should be within the 
design specifications. A thorough test of amplifier drift can be made only by observa- 
tion of the amplifier unbalance over a substantial period of time. 

(e) High-gain Test. A simple test which reveals marginal performance of an ampli- 
fier is to measure the noise and balance of an amplifier with reduced feedback gain by 
using the test setup of Fig. 4.7.4. Under these conditions the closed-loop amplifier 
performance is more sensitive to a loss in open-loop gain. This is indicated by the 
inability of the amplifier to balance properly and/or excessive noise level at the ampli- 
fier output. 
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Fia. 4.7.3. Test for amplifier offset. Fia. 4.7.4. Test of amplifier with high 


feedback gain. 


4.7.38. Reference-voltage Supplies. Before initiating a test of the passive elements, 
the computer reference-voltage supplies should be accurately set, say by means of a 
standard cell, a precision potentiometer (such as the Leeds & Northrup K-3 potenti- 
ometer), and a null meter; this method permits an over-all accuracy of 0.01 per cent 
or better in setting the reference voltages. 

A digital voltmeter comprising its own standard cell for calibration purposes may 
also be used for setting the reference voltages. 

If the plus and minus reference-voltage supplies are accurately balanced against 
each other, an absolute error larger than 0.01 per cent may be tolerated without cor- 
responding degradation in computing precision; Fig. 4.7.5 shows a practical balancing 
circuit. 

The switch is successively placed in the up and down position, and either the plus 
or the minus reference supply is adjusted so that the output voltage with the switch 
in the up position is the negative of the output voltage with the switch in the down 
position. (Note that the two summing resistors on the first amplifier need not be 
matched.) An 0.01 per cent unbalance between the +100 reference supplies results 
in a 1-volt unbalance at the output. 

4.7.4. Passive Elements and Control Relays. The accuracy of an operational 
amplifier depends critically on the precision of the resistors and capacitors used to 
perform the summing and integrating operations. It is equally important that the 
computer control relays function properly. Modern analog computers have specified 
accuracies for the operational amplifiers as high as 0.01 per cent. To check the passive 
elements to this precision requires the use of a special test setup and is time-consume 
ing. Consequently, in most computing facilities, precision testing is performed only 
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once or twice a year. Tests for gross types of errors (resistor shorts, open circuits, 
and the like) may be performed daily. 

(a) Matched Resistors. The test setup of Fig. 4.7.5 may also be used for matching 
resistors. If the output voltage at e, is less than 0.01 volt, then input resistors are 
matched to within 0.001. 

(b) Precision Resistor Testing. For precision testing of resistors, a bridge employing 
standard and matched resistors and a null meter is used (Fig. 4.7.6). The null meter 
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Fia. 4.7.5. Alignment of reference supplies. 
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Fria. 4.7.6. Precision test of summing resistors. 
should be calibrated so that a given meter reading corresponds to a known error. 
Allornate means for performing the same calibration with the aid of operational ampli- 
fiers ave shown in Fig. 4.7.7, An 0.01 per cent error in the test resistor results in a 
| voll error at the output. 
‘») Teeting for Gross Resistor Errors. Tests for errors in the summing resistors of 
the order of 0.5 per cent or greater can be performed more rapidly by tests designed to 


shook several input resistors simultaneously. 
(ine towt circuit (Fig. 4.78) applies plus and minus source voltages to equal input 
feoletors, If the voltage error at the amplifier output exceeds 100 my, the resistors 
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are individually tested. A 100-mv error could be caused by an error of 0.01 per cent 
in a 100-kilohm resistor, or 0.1 per cent in a 1-megohm resistor. 

Figure 4.7.9 illustrates a second test circuit designed to perform a similar function. 
If the output as read on a digital voltmeter is in error by 20 mv or more, the resistors 
are individually tested. It can be shown that a 20-mv error could be caused by a 
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Fia. 4.7.9. Gross test of summing resistors. 


0.015 per cent error in a 100-kilohm resistor or a 0.4 per cent error in 1-megohm 
resistor. The circuit shown has the weakness of employing a low feedback resistance 
or high feedback gain; some amplifiers would oscillate with the low feedback impedance 
shown. If the amplifiers oscillated, resistors would successively be transferred from 
the feedback to the input path until the amplifier stabilized. This transfer would be 
done at the penalty of increased gain, reduced input voltage, and consequently 
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Fig. 4.7.10a. Test for amplifier integration rate. 
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tio, 4.7.10b, Relay-timing test. (Contributed by B. Loveman, Reeves Instrument Corp., 
Varden City, N.Y.) 
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decreased resolution for the test. Note that the amplifier stability, under the condi- 
tions of the above test, may be dependent on the sign of the input voltage. 

The test procedures described can be executed rapidly if prewired test boards are 
used. 

(d) Passive Elements and Computer Control Relays. For precise computation all 
integrators must start simultaneously and must integrate at the same rate. Hence 
not only the feedback capacitors and input resistors, but also the make-to-break times 
of the OPERATE-RESET and HOLD relays must match. 

Test circuits for checking the integrator rate and the action of the RESmT and HOLD 
relays are shown in Fig. 4.7.10. In Fig. 4.7.10a, a prepatch board is wired so that all 
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F ia. 4.7.11. Test of servomultiplier. 


integrator amplifiers are connected as illustrated. With the function switch in the 
UP position, the computer control switch is turned from RESET to opERATE. When 
the amplifier has integrated to approximately +90 volts, the computer-control switch 
is placed in the HoLD mode. A comparison of output voltage of all integrating ampli- 
fiers indicates the match of the amplifier integrator rates. A variation in amplifiers 
of 20 mv indicates a 0.01 per cent difference in the effective integration rate. An 
error of this magnitude could be caused by a 0.01 per cent error in feedback capaci- 
tance, or by a 1-msec difference in relay throw time. 

An absolute check of integrator rate can also be made with an eput (events-per 
unit-time) meter. The count would be initiated by the voltage applied when the con« 
trol switch is placed in the oprRaTE# position and stopped when this voltage is removed 
in the HoLp position. With eput meters capable of time measurement to | meee, the 
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4 (a) Input signal 200 peak-to-peak 0.05 cps 


(b) Comparison of input signal and 
feedback potentiometer — 
acceptable performance 


linear single-turn potentiometer— 
acceptable performance 


j (c) Comparison of input signal and 


(d) Comparison of input signal and 
linear 10-turn potentiometer— 
acceptable performance 


: (e) Comparison of input signal and 
4 feedback potentiometer— 
low servo gain 


it 

(f) Comparison of input signal and z 
single-turn potentiometer— 
poor potentiometer linearity 


(g) Comparison of input signal and 
single-turn potentiometer— 
excessive potentiometer noise 


Fia. 4.7.12. Test records of servomultiplier. 


largeut error would be due to the resolution in measuring the 20-volt input. Assum- 
ji measuring instruments with a precision of 10 my, this would result in a 0.05 per- 
vont error in the measurement of integrating rate. 

‘The error caused by differences in the make-to-break time of the relays may be 
removed by placing the computer switch in the OPERATE position and by using the 
{\inelion switch to apply the input voltage to all integrators simultaneously. In a 
similar way the input voltage may be removed simultaneously from all amplifiers. 
‘Thus the function switch can be used to isolate the capacitor-resistor errors from the 
relay errors. 

A circuit that can be used for comparing the relay timing and integration gain of 
{wo amplifiers is shown in Fig. 4.7.10b. The circuit sensitivity is such that a 1-msec 
error in velay timing would cause a 1-volt offset between integrators. 
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The make-to-break time of the potentiometer-set relay is not as significant as that 
of the RESET and HoLD relays. The potentiometer-set relay can be checked by putting 
100 volts into a unity-gain input with the control switch in the REsET position. 
Observe that the amplifier output falls from —100 volts to 0 when the control switch 
is turned to the POTENTIOMETER SET position. 

4.7.5. Servomultipliers. Computer servomechanisms require more maintenance 
labor than any other computing elements. 

Dynamic characteristics as well as static accuracy must be measured in order to 
assure a high level of computing precision. Frequency-response tests like sine-wave 
inputs of various frequencies and amplitudes may be performed and the phase and 
gain recorded, but they are both time-consuming and unnecessary. An adequate test 
procedure for determining the operational condition of this unit consists of a test of 
servo performance at a single frequency and amplitude. 

Figure 4.7.11 illustrates a typical test circuit for checking servo performance. A 
triangular wave with a peak-to-peak amplitude of 200 volts and a frequency of 0.05 eps 
is formed by using an integrating amplifier and relays; a standard oscillator could, of 
course, be used for the same purpose. The triangular wave drives the servo, while 
the follow-up-potentiometer output is compared in a series of six summing amplifiers 
with the servo input and with each of the five multiplying potentiometers. The 
amplifier outputs are recorded on an oscillograph. Recorder traces illustrating accept- 
able servo performance are shown in Fig. 4.7.12a through d. Figure 4.7.12e is a 
recorder trace of a servo which has low gain. Recorder traces of servo potentiometers 
which are unacceptable with respect to linearity and noise level are shown in Fig. 
4.7.12f and g. 

If the servo test indicates low loop gain, the amplifier vacuum tubes and choppers 
are tested. If these are not at fault, a point-to-point test is made of servo electronics. 

If the potentiometer linearity and noise are unacceptable, the servo is dismantled, 
the servo gears and potentiometer cleaned, and the servo potentiometer inspected with 
a jeweler’s optical glass. After repair, the servo potentiometer is tested by means of 
a potentiometer linearity tester. Commercially available potentiometer testers con- 
tain a motor for oscillating the potentiometer through its range, a standard reference 
potentiometer, and a comparator for compar- 
ing the standard potentiometer with the po- 
tentiometer being tested. Such test gear may 
also be readily constructed in the laboratory. 

SSns==5S=e=25= 4.7.6. Servo Resolvers. Servo resolvers 
=es2aeaaaeece=e - may be tested in a manner similar to that 
re AFP, described for the servomultiplier. An indi- 
cation of servo-resolver dynamic response and 
Fra. 4.7.13. Error voltage from servo- oop gain is obtained by comparing the tri- 
resolver test. angular wave input with the voltage on the 
arm of the feedback potentiometer. ‘To 
demonstrate the resolver potentiometer linearity and noise, two sine and cosine poten- 
tiometers are compared with each other, and time traces are made on the oscillograph. 
If the recorder trace indicates unacceptable resolver potentiometer performance, a 
third potentiometer must be used to isolate the faulty unit. Figure 4.7.13 shows a 
typical recorder trace of an acceptable servo resolver. 

4.7.7. Electronic Multipliers. A circuit similar to that described for the servo may 
be used for testing electronic multipliers. In the case of the servo, of the two variable 
voltages involved only the servo input is band-pass limited; for the electronic multi- 
plier, the band-pass restrictions on both input variables must be considered. The test 
circuit of Fig. 4.7.14 was devised for a time-division type of multiplier, but it could be 
used equally well for testing other electronic multipliers. 

A triangular wave with a peak-to-peak amplitude of 200 volts and a frequency of 
0.1 eps or higher is used to drive one multiplier input. The other input is first 4-100 
volts and then —100 volts. The multiplier output is filtered appropriately if higher+ 
frequency noise is not significant in the application and interferes with obtaining sige 
nificant test data, The triangular-wave input is compared with the multiplier output, 
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and the resulting error voltage is recorded on an oscillograph. Then the X and Y 
inputs are reversed by means of switch 2, and the test is repeated. Typical test 
results are shown in Fig. 4.7.15. A 5.0-volt error at the output amplifier corresponds 
to a 50-my error in the multiplier. 

4.7.8. Coefficient Potentiometers. Since coefficient potentiometers are usually 
set with the aid of external calibrating devices (Sec. 2.1), it is most frequently sufficient 
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Fic. 4.7.14. Test of electronic multipliers. 
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1) check potentiometer continuity only. Figure 4.7.16 shows a test circuit for this 
purpose, Potentiometers are selected by a switch on a test board; the NE-51 bulbs 


will not light if a blown fuse or an open potentiometer exists. 
4.7.9. Diodes and Operational Relays. Figure 4.7.17 shows a test circuit which 
Hmullancously tests two diodes and two double-pole double-throw relays. Relay 1 is 


Hineod with a negative voltage to achieve a normally closed position for the relay con- 
twoln, A positive voltage through contact A overrides the negative bias, which ener- 
tion the relay in the opposite direction; then the positive voltage is interrupted and 
ihe oontacts return to the normally closed position to recycle. The 75-4f capacitor 
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sets the pulsing rate, and NE2-1 indicates the relay operation. Relay 2 is pulsed at 
approximately 2 cps through the B contacts of relay 1, and NE2-2 indicates the opera- 
tion of relay 2. u } 
Simultaneously application of the 0.05-cps triangular wave signal to all the diode 
limiters and pulsing of all positive and negative bias inputs to ground will cause the 


220K == 
Fia. 4.7.17. Test for diodes and relays. 


(b) Failed diode 
Fia. 4.7.18. Test records of diode-relay circuit. 


output waveform shown. Figure 4.7.18 shows output waveforms of a functional and 
of a defective unit. The advantage of this test circuit is, of course, realized only with 
a permanently wired test board. 


TEST EQUIPMENT 


4.7.10. General Considerations. The amount of test equipment required 
efficient maintenance will depend on the size and special needs of each computi 
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laboratory. Ordinarily one can expect initial expenditures for test equipment to range 
between 5 and 20 per cent of the cost of the computer; the larger percentage applies to 
smaller laboratories. 

4.7.11. Test Benches. A test bench for testing and trouble-shooting computer power 
\upplies and computing elements eliminates the need for performing routine mainte- 
hance operations at the computer; the computer operating time gained alone will pay 
(uickly for the cost of the test bench. In addition, a well-designed test bench can 
wake the maintenance operations more convenient and efficient. 

Desirable features of a test bench include 

1. An electronic environment similar to that of the computer 

2. Connectors and jumper cables for readily connecting components for test 

3. Component inputs, outputs, and other significant test points brought out for 
convenient monitoring 

4, Instrumentation, to include an oscilloscope, digital voltmeter, rms vacuum-tube 
yoltmeter, and a two-channel oscillograph recorder 

5, An adequate complement (at least four are preferable) of operational amplifiers 
with summing and integrating networks; these can be used to generate a triangular 
wave and to add voltages for servo and electronic multiplier tests 

(, Adequate working area on which to rest components and auxiliary instrumenta- 
lion; a suggested minimum area would be 24 in. deep by 6 ft long 

7, Human-factor considerations to govern the test-bench switching and the location 
of all test-bench instrumentation 

8. An oven for precision testing of resistors and capacitors 

\). Iacilities for trouble-shooting test-bench electronics 

4.7.12. Auxiliary Instrumentation. Instruments not generally required on a full- 
lime basis but required periodically, include phase meter, eput meter, test dolly, tube 
\omtor, chopper checker, potentiometer cleaner, and potentiometer tester. 

(a) Frequency-response Tester. This unit is used to measure the gain and phase of 
somputing components. The following frequency ranges are typical: 


WOE, Pa Rc avn a 0.05—20 cps 
Electronic multipliers........... 1.0-100 cps 
Operational amplifiers.......... 0.1-100 ke 


()) Phase Meter. This unit is less expensive than a general-purpose frequency- 
feesponse tester and is particularly useful for quick checks of amplifier performance. 


A resolution of 0.1 deg of phase shift is desirable for this application. 
(0) Kput (events-per-unit-time) Meter. This unit provides a capability for a pre- 
‘inion time measurement between electronic pulses or voltage steps. It is useful for 


Hiensuring the relay make-to-break time and the operational-amplifier integration rate. 
(d) Test Dolly. In the larger laboratories commonly used test instrumentation is 


fiounted on a wheeled dolly. A test dolly might comprise a vacuum-tube voltmeter, 
i oncilloscope, a digital voltmeter (with an internal standard cell), and an eput meter. 

(©) Tube Tester. The card-insert type of tube tester, which permits the user to 
elublish his own standards for acceptability of tubes, is preferred. 

({) Chopper Checker. It is desirable to construct or buy a unit that will contain the 
feeommary power supplies to permit convenient testing of all mechanical choppers. It 
\» desirable to have this unit independent of the test bench so that the test bench is 
fel Lied up for this purpose. 

(y) Polentiometer Cleaner and Potentiometer Linearity Tester. A major problem area 
i) (he analog-computer maintenance laboratory is to maintain servo-potentiometer 
fine and linearity at an acceptably low level. The best servo potentiometers have a 
formal life at high performance of about 3 months, depending on environment and 
ti Oilkimmersed potentiometers appear to have a somewhat higher useful life. 


‘tho cost of repairing servo potentiometers is high, and delays in factory repairs neces- 
*/\ilo « larger spares inventory. Consequently, it is often more economical to perform 
the potentiometer repair within the computer laboratory. 

‘Two instruments which are essential, if serious consideration is given to the repair 
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of servo potentiometers within the maintenance laboratory, are a cleaner, to clean 
potentiometers and servo gears, and a potentiometer linearity, tester. 

Various suitable types of potentiometer cleaners are commercially available. One 
type effects cleaning by means of a high-pressure spray. Another comprises a glass 
container with an agitator. 

The typical potentiometer linearity tester mounts the potentiometer under test on a 
motor shaft. The potentiometer is oscillated through its angular range while its out- 
put is compared with the output of a standard potentiometer. This tester permits 
check-out of a potentiometer before it is assembled on the servo. 

4.7.13. Test Boards. A test board prewired with the circuits described in Arts. 
4.7.2 to 4.7.9 and plugged into the computer patchbay will reduce the number of 
manual operations that the technician must perform to obtain the required test data 
for a complete analog computer. 

To provide the test circuits necessary to check a complete computing console within 
a single test board requires considerable ingenuity and rather complex switching cir- 
cuitry. Consequently many computing laboratories have taken the more straight- 
forward approach of using several test boards for various test functions. 
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MAINTENANCE PROCEDURES 


4.7.14. Types of Maintenance Operations. The maintenance tasks required 
within the electronic-analog-computing facility can be divided into the following three 
classes. Preventive maintenance includes planned periodic marginal and functional 
testing of computing system and components. Routine maintenance consists of the 
regular repair of failed components at the test bench. Emergency maintenance includes 
trouble shooting of computing system and replacement of components during a com- 
puter problem period. 

4.7.15. Preventive Maintenance. The type and frequency of preventive mainte- 
nance required are, to an extent, a function of how the computing laboratory is uti- 
lized; whether the laboratory is operated on an open- or closed-shop basis; whether 
single- or dual-shift operation is in effect; and whether the computer is used as a 
special-purpose device with problem wiring unchanged for several months at a time, 
or as a general-purpose computer with frequent problem changes. Some large com- 
puting laboratories perform a daily test-board check of most or all computing elements, 
These tests are performed by a team of technicians each handling one test board and 
proceeding in turn to test the equipment within each computing console. The tests 
are such that potentiometer or function generator settings need not be adjusted; the 
test boards are used in a definite order, since some of the test circuits used assume 
proper functioning of other computing components not under test. In the course of 
the tests, the technician replaces the failed components from a spares supply. The 
failed component is stored to be repaired after the system tests have been completed, 
The average time spent on this daily check is about 1}¢ hr. The laboratories which 
perform these tests are generally operated on an open-shop basis, with problem changes 
occurring at a relatively high frequency. A few of these laboratories are operated on 
a double-shift basis with different problems scheduled for each shift. When a labora 
tory is operated open-shop, personnel using the equipment do so only occasionally, 
and the mortality rate on fuses and wear on equipment will be greater. Hence, for 
this type of operation, it may be expected that a greater need would exist for a daily 
check of equipment. 

Some laboratories use test boards to perform daily functional checks of potentiome 
eters, input resistors, and amplifiers only. These tests usually require about 30 min, 
Other components, such as servo electronic multipliers, diodes, and relays, are checked 
weekly or semimonthly. In still other computing laboratories, complete tests of the 
computing system are performed only between problems. Components failing 
between tests are handled on an emergency basis. Between periodic checks one m 
further check the machine through frequent reference to a standard test-problem sol 
tion. In some instances, a solution of the problem on a digital computer is used aa 
reference standard. It should be noted that only the equipment used in the test pro 
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lem would be checked by this method. i ich i i 
Soc ~_ wok erin , and this to an extent which is dependent on its 

Other facilities, which are operated essentially as special-purpose computers in which 
problems extend for several months or longer, rely mainly on the standard-problem- 
tomes method of checking and perform complete functional tests only at wide time 

ntervais. 

Preventive maintenance is a desired objective of most computi i 
llowever, the only preventive maintenance in extensive use Pres a Sh pric 
performance. Some of these tests have already been described. A few laboratories 
however, remove components from the system on a regular schedule in order to per- 
form a more comprehensive evaluation than is possible at the computer. This evalu- 
ition includes the testing of all tubes and choppers in the components which are pulled 
It —— be rosbndct vies this approach to preventive maintenance is subject to some 
controversy; conceiva m. i 
sab yi y, more harm than good is done by unnecessary removal of 

4.7.16. Routine Maintenance. Routine maintenance consists of the daily trouble 
shooting of plug-in computer components. Normally this consists of testing tubes 
und choppers and point-to-point testing of units for voltage and impedance. The 
(out-bench facility is designed to expedite this routine maintenance. 

4.7.17. Emergency Maintenance. Computer plug-in components which fail during 
(we are normally replaced with functional units. If the failure is not within a plug-in 
(omponent, computer down time may be required to effect the repair. If it is possible 
(o continue the computation by using other components, the repair is delayed until 
the scheduled maintenance period. Cards located on the computing console are used 
“ ‘a eee such repairs to assure prompt attention when scheduled maintenance is 

mrtormea,. 

Occasionally, operating personnel may suspect a component fai 
0 isolate the failure. In such ‘chanson the study bean ker eae ote ps 
hon rds used to check the operating condition of the computer. 

Mailures which occur during operating periods are costly in terms of loss of time and 
heonuse they distract maintenance personnel from routine maintenance duties. Con- 
tquently, there is a high premium on marginal testing and preventive-maintenance 
wethods which can increase the mean error-free operating time. 


MAINTENANCE RECORDS 


4.7.18. Function and Significance of Records. The statistical facts obtained from 
food maintenance records can be invaluable for locating problem areas and for taking 
forrootive action. On the other hand, a poorly organized record system can cause 
_ ox nice sgl ena maintenance time. The procedure for record keeping 
Hint be well organized so that a minim shnician’s time i 
it evaluating the results of his efforts. +g arpa g Pap a eg ardor 

Muintenance records should provide at least the following information: 

|, l’roper identification of the individual unit repaired 

« Mymptoms observed 

, Corrective action taken 

|. Name of the individual who performed the repair 

fh." Date when the repair was effected 

\ 7,19, Examples. On a well-thought-out failure report sheet (Convair Aircraft 
Perpormtion, San Diego Division),? typical types of failure symptoms for the various 
/puling components are tabulated on the front with space left for comments. The 
huok of the failure report is used to indicate the nature of the repair. Details required 

woatat intionl analyses are called out and minimize thought and comment required by 
ihe teohnician, Because of the nature of the maintenance procedure the failure report 
font) and repairman’s report (back) are not in general made out by the same tech- 


Hielana The form is such that data may be readily reduced for summary and evalua- 
tion by a digital computer, 
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In addition to the failure report, it is desirable to maintain a Kardex type of record 
file on all computer components. This type of file provides the maintenance history 
of a given unit and is analogous to the record file that a doctor keeps on each patient. 
This file is accumulated through reduction of data tabulated on failure and repair- 
man’s reports; space is provided for a minimum of notes on symptoms and repair, 
date, location of equipment in system, and the individual who performs the repair. 
If the same symptoms and repairs occur at too frequent periods, a need for more per- 
manent remedial action would be indicated. 

At the Space Technology Laboratories (Los Angeles, Calif.), a file system is em- 
ployed? for their preventive-maintenance programs to assure that all components are 
checked at preestablished periods. A dated file on all components is kept so that units 
are inspected as their cards come to the front of the dated file. Each file card identifies 
the component and indicates the number of weeks between periodic inspections, the 
date of the last inspection, and the technician’s initials. 

It is desirable to file the oscillograph-recorder test data on all servomultipliers, 
servo resolvers, and electronic multipliers, at least for the last three tests performed on 
the units. A notebook with transparent pockets, similar to a stamp collector's album, 
is ideal for this purpose. This book may be utilized by computer users to select opti- 
mum potentiometers or components, and by maintenance personnel for reviewing the 
past history of each unit. 

4.7.20. Equipment Identification. It is essential that the computing system and 
components be clearly and permanently labeled for proper identification, in particular: 

1. Component slots must be referenced to the computer patchbay. 

2. A positive identification number (in addition to the manufacturer's serial num- 
ber) must be assigned to each component and computer rack. 

The first identification is necessary for convenience in maintaining and using the 
computing system. The second identification is required for records of inventory and 
component maintenance histories. 


SPARE PARTS 


4.7.21. Spare-parts Supply. To assure efficient repairs, a well-organized and 
complete spares supply must be available within the maintenance laboratory. Ade- 
quate storage facilities, such as cabinets, drawers, and bins, should be provided so that 
the necessary large variety of spare tubes, choppers, resistors, capacitors, potentiom- 
eters, fuses, switches, etc., can be stored and properly identified. 

To assure a continuous supply of spares one may have a recorder list posted at a 
convenient location and instruct the technicians to enter items in low supply. In 
contrast to this, one large computing laboratory keeps a running account of spares 
supplies of critical items with the aid of an IBM computer. 

Spares should be stored for all plug-in-type computing components, amplifiers, 
servos, and power supplies. Experience indicates that an adequate spares supply of 
operational amplifiers would be two units, or 5 per cent of the total number of ampli- 
fiers in the computing system, whichever is greater. For servos, it is desirable to have 
at least one spare unit of each servo type, or 15 per cent of the servos in the computing 
system, whichever is greater. 
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Fig. 5.1.1b. Addition and multiplication by rational fractions. 
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back path. Note that essentially infinite gain can be obtained in this manner, but zero gain 
cannot be obtained, 
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A/5 Ax 
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; > Com r es | > ° P 
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04<C<-10 
iio, 5.1.2a. Integration, addition, and multiplication by constant coefficients. Note that 


t 
= if x dt if eo(0) = 0. 


100 


(0 =x, =100) (-—100<x,< 0) 


Sle 5|x,] 


100 "Too yi? 100 


Ixol 


(0=-J9 -<100) 


Vio, 5.1.2, Sealing of initial conditions for integrators which invert the sign of their initial- 
eondition input, The integrators in most multipurpose electronic analog computers are of 
thin type (wee also See, 4.1), 
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5.1.5. Basic Circuits: Use of Electronic Multipliers. Figure 5.1.5 shows setup and 
scaling for multiplication and for division with electronic multipliers having a built-in 
division mode (Sec. 3.3). The use of time-division multipliers with slave channels 
(Sec. 3.3) is also indicated. 


+100y 


Fig. 5.1.3. Four-quadrant servo multiplication in IRE standard notation (a), shortcut 
notation (b), and Electronic Associates notation (c). Note the load-equalizing resistors; in 
the case shown, the servo amplifier does not load the follow-up potentiometer. The 
follow-up excitation is ‘‘normal”’ and has been omitted in (6). Seetext. In Figs. 5.1.3a and 
b, (a), the upper end of each potentiometer cup corresponds to the end marked + in the 
Electronic Associates notation (Fig. 5.1.3e). Addition of the + and — symbols to the IRD 
and shortcut notations might be helpful. 


5.1.6. Division and Root Extraction by Implicit Computation. (a) 7'wo-quadrant 
Division with Servomultipliers. If a multiplier cup is placed in the feedback path of 
a high-gain amplifier, division of the input variable to the high-gain amplifier by the 
multiplier is accomplished. Circuits and scaling are illustrated in Fig. 5.1.6, using 
Electronic Associates notation. Note that only two-quadrant division can be pers 
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iplication i d notation (a), shortcut 
Nia, 5.1.4. Two-quadrant servo multiplication in IRE standar ne : 
notation (b), and Electronic Associates notation (c). Load-equalizing resistors may be 
widded as necessary. 


(a) (b) 


bio, 6.1.5. Four-quadrant multiplication (a) and two-quadrant division (6) with electronic 
(ime-division multipliers having a built-in division mode (see also Sec. 1.2). 


formed, since the divisor is not allowed pe zero. This latter condition corresponds 

infinite gain for the high-gain amplifier. ¢ . ; 
“ i) paneienns Giistiendy at Four-quadrant Division. Some Rapnictea ort tn 
problems (e.g., trajectory problems, Bessel’s differential equation) involve ag : 
of the form X (t)/Y(t) where both X(t) and Y(¢) start from zero att ahs Figure es. 
shows a circuit which represents the indeterminate form by (X + Ae~@t)/(Y + Be-#) 
whore A/B = X(0)/Y(0), and 1/a is a small time constant. 
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Fig. 5.1.6. Two-quadrant division with servomultipliers. 


Be Electronic Associates notation 
note provisions for load-equalizing resistors. 
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(b) 
Nia, 5.1.7. Two-quadrant-division circuit in IRE-preferred notation (a), and modified 
elvouit (b) permitting computation of quotients X/Y in cases where both X and Y start 
from zero at t = 0. A and B are chosen so that A/B = lim (X/Y), and 1/a is a small 
t0 


time constant. (Contributed by L. Bauer, Reeves Instrument Corp.) 


Zz 
100Y —___— GE dpe ae ES PAE See J 


tio, 5.1.8. Four-quadrant division by the method of steepest ascents. Ki and Kz are 
‘imually of the order of 100 or greater. An initial condition set on the integrator produces 
the correct initial value By of E. If Y lies only in one quadrant, then either amplifier 2 or 
simplifier 4 can be eliminated. Amplifier 2 can be omitted if Y is positive only, and ampli- 
fiery 4 can be omitted if Y is negative only; the servo follow-up excitation is then either ‘‘plus’’ 
om “'minus,’’ respectively. 


The more general four-quadrant division circuit of Fig. 5.1.8 permits X(t) and Y(t) 
{) “o through zero together at any time ¢ during the computation, provided that 
lin Y()/Y (0) is finite. EH = X/Y is obtained as solution of the differential equation 
‘ 


dE de _ 
ra = —Kike = = Ki KeeY 


whore e @ BY — X, and K,K¢ is a large positive constant. 
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(c) Square-root Extraction. The square-root operation is obtained on the analog 
computer by a squaring operation in the feedback path of a high-gain amplifier. This 
is another example of the use of inverse operations in the feedback path to obtain a 
face peng oe u csoiga rp Heat y 5.1.9 shows typical scaled circuits in Electronic 
Associates notation. nalogous techniques permit computati 
other fractional powers. ‘ gis oo aia 


—x<0 


+50y > 0 


Ay 
(50y3/2y 
10 


+10(1002)"”7-100(2)'/? 


wy 
(2)/*% 


Fig. 5.1.9. Square-root extraction by implici i 
1G, 5.1.9. ar y implicit computation. Electroni ssoci - 
tion; note provisions for load-equalizing resistors. “ a 


‘ Ay fi se of Electronic M ultépliers. Implicit-computation circuits analogous to Figs. 
5. - : rough 5.1.9 can be implemented by substitution of electronic-multiplier chan- 
nels for servo potentiometer cups. It may be necessary to add small feedback capaci- 
tors (50 to 1,000uuf) to high-gain amplifiers to ensure feedback-loop stability and to 
filter electronic-multiplier ripple voltages (see also Sec. 3.2). 


SCALING A PROBLEM 


5.1.7. General. On the analog computer, it is necessary to 

proportional to the problem variables, their derivatives, or Ss peach vt tha 
will never exceed the maximum allowable value of +100 volts. In addition, no volt+ 
age must change so rapidly that it will exceed the frequency limitations of ‘the com= 
puting components or of the recording equipment. On the other hand, the voltages 
ei a ie iil ings net hor are of the same order as the possible errors in a prob- 

, and the problem i 
become 4 Teehen ae ould not take so long to solve that computer operation 
etween these extremes there is a reasonable level for the volt: i 

reasonable speed of solution. The task of determining these Bal iy ee ae 
problem involves the process of scaling: amplitude scaling to control the maximum 
level of the voltage variables, and time scaling to control the speed of solution. 

_ 5.1.8. Amplitude Scaling. Amplitude scaling translates the problem variables 
into voltages of the same order of magnitude. A distance s which varies from 0 to 
10,000 ft, an angular acceleration § which varies from —20 to 10 radians per sec*, & 
temperature of 700°F, all these will be represented on the computer by voltages whioh 
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can vary from either 0 to 100 volts or —100 to +100 volts. For maximum accuracy, 
the voltages will be as large as possible without causing the equipment to overload. 
‘This implies that the maximum expected absolute value of the problem variable must 
he made to correspond to +100 volts. A scale factor, defined as the constant relating 
volts on the computer to one physical unit of the problem variable, can be introduced. 
‘This scale factor has dimensions of volts per physical unit, and its value can be deter- 
mined by dividing 100 by the maximum expected absolute value of the problem varia- 
ble. For ease of calculation, one increases the maximum expected absolute value to 
(he nearest power of ten times 1, 2, or 5 before calculating the scale factor. Problem 
variables are then related to voltage by the equation 


Voltage variable = scale factor X problem variable 


Table 5.1.1 demonstrates the determination of scale factors. Note the rounding 
off to the nearest power of 10 in the scale factor for 7, and note that 

1, Only powers of 10 times either one, two, or fwe are used. This is for ease in 
nanipulating the equations as well as for convenience in interpreting the recorded 
rowults. 

». The dimensions are shown merely to remind one that all physical units have been 
sonverted to voltages, but this soon is taken for granted by the analog-computer user, 
and this column is generally not needed. 

4. If the derivative of a variable appears in a problem, then this must be scaled along 
with the variable; its scale factor need not be the same as that of the variable. 


Table 5.1.1. Sample Calculation of Scale Factors 


Problem variable en ae gh Scale factor Dimensions 


100 1 
Ane letanes Bick. = «5 —_ = — Vol f 
Linear distance s. 10,000 ft 10,000 100 olts per ft 
: . ° 100 2 
Anwular acceleration 6..... 20 radians/sec?” om 5 Volts per radian per sec 
100 100 1 
fomperature 7........-.. 700°F — > —— = — | Volts per °F 


Ilnving determined the amplitude scale factors, then the problem variables in the 
‘wathematical equations are replaced by the voltages representing them, adjustments 
hoing made to the coefficients throughout the equations in order to maintain equality. 
or example, s, 6, and T would be replaced in the appropriate equation by s/100, 
40, and 7/10, and the related coefficients would be multiplied by 100, 46, and 10. The 
problem equations are thus changed into voltage equations from which a computer 
siyouit diagram can be drawn. 

Noww: Resolver-servo inputs may require a scale of 14 volt per deg, 14 volt per deg, 


| volt per deg, ete., depending on the design of the resolver and the range of the sine- 
eoalne potentiometers used (see also Sec. 3.1). 


6.1.9, Example: Solution of a Linear Differential Equation. To solve a differential 
eyuation solve each equation for the highest-order derivative and integrate succes- 
sively to obtain the lower-order derivatives of the variable and the variable itself. 

\n an example consider the equation 


mé + bt +ke =0 


Vhle In a second-order linear differential equation with constant coefficients. Such 
equations are important in studies of feedback control systems and the motions of 
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(a) 


(c) 


Fie. 5.1.10. Scaled block diagram for the linear differential equati % t 
: ) 1 ati = 
simplified block diagram (b), and time-scaled block Pan Ri 5 et oi 


bodies subject to spring and damping forces. 
yields 


Scaling: 


Max 
Variable | absolute 
value 


a8 
is 
aI 


Nearest power 
of 10 times 
1,2, or'5 


Solving for the highest-order derivative 


en (5.1.1) 


Scale factor 


100/5 = 20 
100/20 = 5 
100/50 = 2 
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Voltage Equation. Multiplication and division of each variable by its scale factor 
yields the scaled voltage equation 


eat= ~ 2) tu ~ (24) am 


The bracketed terms represent computer voltages, and the terms in parentheses 
jopresent potentiometer settings. Figure 5.1.10a shows the scaled diagram. 

An important alternative diagram exists if ¢ is not specifically required as an output. 
li then is no longer necessary to generate # explicitly as the output of an amplifier, 
jut rather the terms comprising # can be fed directly to the inputs of an integrator, 
thereby yielding ¢ as the output of this integrator. The scaling is slightly different, 
for though it is still necessary to solve for #, one writes the voltage equation scaled at 
the level of # as follows: 


5b 5 k 
em (eet i] — (— —) [2 
en) [54] 20 =) [204i 


Since both potentiometer settings are greater than unity, it will be necessary to 
divide by 5 (or 10, if desired), and compensate for the gain reduction in the potentiom- 
olor by using input gains of 5 (or 10) to the ¢ integrator. The final scaled equation is, 


therefore, 
i b ; Pay et ) 5 
ae ‘| — 5 (—— ) [20x 
5(5,) sites (uke id 


The constants not in parentheses are the integrator input gains. No bracket has 
heen placed around 54, since it is not explicitly generated, thereby indicating that the 
just equation represents the input to an integrator which has 5¢ as its output. The 
youled diagram is shown in Fig. 5.1.10b. 

6.1.10. Example: Solution of a Nonlinear Differential Equation. The Van der Pol 
oucillator is described by the differential equation 


5z = 


#—-\1 -—2)¢+2 =0 


Scaling: 


Max absolute value 
(to nearest power of 
10 times 1, 2, or 5) 


Voltage-scale 


Variable 
factor 


Constants and Initial Conditions: 


01 <a < 1.0 to = 1.0 go = 0 
Solving for the highest-order derivative, and multiplying out the parentheses, we 
have 


= At — Av’ — 


Note that two multiplications will be required for the second term on the right-hand 
aide. This will be accomplished with two cups on the x servo. The voltage equation 


in 
[5i] = (7) [108] — Can er (7) [108] — (=) [202] 
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Since the potentiometer setting of i ide i 
the y g of the second term on the right-hand side is greater 
than 10, it will be necessary to divide it by 20 and compensate for the gain a ht in 


the potentiometer with an input gain of 20 to the 4 i 
peony gs ceweode put g o the # amplifier. The final scaled equa- 


[52] = (5) (102] - 20 (=) ‘€ (=) [toe] ~ (7) oz} 


erie al diagram is shown in Fig. 5.1.11. 

-1.11. Other Scaling Methods. For most i i 

} ; j 5 problems, the amplitude-scaling proce- 

b ads enaps aes in the previous paragraphs are the easiest and most efficient to ial 
ometimes, however, it may be desirable to resort to other scaling procedures because 


The scale factors S chosen for any particular problem would, of course, depend on 
the maximum absolute values expected for each variable in the particular problem. 
The generalized scaled equation for Eq. (1) would then be 


pa —— (82) sa — BE) 


[t is seen that the potentiometer settings would be functions of the scale factors S. 
‘'o change from one scaled problem to the next one would merely have to choose the 
iow scale factors S and recalculate the potentiometer settings. 

6.1.12. Time Scaling. The ideal duration for a single dynamic solution obtained 
on most “slow” electronic analog computers is 10 to 60 sec. The minimum time is 
wot by the performance of the computing units, particularly the servos and the output 
equipment, such as the «y plotters. The maximum time is essentially determined by 
vonvenience in the use of the computer. Ifa physical problem has dynamic solutions 
which last for much longer than 1 min or, alternatively, which contain natural fre- 
uencies too high for the computing and/or recording units, then a time-scale change 
will be necessary. 

l'xperience has shown that the easiest method of time scaling consists of simply 
hanging the gains of all integrators by the same constant factor, increasing the gain 
\o decrease the time of solution, and vice versa. This change will not interfere with 
vr alter any amplitude scaling. 

The time-scale change is usually defined by the equation 


T = pt 


where 7 = machine time (real time) 
t = original problem time 
6 = time-scale factor and has the units of machine time/original problem time 
In order to slow down a problem (i.e., to cause machine time to be larger than origi- 
ial problem time), 6 is made greater than unity, and to speed up a problem (i.e., to 


il 


/ . . * 
= tems =i eS. 4 /aune machine time to be smaller than original problem time) 8 is made less than unity. 
20x 
7 -x x ov: 10 eA 
= 1 1 
Relat, : ns ; aa6! ee 

ets a = ge Hage irey lige iad Van der Pol’s differential equation. An isolation 0.01 io 
; ervo-driven potentiometers. i 

instead of («/5)? saves one phase inverter. ers. Note how generation of |2/5]? : 

(a) (6) 


of the special nature of a problem. However, it can be shown that these other scaling Pia. 5.1.12. Typical integration circuits with 8 = 100 (a) and B = 0.1 (0). 


procedures are merely extensions or special cases of the recommende 
For example, the use of transformation equations, which is another scaling ema 
merely involves an explicit definition or substitution of a computer variable X which 
can range from —100 to +100 volts (—1 to 1 machine unit) for the original variable « 
Sometimes an entire class of problems can be described by exactly the same set. of 
equations, but the amplitudes of the variables change from one problem investigation 
to another. Such situations are handled conveniently with a slight modification of 
the recommended scaling procedure. This would merely require the substitution of 
general scale factors S,, Se, and S; instead of specific scale factors, such as 2, 5, 1/ 10, 


in the scaled equations. For example, referri i 
: ing to Eq. y 
general scaling as follows: ha SS tae 


‘The time-scale change is indicated on a computer diagram by dividing all inputs to 
\nlogrators by the factor 6. For example, if the maximum value of ¢ is 0.4 sec, then 
i ln convenient to let 8 = 100, so that the maximum machine time 7’ will be 40 sec. 
\ typical integration circuit is shown in Fig. 5.1.12a. 

If, on the other hand, the maximum time ¢ is given as 400 sec, then it is convenient 
io lob @ © 0.1, so that the maximum machine time 7' will be 40 sec (Fig. 5.1.12b). 

i{ there is more than one input to an integrator, such as amplifier 1 in Fig. 5.1.100, 
‘hon both inputs must each be divided by the time-scale factor 6. If the circuit of 
iw. 6.1.100 were time-scaled, one would expect @ to be either 5 to 10 (i.e., a slowdown). 
l'ho settings of potentiometers 1, 2, and 3 would be divided by 8. The setting of the 
jnitial-condition potentiometer 4 is unchanged (Fig. 5.1.10c). 


Generalized Scaling Variable Scale Factor One final word on time scaling concerns passive-element networks which are often 
x Si wed to simulate certain transfer functions. If the problem is time-scaled, then the 
& Ss time constant of these passive-element networks must be changed by the same time- 


& Sa wale factor A, decreasing the time constant to decrease the time of solution (8 < 1) 
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and increasing the time constant to increase the time of i 

é sol 

e effect, that the time constants of the ste Pres 
y B. 


USE OF FUNCTION GENERATORS 


5.1.13. General Rules. The following rules will minimize errors due 


tion generators, and cathode-ray function generators, § 
; ie, Function generators should supply ree correctio paper stork 
linear) approximations to the desired function. 

2. Every attempt should be made to hay 
voltages utilize the full dynamic range available. 


Linear approximation =~ 
fx) mi-tb~ 


6 


~100v es 


(0) 


bo at A te na S( ) ( ) z) asthe sum of a linear approxi- 

Fria. 5.1.13. A t; pical function %) (a), and generation of f( ) t u 
+ : . A he 

mation mz + banda small correction function (bd). All function-generator errors are divided 


Peg i sh aaa ~ 5.1.18 eae how a typical function is generated as the 
: roximation ma and a correction function; note how th 
ee Se and ene the function-generator error, is divided by a factor of il 
c on generators comprise internal circui i ith 
accurate linear network components, so that th jodlioue geloraas ate ae 


1 é e diode circuits generate only th 
rection function; correcti i i ircui “ vated tetera 
Perse asa: Ae on function and diode-circuit errors are attenuated internally 


5.1.14. Nonlinear Analytic Approximations. 
function generators can be used to generate corr 
ees approximations. 

special scaling problem is presented by f i 
: v e y functions of the form f(z) = Ae?! i 
occur frequently in chemical-reaction problems (Sec. 5.7); note pi Aeblz i oa 


small over most of the range of zc but increases rapidly for small x. Such functions 
° 1j | f 
are sometimes generate in the orm 


If accurate multipliers are available, 
ections to second- or third-order poly- 


giz) +e, 
fla) = Seana with g(0) = g(100) = 0 


: This means, 
-passive-element networks must be multiplied 


. a 1 : to arbitrary- 
function-generating equipment (tapped potentiometers, curve followers, diode pas 


ms to analytic (most frequently 


e function-generator input and output 
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where g(a) = Ae!*(~ + a)? — cis a bell-shaped function of relatively small dynamic 
range, which is easily set up on a tapped-potentiometer function generator (‘‘bell 
technique”). If the exponent can become very large, one may use the alternative 
form 


am g(x) 


Gua g'(100) = 0 
yo that g(x) becomes a “‘semibell’’-shaped function. Reference 1 discusses this and 
related techniques in detail. 


SETUP SHEETS AND CHECKING PROCEDURES 


5.1.15. Setup Sheets. In large analog computations, the computer is not set up 
directly by reference to the scaled block diagram but with the aid of setup sheets. 
These are form sheets prepared for each type of computing element and list the con- 
nections, input variables, and output variables of each computing element and recorder 
channel, as well as potentiometer settings and switch positions. A prepatch check 
yheet may remind the operator to connect integrator feedback networks, servo follow-up 
oxcitations, etc., which may not be directly indicated on the block diagram. 

6.1.16. Checking Procedures. The purpose of problem checks is twofold. One 
objective is to verify the transcription of a set of equations to an analog-computer 
oltup, and the other is to check the actual operation of each of the analog-computer 
womponents used in the simulation of a given physical system (see also Sees. 4.3 and 
1.7). Actually, problem checking begins with the analysis of the equations which 
describe the physical system, to make sure that they are correct in themselves and 
that no additional information has been left out. Thereafter, the computer block 
dingram is checked against the equations of the system, and all setup sheets derived 
from the computer diagram should be double-checked against the original block dia- 
wram for transcription errors. Finally, the actual patching of the problem board is 
checked. Then one is ready to go on the computer, set the potentiometers, switches, 
functions, etc., and then perform the “problem check”’ which verifies that the com- 
puter setup simulates the system equations and that the equipment is functioning 
properly (Sec. 4.3). 

‘The reason for this seemingly endless checking is to catch the errors as early in the 
problem setup as possible and thus to reduce the paper work required to correct the 
error. In practice, an error committed at the beginning of a problem setup, which is 
allowed to pass undetected to the final check, would probably generate other errors, 
and might seriously delay the start of the program. The use of the final ‘“‘prob- 
lom check” as the only check of a computer setup should be resorted to only in an 
emergency. 

A typical setup and checking procedure for an analog-computer program is illus- 
trated by the flow diagram of Fig. 5.1.14. Of all the checks shown, the “problem 
shock?’ is the one that is least understood. A “problem check,” to be valid, should 
ehock every point used in the computer. The simplest way to achieve this is to 
insert a compatible set of initial conditions on all integrators in the system, thus forc- 
in, every variable to have a given value att = 0. It is usual practice to insert con- 
ditions for the variables so that they are 1, 2, or 5 times a power of 10, for ease in 
computing the remaining variables from the original equations. For example, one 
vould go down the column of the amplifier sheets labeled ‘‘outputs” and insert the 
‘problem check” values that should be read on the basis of the initial conditions 
ehowen. ‘Che same can be done with servo sheets and resolver sheets. The outputs 
of the individual coefficient potentiometers need not be checked, since they are implic- 
\ily checked in reading the outputs or summing points of the amplifiers to which they 
load. ‘These can, if desired, be individually checked. 

It is recommended that a calculation similar to the ‘problem check” calculation 
ho performed for the actual initial conditions for the first run, thus checking that the 
somputer has been restored to the correct initial conditions. 
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Now all that is required is to put the computer into opERATE to obtain the first 
actual run. If all the previous checks have been performed about the only failures 
that can occur now to produce an erroneous result would be a relay failure on an inte- 
grator, or sluggish response of a servo. These failures can easily be detected and elim- 
inated since most modern analog computers are equipped with special circuits for 


Analysis by Physical 
project engineer system 
Approximation to system 


Equations 


Patching 


Transcriptions (pot sheets, trunk sheets, 
amplifier sheets, etc.) 


Calculations (pot settings, 
run schedule, etc.) 


Analog-computer 
(set pots, functions, etc.) 


Independent 
solution or check 


Compare 


etc. 


Fia. 5.1.14. A flow diagram showing the progress of an analog-computer problem from its 
inception to its finalrunning. The squares with check marks indicate typical checks which 
should be performed, and result in ‘‘feedback” from one stage of the setup to a preceding 
stage. 


checking relays associated with integrators and for quickly changing the speed of solu- 
tion of the problem, thereby determining the effect of servo dynamics on the problem 
solution (Sec. 4.3). 

5.1.17. Records and Summary of Problem-solving Procedure. A businesslike set 
pede Hon summarizing the problem-solving procedure might include the following 
information. : 
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. Statement of the problem in the original form 


a. Description of physical system and origin of problem 

b. Equations and data describing the problem (this should be in the original form) 
c. General objectives of study 

d. Specific objectives, such as output data requirements 

e. Expected first solution for computer check-out 


. Preliminary problem investigation 


a. Data flow and functional block diagram 

». Approximations and simplifications 

c. Special circuits and techniques 

d, Recording techniques 

e. Preliminary computer block diagram, equipment count 


4, Analog-computer equations 


a, Required calculations and listing of maximum values of important variables 
». Analysis, calculations, and other factors required to arrive at a completely scaled 
set of analog-computer equations 


. Analog-computer block diagram and setup sheets 


a, Circuit diagrams 

b, Potentiometer sheets 

c. Multiplier sheets 

d, Amplifier sheets 

e. Recorder sheets 

yf. Function-generator sheets 

gy. Trunks 

h. External connections 

i, Special circuit descriptions (Purpose—approximations, setup, procedures) 

j. Instructions to technicians 

Check procedure and first run 

a, Complete ‘‘problem check” (static check) 

b. Calculations relevant to check 

ce. Special dynamic checks 

id, Subsystem dynamic checks 

e, Detailed conditions of first run 

J. Possible solutions from other computers, such as digital solution 

y. Check solution overlays (obtained from f or previous runs of same problem) 

Operating procedure 

a. Run schedule—potentiometer changes, function-generator changes, patching 
changes, switch positions, etc. 

b. Recordings required 

«, Other instructions or data needed in the operating procedure 

Nunning log 

a, Dates 

», Important times; such as starting and ending computation and transition points 
in the program 

«, Changes and corrections to diagrams or patching 

dd, Malfunctions 

», Changes to problem unless covered in detail by the run schedule; parts of the 
run schedule may be included or expanded if appropriate 

/ Any other information or thoughts which might contribute to better understand- 
ing of the problem at a later time 

lroblem status at end of operating period 

a, Last solution for the record 

4, List of potentiometer settings as read out at end of problem 

«, List of switch positions and special conditions as observed at the end of problem 

id. Revised copies of diagrams, potentiometer sheets, and other paper work of prob- 
lom ; original computer sheets should be revised so that they are up to date 


, Review 


«. Name and address of sponsor—including department and group, if known 


Zz 
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b. Names and titles of personnel—both sponsor and computer group associated 
with problem 

. General description of problem 

. Objectives 

. Brief history of operation and degree of success 

. Future plans 


mse Ria 


References 


1. Rubin, A.: Function Generators, Princeton Computing Center R i 
Associates, Inc., Princeton, N.J. [aise Gao stom eee 
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PART 2: MISCELLANEOUS APPLICATIONS 


By Vicror B. Corey 


The examples of analog-computer applications presented in this section will serve 
\o illustrate computer setup and scaling. All are relatively simple, but indicate 
(he applicability of small analog computers to areas of physics, chemistry, and biology 
beyond the usual control-system applications. Several of the illustrative problems 
in this group are based on reference information in one or more of the following sources: 

Sokolnikoff, I. S., and E. 8. Sokolnikoff: Higher Mathematics for Engineers and 
Physicists. 

Wdridge, J. A.: The Physical Basis of Things. 

Glasstone, 8.: Principles of Nuclear Reactor Engineering. 

American Institute of Physics Handbook. 

Bailey, N. T. J.: The Mathematical Theory of Epidemics. 

All these problems have been adapted from A Manual of Demonstration Problems 
for Analog Computers by Victor B. Corey, to be published by Donner Scientific 
Company. 
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+(33.2 +2.457) = +-1,000k' 
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PART 3: ELECTRONIC-ANALOG-COMPUTER TECHNIQUES FOR 
THE DESIGN OF SERVO SYSTEMS 


By Joun McLeop 


ANALOG REPRESENTATION OF SERVO SYSTEMS 


6.3.1. Servo System and Computer Analogy.! A basic feedback control system con- 
‘vols an output variable zo (shaft displacement, voltage, temperature) by a power 
source (motor, amplifier, heater) which is actuated or controlled by a suitable function 
of the difference between a desired input variable and the actual output (error). A 
feodback control system is usually referred to as a servomechanism if some mechanical 
stuator is regarded as the main feature. 

Vigure 5.3.1 shows a typical servo loop in schematic and in block-diagram form. 
!'uch block represents physical relations between system variables; these relations are 
\imunlly expressed as equations and/or differential equations relating the variables. 
ligures 5.3.le and 5.3.2 show a simple (linearized) and a more elaborate computer 
fepresentation of the same servomechanism. The possibility of establishing corre- 
»ponding relations, block by block, between voltages (machine variables) representing 
(he system variables makes the electronic analog computer an attractive model for 
sontrol-system analysis and synthesis. 

If a sufficient number of computing elements is available, one does not usually 
iodluce the system differential equations to their simplest form; instead, one represents 
specific system components (motor, valve, pickoff, etc.) by corresponding blocks of 
somputing elements so as to preserve the block-diagram analogy. ‘This simplifies 
syelom changes and aids the designer’s intuition. 

If the system is represented on a one-to-one time scale (s¢mulation in the strict sense 
of the word), one may try actual system components by inserting them into the com- 
jiiter loops (partial system test, physical simulation; see also Sec. 5.6). 

6.3.2. Linear Servomechanisms. ‘Transfer functions of linearized servo com- 
ponents (equalizing networks, motors, valves, accelerometers, etc.) appear as product 
ratios of terms like (rs + 1) and (wn*s? + fw,s + 1); as a further example, Fig. 5.3.3 
shows the linearized representation of a typical hydraulic servomechanism.  Corre- 
sponding blocks of integrators, summing amplifiers, and coefficient potentiometers may be 
obtained directly from Table 2.2.5, or direct-analog operational amplifiers may be designed 
with the aid of Tables 2.2.2 to 2.2.4 (see also Sec. 2.2).? 

In linear-system analysis, analog computation does not replace pole-zero methods 
{iil is invaluable for subsystem frequency-response determination and for quick param- 
‘lor optimization. Transient-response runs will show up dynamic properties such 
4" excessive overshoot and can be set up so as to compute a system measure of effec- 
liveness to be maximized by successive parameter changes (Art. 5.3.5). 

‘lhe frequency response (amplitude and phase response) of simulated servo systems 
and subsystems is easily obtained with the aid of a test oscillator (Sec. 3.3), or a 
Weighting-function method (Sec. 6.6) may be used for Fourier analysis of the impulse 
tomponse of a linear servo system. 

6.3.8. Nonlinear Systems. Analog-computer methods are particularly important 
in connection with the design of nonlinear control systems, few of which are accessible 
to practical analytical design methods. Nonlinearities in control systems not only 
are unavoidable, but the most effective control systems are often necessarily nonlinear 
(Vig, 5.3.4). 

Control-system nonlinearities may be represented by nonlinear differential equa- 
(ions (e.g., nonlinear damping, nonlinear torque-speed-voltage characteristics of elec- 
{rio motors!) or simply by nonlinear input-output relations (transfer characteristics) 
of controlsystem components (voltage, speed, and torque limits; valve-travel/flow 
eharacteristies, gears with backlash, instruments with dead space, ete.). Section 5.4 
linty analogecomputer representations of typical nonlinear transfer characteristics by 


Potentiometer Gea 
type error pickoff rs 
y P (ratio\n:1) Load 
Input dial lil 
- ee sd ee ee ee 
x; 
Equalizing 
network 
~ Tachometer 
(a) 
rs ea a ee eae ia es ee ee 
1 Position feedback e 
I 
I te tage: 
Lo 


eee ee ee | 
UI, +n? IM)p? +n? rp | x, 


i Error pickoff 


Servo Servo motor, gears, load 
and equalizing amplifier- Tachometer 
network modulator 


Rate feedback 


(b) 


Position feedback 


Adjust 


C=, Co= 
oe onB motor damping 


Adjust 
sevo gain 


Rate feedback 


Error pickoff, equalizing network, 


and amplifier-modulator Motor, gears, and load 


Tachometer , — 


(c) 
Fie. 5.3.1. Schematic representation (a), linearized-system block diagram (b), and analoge 
computer setup (c) for a d-c servomechanism employing an amplifier-modulator, induction 
motor, rate feedback, and equalizing networks. Note the analogy between system com 
ponents and blocks of computing elements. (From G. A. Korn and T. M. Korn, Electronié 
Analog Computers, 2d ed., McGraw-Hill Book Company, Inc., New York, 1956.) 
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simple function generators (‘‘fabricated”’ diode circuits and operational relays, see also 
Mec. 3.3).123 Figures 5.3.2 to 5.3.4 show analog-computer setups for complete non- 
lincar servomechanisms, and Figs. 5.3.5 to 5.3.7 illustrate additional nonlinear simu- 
lution circuits. 

6.3.4. Sampled-data Systems. Linear and nonlinear sampled-data control systems 
are represented easily and accurately by insertion of sample-hold circuits at appropri- 
ate points of the computer setup (Fig. 5.3.8).4:56 Substitution of an electronic switch 
for the sampling relay in Fig. 5.3.8 permits higher computing speeds; computer imple- 
mentation of first-order and higher-order sample-hold circuits is only slightly more 


Position feedback 


Amplifier 
saturation 


Adjust 
motor damping 


X; 
(input 
signal) 


X, 
(output 
displacement) 


E 
(control 
field voltage 
amplitude) 


1 
,(modulator 
input voltage) 


Static and Tachometer 
coulomb friction dead space 


Rate feedback 


|. Error pickoff and modulator-amplifier Motor, gears, and load Tachometer 


lia, 5.3.2. More elaborate computer representation of the servomechanism of Fig. 5.3.1. 
imple blocks of computing elements (Table 5.3.1) are combined to account for complicated 
fonlinear phenomena. (From J. G. Truxal, Control Engineers’ Handbook, McGraw-Hill 
Nook Company, Inc., New York, 1958.) 


somplicated but is rarely needed. Analog-computer sample-hold circuits are further 
discussed in Sec. 6.3. 


PERFORMANCE CRITERIA 


6.3.5. Evaluation of Computer Data. Analog simulation yields qualitative and 
(juantitative insight into the effects of design-parameter changes on servo stability and 
on transient records of servo output and error for various inputs. In addition, runs 
with sinusoidal input voltages derived from external or analog-simulated low-frequency 
omcillators (Sec. 3.3) yield frequency-response data useful for both analysis and syn- 
(hosis. In the end, the process of parameter optimization (Sec. 5.11) requires one to 
sompare sets of servo design parameters (gain, damping, equalization-network param- 
olors, etc.) in terms of a quantitative measure of effectiveness which reflects the utility 
of the control system in the context of a specific application. Such measures can be 
vomputed directly in the course of one or more computer runs with the simulated 
“wontrol system. 

6.3.6. Steady-state Displacement Error, Velocity Error, and Acceleration Error.’ 
\nalog subtraction of voltages representing the servo output and input yields a repre- 
sentation of the servo error e(¢). The static displacement error 1/K,, static velocity 
error 1/Ky, and static acceleration error 1/Ka are then obtained as the respective steady- 
slate errors following sudden application of the inputs 1, ¢, and ¢2/2. The correspond- 
ing reciprocal values K,, K,, Ka are called static error coefficients, while Ki = 1 + Kp, 
Ay Ky, and Ky = Kg are the “dynamic” or steady-state error coefficients. Refer- 
ence 7 relates servo transient response for various systems and inputs to values of Ko, 
Ky, and K,, 
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“TW WD 


Return Constant Return 
pressure 


Push-pull 
amplifier 


Battery 


ahh 


Input 
potentiometer 


Error signal 


(a) 


Solenoids 


Valve 
travel 


Kz 


+ Error VE WN Pe 7) | 
(eo Br) 


() 


Pressure across 
actuator, psi 
Maximum operation 


2,000 Supply pressure 
1,500 


1,000 Zero flow to actuator 


-0.008 -0,004 0 0.004 0.008 Valve opening, x 
-500 
1 
; — 1,000 
i] 
' 1,500 
Supply pressure / 
/ —2,000 


(c) 
Fia. 5.3.3. Hydraulic servomechanism (a), and linearized-system representation (b). The 
analog-computer setup for each block is obtained directly from table 2.2.5, or direct-analog 
operational amplifiers can be used (Sec. 2.2). A more accurate (nonlinear) computer 
simulation would represent the displacement-pressure characteristic of the valve (Mig, 
5.3.3c) by a function generator. Other nonlinearities can be introduced in the manner of 
Fig. 5.3.2. (Figures from J. G. Truxal, Control Engineers’ Handbook, McGraw-Hill Book 
Company, Inc., New York, 1958.) 
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iia, 5.3.42. Simulation of a simple maximum-effort servo which applies only full positive 
torque T or full negative torque —T for fastest possible return to zero from given initial 
eonditions of displacement and velocity. Torque is reversed when »|v| = — 2dla|, where 
«, », and d denote, respectively, the angular acceleration, velocity, and displacement. 


~ 


~*~ 


Vio, 6.4.4b. Records of angular acceleration a, velocity v, and displacement d for the system 
of Vig, 6.3.4a, Tho parameters v|v|/2 and dla| used to determine the switching time ¢, are 
aloo recorded, In practice, one would avoid the small oscillations at the end of the run by 
turning the servo off in the vicinity of zero displacement, 
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At times a weighted sum \ = a/K, + b/K, + c/Ka may be a useful measure of 
servo performance. In the case of linear time-invariant computer setups, \ can be 
obtained directly as the steady-state error following application of the input a + 
bt + ct?/2, or by analogous integration of the step-function error. 

5.3.7. Other Measures of Servo Performance. Application of the computer 
voltage representing the servo error e(t) to an absolute-value circuit (Sec. 3.3) or a 


Fappliea 


Comparator 
for K, 
Comparator 
for Kz 
—e 


Fie. 5.3.5, Simulation of static-friction force F, and Coulomb-friction force F, by means 
of relay comparators. Each relay contact moves in the direction indicated when the 
algebraic sum of its comparator inputs becomes positive (see also Sec. 3.3). The static- 
friction force Fs cancels the applied force Fappiiea if and only if |Fappliea] < (F's)max and 
|o| < e, where e is a small voltage introduced to ensure positive relay action. 


Comparator 
for K, 


Comparator 
for Ka 


Input 100 
Output 


Comparator 
for Kz 


Fig. 5.3.6. Simulation of control-element granularity (e.g., potentiometer granularity, 
see also Table 5.4.1). Relays are actuated if the algebraic sum of the corresponding com- 
parator inputs is positive. Granularity becomes coarser as E increases. 


squaring function generator and subsequent integration yield the important perform- 


ance measures 
z id 
€1 -f, le) | dt a = i, e(t) dt 


which must be computed for a ‘‘typical” servo input or averaged over a set of com-. 
puter runs with different inputs. The related subject of statistical performance meas- 
ures, which also permit one to assess the performance of control systems subject to 
noise and/or disturbing forces, is discussed in Sec. 5.9. 
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(b) 


Fia. 5.3.7a. Representation of a polarized double-throw relay. 


approximated by the transfer function 


The delays involved in field-current buildup and armature motion have been 


Ro 1 


Xi 


Ri RoCP +1 


X2 


The dry- 


A more accurate representation 


The operating delays have been approximated as in Fig. 5.3.7a. 


lves simulation of the spring-restrained armature with damping and stops in the manner of Fig. 5.4.1. 


Fie. 5.3.7b. Representation of a solenoid-operated dry-disk clutch. n é ) 
friction torque is developed from the difference between the output speed and the speed of the driving disk engaged. 


This approximation is not unreasonable for well-designed relay circuits and sufficient armature damping. 


invo 
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Minimum cycling is sometimes used as a performance criterion for control systems 
yielding zero steady-state error. One can, thus, count the number of times, or the 
total length of time, that the error exceeds a specified absolute value before the sys- 
tem settles after a specified disturbance. This performance measure can be read 
from a transient record of the error, or the slicer circuit of Fig. 5.9.13 could be used for 
direct measurement. 


Error sample-hold circuit 


Servo amplifier, motor, gears, and load 


Fig. 5.3.8. Block diagram (a) and analog-computer setup (b) for a simple sampled-data 
servomechanism.4 This servo setup exhibits the characteristic bandwidth limitation of 
a sampled-data servo as the sampling rate is decreased. The sampling switch S can be a 
relay driven by pulses from an analog-simulated multivibrator circuit (Table 5.4.1) or, 
preferably, an electronic switch (Sec. 6.3). 


Finally, if the servomechanism under study forms part of a larger system, the analog 
computer can often be used to compute a system performance measure (fuel cost, miss 
distance, etc.). 
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PART 4: SPECIAL CIRCUITS FOR DYNAMICAL-SYSTEM STUDIES 


By Grantno A. Korn and Tuerrsa M. Korn 


5.4.1. Representation of Nonlinear Transfer Characteristics. Diode function 
generators and special “fabricated” diode circuits set up on the computer patchbay 
can represent many types of nonlinear transfer characteristics, such as dead space in 
tachometers, error sensors, and measuring instruments, amplifier saturation, motor 
torque limits, potentiometer granularity, and valve-flow characteristics (Table 5.4.1; 
see also Secs. 3.3, 5.3, and 5.7).1% 5 Such circuits permit, in particular, the simulation 
of relays and clutches (Fig. 5.3.7). If high computing speed is not required, operas 
tional relays driven by comparator amplifiers (Sec. 3.3) also permit accurate simula 
tion of nonlinear transfer characteristics; relays are particularly useful for representing 
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simple functions of two variables, such as static-friction forces (Fig. 5.3.5). Figure 
4.3.6 shows a relay circuit for representation of granularity. 


6.4.2. Limit Stops and Backlash. Direct analog-computer representation of limit 


stops!--6 requires simulation of the forces exerted by the stop on the impinging moving 
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i i i i by a fixed or movable stop. 
. 5.4.1a. Linear motion of a particle restrained 2 1 
Kia Pp es 2h weiee of the motion for an elastic stop whose stiffness is represented 


tgs = rp), where rp is the diode forward resistance. é 4. i 
nes ‘i ee of the elastic-stop force fs by means of high-gain limiter cir 


cuits. The stop stiffness is represented by Ks = Ro/R1. 


i These forces may be elastic in nature 
1 the latter penetrates the stop slightly. i¢ in 
pading i energy is conserved), i.e., the force fs exerted by the stop is given by 


fs = —ks(x — 21) (2 > 21) (5.4.1) 


where « — 2; is the penetration distance (Fig. 5.4.1a), or the force fs may be approxi- 


mated by a viscous force 


fs = Cs @— a) (« >2) (5.4.2) 


i i ] 2) is not zero for (d/dt)(« — a1) < 
— 21) > 0 (inelastic stop). If the force ( ) is n 
7 Paha a will “stick” to the stop. Combinations of the ae (1) ies ey 
rosult in semielastic stops with different coefficients of restitution, 1.e., with partia 
ipati the initial kinetic energy. SA 2 d 5 
eet 5A and 5.4.2 show diode circuits for the representation of SS 
and inolastic stops. A different type of circuit is useful for representation of a 
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Fie. 5.4.2a. Rela: ; 3 . 
“sticking.” y Tepresentation of an inelastic stop at X = X,, 


Fia. 5.4.26. Diode re 
switch passes curren 


presentation of an inelastic sto 
1 i ) p (from Ref. 6), 
t in one direction only and thus prevents binking 


Lag Limit 


(a) 


(6) —300v 
Fig, 5.4.3, Bl i i i 
Block diagram showing an amplitude-limited quantity Z preceded by a sim ple lag 
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The diode prevents 


Note that the diode 
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umplitude-limited quantity Z preceded by a simple lag (Fig. 5.4.3). If the moving 
body is limited to an interval between two stops (x1 > x > #2), the circuits of Figs. 
.4.1 and 5.4.2 may be duplicated with appropriately reversed diodes and bias voltages, 
or a dead-space circuit can be used. The circuits of Figs. 5.4.1 and 5.4.2 permit many 
other variations and generalizations. In particular, the stops themselves may be mov- 


ip 
paca Daag ae % 
4 7: Loading Coupling force 
ad oe spring 
| m>f, mg, 


(a) 


Adjust L 


(d) 


(c) —300v 


\'ia. 5.4.4. Representation of the coupling force associated with spring-loaded linkages, 
cams, or gears subject to ordinary backlash (the special case K = Fr = 0 corresponds to 
ordinary backlash, without a loading spring). This example illustrates action and reaction 
of perfectly elastic stops. Note that the backlash circuit in Table 5.4.1 assumes inelastic 
stops and does not represent the force on the stop; it is thus more suitable for simulation of 
jnetrument backlash than gear backlash. (From G. A. Korn and T. M. Korn, Electronic 
\nalog Computers, 2d ed., McGraw-Hill Book Company, Inc., New York, 1966.) 


ing bodies, so that 2; becomes a variable. Since the impact force on the stop will be 
equal and opposite to the force represented by fs in Fig. 5.4.1, the computer can easily 
deal with motions involving impacts of two or more rigid bodies. In this manner, 
one can simulate elastic backlash (Fig. 5.4.4; see Table 5.4.1 for an approximate repre- 
sentation of inelastic backlash), In the case of oblique impacts on smooth barriers, one 
‘nust consider components of the impact force in the coordinate directions. It is, for 
ingtance, possible to simulate the rebound of a billiard ball from a barrier, 
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2aty=0. Polarized relays are used. (Contributed by B ig breed ony ane a 
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Simulation of elastic stops requires a measure of caution simply because the true 
impact forces may be so very large compared with other applied forces that a difficult 
jouling problem results. Thus in the computer setup of Fig. 5.4.1b, the diode is not, 
ay in most analog-computer setups, in series with a large resistance, and diode non- 
linearities and capacitance can result in substantial errors. For accurate computa- 
lion, one can often slow down the time scale by representing all forces by smaller 
voltages, so that the circuit of Fig. 5.4.1¢ can be used with reasonable resistance values. 
‘This is, unfortunately, not possible if the computer setup is to be used on a 1:1 time 
scale, as for partial system tests. 
Figure 5.4.5 shows a less direct and potentially more accurate method for represent- 
ing elastic and semielastic stops. This computer setup employs analog storage cir- 
wuits (Sec. 4.2) to represent the motion of a point mass that strikes a reflecting, fric- 
\ionless surface (e.g., a bouncing ball). At the instant it strikes the surface, the 
jjormal component of the velocity reverses sign, and if there is energy dissipation, it 
i, also attenuated. Two similar integrator circuits are used to compute y for alter- 
ante sections of the trajectory, i.e., between the points at which the mass strikes the 
wurface, y = 0. As one circuit is computing y, the other integrator is charged to a 
new initial condition. Relay comparator circuits are used to switch the integrators. 
\ similar circuit is used for ray-tracing studies in which the ray strikes a reflecting 


surface.7 
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PART 5; AIRCRAFT, AUTOPILOT, AND MISSILE PROBLEMS 
By Louis BAUER 


RIGID-BODY MOTION OF AIRCRAFT 


6.5.1. Flight Equations and Simplifying Assumptions. The motion of an aircraft 
us a rigid body has six degrees of freedom: translation in three directions, characterized 
by the drag, lift, and side-force equations, and rotation in three directions, described by 
the roll, pitch, and yaw equations. To these flight equations one must add equations 
describing a control system (inputs corresponding to pilot commands, or beam-riding 
ystems, homing radar, etc., in pilotless aircraft and missiles). Figure 5.5.1 shows the 
hlock-diagram representation of a typical guided-missile problem. 

In early studies of a new aircraft system, greatly simplified phases of the problem 
ure tentatively isolated (‘decoupled’) and studied separately. Thus one may 
attempt to disregard rotation and study the trajectory of the aircraft center of gravily 
separately, or one may investigate rotational stability without regard to translatory 
motion. Again, one may begin with a longitudinal study restricted to motion in a 
vertical plane (lift and pitch equations), and a lateral study of motion in a horizontal 
plane (side-force and yaw equations). Roll is then added to the latter motion, and 
the effects of velocity changes due to thrust and drag (drag equation) may be added 
to both longitudinal and lateral studies. Note, however, that late-model aircraft may 
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exhibit such strong interaction bet 
i } ween degree 
equations are useful only as a very rough ei . a 
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blocks Seite pik eearon sors 8 guided-missile problem. The numbers shown in the 
and control system cs “be of the equations in the text. No equations for the guidane 

ae piloted pie ye een listed because of the great variety of possibilities. In the 
well as the throttle pad e inputs will be the aileron, elevator, and rudder deflections aa 
mass and moments of pee hs ors ewllneiead The equations giving the variations of 
due to center-of-gravity shift will also have to bs peters lean geen engage os ye 


5.5.2. Coordinate Systems. 


: The f i i 
Ps Rieger ben solid caer: fe e form of the equations of motion depends upon 


tem. The following systems are widely used: 
Earth Coordinate System (ECS) 


1 axis (@ axis): north 
2 axis (y axis): east 
3 axis (z axis): down 


Body Coordinate System (BCS, Body Azes) 


: axis (x axis) : aircraft longitudinal axis 
axis (y axis): perpendicular to the x axis, toward the right wing 


3 axis ( axis) perpendicular t we 
: : 0 the za d y mM, 1.e 
2 nd y axes, forming a right: hande syste 9 See 


Velocity Coordinate System (VCS, Wind Azes) 


1 axis (z axis): in the directio i 
i Is) : n of the velocity vector 
: x rink perpendicular to the x and z axes, form 
axis (z axis): perpendic i 
setae Pp ular to the zx axis, 
a ae VCS described here is tied in with the velocit; 
etry plane. Another velocity coordinate system is 


| } ing a right-handed system 
in the airplane vertical symmetry plane, 


y vector and the airplane sym- 
also used: 


coupled? flight 
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Velocity-Earth Coordinate System (VECS) 


| axis (x axis): in the direction of the velocity vector 

2 axis (y axis): perpendicular to the velocity vector, in a horizontal plane 

3 axis (z axis): perpendicular to the « and y axes, forming a right-handed system 

The two velocity coordinate systems differ only by a rotation about the velocity 
vector; therefore the first two angles defining these two systems are identical, namely, 
the heading angle and the angle of climb. 

The ECS is useful in computations of aircraft position (kinematic equations of trans- 
lution); the BCS is useful for expressing the moment equations (dynamic equations of 
rotation). 

The VCS and VECS are useful in computations of flight-path angles; the aircraft 
angles of attack appear as angles between BCS and VCS axes. Since the expressions 
for the angles between the BCS and VECS axes in three dimensions are very complex, 
the VCS has been largely abandoned for three-dimensional problems, and the angles 
of attack are computed from the velocity components expressed in the BCS. Since 
wind-tunnel data (aerodynamic coefficients) are naturally obtained in VCS, they now 
have to be converted into BCS. 

Other coordinate systems tied to the aircraft’s radar, gyros, or other control-system 
components are also frequently used and will depend on specific control-system con- 
figurations. Note also that high-speed aircraft and long-range missiles may require 
one to modify flight equations expressed in the ECS to allow for the earth’s rotation, 
since the ECS is not a true inertial system. 

5.5.3. Typical Three-dimensional Flight Equations (see Table 5.5.1 for symbols). 


Dynamic Equations for Translation 


mu = Fx + T — mg sin 0 — mqwu + mrv (5.5.1) 
mi = Fy + mg cos @sin ¢ — mru + mpw (5.5.2) 
mw = Fz + mg cos 0 cos ¢ — mpv + mqu (5.5.3) 
Table 5.5.1. Glossary of Symbols 
Symbol Definition 
1 Wing area 


Cy, Cu, Cn Roll, pitch, and yaw moment coefficients. The added subscripts refer to 


the source of these moments 
Cy, Cy, Cz Drag, side force, and lift coefficients. The added subscripts refer to the 
source of these forces 


ly, Fy, Fz Aerodynamic force components in body-axis system 
l'y', Fy’, Fz’ Aerodynamic force components in wind-axis system 
ly, ly, Iz Moments of inertia with respect to principal axes 
LA, M4, Né4 Components of the total external dynamic moment 
Ll’, M*, N® Components of the total external static moment 

WV : Mach number 

7 Thrust 

V Velocity 

V, Velocity of sound 


b Semiwing span 
r Mean aerodynamic chord 


7] Acceleration due to gravity 

h Altitude 

m Mass of aircraft 

maar Angular-velocity components in body-axis system 
u,v, w Velocity components in body-axis system 

nue Coordinates in the ECS 

ow Angle of attack in pitch 

A Angle of attack in yaw (angle of side slip) 

Bay Be, by Deflections of aileron, elevator, and rudder, respectively 
o, 0, Roll, pitch, and yaw angles 

p Density of air 

t Heading angle (flight-path angle in azimuth) 

y Angle of climb (flight-path angle in elevation) 


discussion below). 


tions are the dyna 1c e 
quat: 8 
m. 10N; for translation, written In the BCS, I he advantage 
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Dynamic Equations for Rotation 
Ixp - =I[s 

ae eat ats 

. Tat + (Iy — Ix)pqg = Ne + Ne ene, 

Kinematic Equations for Translation (Coordinate Transformation from BCS to ECS) 

& = ucos 6cos ¥ — (vcos ¢ — wsin ¢) sin y 


ey en gilts aero hy (vsin ¢ + w cos ¢) sin 6 cos y (5.5.7) 


+ (vsin ¢ + w cos ¢) sin 6 sin y (5.5.8) 


ina —y sin €-F 0 cos 0 sin @ 4 w cos # ead (5.5.9) 
mix 5.5.9 

Kinematic Equations for Rotation 4 
¢$=p+(qsin od + 7 cos ¢) tan 6 

i = ie ¢—rsind Pace 

Aerodynamic Forces 7 SAE RCE BOF fg sia 

Px = }eV*AwCx(a, M) 
Fy = }4pV*Au(Crg8 + Cys i) rid 
Fz = V4pV?AuCzax (5 5.15) 


Aerodynamic Moments 


L* = UpV2A (Cin ba - . 
(01,80 + Cug8) I = pVAy>Ci,p (5.5.16) 
M* = VpV*Aye(C : Me = oa 
14 (Cua + Cats, 50) M¢ = pVA, q Cua (5.5.17) 
N* = 4pV2A,b(C0 Cw sa *s 
9 NgB + Cn 8,) N¢= eVAuz Cy,r (5.5.18) 
Miscellaneous Definitions 
@ = arct = 
ctan 7 (5.5.19) 
B = arct. t 
rctan < (5.5.20) 
V 
M=> 
V, 


(5.5.21) 
V2 =u +v2+w2 or VeuVit+a?+6? or ; 


Pe V=u approx (5.5.22) 
ae (5.5.23) 
(5.5.24) 


another convention to be —arctan v/u (see 


Ke 
p 


8 is sometimes defined according to 


tl 


Equations (19) and (20) are frequently replaced by the approximations 


ome 
: : (5.5.19a) 
—— (or — 4) as the case ma b 

: - y e) (5.5.20a) 


5.5.4. Di i i 
5.4. Discussion of Equations and Alternate Formulation. The first three equa. - 


v, and w which are computed from them can 
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he used directly in the computation of a and 6. The disadvantage is that w, d, and w 
are not the accelerations (g’s) felt by the pilot and plane. The last two terms on the 
right-hand side of each equation (—mqw + mro, etc.) are the so-called gyroscopic 
terms which have to be included because the coordinate system is rotating 

If the first three equations were written in the VECS they would appear as follows: 


mV = Fx' + T cos acos B — mg sin y (pRAG) (5.5.1a) 
mV cosy: & = Fy’ + Tcosasin B (SIDE FoRcE) (5.5.2a) 
—mVy = Fz’ — T sinacos B + mg cos y (uirt) (5.5.3a) 


In this case Eqs. (7) to (9) become 


t= V cos y cos & (5.5.7a) 
y = Vecosysin & (5.5.8a) 
z= —-h= —Vsiny (5.5.9a) 


‘The angles & and y are the flight-path angles in yaw and pitch, ie., the azimuth and 
elevation angle of the velocity vector. 

The expressions appearing in Eqs. (la) to (8a) now correspond to the actual g forces 
experienced by the pilot and aircraft. 

For small angles a and 8 these equations become 


mV =Fx' +T — mgsiny (5.5.10) 
mV cosy: =Fy' + TB (5.5.20) 
—mVy = Fz’ — Ta + mg cos y (5.5.30) 


The aerodynamic forces appearing in Eqs. (1b) to (3b) are given in Eqs. (13) to (15). 

Wquations (4), (5), and (6) are the dynamic equations for rotation (Euler’s equa- 
lions). It has been assumed that the body axes coincide with the principal axes of 
inertia. Otherwise, product-of-inertia terms also have to be included. The aerody- 
‘iamie moments have been broken up into the static moments (restoring moments) and 
‘ynamic moments (damping moments), denoted by superscripts s and d. These 
jnoments are given in Eqs. (16) to (18). 

The coordinates defining aircraft position are determined from Eqs. (7), (8), and (9). 
‘These equations express the coordinate transformations from the BCS to the ECS. 
liquations (7a) to (9a) perform the corresponding transformations from the VECS to 
the ECS. 

Wquations (10), (11), and (12) express the rates of change of the orientation angles 
», 0, and y in terms of the angular-velocity components p, q, and r. Note that in 
goneral it is not true that 6 = p, 6 =4q, orf =r. 

The aerodynamic coefficients included in Eqs. (13) to (18) are intended to be only 
(ypical-and not exhaustive. 

Wquations (19) and (20) give the expressions for the angles of attack in pitch and 
vaw. Since these are extremely important quantities in all aerodynamic problems, 
« brief description using simplified (two-dimensional) diagrams will be given here. 

In Fig. 5.5.2a, 1Z is the horizontal reference axis, 1V the direction of the velocity 
vector V, and 1B and 3B the z and z axes in the body coordinate system. 

The angle of attack is the angle between the direction in which the airplane is going 
and the direction the airplane is pointing. (This is not intended to be a rigorous defi- 
nition based upon fundamental aerodynamic principles, but it is useful for the appli- 
cations here.) ‘ 

rom Fig. 5.5.2a we have 

a=60-y (TWO-DIMENSIONAL CASE ONLY) 


or, using the components of the velocity expressed in the BCS, 


w 
a = arctan — 
u 


(a) 


Fig, 5.5.2a. Two-dimensional schematic showin 


(6) 


g the angle of attack in pitch. The quan- 


tities shown here all lie in a verti The aircraft is pointing in the direction 1B, 


and moves in the direction 1V. 
Fig. 5.5.2b. Two-dimensional schematic sho 
The quantities shown here lie in a horiz 
tion 1B and moves in the direction 1V. 


cal plane. 


wing 


the angle of attack in yaw (sideslip), 
ontal plane 


. The aircraft is pointing in the direc- 


In Fig. 5.5.2b, 1E is the ear 
vector V, and 1B and 2B the x 
analogous to the one used for 


th reference (north), 1V the direction of 
and y axes in the BCS. 


a as regards the wind axe 


the velocity 
If the sign convention for is 
s and body axes, then 


B=y-—é (TWO-DIMENSIONAL CASE ONLY) 


Since the velocity component of V in the 2B direction is now negative for a positive B 
8B = arctan cee 
u 


For values of 8 as shown in Fig. 5.5.2b, the resultin 
side force, at right angles to V and in the positive 2 dir 
a restoring moment tending to reduce B. 


If, however, the angle 8 is defined as 


g aerodynamic force will bea 
ection, and the moment will be 


v 
8 = arctan — 
u 


& positive value of 8 will be opposite to the one 
namic coefficients will have to have the opposi 
same physical effects. 

5.5.5. Computer Flow Diagram. Figure 5.5.3 shows the computer flow diagram 
corresponding to Eqs. (1) to (24). No attempt has been made to scale the equations, 
but a sufficient number of amplifiers have been provided to make sure that all quanti-’ 
ties are available with their proper 


sign. The inputs to the problem are the rudder, 
elevator, and aileron deflections and the thrust 7’. 


shown in Fig. 5.5.2b, and the aerody- 
te signs in order to correspond to the 
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5.5.6. Typical Simplified Flight Equations. (a) Longitudinal Analysis. 
dimensional longitudinal study the use of win 
simple expression which then results for a. 


mV =Fxy' +7 — mg sin y (5.5.16) 
—mVy = Fz! — Ta + mg cos y (5.5.30) 
Iyq = Ms + Me (5.5.50) 
«= Vcosy . (5.5.76) 
z= —Vsiny = —h (5.5.96) 
j=f (5.5.11b) 
Fx’ = gpV?A.Cx’ (5.5.13b) 
Fz’ = l6pV?A,Cz' (5.5.15b) 
2 
M* = MeV*Aye(Cuza + Cmgde) M4 = pVA, “Cut (5.5.17) 
a=o-—y (5.5.19) 
V 

M = 0. 
v. (5.5.21b) 
Vs = V,(h) (5.5.23) 
p = p(h) (5.5.24b) 


The last two may be omitted if the effect of variations in altitude u 
of sound and the air density can be neglected. 


(b) Linearization. If, further, the velocity is assumed constant, the pV and lgpV2 
servos needed in the generation of the aerodynamic forces and moments may be elimi- 


nated. Furthermore, the aerodynamic derivatives Cz.) Cu,, and Cu, may just as 
well be assumed constant. 


If y remains small throughout, the system reduces to a 
system of linear differential equations of the third order, containing one equation each 
for 7, g, and 6. 


pon the velocity 


1a — Cz 
Lead Cra + Cwq 
as 


2esQ 


foi il 


7 
qd 
a 


where C1, C2, C3, Cy are constants as follows: 

C; lift coefficient + thrust 

C; influence of gravity 

C; static moment coefficient 

C, dynamic moment coefficient 

An examination of the equation for q= 
ing term involving a, and two dam 
through the a term in the 7 equation 


(c) Longitudinal Stability. The natural frequency and damping of this linear sys- 
tem can readily be determined, and they serve as a useful check on the computer solu- 
tion. The longitudinal response of a conventional airplane to a small disturbance 
(elevator deflection, or a gust) actually corresponds to a damped sine wave. The 
static moment coefficient determines the restoring moment, and thus the period, which 
may be of the order of magnitude of a second or longer. In order for an aircraft to be 
statically stable this moment coefficient must have the proper sign. The damping, 
and thus dynamic stability, is largely determined by the dynamic moment coefficient, 

The newer and faster planes tend to have smaller margins of stability, especially at 
the low speeds needed at take-off and landing; many computer problems deal with 
the action of control systems designed to add stability. In some missile-launching prob- 
lems even static instability is encountered ; then the problem is to determine whether 
the missile can be accelerated quickly enough to regain static stability at higher speeds, 

(d) Phugoid Oscillation. In addition to the oscillation involved in the longitudinal * 
stability of the aircraft, another kind of oscillation may occur; this one involves the 
velocity and the altitude, Suppose the airplane is climbing; then the velocity V will 


6 shows that equation to contain one restor- 
ping terms, one involving q directly, and one 


For a two- 
d axes is advantageous because of the 
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Be Ne The lateral stability of the airplane can a sarin te a 
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6 Dn i he introduction of the roll equation 
yw the equations for lateral motion, the in 1 
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¢ ‘ . . . . n 
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* nade ‘uit it should be noted that there is no restoring ce erear gente ad 
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ets the yawing motion. The period of the eee motion (osci er i Ph 
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ll (Dutch roll) may be of the order of magni on ; oe 
Setiea be not stabilized in roll attitude, but only stabilized in aan ente ce : a 
oases it is necessary to specify whether p or ¢ is to be kept zero. a rsyar etd 
voll stabilization, it is necessary to introduce a control system operating 

nerating the roll angle. ; ee. ‘ 
. (A) Simplified Repaid of ae jeder FE ier ache. 
i 1 system for an airer 
ere ee ie ea h detail as represented by Eqs. (1) to (24). 
dynamic equations of the aircraft in any suc pela 
| i i ted by one or more secon 
‘hen the aircraft dynamics are simply represen ee a ae 
i J i ility characteristics in pitch and yaw. 
functions, corresponding to the stabi At Ae ati OE 
vords, the control system will put out certain signals, | 
Ser lags produce the corresponding displacements in pitch and yaw. Bromo ned 
5.5.7. Limitations. Use of Direction Cosines. : potentially spore eyes 
‘use is i ied in the use of the successive ro p, 0, 
the use of Eqs. (1) to (12) is implied in t agnor sh lige 4 
f ¢ and y to define the velocity 
in order to define the body axes, and the use o een gin 
i i le 6, or the angle of climb y) beco q 
Whenever the second rotation (the pitch angle 0, : My echher ee 
ations become singular, and therefore useless t 
in edi pad rae £. This happens in cases of vertical launching (VTOL aircraft, 
issiles tical impact of missiles. hae ot 4 
m scamagee’/ be natal of dealing with this difficulty are possible. ' ete ied eee 
nate systems and the orientation angles may es ee = dhe : es ee hee 74 
shose the second rotation no longer reaches eg, vgorhnae 
Se ee in the equations involving these angles. A ti Laegery Seder 
avoidance of the use of angles in the seca reais ie have) hehe is e rosy 
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tions (10) (11), and (12) are now replaced by the following nine equations: 
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ik = mer — nig 
ion anor (= 1,2, 3) (5.5.25) 
nn= lig — mip 


; 5 y : ram 
Of these nine equations only three are independent. The follow ing six constrain 
have to be satisfied by the nine direction cosines at all times: 


3 3 3 
Yue -1l= > me -1= Y nit -1=0 
tea a (5.5.26) 
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If the nine differential equations (25) are solved with perfect accuracy subject to the 
correct initial conditions, the six constraints will be satisfied automatically. In an 
actual problem setup, however, this situation may not prevail. One method to deal 
with this difficulty is to compute error voltages equal to the differences between the 
expressions (26) and zero, and to use these errors strategically to correct the computed 
values of l;, mi, and n;. The logical place to apply these corrections is in the inte- 
grators generating the direction cosines. It is likely, however, that such a correction 
scheme will involve a prohibitive amount of equipment. A possible compromise is to 
compute the nine direction cosines open-loop from Hq. (25), to keep track of the errors 
by computing the expressions (26), and to hope for the best. 

The direction cosines are related to the angles ¢, 6, and y as follows: 


cos W cos @ 


l, = — sin ¥ cos + cos y sin 6 sin @ 
4 = sin y sin ¢ + cos y sin 6 cos 
Ny, = sin y cos @ 
Mm. = cos ycos ¢ + sin y sin ¢ sin 0 
ms = — cos y sin ¢ + sin y cos ¢ sin 0 
nm, = — sin 0 
Ne = cos 6 sin ¢ 
na = cos 8 cos } 


CONTROL SYSTEMS 


5.5.8. Airplanes. The simplest aircraft-control systems are low-cost autopilot 
systems intended to maintain aircraft altitude or heading only, and dampers designed 
to improve dynamic stability. Onthe other hand, one may have very complex systems 
which compute, say, the proper course for an interceptor and then apply appropriate 
signals to the control surfaces to achieve this course; the system may also present suita- 
ble displays to a human pilot who controls the aircraft or monitors the system. 

5.5.9. Missiles. Missile-guidance systems assume many different forms depending 
upon the mission and, sometimes, upon the stage of the flight path. Command-guid- 
ance systems are controlled by a control station on the ground, on a ship, or in an air- 
plane. Beam-rider systems cause the missile to follow a radar beam from a control 
point, and homing systems cause the missile to home on the target. Ground-to-ground 
missile guidance may be also preprogrammed or employ inertial navigation (integration 
of accelerations measured on a stable platform in the missile) or celestial navigation, 

5.5.10. General Procedures. The control System is usually described by a block 
diagram showing the operations to be performed in each block in terms of their trans- 
fer characteristics (see also Sec. 5.3). The block diagram must then be put into 
mathematical form, with precisely defined input variables obtained from the aircraft 
kinematics. All quantities must be expressed in consistent units. The mathematical 
relations are then programmed on the analog computer, which produces voltages repre- 
senting the control-surface deflections. These voltages, in turn, are used as inputs to 
the computing-element blocks implementing the aerodynamic equations (Fig. 5.5.1)8 
care is necessary to ensure correct signs for all variables in a large computer setup. 

5.5.11. Some Special Techniques. Two serious problems frequently encountered 
in trajectory computations are (1) the accurate generation of small differences between 
two large quantities and (2) accurate representation of variables which vary over a 
wide range. 

(a) Differences between Two Large Quantities. As a typical example, consider the fol- 
lowing situation encountered in a beam-rider problem. Referring to Fig. 5.5.4, the 
error distance e between missile and beam, which is small compared with the missile 
coordinates X and Y, is given by 


e= -Xsin¢d+Ycos¢ 


Unfortunately the two terms on the right are nearly equal, so that generation of e . 


tends to be inaccurate. This difficulty does not apply to the generation of 
R =X cos ¢+ Y sin o 
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It is also futile to generate ¢ in the form 


x~*) 
«= R (arctan y — 6 


i in i i li difference. 
since this again involves the generation of a sma ere 4 ' 
The difficulty can be overcome if the derivatives ¢, X, and Y are available ¥ the 
womputer setup. This will certainly be true for X and Y, and possibly also for ¢. 


Missile Target 


Control x 
point 


Fia. 5.5.4. Beam-rider geometry. 


is gi ¢ sas a function of X, Y, X, and Y, 
If # is given only as arctan Y/X, one must generate ¢ asa : t 
fu Sbeainbal by differentiation of arctan Y/X. If, now, eis generated by integration of 


€ 


—(X cos ¢ + Y sin ¢)¢ + (—X sin ¢ + Y cos ¢) 
—R¢ — X sin ¢ + Y cos 


(hen the necessity of taking the small difference of two large quantities no pes steete ; 
in fact, e may change at a rate comparable with the rates X, Y, and ¢. seh a ne 
eis now an integrator output and can be scaled independently of X and Y,. 

curacy may be further improved. : ; . . 
* This Liar which is quite generally applicable, will require more equipment, — 
cially if some of the terms making up the derivative of the desired difference “#4 
yonerated; but the only alternative may be a computer solution so inaccurate as to 
scless. ; ; 
mo) Variation of Variables over a Wide Range. The accurate handling “ hase pei 
which vary over a wide range is again best illustrated by an example, as in the 

homing problem. ny : 

kere hs error angle, measured in the missile coordinate system, and X’ oa ety 
vomponents of the relative distance from missile to target, also measured in 
iissile coordinate system (Fig. 5.5.5), and 
tane = Z’/X’; or, for small angles e = Z'/X’. 

The error angle is the main input to the 
control system; presumably the effect of 
large values of € will be limited. It is desir- yy 
able to calculate e¢ accurately, especially Missile 
near the end of the cone sent Amid get 

‘tion of the control system is particularly ' bes 
impowsiill Note that X’ willbe quite large Fria. 5.5.5. Homing missile. The target 


i i ‘and Z’ in the 
at the beginning of the problem—perhaps “. spo berwpecrs < - =Aepsaese 4 
several hundred thousand feet, and Z’ may Me ate aon 46 fontiics te onal ie Sew 


or may not become large at rbd Causing the missile to home on the target. 
inning of the problem. ear the j ; 

pre’ ber both X’ and Z' will approach zero. The difficulty, preg oid 

maintaining the accuracy in the generation of X’ and Z’ and ¢ throughout this larg 


variation in range, 
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The diffieulty is overcome through th 


mn i e s , 
he machine variables are now K YX’ and pay a variable scale factor K for X and Z womplicated when deformations of the airplane structure are to be included as well. 
, and ‘ " 7 ‘ 2 es 
I'he problem of aeroelastic deformations is generally treated separately from the rigid- 
KZ’ hody dynamics of the aircraft, but at times interactions of some acroelastic oscillation 
Hs : ; 

KX’ iyodes and control-system behavior must be studied. 

as before. The equations describing the structural deformations are partial differential equa- 


tions; methods of solving such problems on electronic analog computers are treated 
in See. 5.10, and network-computer methods are described in Secs. 9.1 and 9.2. In 
particular, relatively simple beam analogies (Sec. 5.10) can describe the motion of 
an aircraft wing of large aspect ratio, either straight or swept back. Fuel tanks and 
nine pods may be added at will. Wings of small aspect ratios, such as delta wings, 


a Bis eee must be described by two-dimensional (plate) analogies. 


difference between KX’ and a 
X’, this circuit serves to 


y an integrator whose in i : 

put is an “ 
: fixed voltage F. Since K is the mu 
maintain KX’ equal to F as long as it is 


atid ” equal to the 
i 
oheoalis ae SOLUTION OF LARGE PROBLEMS 

5.5.13. Special Precautions. The precautions and techniques needed to deal with 
large problems are essentially an extension of those used with smaller problems.1! 
I'he patching procedure is the same as for smaller problems; automatic checking pro- 
vodures (Sec. 4.3) for the correctness of the patching are naturally more important now. 

Problems may become large for different reasons: it may be that many complicated 
ollects must be included in a six-degree-of-freedom study of an aircraft or a submarine; 
(his will—especially in the aerodynamic computations—require a great deal of equip- 
mont. It may also happen that a relatively simple set of equations involves a large 
iumber of different dependent variables, e.g., in structural or process problems requir- 
ing solution of partial differential equations. 

Dynamic checks are best carried out by testing (1) linearized portions of the prob- 
jon and (2) decoupled portions of six-degree-of-freedom problems which have only one 
or two degrees of freedom and, in the case of structural problems, by testing (3) the 
somputing loops corresponding to the motion at a single station. 

‘The dynamic checks carried out for such subsystems can frequently be checked 
nalytically, or their expected behavior may be known from previous analyses. As 
ihe large problem is then connected up, the resulting effects should be studied care- 
fully and examined as regards their reasonableness. By following these steps care- 
fully, one may obtain the solution to large problems with considerable degree of confi- 
dence in the results. 

Since no system of partial checks can take the place of a check solution to the whole 
problem, it will be useful to obtain a digital-computer check solution for a few special 
oases, and to rely upon continuity considerations as parameters are changed. 

The importance of good bookkeeping practices also becomes more crucial when the 
problems become larger. This means that all schematics, flow diagrams, and setup 
shoots must be made up carefully, with all interconnecting trunk lines (“‘inters”) and 
inultiples shown and labeled. . Whenever the setup is changed—no matter how tempo- 
rary the nature of such a change—the corresponding changes must be made on the 
achoematies without delay, and also on all tables where information regarding the inter- 
sonnections is recorded. Simple changes, which could easily be remembered in small 
problems, cannot be entrusted to the operator’s memory in large problems. 

With sufficient care, analog-computer solution of complex problems involving well 
over 250 amplifiers is feasible and practical. 


Fie. 5.5.6. Computer se 
When X’ is darae ta Be 
Z’ is small, As X’ decreases, K i 
mum excursion of the K servo) 
X’ and Z’ for greater accuracy ’ 


corded. Since 
st, one may use a large scale 
miss-distance computation, A 
value most of the time and will 
he end of the trajectory. The 
nt servo-potentiometer linearity a 
y of I part in 20,000: More accu. 
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Most of the aerodynamic background material can be found in W. F. Durand, Aero- 
dynamic Theory, 6 volumes. Additional material with emphasis on guided missiles may 
ho found in the series on Principles of Guided Missile Design, Grayson Merrill, Editor, in 
particular in the volume Guidance, by Arthur 8. Locke, D. Van Nostrand Company, Inc., 
1055, 

Many additional papers on the use of analog computers in this field have been presented. 
‘The following is only intended to be a partial list, and many added references will be found 
in the individual papers, 


NON-RIGID-BODY MOTION 
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PART 6: PARTIAL SYSTEM TESTS AND FLIGHT TABLES 
By Louis Bavurr 
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5.6.2. Flight Simulators. 
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juters so used are frequently employed as training devices; or the control system itself 
‘nay also be tested to determine whether it can be operated by a human pilot, and to 
{ind optimum parameters for such operation. 

‘Training devices take many different forms depending upon the type of training to 
which the pilot or crew is to be subjected. An operational flight trainer (OFT) includes 
ihe simulated cockpit of an airplane together with all necessary controls to permit the 
pilot to learn to fly the airplane. Signals applied to the controls by the pilot are fed 
‘0 the computer, which in turn determines the behavior of the airplane in response to 
\ih signals. The computed aircraft behavior is translated into signals observed by 
‘he trainee on instruments and, possibly, also sensed as cockpit motion. It is possible 
io go to considerable lengths in order to present a realistic “picture” to the pilot. If 
only instrument deflections are to be produced, the job is relatively simple. On the 
other hand, one may produce the illusion of motion by enclosing the cockpit, e.g., by 
projecting moving pictures of the surrounding scenery on the walls within the pilot’s 
range of vision. Aircraft roll, pitch, and yaw can be simulated by suitable motions of 
‘he visible horizon. The effects of acceleration can also be simulated by straps hold- 
\ng the pilot in his seat with adjustable and controllable forces. Another more realis- 
(0 way of subjecting the pilot to g forces involves the use of a centrifuge; this is, of 
sourse, not compatible with the use of motion-picture displays. 

5.6.3. Missile-guidance Trainers. The operation of a command-guidance system 
for a guided missile is conveniently learned on a simulator. Here again the dynamic 
sosponse of the missile to the control signals is computed on the analog computer, and 
\ suitable display (plotting board, cathode-ray oscilloscope, or radar screen) is pre- 
sented to the operator; he in turn operates the control system which generates the con- 
‘rolesurface deflections necessary to guide the missile. The value of such a procedure 
is obvious; not only can operators be trained efficiently without expenditure of actual 
ininwiles, but they may also be presented with emergencies in the form of malfunctions 
of missile components, incorrect action of the control system, etc. If a missile is to 
jw launched from an airplane, the training of the pilot can be accomplished in two 

‘aes: first, the correct control procedure is learned on the ground; next, a small com- 
puter is programmed, set up in the airplane, and taken aloft. Firings and control of 
\\r-borne missiles can thus be learned and practiced with additional realism, but still 
without expenditure of actual weapons. 

6.6.4. Other Training Devices. Training devices are also frequently used when 
(he operation to be learned does not involve an aircraft: in this class are submarine 
simulators and nuclear-reactor simulators (Sec. 5.8). These are used for instruction 
of personnel who will eventually operate submarines, nuclear reactors, etc. 


COMPONENT AND SUBSYSTEM TESTS 


6.6.6..Flight Tables. Similar techniques apply when the primary purpose of 
partial system tests is the testing of hardware rather than the training of human oper- 
ators, In testing guidance equipment containing gyros or similar devices, flight tables 
and roll tables are used extensively. A flight table is a platform which can be subjected 
io the same rotations as the aircraft (plane or missile) under investigation. Air-borne 
equipment is rigidly mounted on this platform and subjected to the same angular accel- 
erations, velocities, and displacements as would be produced in free flight. The con- 
tvol signals put out by this equipment in turn serve as inputs to an analog computer 
(light simulator) which computes the resulting aircraft motion and positions the flight 
able accordingly. Asa general rule of thumb, a high-quality flight table can position 
ilu pay load with the same static and dynamic accuracy as an analog-computer resolver 
worvo (Sec. 3.1). 

)opending upon the degree of realism required in the simulation and the complexity 
of the control system under test, flight tables may be built for one-, or two-, or three- 
degree-of-freedom studies (one-, or two-, or three-axis flight tables). Because of cross- 
eoupling effects one cannot, in general, use two one-axis tables instead of one two-axis 
lable, Plight tables may be positioned according to position signals (#, 0, ¥) or rate 
vignala (p, q, 7) or acceleration signals, Since the angular-velocity components Pp, 4% 
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and 7 are mutually perpendicular, the axes of a two- or three-axis flight table must be 
gimbaled so as to permit two or three independent mutually perpendicular rotations. 
The innermost gimbal drives the platform carrying the pay load; going out from the 
innermost gimbal, the other gimbals have to drive not only the pay load but also the 
inner gimbals and their drives. If any of the gimbals has provision for continuous 
revolution, it will be necessary to provide slip rings to carry power to the inner gimbals. 
The complications (and expense) involved in constructing two-axis flight tables thus 
are considerably greater than for single-axis tables ; a three-axis table, in turn, is much 
more complex in construction and operation than a two-axis flight table. 

5.6.6. Roll Tables (Single-axis Flight Tables). Roll tables are used primarily 
because of their comparatively low cost and simplicity of operation. Commercial 
models are available from many manufacturers. 

In principle, the operation of roll tables is entirely analogous to the operation of 
two- or three-axis flight tables. The components to be tested are mounted on a plat- 
form which is driven by aservo. The servomotor, which must be sufficiently powerful 
to produce the required accelerations, may be used as a position servo, a rate servo, or 
as an acceleration servo; i.e., the commands to the servo may be signals corresponding 
to an angular displacement, angular rate, or angular acceleration. 

If the roll table is driven by a position servo with potentiometer follow-up, d-c ana- 
log-computing signals may be used directly as the input; in this case, the range of 
rotation is limited, and mechanical limit stops must be provided. A position servo 
may also be used with a synchro (control transformer) follow-up. In this case, the 
rotation need not be limited, and the input is a synchro signal; but such signals may 
not be readily available from d-c analog computers. 

It is more likely that the roll table will be connected as a rate servo. In this case, 
the feedback may be from a tachometer which detects the rate of rotation of the shaft; 
the angular displacement which results will therefore be the integral of the input. 
Accurate d-c tachometers are not more expensive than accurate a-c tachometers. 
When tachometers are used, care must be taken to preserve the servo loop gain at low 
rates. 

The rate of rotation of the roll table can also be accurately controlled by a rate gyro 
or integrating gyro. It is then possible to use d-c analog-computing signals directly 
as the inputs to the servo. 

For very sensitive applications it is necessary to observe the distinction between the 
rate of shaft rotation and the rate of rotation of the platform, since the latter includes 
the effect of the earth’s rotation. 

Roll tables are usually provided with a self-contained power supply, and d-c to a-¢ 
modulators where necessary. For optimum operation over different ranges of dis- 
placements or rates, different gear ratios between motor and platform can be selected 
by means of a gear-shifting scheme. While generally not designed to drive heavy 
loads, roll tables are frequently useful in the testing of components and small subas- 
semblies. By virtue of their small size they do not require special handling equip- 
ment and do not pose any particular installation problems. Leveling adjustmentsare 
easily made. 

5.6.7. Three-axis Flight Tables. For the most realistic simulation a three-axis 
flight table will be required. At the same time, three-dimensional simulation will 
involve larger and heavier components under test. ‘The innermost gimbal will therefore 
have to have the capability of driving rather heavy loads at the high angular velocities 
and accelerations often encountered in modern missiles. This makes the use of powerful 
servos mandatory, and since they in turn will add to the mass of the inner gimbals, the 
outer gimbal drives will have to be correspondingly more powerful and massive, 
Amplidynes and hydraulic servos are commonly employed in these applications. 

One limitation in the use of a three-axis table is gimbal lock; the excursion of the 
middle gimbal has to be kept below 90 deg to avoid gimbal lock. For complete frees 
dom of angular motion four gimbals are needed; the motion of the fourth gimbal must 
be controlled so that gimbal lock is prevented. This may involve a control systeni 
which will cause a corrective motion of the fourth gimbal whenever the displacement 
of the gimbal causing the difficulty approaches one of its limits, 
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are solved without any resolvers if the angular displacements remain small. The 
flight-table gimbals produce rotations in the order yaw-pitch-roll. 

If the angular displacements become large (e.g., large roll angles), then a resolver 
for error resolution must be added to permit the errors in pitch and yaw rate to pro- 
duce the proper corrective actions in the respective servos, and to keep the servo 
gain constant. If the pitch or yaw angles build up to values much above 30 deg a 
second resolver may be necessary. One resolver is shown in Fig. 5.6.2. 

The integrations required in the solution of these equations are accomplished by the 
rate gyros or integrating gyros in the feedback loops of the roll, pitch, and yaw gimbals. 
The trigonometric relations in the equations are satisfied by virtue of the geometric 
relationship between the innermost gimbal (where the rates p, q, and r are measured) 


Actual roll rate 


Actual yaw rate 


Fig. 5.6.2. The kinematic equations for rotation (yielding ¢, 0, and y from p, qg, and r) 
are solved by using three rate gyros or integrating gyros mounted on the flight table with 
their three axes mutually perpendicular. The excursion of the middle gimbal (pitch in 
this case) must be limited to prevent gimbal lock. <A resolver which permits continuous 
roll rotation is shown; this resolver apportions the other gyro error signals appropriately 
to the pitch and yaw servo motors. A second resolver may be necessary for either pitch 


or yaw if the angles are allowed to build up much above 30 deg. This will be necessary 
to keep the servo loop gain constant. 


and the drives for the three gimbals which generate ¢, 0, and y. Commercially avail- 
able integrating gyros permit good accuracy. If other computations and resolutions 
involving ¢, 0, and y have to be carried out (as, for instance, in the kinematic equa- 
tions), the necessary computing components (resolvers, potentiometers) are mounted 
so that they can be driven by the corresponding gimbal servos. 

5.6.9. Tachometer-controlled Flight Tables. The following method uses tachome- 
ters to detect the rates ¢, 6, and y and is the one used for example, in the Bendix flight 
table. This flight table produces the rotations in the order pitch-yaw-roll; in the equa- 
tions implemented by this flight table, 3 and y and gq and r are interchanged and the 
signs of 3 and q are inverted: 


¢ = p — tan ¥ (q cos ¢ — sin ¢) 
6 = sec ¥ (q¢ cos $ — rsin ¢) 
¥=qsingd+rcos¢ 


The block diagram is still that of Fig. 5.6.1, because the inputs to the flight table are 
still the rates p, g, and r. However, the angles ¢, 6, and y are obtained by a more. 
explicit solution of the equations of motion. The inputs to the pitch, yaw, and roll 
gimbals are the rates 6, ¥, and 4; the desired values of these rates are computed from 
q, r, and p by means of resolvers and a secant potentiometer mounted on the roll and 
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a be dditional resolvers and poten iometer: 
Ss to permit computations involving the angles ¢, 6, and y 


¢ (roll gimbal drive) 


A-c 
resolver 


qcos@—rsing 


Secant 
potentiometer 


‘Yaw gimbal drive) 


@ (pitch gimbal drive) 


i kinematic 
5 i i inputs are p, q, and r (a-c signals). The ; 
oe a ee ae — a acaerern, resolvers, and a ponent potest me 
ne desir eee uted) rates ¢, 6, and y are compared with the actua CF es anaveghs 
rot gies en the error signals so obtained drive the correspon ad dhe ee 
meresesh A We che taiddls gimbal (yaw in this case) must be limited to prevent g¢ ¢ 
excurs 


A third method uses ¢, 0, and y as 


The angles ¢, 6, and y are obtained 
The appropriate block diagram 1s 


6.6.10. Position-controlled Flight Tables. 
inputs to the flight table driven by position servos. 
{rom p, q, and r in a separate attitude computer. 


shown in Fig. 5.6.4. } Ss ona 
i i 6, and y are now 
utations involving the angles 4, 8, é L Sect 
ldaeieaiiiaas from the attitude computer and suitable computing comp 


i i have to be 
Che advantage of this particular method is that no computing elements ha 


mounted on the flight table itself. ec Sare  ss: ee 


‘ ition pickoffs are potentiometers, i to ¢ fame 1 
Pes Toedily, If unlimited rotation is required the a nm ee 
to be computed by means of an integrating servo instead o ; 


i signal. 
angular position transmitted to the flight table by means of a synchro sig 


_ 


5-70 ~=LECTRONIC ANALOG COMPUTERS: SIGNIFICANT APPLICATIONS 


5.6.11. Installation. "or the installation of a fli 
Me ‘eke inte acl not only the sources of power venus a arate 7 a 
Lael 4 p hed and a cooling system for this—but also the wei he hy oa 
aan ayn ’ ‘ pe ity. In this connection, the suggested layout for the Ie die 
—.: oil J . as typical. Here the flight table is set up ina neice ith 
adie 8s A utside ; it is then possible to conduct line-of-sight aircraft- ki 

age mS wi : sage 3 equipment mounted on the flight table iinuces 
tis ano ota Suh ie Tests. Many partial system tests do not require 
squatods topeeeee . As before, the actual control system is substituted fe 

presenting it. It may be that the action of the system does not bate 


Angle-of-attack 
computer 


u,U,W 


7 an co 


Integrate 


PGr 


Pr 


Control-surface 


deflections u,v, Ww 


Attitude 


computer Kinematics 


(resolvers) 


Roll gimbal drive 
Pitch gimbal drive 
Yaw gimbal drive 


Platform with 
control system 


Fig. 5.6.4, Block dia, ram showin, a possible setup for drivin a fli 
& g p ht table wit. osition 
2 g g h pos it 


upon i ; 
be : aa ea Bes need not be subjected to the same rotations as the missile. It 
ite sae the system located on the ground. The simulation of th 
pas Sackisiat ta dif ag out on the computer, and information regarding it is fed 
al? beanie a ie cn This will then put out command signals which will—pro 
the weniiae mare DP pies samme the desired change in the course of the pa ile: 
rel (Retail a yey 1s again computed on the analog computer. 7 
Hiidoetakeure *, a j fe -simulation problems usually have as their objective 
prise stile wf kG system performance, as contrasted with theoretical perform- 
After sapere ass PKs Sac pananase (2) optimization of control parameters, 
pe ie a ot pei are not realizable. "Then woe wishee in cea 
Practice a ae su Seaaecann "i 
Pe aaa cee aay Pll that these tests usually accomplish much more than 
ichieahadaaitorn, : nine system tests are usually the first occasion when newl 
per reason a nts we systems are used. For that reason many unexpected diff 
wei Midicaia. cote cheer ponbiner and eliminated for the first time. This. aspect oe 
Geet aoe ae ibly the most useful, although it is rarely among the stated objece 
portant to keep this in mind when scheduling a simulation facility for 


ie in partial systems tests. 
\\ is a good idea to allow a generous amoun 
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When a new piece of equipment is to be set up for testing 
t of time for unscheduled trouble shooting. 
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PART 7: PROCESS-CONTROL APPLICATIONS 
By Cuartes W. WoRLEY 


INTRODUCTION 


6.7.1. Process-control Systems. Figure 5.7.1 shows the components to be repre- 
sented in a typical process-control problem. Note that controllers comprise equaliza- 
‘ion for the feedback loop (proportional, rate, reset control) and that transmission of 
variables between blocks may involve transport lags (Sec. 6.1). A typical actuator is 


Disturbance 


Controlled 
variable 


Set 
point 


Process 


Controller 


Actuator Final control 
element 

Measuring 
system 


Fia. 5.7.1. Block diagram of a process-control system. 


\ motor or solenoid driving a valve as the final control element. The objective of process- 
control design is to create a stable system which minimizes some measures of deviation 
from a desired state or, more fundamentally, maximizes some payoff function. If the 
»vvor e(t) denotes the deviation of some process variable from its desired set-point value, 


EAs T bes 
one may wish to minimize max |¢|, ‘ |eldt, A edt, or ask for minimum overshoot or 


The resulting parameter optimization problem is different for dif- 


minimum eycling. 
1 techniques will be found in the 


ferent processes; history and theory of process-contro 


literature,! to 1% 
5.7.2. Process Models and Test Data. The choice of a specific model for a process 


and/or control system requires professional knowledge together with test data; the 
lattor are often costly to obtain and difficult to interpret. References 19 and 20 deal 
with analog-computer (correlator) techniques for obtaining test data with a minimum 
of disturbance to existing processes. Where questionable data are the only ones 
obtainable, the importance of the parameter values in question must be checked by 
careful parameter-variation studies, which may lead to new specifications. 
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+100v Rel 
ey: TG simulated final 
control element 


(a) e 


Differential gap 
100 


Relay 


+100v 
-100v 


Relay 


-+ Measured iff 
amplifier 


variable 


Signal output 
100 


To simulated final 
control element 


100 


+100v 


Output 


—Measured variable Manual bi 
nual bias 


100 


Set point 
100 


Output 


—Measured variable Manual bi 
ias 


100 


Fia. 5.7.2. Analo 
bdo g-computer representati i i i 
phe pl ions of idealized ind ial ¢ : iti 
oA hos See Hige-posivon controller with differential gap rg wear Nesey oatrciler 
portional-speed floating controller (da). ROP 


AN - 
ALOG-COMPUTER REPRESENTATION OF THE CONTROL SYSTEM 


5.7.3. Linearized Re i 
Presentation of C 
output transfer characteristics of eine 


| -System Components. The input- 
approximated by linear 


‘ many control-system components 

“system transfer operators of the {clei types (p rs van 
= ao ; ao si 
mp+i1 Tp +1lrop +1 


(e.g., THERMOCOUPLES AND OTHER TEMPERATURE SEN= 


SORS, ELECTROPNBUMA 
TIC RELAYS, DIA 
VALVE ACTUATORS) ; eee 
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Relay 
++ Measured variable, @™plifier sme patputt 
100 
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Measuring 
element and Error ~ Valve Valve 
transmitter mechanism Controller actuator body 


Controlled 
variable 


Psi Psi Stem 


Set point 
mechanism 


Computer circuit 
representing dynamics 
of measuring system 


++ (SF)(MV) — 2k(SF)(MV—Sup) 


SF —Voltage scale factor at input 
Sup—Suppression 
(b) MV — Measured variable 


+100 v 


anS(S°—Sup) 
100 


—2k(SF)e 
—2k(SF) (MV —Sup) 


(c) 

ia, 5.7.3a. Block diagram of a pneumatic instrumentation-and-control system. For 
simplicity, the computer circuit will be scaled in terms of the measured variable (per cent 
seule readings), not in terms of actual pneumatic pressures. 

Via, 5.7.3b, c. Representation and scaling for a suppressed-zero measuring instrument which 
yends, say, temperature between 100 and 200°F (suppression = 100°); the limiter output 
js sero for simulated temperatures less than 100°. & is chosen so that the instrument range 
js just represented by —100 volt at the amplifier output (Fig. 5.7.3b). The suppression 
vollage-is subtracted out in the summing amplifier representing the error mechanism (Fig. 


6.7.80). 


Aywn? (e.g., PRESSURE TRANSMITTERS, CONTROL VALVES, FLOW TRANS- 
p) + 2tonp + on? MITTERS, POTENTIOMETER RECORDERS) 
ay 1 1 (FLOW TRANSMITTERS) 
np + ira +irsp +1 
ly a ay 1 we (e.g., MAGNETIC OXYGEN ANALYZERS, THER- 
| ae mp +1rp +1 MAL-CONDUCTIVITY GAS ANALYZERS, THICK- 


rp 
NESS GAUGES) 


Specific transfer functions and parameter values must be obtained from manufac- 
turers’ specifications.’° Computer setups are easily obtained by reference to Tables 2.2.1 
(0 2.2.4, with commercial transport-delay units representing each transport-delay oper- 
ator o>” (Sec. 6.1). 

Wigures 5.7.2 and 5.7.4 show simple analog-computer representations of various 
industrial controllers (see also Fig. 5.7.3d and e). Note carefully that most controller 


—2k(SF)e 


(d) 


Fig. 5.7.3d. Representation and scaling for a theoretical two-mode (proportional and reset) 
controller. R/60 is the reset rate in repeats per second, and 100/K; is the proportional band 


in per cent (Art. 5.7.3). Amplifier and integrator are diode-limited to +100 volts, which 
represents the control-signal range, 


Flow in % 


Flow 


(Flow) 


Valve-actuator 
circuit 
max 
(f) 

Fig. 5.7.3e. Representation of a proportional-derivative controller to be combined with Fig. 
5.7.3d, if desired. Input and output scale factors are usually equal. 7p/60 is the rate 
time constant in minutes. Limiters are used in the manner of. Fig. 5.7.3d. «@ is the 
rate stabilization gain. 
Iie. 5.7.37. Representation and scaling of a valve actuator and control valve. Since the valve 
is to operate between zero flow (Xo = 0) and full flow (Xo = 100 volts), a biasing amplifier 


-100v 


command signal X; = (Bo + 100) /2 and, incidentally, cancels the factor 2 from Fig, 
5.7.3d. The pneumatic valve actuator is represented by a linear second-order cireuit 
with ao = 1 (Art. 5.7.3) with or without limit stops (Sec. 5.3); Xo represents the valve 
position in per cent of travel. The function generator and potentiometer are set to yield 
a voltage representing flow as function of valve position for each specific valve, 
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9 —100 


b 
~ Measured 
variable 


(a) 


i ial-c cteristices 
5.7.4, Analog-computer representation of actual nae dean pel cr acueenl 
dle ing high fre uency dynamic characteristics) ; (a) proportiona ye eclhiia oted 
nat by ot eetiotal plus compensated derivative controller. ie 4 - sigh | 
orp pe Patines characteristics which more closely peligon ye cha ov et fa 
oboe Satie Scaling erent to gee Niger ae oy ie pe: page ge 
; : Eile, Rs 
pre eae tee aes Ft Aicbncibas upon manufacturer. 


} in per cent), 60/rTR 
specifications are given in terms of S = 100/K. Coe i pene aN , 
(veael rate in repeals per minute), and rp/60 (rate time a a 
6.7.4. Representation of a Typical Process-control Syste ye Ra he oe ee 
| nlonl omeumatic valve-actuating control system. Its gered u spat i gle 
yh rig §.7.8b, ¢, d) illustrates several setup and scaling techniques 7 


7 


Table 5.7.1 


‘Process wehematic Differential equations 


dH(t) 
Ann = Q0-Q0) 


Q(t) = KpQpit) 


A = area of tank 


dH(t) 
AG = O,0- Olt) 


Q (th = KV Hd) 


Liquid flow through storage tank 


dHy(t) 
Ai =@,0-@ 10 


dH) 
Ar =F = Q,0-Q0) 
Qf) =K, J At) —H,({t) 
Area A, Area A> Qo =K,JH{t) 


Liquid flow through two tanks 


dHit) 
Amn = Q0-Q (0) 


Q,(0) = f(x) 2gH(t)- eg 


da, 
Wa = 9,(Ca;—C.,) 


(W = const) 


C, 
Mixing of two liquids . 
(concentrations C,, C,) 
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Computer circuit 


Table 5.7.2 


Computer circuit 


Differential equations 


Process schematic 


TH, Qo Thermal holdup 


> aT, 
T;,HyQ, = Pol roV PocpyY ae =P, Cp, 7, Q, 
i | +P, Cp, f, Qa, 
= py cp, Too 
Qo 
> Q,=@, +2, 


Perfectly insulated and perfectly 
mixed vessel 


Hie acr,¥ ee Pier, HQ, 
+ cp, 7,9, 
Po py TrQo 
b I -hA(ly-T,) 
H,,=hA(Ty—T,) 


Perfectly mixed vessel with conducting 
zero- thermal-capacity wall 


dT 
» See pe 
Thermal holdup Po (PoY ae 4 op, 11% 


in wall = 
H,+ H, oe tie +p, ¢,7,Q, 
> ) 
— Poepglo Qo 
Trane hea sagem 
bs 4 7m oh, A 
PmeP,m dt ‘im Im 
(DiaTe 


Perfectly mixed vessel insulated with 
{inite-thermal-capacity wall 


Perfectly mixed vessel with conduction 
losses and finite-thermal-capacity 
wall 
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ess-control applications. Real-time simulation is used in the example, but a time-scale 
change (Sec. 5.1) will be convenient in many applications, 


PROCESS MODELS AND THEIR REPRESENTATION 


5.7.5. Representation of Process Dynamics. Simplified process models involve: 

1. Linearization: study of an approximately equivalent linear system, i.e., a combi- 
nation of simple operators®® such as Qo/(Tp + 1), Gown?/(p? + 2fanD + wn), emo, 

2. Replacement of distributed-parameter systems by lumped-parameter systems, which 
can be described by ordinary differential equations. This is accomplished either 


“intuitively” by lumping of, say, zones in a reactor; or formally by difference tech- 
niques (Sec. 5.10). 


Control 
valve 


(c) 


Fria. 5.7.5. Schematic diagram (a), network analogy (b), and analog-comp uter setup (c) for 
a process involving gas flow through a surge tank. Note Electronic Associates block- 
diagram notation used (Sec. 1.2). 


1. Material balance for each component (conservation of mass) 

2. Heat balance (conservation of energy) 

3. Thermodynamic state equations (assuming equilibrium conditions) 

4. Reaction-rate equations, which “‘cross-couple” material and heat balances 

5. Dynamic equations governing fluid flow, 23-24 diffusion, 18.23.28 heat flow, ete. 
Computer simulation may lead to parameter optimization for stable operation and 
optimum yield, and to development of safe and economical startup and shutdown 


5.7.6. Some Process Models and Computer Representations. Tables 5.7.1 and 
5.7.2 illustrate representative process relations involving fluid flow through tanks and 


convection heating. The symbols employed, in addition to miscellaneous constant 
parameters, are 


A area, sq ft Rk effective resistance of a restriction, 
C capacity of a vessel, lb per psi, or psi per Ib per see : 
fractional concentration of a com- T temperature, °F 
ponent V_ volume, eu ft 
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material hold-up in a vessel, lb 


: W 

i height of fluid column ft, or heat Ss muniidinmcunenioaetndeh 
p 

Cp 
t 


flow, Btu per sec ‘ 
h heat-loss coefficient (film coefficient) 
P pressure, psi - 
{. pump flow rate 
a] iow sia cu ft per sec or lb per sec 


density, lb per cu ft 
specific heat 
time, sec 


t Oo dl uish between tities of the 
with suitable subscripts added ti d sting Ss t; t Tr e quan 
it wo or mor 1a 1 


same type. 


v. oT 


Via, 5.7.6. Schematic diagram of a ounterflow concentric-tube heat exchanger (a) and 
t & Cc , ’ 

, ’ 0, : 

fomputer repre entation for one cell (b). 


Y i p y tp t 
b 0 ter block whose input and ou 

Note that each yrocess 18 re resented a compu u 

V aria slow may be connec ted by control-system bloc ks to complete a proc ess-contr ol 
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Some process analysts derive fluid-flow relations from direct analogy”? with corre- 
sponding electrical networks. Figure 5.7.5 shows an equivalent network and an ana- 
log-computer setup representing gas flow through a surge tank. 

5.7.7. A Process Model Involving Partial Differential E 


of a Heat Exchanger (see also Sec. 5.10).23.26.27 
concentric-tube heat exchanger. The heat flow is 


equations 


06 


F. aDh, 


quations: Representation 
Figure 5.7.6a shows a counterflow 
described by the partial differential 


30 
v 
at Se 


(¢ — 8) 
he 


pic; Ay 


See Sec. 1.2 for the Elec- 


$) + (¥ — 4) (5.7.1) 
ot Pulute Pululw 


ay ay _ Dho 
a hese AR. 


where @ = temperature of hot fluid 
¢ = temperature of wall between fluids 
yw = temperature of coolant 
v = rate of flow of hot fluid 
v2 = rate of flow of coolant 
D = diameter of tube 
h, = film coefficient, hot liquid to wall 
p: = density of hot liquid 
¢i = specific heat of hot 1 quid 
A, = flow cross section of inner tube 
Pw = density of wall 
Cw = specific heat of tube wall 
2%w = thickness of tube wall 
he = film coefficient, wal to coolant flow 
p2 = dens ty of coolant 
C2 = specific heat of coolant 
A» = flow cross section of coolant 


x = dimension along length of exchanger 


The analog-computer setup of Fig. 5.7.6b solves these partial differential equations in 
terms of the finite-difference approximation 


On +14 v1 3 
ae ee a. Bie k mn — On 3 
lt Zz ( +1) + ki(dniys +44) : ” 44 
dO, ; 1 + 
Fr Balnssi — dusts) + kalYnsse — nats) (6.7.2) ire alee ; 
dyn v x 4 = 2 
Cent - = (Wnt = Vn) “te ka (bn436 €2 n+) 
where 
ky = a ke = : ee 3 
101441 ww w 
5.7.3 
he aDh» ( ) 
ks = kg = ? 
Pulte prxC2As 


Suitable boundary conditions must be given. For a majority of applications five cells 
give sufficient (about 4 per cent) accuracy. Similar techniques also permit analog- 
computer solutions of nonlinear partial differential equations, e.g., those describing 
fluid flow through long pipes.57 

5.7.8. Simulation of a Distillation Column.29 to 34 
schematic diagram of a binary distillation column desi 
of different volatility. The output concentrations 2, 


Figure 5.7.7a shows a simplified 
gned to separate two com ponents 
ny Ym Of the first component in the 


n column (a), and computer representation (0). 


d function potentiometers (Sec. 3.1). 


e-plate binary distillatio 
d circles stand for tappe 


Fic. 5.7.7. Schematic diagram of an idealized fiv 
tronic Associates servo notation used here; barre 
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liquid and vapor outputs are determined by the feed and reflux flows and by various 


design parameters, 


The problem involves material balance between liquid and gas phases at each plate: 


H on = Vin-1 + Rap — Viiu = Leek (PLATE m, TOP) 
if 
H Senet = Vyek bie S Es stect — Vin. (PLATE m — 1) 
a 
d. 
4S = Vyr1 + Lrstry, — Lrtp — Vyp + Frrteca (FEED PLATE F) 
Wen 7. 
A= = Vyn + Ln422n42 a | TS a =. Vyn41 (PLATE a fe 1) 
din, 
*% = Lifiteys = Lael = Van (PLATE n, BOTTOM) 


Liquid flow between plates is described by 


ee 
Dn+1 ™pm+i1 


(see also Table 5.7.1); the vapor flow V is assumed to be constant. Vapor equilibrium 
concentrations and reflux concentration are described by 


pace) ne (BACH PLATE) tr = KGyn (voraL CONDENSER) 
1+(a— 1)% 


The following symbols are employed: 
V = vapor flow, moles per sec (assumed constant through column) 
reflux flow, moles per sec 
liquid flow, moles per sec 
liquid composition in mole fraction 
vapor composition in mole fraction 
feed-flow rate, moles per sec 
pr = feed composition in mole fraction 
t = liquid-plate hold-up time constant 
a = relative volatility 
KG = overhead-condenser transfer function 
Figure 5.7.76 shows a computer setup for these equations; the setup may be 
expanded to include additional plates. Representation of each plate in the column 
would require a very large amount of computing equipment, particularly for multi- 


Pi tuag 


R 
L 
x 
y 
F 


PROCESSES INVOLVIN G CHEMICAL REACTIONS 


5.7.9. Introduction. Practical questions about a chemical reaction involve two 
fundamental factors: equilibrium yield and rate of reaction. Reaction-rate equations 


pled by reaction-rate terms, The formulation of the heat- and material-balance equa- 
tions will follow the procedures already discussed. These equations must be modified 
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( . ane: ge 1 
] £ h ug. th Cul , 
wecount for the material ost or ained thro h e reaction. For instance, a neral*® 


i i i tions is 
(erial-balance equation for processes involving chemical reac 
mate =| 
te of change 
ant reactant ra 
added it mit i ) - (converte = of poo 
in _ 
ion eos exit stream in reactor in ne 
i ed to contain 
Table 5.7.3 illustrates a classification of the equipment (reactors) us 
aD. or 


vhemical-reaction processes. 


-—100v 


(b) 100° Fe 


i f a chemical proc- 

\ 5.7.8. Stirred-tank reactor (a) and ee er x: Aen tc 

M1, O88, : i. t . 7. at the 

The inv unction-generator circuit at the b ttom o g. 5.7.8b gen cbeis Bes 

cite ere anys atin exp (_E/RT x) as a function of the absolute proces n 
specific reaction 


perature Tx = T + 273 (Arrhenius equation). 


i i : ot C; and C, be 
6.7.10. Analog-computer Representation ri pice none : a ee se Soke 
‘feapecti rati les per cu of two compc ‘ 
the respective concentrations (mo oe sempo! 
oe sheen reaction A — B, the reaction-rate equ 


Be, On, wee (5.7.4) 
en: a 
i imated by 
The sific reaction rate k is usually approxima 
eee k = ac~H/RTK (ARRHENIUS EQUATION) (5.7.5) 


where a KE a d ? are constant nd ] 4 the absolute ter per ature k may also 
n I vy t, 8, & K 18 > te) 1 
y ay a 


dy J 8, etc. 
depend on pressure, presence of catalysts, 
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Table 5.7.3. Chemical-reactor Classification* 


Batch Homocontinuous 


Heterocontinuous 


ec) i | Stirred tank CFSTR, fluid bed 


Phases involved........ Usually liquid or 


gas gas with/without 
solid | 

Time 

Kinetic studies, 
gasoline, poly- 
mers, activated | 
or regenerated 
catalyst 


Independent variables. .| Time 

Uses and products...... Kinetic studies, 
acrylic monomers, 
analine, emulsion 
and solution, poly- 
merization. 


*G. Marr, Analog Computer Solution of Chemi 
T, ) emical Pp 
4, Electronic Associates, Inc., Long Branch, N.J. ape? 


In the stirred-reactor process of Fig. 5.7.8a, the chemical reacti 
The reaction-rate equation must be entered into the material-balan 


the heat of reaction affects the heat balance: 


1. Material Balance* 


Material in vC; 
Material out vC, 
Material reacted kV7C, 
Material accumulated Vr ake 
Summing: ’ 
OR v v 
7% Vn Ot ~ 7 Oo — Ho 
2. Heat Balance 
Heat in UpCyT'; 
Heat out UpCyT', 
Heat transferred —hA(T, — T*) 
Heat due to reaction —QVrkC; 
Heat accumulated pV rep oe 
t 
Summing: 
aT, 
ae pee te re — 7) — Be _ 
t Vr pV rep PCy Vr 


The computer circuit for solving the three equations is shown in Fig. 5.7.80; the follows 


ing symbols are employed: 


» = input and output flow rate (assumed constant) 
C; = concentration of input stream 
C, = concentration of output stream 
k = specific reaction rate 
Vr = total volume of reaction (assumed constant) 
p= density of reactant and product (assumed constant) 
¢» = specific heat of reactant and product (assumed constant) 


* The hold-up in the tank is assumed to be constant, as is the density. 


roblems, Application Bull 


Tubular: fixed and 


moving bed 


Usually liquid or | Fluid and solid 


Time and space 
Kinetic studies; partial 


oxidation, SO:, gaso- 
line treating, bulk 
polymerization, 
flames, metalscast- 
ing, ion-exchange 
beds, blast furnaces 


on is again A > B 
ce equation, an 


7'; 
a", 
h 
| 
Q) 
7'¢ 


6.7.11. More General Reaction-rate Equations. 
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= temperature of input stream 

= temperature of output stream 

= coefficient of heat transfer 

= heat-transfer area 

= heat of reaction 

= temperature of jacket 


For a more general, reversible 


reaction A + B @C + Dinasingle phase at constant volume, denote the component 


soncentrations by C4, Cz, Cc, Cp (moles per cu ft). 


For a so-called second-order reac- 


(ion the net reaction rate for component A (net rate of increase of C',) is the difference 
hwtween the rates of forward and reverse second-order reactions, i.e., 


r = kiCaCz — keCcCo (5.7.6) 


where k, and kg are specific reaction rates for the forward and reverse reactions. 
!\quation (6) is used like equation (3) but will, in general, require more nonlinear com- 
puling equipment. 
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PART 8 : NUCLEAR-REACTOR SIMULATION 
By E. Morrison 


6.8.1. Introduction. Electronic analog computers can gig a sadist se 
sn itable time scale. e 
of a nuclear reactor or power plant on a suita Ppissihpneocsegy 
ibi ineti build-up and decay, and basic re 
(loscribing reactor neutron kinetics, poison bul Sth and” aps a Seng ad 
ics are outlined in the following sections. For n netel 

ieee: necessary to describe heat-transfer and ee Fdiess 
various types of power plants more accurately the reader is referred to 


ences at the end of this section. 


Table 5.8.1. Glossary of Symbols 

w coolant mass-flow rate 

T, core-coolant outlet temperature 
T; core-coolant inlet temperature 
Tt. coolant transit time in core 
heat-exchanger inlet and outlet 


@ neutron flux sae 
Sk excess core reactivity Y 

B total delayed neutron fraction 
l* prompt neutron lifetime 

C; concentration of the it delay Tix, Tox 


up temperatures 
TO Ma wy. 
NM pa + constant of the i** delay ie onred heat-exchanger piping 
temperature 
percursor . 
j ion of flux delayed by 7” T, average secondary coolant tem- 
B; fractio i iB 
arene perature x 
¢ Ges ne be abe (me), secondary coolant thermal ca 
P core generate power pacity "flag 
(me); fuel thermal capacity Km, heat-transfer Paige piping 
T r sondary coo 
Ty; average fuel temperature W alls to secon : 
Ky fudlaleknen ta comm heat-trans- 1 iodine 131 concentration 


Xe xenon 135 concentration 
iodine decay constant 
xenon decay constant 


fer coefficient 
T. average core-coolant temperature ne 
(me), core-coolant thermal capacity Xe 


6.8.2. Representation of Nuclear Kinetics. The basic equations describing the 


{ime variations of average neutron flux in a reactor are 


6 
ae FY its 


te t=1 (5.8.1) 
dc; = Bid om ACY 
dt [7 


The parameters in the above equations are identified in onsale ro aoe 
‘elayed-neutron fractions B; and corresponding decay constants ); 


are listed in Table 5.8.2. 
Table 6.8.2. Delayed-neutron Fractions B; and Decay Constants \; for a U 235 Core 


8.4 XK 10~4 1.61 

2.4 X 15-3 0.456 

TS 0.151 

1 aeons 3.15 XK 107? 
2.6 X 15-4 1.24 X 107 


aPrPotbr 


iti i ile i demonstrated, the circuit of Fig. 5.8.1 
subcritical operation of the pile is to be nsti hn . 
bn weacuvtee Seneant the time-behavior characteristics of the average flux, This 
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is only the average flux; spatial variations are not considered. The six RC networks 
represent the contribution of the six delayed neutron groups to total flux. The time 
constants represent the \; quantities in Table 5.8.2, and the individual currents repre- 
sent the percentage contribution of each delayed percursor. The capacitor C, repre- 
sents /* in the previous kinetic equations. P, simulates the control rod used for reac- 
tivity variation. 


All tubes — 6SU7GTY 
Fig, 5.8.2. Bell-Strauss pile simulator (from Ref. 7). 


Spatial flux distribution within a core volume can be represented by using a number 
of these passive-network simulators driven from one or more voltage sources to cor- 
respond to the number of neutron sources in the core. These networks are coupled so 
as to represent flux leakage between volume sections of the core. The potentiometers 
used in each circuit can be calibrated to simulate the value of a single central control 
rod or the induced reactivity variations in the separate core sections. 

When the reactor is to be simulated in the dynamic power range, operational ampli+ 
fiers offer many advantages for representation of neutron kinetics. The Bell-Strauss 
simulator shown in Fig. 5.8.2 was one of the first active-kinetics simulators,’ The 
operational element is a double-ended integrating amplifier. Reactivity is varied by. 
potentiometer P. The six input RC networks represent the percentages and decay 
constants of the delayed neutron groups. 
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12.4M 12.4M 


Fic. 5.8.4. Pile simulator using operational amplifiers. 

in di i it wi llowers in the out- 
-ain differential unit with two cathode fo 
: itor is connected between the —n output and 


The source potentiometer is used to represent core neutron 
for any residual voltage differences between the various 


The amplifier is a high : 
put circuit, An 0.1-yf integrating capac 
positive input terminals, 
sources and also to compensate 


t cathode followers. ; ; : re 
or with any high-gain circuit care must be exercised in construction and shield 


i illati i i i ion of the 
ing to prevent parasitic oscillations, especially if one requires remote operat 
ronetivity potentiometer, 


with symbols given in Table i 
Piss given in Table 5.8.1. Upon Inserting appropriate values into the xenon 
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Figures 5.8.3 and 5.8.4 imi 

: 5.8. -8.4 show similar techni inetics si 

— : echniques for kinetic i i 

be seg pr aS sss amplifiers. The first cai ohne Pagers 

i i eee. : Liv Ss ee the delayed-neutron fractions Heat on 

cies sidan cee ifier feedback circuit. Reactivity is again vari at “thd 

ot Sa Ret nia te He hei 9 we feria is similar to that just PRLS 9 he 

hg 1 net : in the input circui i I 

tivity-control function is obtained simply inert Necah B fe He son b eS , a 

a be i 


c 
Be} 
s 
= 10 Cc 
£ 
8 8 
5 
3 6 B 
2 4 
s 
dg A 

0 

5 10 15 20 25 
Time, hr 


Fig. 5.8.5. Relative bolson concentration vs. time for ¢ = 1083 N er cm? 
t p 


= 14 
= 10 N per cm? per sec (curve B), and $ = 2 X 1014 N per cm? ber oe Curr eae 


per sec (curve C), 


Fig. 5.8.6. Simulation of reactor poisoning. 


In all the i i i 
" pohocrtaci (t eS EES described, the reactivity-control potentiometer P, ¢; 
re haaso ihio Grs er summing all reactivity inputs (absorber rod. t anil 
, poison effects, void fractions) so that the potentiometer ise tie » ood 
¢ n cou 


5.8.3. Representati . s 
on of Poison Gener ation Re actor operation enerates por 
g 


Cc rT y y . 
It rimaril The rate of enere 
sons which affe t re ctiv » PD r iodine 131 and xenon 135 gi 


dl 
a ~ Kid - vl 
dXe (5.8.2) 


a = Keo +A — AxeXes— K3oXe 
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-production term K2¢ is more than one 


equation, it can readily be seen that the direct 
In many cases it can therefore be 


slecade smaller than the iodine decay contribution. 


noglected in dynamic studies. 
It is obvious that real-time simulation of posion generation and decay is somewhat 


\practical because of the \ values for iodine and xenon. Real-time simulation would 
yoquire the use of very special servo elements and highly stabilized power supplies and 


roference voltages. 
‘he dependence of xenon 


relative terms in Fig. 5.8.5. 
One method of simulating the poison equations is shown in Fig. 5.8.6. For sim- 


plicity, the xenon direct-generation term may be omitted. The time and amplitude 
sealing can be developed with conventional analog techniques (Sec. 5.1). 


concentration on steady-state neutron flux is shown in 


+o 


a 
a, 
' 

1 
a) 


Fig. 5.8.7. Simulation of reactor poisoning. 


A second method using servomultipliers is shown in Fig. 5.8.7. With certain analog 
systems this method may have advantages when operated with slower time scales. 

6.8.4. Representation of Heat Transfer (sce also Sees. 5.7 and 5.10). If the power 
‘yansfer in the core and external apparatus is simulated within small transient limits, 
« linear solution will usually provide acceptable accuracy for a first-order approxima- 
lion. Large-scale transients greatly increase the error of indicated response because 
of the unconsidered changes’in thermodynamic and, in some cases, hydrodynamic 
parameters. Simulation including the nonlinear and second-order variations involves 


1 lurge amount of computer equipment. b 
Power transfer between a metal fuel element and a liquid coolant flowing over the 


surface is described by the differential equation 


P = \(me) yo! +K(T, — fT) (5.8.3) 


if one neglects coefficient variations as a function of the particular temperatures. 


mae y 
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The p er ab: be: y Cc 1 t an tran ferred to extern 
Ow sor d b the oolant a d 
‘ S$! xter al heat exchangers or 
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‘These equations describe the heat balance between the primary coolant, primary 
piping, and secondary coolant. In many cases the metal temperature for heat- 
exchanger primary coolant-piping term can be neglected, since the time constant is 
\wually comparatively small. The simulation could then be simplified by the elimi- 
; ition of the primary metal transfer function. 
erature in passing through the core is described by As mentioned previously, spatial variations must be considered in some cases, par- 

Kj(T, —? \\cularly with reactors having relatively large core mass and coolant volumes. These 
Aes — Te)re eonsiderations will increase the accuracy of representation, especially for the higher- 
(me) ew (5.8.5) frequency responses of the system. ‘The individual temperature coefficient of reac- 
livity feedback terms will show the effects of system high-frequency components in 
(ho stabilizing of operating power, assuming that this feedback term is negative. 

A complete block diagram of a power reactor with temperature coefficient of reac- 
\ivity and poison-feedback terms included is shown in Fig. 5.8.9; the system is repre- 
sented on an average-lumped-parameter basis. 


7 = dT, 
K;(T; — T.) = (me), “Et (me).(T. — 7) (6.8.4) 


Once again, the variation of th 


ermod i ‘ : F 
The change in coolant temp ynamie properties with temperature is neglected 


T =T) + 


Reactor Average fuel yet ald Madd 
ee ‘| t coolant 
inetics emperature temperature 


8K, 


Total poison 
concentration 


Fuel- 
temperature 
coefficient 


5K (control rods) 


Coolant- 
temperature 


OK pe coefficient 


Fra. 5.8.9. Block diagram for a power reactor. 


enum chambers on reactor vessels and heat exchangers can be represented as 
lirst-order lag terms since these are essentially mixing chambers (see also Sec. 5.7). 
Under conditions of low Reynolds number in coolant piping and/or short pipe runs, 
‘he transport delay can again be simulated by a first-order lag. With a high Reynolds 
wwmber and a corresponding high velocity a special time-delay unit (Sec. 6.1) should 
hw used, 
Fia, 5.8.8. Simplified heat-transfer simulation. : 


average heat-transfer characteristics o : References 
variation as a function of printed Pei pe ern are of ier parameter | MeAdams, W. H.: Heat Transmission, 3d ed., McGraw-Hill Book Company, Inc., New 
erators would be required to account f i piers and fans York, 1954. 


The variation of certain heat i 

and pressure is discussed in Refs. 1 and 2. i epee a “7 

mee bbe phie equations describe th 
1€ general form will apply to a 

also Sec. 5.7): ares ps 


) Mehultz, M. A.: Control of Nuclear Reactors and Power Plants, McGraw-Hill Book Com- 
pany, Inc., New York, 1955. 

i MeAdams, W. H., e al.: Heat Transfer at High Rates to Water with Surface Boiling, 
ANL-4268, December, 1948. 

i Mtone, J. J., and E. R. Mann: Nuclear Reactor Simulator, ORNL—1632. 

4 Gilasstone, S., and M. Edlund: The Elements of Nuclear Reactor Theory, D. Van 
Noatrand Company, Inc., Princeton, N.J., 1952. 

4. U.S. Atomic Energy Commission: The Reactor Handbook, vol. 2, May, 1955. 


e average heat transfer in a second exchanger, 
lant with proper adjustment of parameters (see 


(we)e(Piz — Tor) = Kea(To — Tm) — (me)e z 
t 


at ) Well, P. R., and H. Strauss: Electronic Pile Simulator, Review of Sci. Instruments, 
Ki(0s = Fe ee m 4 x Atimust, 1950. 
) = (mem “Gm + Kma(Tn ~ 7) (5.8.6) 
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or a linear (not necessarily time-invariant) system (filter, servo) with input r(t), 
output c(é), and impulse response or weighting function w(t,r) 
iting! 5 rer (t) ib ; w(t,r) r(A) dd (SUPERPOSITION INTEGRAL) (5.9.8) 

c(t) = ' 
te ae il ore(ti,t2) = a w(te,d) drr(t1,A)dA = der(E2,61) (WIENER-LEE RELATION) (5.9.9) 
re , Le 
BASIC DEFINITIONS AND FORMULAS 


5.9.1. Introduction. Articles 5.9.2 to 5.9.8, adapted from Ref. 30, briefly list the 
most important definitions and formulas required in random-process studies. Basic 


probability theory, mathematical statistics, and random-process theory are treated in 
standard texts.1to7 


5 5.9.10) 
hec(ti te) c re W( toy) der(ti,m) dp ( x 


i i A stationary random process will 
dic Processes and Time Averages. ; Tal ¢ 
Seed nai (more accurately, it satisfies the ergodic hypothesis) if and only if every 


ls the corresponding time average 
5.9.2. Description of Random Processes. A real random process is generated by pnacmble average Bt flar(ts),2(¢s), . - - , w(ta)I} equals 

random selection of a real sample function x(t) from a population or ensemble of such , 1 Gh (tnt) ] dt (5.9.11) 
functions. The joint realization of any finite set of sample values x(t), (te), .. .; (f) = lim oT [flea to, w(ts +t), - . - » 2 

x(tn) must be a random event permitting definition of a joint probability distribution sacs 


(nth probability distribution of the random process for the set of sampling times ty, 


fli i i le values (statistic), and 
ili . Note that f, like f, is a function of sampl / C 
a i aa peer mai eke pape door In si case of ergodic processes, finite-7’ approximations to 
ence . 
srve as estimates of the ensemble average E{ uf ¥ wh Sil 
oe laa Prob [e() < X,] (5.9.1) oof 6 Tiktgoronchetetionl Functions. In particular, the —— sap ee un 
“3 tons (6) (6) of real ergodic processes are effectively replaced by the 
oe? é 
' mS F: E . 
p2(X1,t1; X2,t2) aX, aX, Prob [x(ti) < X1, x(te) < Xo] (5.9.2) =, al 1 i T a(x(t +7) dt = dee(—1) (AUTOCORRELATION FUNCTION) 
a(t) = — 
A random process is stationary if and only if all its probability distributions remain Ped ZR er eatiah 
unchanged if ¢;, is replaced by t + a (shift of time origin). A random process is 
“Tivo random proces des Creispecie wba te erimbleaphien = mage i Li a(t)y(t +7) dt = dyz(—r) (CROSS-CORRELATION FUNCTION) 
Two random processes described by x(t), y() can have joint probability distributions dy (r) = dim ae 1 ted 
of sets of sample values x(t;), y(t,). Two random processes may or may not be jointly 6.9. 


stationary and/or jointly Gaussian. 


2 = 0) exist. 
5.9.3. Ensemble Averages and Correlation Functions. ‘The ensemble average of a lho limits (12) and (13) exist whenever (22(0)) = @z2(0) and (y?(0)) = dyy(0) 


P F wigs : - i d (10) if one 
given function f = flx(t:),a(te), . . . , t(tn)] of n sample values (statistic) is its mathe- l'ho time-correlation functions (12), (13) satisfy the relations (7), (9), and ( 
matical expectation E{f} over their joint distribution, M ’ =0,t=7. . : 
; ie. Corrstation, Functions and Spectra. Semele: Re ee er 
Eif} = de / yy vif. IPn(Xrjtr; Lajto; . . . 5 Lnybn)dar day » - + dap (5.9.3) real time function 2z(é) (or of an ergodic random process 


density &,, (jw) of z(f) and y(t) are defined by the Wiener-Khintchine relations 


and is thus a function of the sampling times ¢1, tz, . . . , tn. Suitable limiting pro- 


. Ss = —jwr =2 4 drx(T) COS wr dr 
cedures can also define ensemble averages of integrals like f. a(t) dt. Prz(jo) = [ xs Poli 0a or i 0 (5.9.14) 
a é Lf” : 
The most important ensemble averages are E{x(t;)} (expected value or Jirst-order - bex(t) = i | rr(jo)eie? deo = — : ®,2(jw) cos wr dw 
moment of x), E{[s(tx)]?} (mean square or second-order moment of x), and 2a J —% AY 


0 


oo J dete: iw)eioT da (5.9.15) 
Poy (jo) = Jo dry(r)eie" dr oy (7) ee} eho 


-—« 


E{x(ti)x(te)} = Pzx(tijte) = dra(le,t1) (ENSEMBLE AUTOCORRELATION FUNCTION or x) 
(5.9.4) 


sot % aay, Rowena SSE Lee iNet he relation 
and, in terms of the joint distribution of x(t) and y(t) I'he term “power spectral density’’ stems from the 


®ea(ja) Go 
e 20 


°o 


(x2(0)) ne dxx(0) = ie 


Efx(ti)y(te)} = bey(tr,le) = dyx(t2,t1) (ENSEMBLE CROSS-CORRELATION 
FUNCTION OF z AND y) (5.9.5) 

EB {le(t) —y (te) }} = deeltayte) + dyy (tite) — 2bey(tuyte) f 

€xy*(hi,t2) (ENSEMBLE MBAN-SQUARE DELAY ERROR) (5.9.6) 


For stationary processes E{x(t)} and E {[z(é1)]°} are constant, and correlation fune- 
tion and delay error reduce to functions gzz(t), Sry(r), €xy*(7) of the delay r = tg = by, 


5.9.4. Effect of Linear Operations. Let x(é), y() , 2(t) describe real random processes 
related so that z(t) = aa(¢) + By(t). Then ; 


brz = adbzz + Bohuy 
Ger = a bre + Bedyy + OB( dey + dyn) ; (5.9.7) 


6.9.8. Effect of Linear Operations on Spectra. If 2x(é), y(t), 2, r(t), c(t) are real 
power-limited time functions, 
? = aber + BPzy 2, = azz + B°Dyy + aB(Pry ot Pyx) pees 
ee Pre( Jw) = F (joo) Prr( Jeo) (5.9.19) 
Peo( jw) I |F (ja) |? Bre (Jw) 


i i ine stem. 
where / Ge) is the frequency-response function of the given linear sy’ 


sl 
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ANALOG-COMPUTER TECHNIQUES: INTRODUCTION 


5.9.9. Analog Computation of Statistical Quantities: Survey. The end products 
of all analog-computer random-process studies are estimated or inferred values of 
ensemble statistics (ensemble averages, Mean-square errors, maximum and minimum 
errors, correlation functions, spectra, probabilities) obtained (1) by computation of 
corresponding time averages, using a real or simulated system with random inputs 
(ergodic processes only), or (2) by mathematical operations on related known, esti- 
mated, or inferred ensemble statistics (e.g., adjoint method, Art. 5.9.16), or (3) by 
empirical ensemble averaging, using a real or simulated system with random inputs 
(“Monte Carlo’’ method, especially effective with fast repetitive computers, Sec. 6.3). 

Analog spectrum analyzers and correlators are often built up largely from standard 
computing elements; or, if built commercially as special-purpose devices, they can 
often be incorporated into general-purpose analog computers. 

Equipment for correlation and power-spectrum measurements (Arts. 5.9.12 to 5.9.21) 
must be matched to the spectral range of the random-process data to be studied. 
Correlation functions and spectra may be determined from: 

1. The original source; this often requires a multichannel “parallel’’ correlator or 
spectrum analyzer. 

2. A magnetic-tape record of the original data, permitting repetitive playback and 
use of a “‘serial’’ correlator or spectrum analyzer. Playback speed may be increased 
to permit faster processing. 

3. An analog-computer simulation of the system with random inputs. A time-scale 
change can make processing faster (or slower) than in the original system. 

Similar frequency-content and sampling-time considerations apply to the design of 
devices for analyzing the amplitude distribution of a random process (Arts. 5.9.22 and 
5.9.23). In addition, prevention of overload due to random peaks requires careful 
sealing (Art. 5.9.11). 

5.9.10. Noise Generators and Spectrum Shaping. Some of the computer methods 


Variable delay Multiplier Integrator " 


r 
$ i x(t—7) y(t) dt 
= Pry (7) 


is he aS ie 
Delay in y channekto find 

xy (7) for r<0 
The control circuit 


)\u, 5.9.1a, A simple serial correlator using a variable delay line. y(t) = x(t) for 


fesots the integrator to zero after 7 sec and increases the delay by Ar. 
atocorrelation. 


x(t—nAr) 
a ‘ Tapped delay line — 


To 
to be discussed require Gaussian-noise generators (Sec. 3.3) whose spectral density ig pebend 
flat (“white noise) over a band so wide that the system under study rather than the 


Selector 


noise generator determines the output spectrum. 

To produce Gaussian noise with a desired power spectral density ®(w), one passes 
white noise through a linear spectrum-shaping filter whose frequency-response func- 
tion F(jw) permits one to realize or approximate (jw) = const |F(jw)|?. A method ‘ ; ‘ iletacmine 

\ - . ls sing a tapped delay line. This device will det 
for fitting the product , An ih Ae a oy 3 alues fort < 0 can be obtained by reversing inputs, 


or by use of twice as much equipment as shown. 


N-1 
F(p) = bop, Gn + bap + Cnp? 
do + cop + fop? nay Oh t enP + Sup? 


to a power spectrum with a small number of peaks has been discussed by Mazelsky 
and Amey.’ 

5.9.11. Scaling Problems and Prewhitening.» Many noise distributions, including 
the Gaussian, have a large ratio of peak amplitude to rms amplitude. In order to 
steer a middle course between overload and chopper-noise problems in the analog com- 
puter, it is necessary to scale with care. The scaling problem is intensified in spectrum 
analysis with narrow-band tunable filters if the spectrum contains large peaks which 
may obscure results elsewhere in the spectrum because of “leakage” in the skirts or 
minor lobes of the filters. The term prewhitening refers to the use of an added filter 
at the input, with a frequency response which will make the output, which is to be 
measured, more nearly of constant-power spectral density. ‘After the spectrum is 
determined, a correction is made for the prewhitening filter; his scheme is restricted to 
linear-system studies with Gaussian inputs. 
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fe"! modulator 
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DETERMINATION OF CORRELATION FUNCTIONS AND DELAY ERROR 


5.9.12. Analog Measurement of Correlation Functions and Delay Error: Stationary 


i Vio, 6.9.2. Drum correlator using frequency modulation to minimize recorder distortio 
Case. Straightforward schemes for measuring time-correlation functions require 


(avo also Seo, 6.1), ie 
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delay, multiplication, and integration. There are two common methods of delaying 
functions, viz., tapped passive delay lines!! (Fig. 5.9.1), and magnetic-tape or drum! 
systems with movable heads (Fig. 5.9.2; see also Sec. 6.1). In Fig. 5.9.16, a multi- 
plicity of multipliers and integrators are connected to taps on the delay line, so that, 
at considerable cost in equipment, this machine will determine n points of a correlation 
curve n times as fast as the simple correlator of Fig. 5.9.1a. 

The magnetic-drum delay scheme of Fig. 5.9.2 permits delays up to nearly the time 


of one-half of a drum revolution with one movable reading head, or twice this with tw 
movable reading heads. 


Closely related to correlation measurement is the measurement of the averag 


e square 
delay error}3 


i 
E() = lim + i, [r() — e(t-+r)]? dt = oon(0) + dee(0) — 2drelr) (5.9.20 
TO ~ 7 0 


which is an important measure of system performance (Fig. 5.9.3).!2 Note that it i 
as easy to examine averages of other functions ; thus, substitution of an absolute-val: 
unit in place of the multiplier in Fig. 5.9.3 yields the average absolute delay er. 


(Ir) — e(t + 7)]) 


Shaping 
White filter 
noise 


Variable delay 


lia. 5.9.3. Determination of mean-square delay error. 


Other more indirect methods of correlation measurement may offer certain adv; 
tages. Thus Lampard" uses filter systems whose impulse responses are members 


a Laguerre system together with a multiplier for the determination of autocorrelati 
functions. 


High-speed processing requires wide-band mul 
pliers, which again tend to compromise accuracy. 


Finite-integration-time error resulting from data or computer limitations is of @ 
Bendat and others® have examined the random 


show, for example, that at blr] = 1, or g(r) = 1 /e, one requires }7 = 6,000 to be 06 
per cent certain that the value of the correlation is correct within +10 percent. N ote 


5.9.14. “Mathematical” Computation of Correlation Functions and Delay E 
from Known Correlation Functions: Stationary Case. In the case of stationary 
ergodic processes and time-invariant linear systems, one can replace the input-outp 
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aps — hit — d) r() a (5.9.21) 
Gre(r) = i TRG — d)dr(d) dd = der(—7) aay 
ee(r) ra ind h(r ra HB) ber() du (5.9.23) 


where h({ — +) = wit,A). Comparison of Eqs. (22) and (23) with the linear-system- 


sosponse expression (21) indicates the possibility of computing ¢,c(r), ¢cc(r), and hence 


F ies 


lia. 5.9.4. Analog method for determining the sg ig ae eee “negate 
Se vel i i i t shaped by a linear netwo: 
linear system G(p) for a white Gaussian inpu a oe a ee 
» use F to permit the use of step inputs rather : Th 
+4 apie pg het dcc(r) if a second are peers yaa 8 Ai rpc agit 
) of the lower filter. If only $ec(O0) = c is - 1 
a Bor ye suffices. Suitable initial conditions can often replace the step input. 
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ia, 6.9.5a. An input voltage ¢,,(r) applied to a system of given impulse response A(t) will 

viold the output ¢,<(r), where 7 is represented by the computer . erated BORE 

lic, 6.9.5b. Once ¢;c(r) has been determined, ¢rc( —1) = ¢e,(r) can be gen 

{ion generator and applied to the given system to yield ¢¢c(r). ' 

alo E(r), by the methods of Figs. 5.9.4 and tise othe ee 
i re 

wnted by the computer time. In the frequent cases whe 1 

dio son He zero cay? or if “lag windows” (Art. vin can be used, this approach 

oven much time compared with random-input simulation. : 

"6.9 16. Seater coaieia for Nonstationary Problems. Po a ae oh area 
seches i i t r(t) is given soy 
‘onses, the system output or error c(t) for a single inpu v ? F I 

A (late) and (hats) are given by Eqs. (9) and (10). The following situations arise 

Drie icati < 0, so that the lower limits in Eqs. 

Case 1, In many applications, r(¢) = 0 for t <0, 
()) saa (10) are zero, and one wishes to determine the mean-square output or error 


E{c%(ti)} = dee(laytr) = i w(t1,H) der(trym) da (5.9.24) 


(5.9.25) 


t 
whore derllyu) = |, W(t) ber(uy A) aD 
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is the response of the given time-varying system to the input drr(u,t).  der(ti,u) © 
thus be obtained as a function of » through successive computer runs with inpu 
drr(u,t) with different values of HM.  er(ti,z) can then be generated in a function gener. 
tor as a function of u, which is now represented by the computer time. Application 
this time function to the simulated system yields F {c?(t;)} for various selected valu 
of t; without any need for explicit analytical formulation of drr(ti,t2) or w(é,); but th 
process is a tedious one. 


7) t c(t) ; 
we =| ho FA : 
E{c?(t)} = [wrtenar o(t—7,) w,(t7,) 
a) ES 


noise 
( 


w,(t,7) 


-T / w{(t;,7) 


(c) 


Fig. 5.9.6a, A shaping filter he(X) with white-noise input yields the prescribed stationary 
input to the given time-varying system w(t,r). The combined system, described by the 
weighting function wi(t,r), has the correct output autocorrelation function for white-noise 
input. 

Fia. 5.9.6b. Simulation of the combined system yields its impulse response wi(t,r) for fixed 
values of t = 7;, and wi(t;,7) is determined by cross-plotting from these curves. Then 
E{c?(t)} is found from Eq. (27) through numerical integration with respect to 7. 

Fig. 5.9.6c. Graphical determination of wi(t;,7) from impulse responses wi(é,7i) (cross 
plotting). 


Case 2. If the input r(t) is a stationary random process, then the mean-square output 
or mean-square error is given by 


E{c(t))} = yee dy w(t1,u) er w(ts,A)drr(A — w)dr (5.9.26) 


To simplify this expression, one introduces a shaping filter whose weighting function 
hs(t,A) yields the desired output correlation function ¢,,(¢) for white-noise input. This 
shaping filter is combined with the given system to form a new system described by 
wili,7) (Fig. 5.9.6a). The input autocorrelation function for this new system is 
b(t) = 6(r), so that 


Bort)} = [" wit) de (6.9.27) 


This again points the way to a solution without random input and ensemble averifee 
ing (Fig. 5.9.6b,c). Direct use of this scheme is still a fairly tedious process despite its 


simplicity and the reduce 
for different values T. 
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since repeated runs are required 
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Via, 5.9.7a. Direct analog simula 


tion of the time-varying system defined by 


dc(t) 


at + te(t) = rt) 


initi iti are zero. 
where r(t) is white noise applied at t = 0, pee initial conditions 
Via, 5.9.7b. Adjoint system, corresponding to 


Act + —o)et = rt) 
e can find £{c2(t) } for each value t = ti of interest by squaring 
pay en es input over the period 0 <o < ti. 


ulse response w(i,7), one constructs ie oe 
o a unit impulse at the time 7 is given by 


(5.9.28) 


Using this adjoint system, o1 
and integrating ct() for uni 


linear time-variable system with ss 
syatem whose response at the time fi 


wit(ti,7) = w(7,t1) 


so that, for a system with white-noise input, 


1 = th (rts) d 
E{c(t)} = [Zeta dr =f" wt%eh) dr 


e response wi{(t, A) is not physically realizable, 


. oy - 
Mince a system with the unit-impu Bscaoape ere 


one introduces a new time variable o 


E {c2(ti)} - i wt(ti — o,ti) do 


o have one input and one output, one con- 


(5.9.29) 


Vor a given system, which is assumed ti 
wtructa the adjoint system as follows: 
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1. Rewrite the bloek dingram of the original system so that all amplifiers have 
unit input gains, with gains greater as well as less than unity temporarily incorpo- 


rated into fixed or time-variable potentiometer settings, and so that no potentiometer 
has more than one output (repeat potentiometers where necessary). 

2. Ieverse the direction of signal flow through each computing clement. 

Next one introduces ¢ = ; — 7 as the computer time through the substitution 
rt: ~ o for the problem time wherever it appears (potentiometer drives, switch tim- 


ing, etc.). Now one applies a unit impulse at the physical time ¢ = 0 and integrates 
the squared system output w 


Pt. — o, ty) fora sufficiently long time to obtain E{c?(t,)} 
in one computer run for each value of i. All initial values are taken to be zero. 
Figure 5.9.7 shows an example of adjoint-system construction. For system inputs 
other than white noise, 


one would have to add a shaping filter to the original system 
and then construct the adjoint of the combined system. 


| t | ~ f Squarer 


Ejc%(t)} 


Fig. 5.9.8. Mean-square output of a system for suddenly applied stationary random 
input ¢,,(r) = LE shown in Eq. (11), this may be simulated with the aid of the 
shaping network, V2T/(1 + pT), corresponding to rr: 
above permits a step rather 


The derivative operator included 
than an impulse input, and m 
of the system. 


ay be included in the simulation 


5.9.17. A Special Case. If the system has constant coefficients, 
which applies a stationary input at t = 0, then this switch is the 
parameter. Although this case can be solved by the adjoint meth 
simply handled if the input autocorrelation function is of a simpl 


this case, h(t — \) replaces w(£,A) in Eq. (26), and the lower lim 
are zero. 


except for a switch 
only time-varying 
od, it may be more 
e known form. In 
its on the integrals 


For the example of an input consisting of white noise filtered by a simple RC network 


2T 

= e-lrl ‘i 
| a 
and Eq. (26) yields 


E{c%(t;)} = fy h(t: — 2) fx = A)em!A-uli7 gy 
= f2 2 = 2 
=F *(ts) +e fh F(t) dt 


FW = fim — o)e-*!7 do 


(5.9.30) 
where 


(5.9.31) 
FE {c*(t,) } can, thus, be computed without the use of random inputs (Fig. 5.9.8), 


MEASUREMENT OF SPECTRAL DENSITIES 


5.9.18. Measurement of Power Spectra. 
of a random signal may be determined from it 
of Eq. (14). This method is particularly advantageous for digital computation," 
With analog techniques, it usually seems best to measure the power spectrum directly, 


if it is of primary interest. Cross-spectral densities, on the other hand, are complex - 
functions and hence complicated to measure; here Fourier inversion of cross-correlim 
tion functions may be simpler (Sec. 5.9.21), 


The power-density-spectrum estimate 
$ autocorrelation function with the aid 
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XO, Pw) 
Modulator 
f<fef,-+-nf 
iA 


Oscillator 


Reset pulse o Of these, 1 and 4 are typical analog-computer problems and will not be dwelt upon 
further; in this connection, note again that random signals may easily give rise to over- 
load problems. 

The third source of error is peculiar to the filter type of spectrum analyzer. Prac- 
tical filters do not have perfectly steep sides, and large peaks in the spectrum may affect 
readings at some low-level part because of the ‘‘skirt”’ response of the filter. Pre- 
whitening (Art. 5.9.11) and multisection filters with large skirt attenuation will help. 

The most fundamental limitation on the accuracy of spectral measurement results 
from the necessarily finite length of the record. This may be present because of some 
practical limitations of recording equipment, because the process is only approxi- 
mately stationary, or merely because some limit must be placed on the time needed to 
determine the spectrum. 
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"IG. 5.9.10a. A parallel filter- Y, = HH,Y, 
er-type spectrum analyzer, ot —o[ 145 | >|] O° a 
x(t) 
i iq. 5.9.1la. A cross-spectrum analyzer requires identical narrow-band filters H(jw) in 
© Total power each channel, and for the quadrature component an added 90-deg phase shifter, Hs(jw), 
in one channel. 
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Phase Balanced sg: Narrow 


Vio, 5.9.11b. This heterodyne-type cross-spectrum analyzer has its 90-deg phase shifter 
Dey, = |H|?H,&, \nwerted in one of the local oscillator leads when needed. Note the use of a phase compen- 
ie Wi 


If the out 4 (5.9.34 sator to correct for small phase differences in the filters. 
put product 22(t)yo(t) is averaged over a long period, the output. will i 
; ut will be 
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Fia. 5.9.10b. A 
vs . A parallel spect : j 
power in each frequency Pith as analyzer using high-pass filters. 


devices 
Subtraction yields the. 
Eqs. (18) and (19) 


eet r 
a / t2(t)yo(t) dt ~ deyy(0) = [~ ‘ «0 : If the data-record length is 7’ and the equivalent filter spectral bandwidth is Af, 
0 22 Proy.(Jw) af = 2 . . . . . 
2 5% Lae |H|?H.®2 1, (jo) df then the equivalent number of degrees of freedom in the spectral estimate is 


n =2T Af (5.9.36) 


or 2/n gives the variance of any point in the spectral estimate. For given values of n 
\| iy possible to calculate*? “confidence limits” corresponding to various probabilities. 
Thus if 7 = 10 sec, and Af = 2 eps, n = 40, and there is 90 per cent probability that 
‘he true value of the spectrum at a given frequency is between 71.9 and 151 per cent 
of the measured value. } 

5.9.21. Fourier Inversion. The Wiener-Khintchine theorem provides interrela- 
(ionships between correlation functions and power spectral densities which indicate 
methods for computing one from another. Thus if ¢2,(r) is known, it is possible to 
determine &,,(jo) by using Eq. (33), which may be rewritten as 
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-9.20. Errors in Power-spectrum Measurements. 
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(5.9.35) 


Sources of error in measure. 


Pyy(jo) = |e ey(r) 008 wr dr — Jj ie ay(7) Sin wr dr (5.9.37) 
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, COS wr and sin wr in a single two-integrator pl 
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2. Truncation errors occur if the correlation function (or spectral density) which is 
to be transformed is larger than the random error at the largest value of |z| (or w) for 
which the function has been measured. 

The truncation error, which may be particularly troublesome in oceanography and 
clectroencephalography, has been given particular attention for the transformation 
(14), where it can give rise to false oscillations in the spectral estimate.?+24 These 
oan be reduced through multiplication of ¢:2(7) by well-chosen functions I(r) (lag 
windows), which, in effect, round off the truncated time function.?* 


ANALOG COMPUTATION OF PROBABILITY ESTIMATES 


5.9.22. Probability-distribution Analyzers. The (cumulative) probability-distri- 
bution function P(X) = P(x < X) of a random process must often be measured. A 
scheme for such measurement, which uses mostly standard analog-computing equip- 
ment, is shown in Fig. 5.9.12. This type of measurement, like the direct measurement 


x(t) 


Signal 
input 


"250K 
0.1% 


+ oe 5U0K 
0.1% 
(a) (b) 
ia, 5.9.18. Operational-amplifier slicer circuit (a) and operations performed (b) to yield 
wulput pulses of width proportional to the time intervals during which X — AX/2 < 
6) < X +AX/2. The slicer circuit combines a precision absolute-value circuit (Table 
4.4.1) with a comparator (based on Ref. 27). 


of vorrelation functions, is rather slow unless the equipment shown is duplicated many 
\imes to make a parallel machine, or unless “high-speed” or wide-band computer 
equipment is used, with a corresponding speed-up, if needed, of the input data rate 
(noe also Sec, 6.3).19 

6.9.28. Probability-density - Analyzers. The probability density of a random 
process p(X) = dP(X)/dX may be obtained by taking the slope of P(X) graphically 
after it is measured by the method of Fig. 5.9.12. 

It is also possible to measure the probability density directly. A modification of 
the circuit shown in Fig. 5.9.12 can produce a train of pulses which are positive (or 
jogative) whenever the random wave is within the amplitude interval 2 — Az/2 < 
w() <a + 42/2. Such a pulse train may be obtained through subtraction of the 
e() waveforms in Fig. 5.9.12 for the two levels x + Aav/2 and « — Ax/2,** or by the 


r 


Meniing vy = f(z). 
ar distribution ‘ 

Fra. 5.914), Spesie nes 
shaping by no 


5-108 
ELECTRONIC ANALOG COMPUTERS: SIGNIFICANT APPLI 
CAT 


| uses standard analog computi ‘ 
. puting e 
by an integrator and recorder - 409 ig Wine Ny 


IONS 


ia ee The cir- 
own In Fig. 5.9.12, o 
In this case, a pulse toeti 


scheme of Fig. 5.9.13, whiel 
cult shown may be followed 
In either cage, a digital r 
Is gated by the pulses 2(¢) a: 


The probabilit i 
y density determined i i ill i 
—T. of the finite times of Wiccresniate The soe 
ned if the variance Cp* corresponding to a set of werner 
ned. This can be estimated if 
estimate of the variance, 


y (Pi — Pay)? 
n 


If have random fluctuations 
nee interval! may be deter- 
rements p; of the probability 


same level, giving as the Several runs are made at the 


t=1 
Qe] 


sty: 


épt = 


where pay is the aver 
together with an assum 
dence intervals for ty 


age of the n measurem 
of the | ents. 
ed distribution for the Di, 


: The estimate of the variance, 
pical measurements of pr 


ra ee used to find approximate confi- 
obability density in any given study 


Pf 
y i 
x 
Py t 
Py, 
x 
c e 
PD. =ae-*? 
se i P,= ae-22 
$ _K 2 , Py 
x(t) z(t) y(t) 
t 
: (a) 
Fie. 5.9.14a, Shaping of the rs 


probability density by 


Here the Gaussian iistadioation means of a function generator imple- 


Dz of x(t) becomes the 
nearly rectangu- 
Spectrum shaping by linear re 


nlinear function generators networks should precede probability density 


ction is also prescribed 

‘ ‘. - 
*8 for a “white” noise input 
‘rator used as a probability-distrie 
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bution shaper, as shown in Fig. 5.9.14. The nonlinear circuit will have some effect 
on the spectrum (although this will be small in most practical cases), and thus some 
readjustment of the linear circuit may be necessary. 


The nonlinear device need not be an arbitrary-function generator in all cases. 


Noise 


of a Rayleigh distribution, for example, may be obtained through linear envelope 
detection of narrow-band Gaussian noise.?§ 
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PART 10: SOLUTION OF PARTIAL DIFFERENTIAL EQUATIONS 
By R. M. Howe 


INTRODUCTION 


5.10.1. Requirement for the Solution of Partial Differential Equations. 
electronic analog computer can integrate with respect to only one variable 


time, it is necessary to convert a partial differential equation to one or mor 
differential equations i 


replaced by finite-difference approximations, 
5.10.2. Example Types of Partial Differential Equations. In order to illustrate the 


different analog-computer techniques for solving partial differential equations several] 
example equations will be treated, including the following: 


k — Wot+f (HEAT EQUATION, OR DIFFUSION EQUATION) (5.10.1) 


(WAVE EQUATION) (5.10.2) 


(STRUCTURAL-BEAM EQUATION) (5.10.3) 


where ¢ is the dependent variable, ¢ is the independent variable time, f is the forc- 
ing function, and ¥?2 is the Laplacian operator. Thus, in rectangular coordinates 
V’d = 0%/dz? if there is one distance variable x, V*b = 0°o/dx? + 0°p/dy? if there 
are two distance variables z and y, etc. Similarly, in one dimension Vid = 04b/dxt, 
in two dimensions Vid = 04¢/dx4 + 2046/adx? Oy? + d4¢/dy!, 

Equations (1) to (3) are shown in their most simple form. In treating detailed 
examples, we shall include the possibility of variable medium characteristics, nonline- 
arities, coordinate systems other than rectangular, etc. 

5.10.3. Importance of Error Analysis. 


SOLUTION BY SEPARATION OF VARIABLES 


5.10.4. Basic Equation for Heat Flow. Consider the temperature u(%,2) between 
the two infinite slabs in Fig. 5.10.1. Here 2 is distance through the slab and 7 is the 
time variable. The left boundary occurs at € = 0 and the right boundary at # = L, 


ELL 
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The equation of heating-rate equilibrium is 


eee g) WED) 4 502,2 (5.10.4) 
C@) oun ae [xe a | + 8(4,2) 


-cap i y hi 
PER . f 
re K is the ther mal conductivity and C 1s the heat ca acit, constant for ie 
oie i £ u i Ss f the istance ariable z. S represen Ss 
medium, In eneral K and C are functions 0 d t Vi if 


i it volume ; 
the rate of heat supplied per uni Yy 
“ sources within the medium. | The heat Y 
(lux Fz along the 2 direction is given by 


“eee 


00020, 


~ 

<2 

ee 
xx 


Fz; = —K FY (5.10.5) Conducting-slab 


Temperature = u(x,t) 
Let us introduce dimensionless variables 
io make Eq. (4) easier to scale later re 
\'irst define a dimensionless distance variable 
¢ given by 


KS 


x 
(5.10.6) <n <i Pua 
; Fra. 5.10.1. Transient heat-flow problem 
his makes the thickness of oe rea in a slab. 
: s transform the variable 4 ae d ; 
ih eee heat capacity C(£) and conductivity K(@) into dimensionless va: 
eharac 


bles #-(z) and ¢x(x), respectively. Thus, let a 
C(Lxz) = Cod-(x) K(La) = Kod¢x(x) (5.10. 
i lue of C(%) and K(#), respec- 
sre C e constants equal to the maximum va’ hag oe 
ay pa : peter medium ¢.(x) = ¢%(z) = 1. From Eqs. (6) and (7), Eq. (4) 
becomes 


& 
teas 


CoL? 


du _ 9 Oo sitet (5.10.8) 
Re $c(x) ot = ar PHO) an a Ko S(La,t) 


We introduce a dimensionless time variable ¢ given by 


se sieeh (5.10.9) 
= Gi 
from which Eq. (8) becomes : 
ae — t (5.10.10) 
c(x) Ot y= az x(x) ox -F S(a,t) 
LES (PR ) (5.10.11) 
where S(z,t) = Ko S (12, Ko t 
i i LG 
lor the special case of a uniform medium with no internal heat sources Eq. (10) 
hecomes r ; atu ce a 
at ax? 
which is essentially the same as Eq. (1) for the one-dimensional case. 


i d th 
Wor the example in Fig. 5.10.1 the left boundary is held at zero temperature an e 
right boundary is insulated (no heat flux). Thus 


u(0,t) = 0 (5.10.13) 
ne (5.10.14) 
Ps (1,¢) 0 
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Let initi 
us denote the initial temperature distribution by U(2), ie 
7 Se ey 


: : . 
5.10.5. Separation of Variables. Consider the case where S(z. t) = 0 (no h 
? ea 


sources), and assume that 


u(x,t) = X(x) T(t) (5.10.16) 


Sub: tit in, Eq 16 into Eq. 10 and dividin, throu h by dg X7 we have 
stitut & . ( ) ( ) & g 
c. ’ 


1 aT (t) 1 d a. 
pn ee @ X (, 
TW) dt ~ o.(e)X(a) de — (5.10.17) 


Since the left side f E y 
iq. a ) 1 fu 
0. 7 sa nection onl, of t and the right side isa function only 
’ ey can be equal for all ta y qu. 
of ba th nd zx onl if bot h are e al to the same constant. 


Hence 
1 4aT@ 
T(t) dt ~ —& = const 
or aT 5.10. 
~ +8P =0 (5.10.18) 
In the same way 
a dX 
dz *(%) Ze + Bde(x)X = 0 (6.10164 


The solution of E is si 
q- (18) is simply an exponential function with decay constant 8, i 
Len 
T = Ae-st 
where A is an arbi Sl 
rbitrary constant. Equation (19) is subject to the boundary a 
condi- 


tions of the origi 
ginal prob] i 
also be satisfied by Fo. em, since homogeneous boundary conditions on u(a,t) must 
? 


dX 
X(0) = ae (1) =0 (5.10.21) 


ing to the lowest mode of exp . 
onential decay with time X2(z) Zives the shape of the 


second mode which decays exponentially with ei y con tant B ete. The discrete 
? d Cay Cc S) 25 


a or die out. 
en using the method of i 
Prince bem n Of separation of variables on t i 
the exponen fal feta takes the form of Bq, (18) and hence the solution is alway 
of the solution de i Nera iet he spatial par 
- pesaen enous: m of Eq. (19) for the spatial 
conductivity and heat fe ents (2) and ¢.(x) which gi ariation of 
| ny s he variati 
ae Salonen capacity, respectively, through th ‘em, This equaalll 
wn oni x ian ; g e medium. This equati 
tronic anal ; ns of Eq. (21), can b ith the elec. 
Og computer, with computer time Sorrebnonenta re in ‘ee “a re 
limensionless dis- 


The heat equation 10 is atisfi d by 10. 0. Bit A X aleve Bat 
( ) Ss e Si lutions f the form A 1X1 (x)e ( ) 
2s ’ 


etc. The superpositi tessa 
. I ‘position pri ‘ : 
solutions will be a solution ae applies, and every linear combination of the above 


u(a,t) = “| 
> AnXn(a2)e~Pnt (5.10.22) 


n=] 


The constants An can be evaluat 
from Eq. (10) and the boundary conditions of Eq. (21 


where n an 
and (22) we have at t = 0 


where 


The analog computer can be used 
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ed by use of the orthogonality properties of Xn(x). 
) it is easy to show that! 


0 nwAm 
: (5.10.23) 


- delat) X nla) Xm(ae) dx 
= Ny n=m 


d m are integers; N» is called the normalizing constant. From Nqs. (15) 


oo 


U(x) = y A,X n(x) (5.10.24) 


n=1 


Multiplying both sides by $-(x)X (a) and integrating with respect to x from 0 to 1 it 
follows from Eq. (23) that 


Pee 1 Be 2 
=F f dela) U (a) X nla) dee (5.10.25) 


(5.10.26) 


Nn = kB e(2) X n2(2) dz 


not only to determine the normal-mode functions 
f desired, to solve for the coefficients An necessary 
distribution across the slab. 


Y,(x) and eigenvalues Bn but also, i 
lo have u(z,t) satisfy the prescribed initial temperature 


dx ax 
fh O46) + BO,(2)X= 0; XO) = (1)=0 


o,(*) dX 


Ve oo 


Sealing notes: 
(1) 100 volts equals unity 
(2) b sec of computer time equals 
unity in x 
; hose he ax 
(3) || <1 fe,(2) dx $ (0) “ae 


(A) | a/b, <1 
Fic. 5.10.2. Computer circuit for solving eigenvalue problem. 


6.10.6. Computer Circuit for the Boundary-value Problem. The computer circuit 
for solving Eq. (19) is shown in Fig. 5.10.2. Time on the computer represents dis- 
iunce « through the slab. Although Eq. (19) is actually linear (the coefficients are 
\nown functions of the independent variable x), nonlinear equipment in the form of 
two function generators and two multipliers is needed to mechanize the equations. 
‘The boundary conditions of Eq. (21) imply that at « = 0 the output of amplifier 3 
equals zero, while at = 1 (b sec after the solution begins) the output of amplifier 2 

e, only if a correct eigen- 


This latter condition will be satisfied, of cours 

2andP3. Thusaseries of trial-and-error solutions 
hould be set at some con- 
esent- 


equals zero. 
value A, is set into potentiometers P: 
nist be generated. The computer solution length b s 
venient value, say 10sec. An arbitrary initial condition is set on amplifier 2, repr 


\ng the slope dX/dx at « = 0. Then a trial value for 8 is set on P2 and P3, and a 
solution is run, The output — (dn/VB) dX /dx of amplifier 2 is recorded and should go 


——— 
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through zero b sec later. It will not, of course, 
a new trial 6 value. After several such runs it 
tion, as shown in Fig. 5.10.3. An accurate 

purposes; if a conventional strip-chart recor 
up” near the end of the solution in 
the final boundary condition is met 


and the solution must be repeated with 
1s easy to converge on the correct solu- 
zy plotter is convenient for recordin 

der is used the record should be “blown 
order to have a more accurate indication of when 
. Since this is a linear problem, the shape of the 


Fig. 5.10.3. Trial-and-error convergence on 


ma ek Fia. 5.10.4. Solution for first three normal 


modes. 


solution is independent of the amplitude. 
obtained, the initial condition on amplifier 
generated which utilize near full 


Thus once a near-correct eigenvalue is 
2 should be increased until solutions are 


ich util full-scale voltage range on the outputs of ampli 
and 3. By distributing the gain equally between potentiometers Qand 3 the maxi 


voltage excursion at the outputs of amplifiers 2 and 3 should be comparable. When 


an exact, full-amplitude solution is obtained i 
solution is rerun, recording X vs. z. AES Se econ he 


2 1 
Equations being solved: A,N,= op , (x) U(x)X,,dx; N, = I $, (x) X2dx 
0 0 


Note: Scaling same as Fig. 5.10.2 
%, &,(x), Xi(x) computed in Fig. 5.10.2 


F 


1a, 5.10.5. Circuit for generating Fourier coefficients. 


For a uniform medium ge = or = land BE 


q. (19) represents simpl -spri 
system with a period of 2nb/V/B sec. : ‘eolutiodot 1 


For the first mode the solution of Fig. 5,10 
represents one-quarter of a period, so that the total period would be 4 brn Thus 


passe Vio, and @; = (7/2). The second mode represents three-quarters of a 
poe . : e thir five-quarters, etc., so that B2 = (37/2)?, B; = (57/2), etc. If and 
; sé vary appreciably from unity in the case of a nonuniform medium, the above 
ues of 8 can be used as first estimates for a point of departure in the trial-and-error 
process. Typical solutions for the first three modes are shown in Fig. 5.10.4. It is 

pgm to determine the lowest mode first, the second mode next, ete. +] 
Pile als geben of the Fourier Coefficients. Frequently the normal-mode 
ons X, and eigenvalues f, are the only quantities required from the computer, 
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Jor example, in a structural dynamics problem solved by separation of variables the 
eigenvalues represent the normal-mode frequencies and the eigenfunctions or 
normal-mode shapes. But to solve the complete problem with specified initial con- 
ditions we need to find the coefficients. A, given in Eq. (25). This can be accom~- 
plished simultaneously with the determination of the eigenfunctions x nin the previous 
section. The circuit is shown in Fig. 5.10.5. Note that the normalizing constant N is 
just be computed in order to calculate An from X,(z) and U(a). Because a series 
of orthogonal functions as given in Eq. (24) is called a Fourier series, the constants An 
are called Fourier coefficients. 


Circuit of 
Fig. 5.10.2 
2e 
Circuit of ult) 
Fig. 5.10.2 ; 


fy 
1 
1 
1 
1 
' 


—Byty 
Aje 


1a. 5.10.6. Circuit for generating temperature distribution across the slab at ¢ = ti. 


6.10.8. Analog Computation of the Complete Series Solution. The complete 
solution to the transient-heat-flow problem of Fig. 5.10.1 for the particular initial 
temperature distribution U(x) is given by the infinite series of Eq. (22). Each 
eigenfunction X,(z) is multiplied by a decreasing exponential e~P»t and has a Fou- 
rier-coefficient weighting factor An. In practice, of course, we need only calculate a 
finite number of terms, hopefully only the first several. Since the higher modes have 
large Bn and decay very rapidly, it is possible to neglect these terms after the first 
wmall time interval has elapsed. Then 


loo, the coefficients A, decrease in size for 1.0 
large n. After the normal modes Kn 
eigenvalues Bn, and Fourier coefficients An 08 


have been calculated with the analog com- 
puter as described in the previous two sec- 
tions, the separate terms in Eq. (22) can be 0.6 
generated simultaneously on the computer 
and added together with weighting factors 
A,erPot to represent the temperature dis- 0.4 
tribution across the ‘slab at time 4. 
Although this requires that the circuit of 


u/U, 


Wig. 5.10.2 be duplicated N times, where N 0.21 

js the number of terms considered, it is a 

jolatively simple circuit, and the functions 

w.(v) and @,(xz) need only be generated 0 0.2 O14) O67 TOS? OL 


once. The over-all circuit for accomplish- Distance x through the slab 
in this is shown in Fig. 5.10.6. For any yg. 5.10.7. Transient temperature distri- 
lime t, potentiometers P6, P7, etc., are bution across a uniform slab. 
simply set to A,e~Pi4, AeP2t2, etc. The ; 
different X,, solutions are then run simultaneously and the output of amplifier 6 can 
he recorded to yield a plot of temperature distribution across the slab atti. The runs 
oan be repeated for ts, ts, etc. In Fig. 5.10.7 is shown a set of typical results obtained 
in this manner for a uniform slab with a uniform initial temperature distribution. 
Note that for ¢ > 0.16 the distribution is essentially sinusoidal. ; ‘ 

If the complete solution is desired, the method of separation of variables described 
hore should be weighed carefully in comparison with the difference-equation technique 
of Art, 5.10,12,, which gives a much more direct result. 
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: sip Additional Eigenvalue Problems. 
orm the equation for the trans i 
Remi ep verse displace 
tion can be written 


(a) Beam Equation. In its simplest 


ment y of a uniform structural b i 
. . S 
For a nonuniform beam with one spatial coordinate x the sdeal 


a2 


Oo? 2, 
gat O12) 8 + ale) SY = fee 


(5.10.27) 
where x = dimensionless distance alon 
t = dimensionless time 
y = transverse displacement, a function of 
= ; 1 s x and ¢ 
os(z) = dimensionless stiffness variation along the beam 
a(x) = dimensionless mass distribution along the beam 
S(2,t) = external force applied along the beam. 
The technique for obtaining Eq. (27) from the ori 
is analogous to the method used to obtain Eq. (1 


flow.2 Boundary conditions d 
marized below: us ls, 


g the beam (the beam length is unity in 2) 


ginal equation in dimensional form 
0) from Eq. (4) in the case of heat 
e of end fastening? and are sum- 


Type of End Fastening 


Hinged (simply supported) 
Built-in 
Free 


Boundary Condition 
y = 0, 02y/dx? = 0 
y = 0, dy/dx = 0 
0*y/dx? = 0, 0/dx(s0*y/dx2) = 0 


Note that $;02y/dz? ig i i 

L 2 proportional to the bending moment and a : i 
a ean to the shear force, Assume f(z,t) = 0. To siden haste 
y (a, (x) T(t) and substitute into Eq. (27). The resulting equation for 7 is , 


iY 
ae 27) = 
dt? iiialilln, 


(5.10.28) 
where 8 is a constant. The solution f is si 

ss or 8B > Ois simply T(t) = i 
where A and B are arbitrary constants. The Sdaation i Ms ‘s suction adil 


2 


X(0) = X’(0) =0 X”(1) = [6,X"'(1) = 0 (5.10.30) 


bs Soeigeigd ps yess Sad Tepresent an eigenvalue problem, since only for discrete 
bic nh oh e Piven 2a conditions be satisfied. To solve Eq. (29) with an 
Tee eae we “i time on the computer represent distance x along the beam 
na ged e eer: to the schematic in Fig. 5.10.2, with five integrators required 
irae $y a rial value of 6 is chosen and zero initial conditions are used for 
leet mek. fs outputs x and X’. Trial initial conditions are set on o;X” and 
cs a Nets = eg te is linear, only the ratio [¢;X’'|' (0) /¢,X” (0) changes the 
psn yond i San ni _ Both osX and [¢;X’’]' are recorded, and the ratio of inftial 
peel ~ until a solution is obtained for which $;X'"(1) = 0, i.e., a solution 
ean iia ne SS eraon $;X"" goes through zero } sec after the solution 
leon ahems cin im yon : € computer represents unity in x. For a correct solution 
a i Nee atz=1. It will not, of course, since the correct value of A 
pa ae, chosen for the first trial. If [¢;X")’ goes through zero for « <1 
—— ‘atue ot 8 is needed for the next trial. If [o;X" = 0 forza > 1, a larger 
8 is needed. Actually, this can be observed by examining the bX" record 
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alone, since [¢;X’’’ is simply the slope of ¢;X’’. This is apparent in Fig. 5.10.8a. 
The initial condition on ¢;X’’ should be set so that full-scale voltage excursions at 
integrator outputs are obtained. 

The above procedure leads to a first-mode solution. , Higher modes are obtained 
in the same way by starting with a larger value of 8. Second- and third-mode solu- 
tions are shown in Fig. 5.10.8). Since Eq. (29) represents inherently an unstable 
system, it becomes difficult to obtain the 
higher modes. This is best illustrated for 
the case of a uniform beam, ie., for ,X" 
¢y = ¢¢=1. The actual solution then 
becomes 


X = Ci cos Bx + C2 sin Bx 
+ CyeF + Cue 


where C1, C2, Cs, and Cy are constants and 
where x is time onthe computer. For large 
 (ie., for higher modes) the term C,e%* 
eventually overwhelms the others. Also, 
small changes in initial conditions affect the 
solution greatly. Because of dielectric ab- 
sorption in the integrating capacitors, ran- 
dom fluctuations in function generators and 
multipliers, ete., successive solutions may 
hol repeat exactly, making convergence to a 
vorrect solution difficult for modes higher 
(han the third. For symmetrical beams this 
situation can be improved by looking for (0) 
symmetrical and antisymmetrical modes Fra. 5.10.8. Computer solutions for can- 
separately. This allows consideration of _ tilever beam. 
only one-half the beam. Thus a free-free 
symmetrical beam has the following boundary conditions for symmetrical vibration: 
wy) X'(0) = [6X (0)! = 0, X38) = [6,X'(19)]’ = 0; for antisymmetrical vibration 
the conditions become: $,X’’(0) = [¢sX’(0)|’ = 0, X(34) = $/X’"(44) = 0. By 
oquiring a solution only from z = 0 to x = 34, the effect of instability in the solu- 
{ion is greatly reduced. 

The normal-mode solution Xn(z) as obtained above represents the shape of the nth 
mode of vibration of the beam when oscillating freely at the frequency Bn. 

(b) Coupled Bending and Torsion. Sometimes it is necessary to include twisting 
wu» well as bending in a beam, e.g., the problem of an aircraft wing. Then the partial 
(ifferential equations for a uniform beam take the form 
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Note: Each solution is 
obtained by varying 

[o,X"]'(0) until 

X"(1) x 0. 


(5.10.31) 


a4 o2 0°6 
at t age +00 + on og = Co 
(5.10.32) 
020 fe) Ory 
Gat 8 aE UX. Mhingy, = 1G) 


ilove y is the transverse displacement of the beam and @ is the angle of twist. Both 
elwstic and inertial coupling terms are present. For fi: = f: = 0 we can separate 
vuriables, ie., assume y(x,t) = X(x)T(d), O(z,t) = O(a) T(t). The resulting set of 
uations in z is the following: 


MX 
= — p°X + (a; — a6) =0 
ali (6.10.33) 
oe asB?O + (a4 — as8?)X =0 
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For a cantilever beam the boundary conditions of Eq. (30) apply and, in addition, 
@(0) = 0, O'(1) =0. 

Here we have a sixth-order eigenvalue problem which can b 
on the computer be distance x along the beam. Three initial conditions are unknown 
and must be guessed, namely, ¢5X'’(0), [o,X”’ (0), and @’(0). The ratio of any two 
to the third is varied until the final conditions are satisfied, namely, 


sX""(1) = [o,X"V'(1) = @'(1) = 0 


This can occur only if 8 is set at a correct eigenvalue Bn. Thus a three-dimensional 
convergence problem is present. However, since the beam is uniform, there are no 
variable coefficients in Eq. (83). This means that the length 6 of the computer solu- 
tion can be left arbitrary, so that the end condition becomes the simultaneous vanish- 
ing of $;X"’, [¢sX""’, and ©’. The computer time b at which this occurs defines the 
relationship between computer time and , and the three-dimensional convergence 
problem is reduced to a two-dimensional one, For a nonuniform beam this simplifica- 
tion is not possible. 

5.10.10. Use of Normal Coordinates to Represent a Continuous System. In find- 
ing the normal-mode shapes X,,(z) for the beam in the previous section we solved the 
homogeneous equation, i.e., the case where the external force f (x,t) along the beam is 


zero. For actual applied force f(z,t) it turns out that the beam displacement, y(z,4) 
can be represented in terms of the normal-mode solutions. Thus 


i i . Thus the normal coordinates give a method 

7; — aPC a ci means of a finite number of degrees of free- 
: orkid a curacy that is considerably better than the difference-equation method 
ges Sanked of degrees of freedom. The normal-mode shapes and frequencies 
gives ery 5 calguikie ahead of time, however. Sometimes this calculation is done 
ar red The same normal-coordinate scheme can of Spor. be applied to the heat 
Renatiog ources are present. ; 
arr nt €l Motned OF aieration of Wariatilee _This technique is 
‘ rae hin to linear partial differential equations and can be simply oma only 

hen 4 boundary conditions are homogeneous. In the case of arbitrary initial con 
sons fe sible to obtain complete solutions with the analog computer by pice 
tet: po acne Ne solutions. Figure 5.10.6 shows the circuit in the case 0 
~ aieneanetiel heat-flow problems. For cs a gine te a eee 
tion i i is method is probably impractical. ; 
oe Spetaap individual pape raps: aman ptee Stan and eigenvalues 
= regis eful in leading to a simple finite-degree-of-freedom representation of the 
ica Faiste by means of normal coordinates as discussed in the previous article. 
reese fn rmal-mode solutions will be the same order as individual component 
er Th. wever, many eigenvalue problems have inherent instabilities ee 
“4 ke it difficult to obtain the solutions with the analog SF eam maine ae pe 

: i instabilities are seldom in 

but ey Brn veRS RE Siang are separated [see, for example, Eq. (31) in the 

) 

tion on the vibration of beams]. 


e solved by letting time 


yla,t) = > X,(2)qu(t) (6.10.34) 


n=] 


SOLUTION BY DIFFERENCE TECHNIQUES 


5.10.12. One-dimensional Heat Flow. Consider the heat-flow problem shown in 


where qn(t) are the normal coordinates‘ and satisfy the differential equation iy, 5.10.1 and given in Eq. (10). Instead of computing the temperature w at all x 


Magn + MiBn2qn = F,,(t) (5.10.35) 


Here M, and F,, are the generalized mass and force of the nth mode, respectively, and 


are given by 
ye i a(x) X12(e) dx (5.10.36) 
and F.@ = fy Hed Xute) dx (5.10.37) 


The generalized mass M,, is actually the same as the normalizing factor NV, given earlier 


in Eq. (26) and can be computed with the circuit shown in Fig. 5.10.5, where distance a 
along the beam is time on the computer. 
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SOB A ae bs 
The generalized force Fn is particularly simple to calculate if f (x,t) is concentrated BS 
at one point x» along the beam (for example, the reaction force on a ballistic missile due | R 
to gimbaled engine, where the missile is considered a free-free beam). If Fo(t) repre- | 
sents the concentrated force, then f(x,t) = d(2 — Xo)fo(t), where 6(2 — ao) is a unit as 8 a 
impulse along x occurring at x = 2. From Eq. (37) Fn(t) becomes x=0 —>_ 
x 
Fy(t) = Xn(ao)fo(t) (5.10.38) 


Fig. 5.10.9. Station arrangement for heat flow in a slab. 
If f(@) is distributed along z, it can always be approximated by a finite number of 


concentrated forces, and F'n(¢) becomes a linear combination of these forces. 

The method of simulating a forced beam with the electronic analog computer is now 
evident. Equation (35) is set up for each normal coordinate qn With a two-integrator 
one-summer circuit, where the normal-mode frequency 6, and mode shape X,(x) (and 
hence M, and F,) have been determined previously with the computer. Then the 
normal coordinates qn are added in a summing amplifier in accordance with Inq. (84) 
to obtain the beam displacement y(z,t) at some particular point 2, along the beam, . 
e.g., the point at which a control-system sensing element might be located. In prac« 
tice only the first several modes need to be considered, Damping can easily be intro« 
duced into Eq. (85). External forces J(2,) which depend on the coordinate dn 08 iD 


i in Fi 9. Let 
values, let us compute wu only at certain stations along 2, as pres ae me : = 
v) be the value of w at the first-x station, wz at the second, eo Ae Sie renee 
(hor, let the distance between stations be a constant Ax. us > : Pry soe 
ui(t), ud), ... , ete., and we can approximate du/dz at the n 3 


du mw ln = Una (5.10.39) 


i imati we shall con- 
This ia known as a first-order central-difference ah RCC ow easchoall 
sider other approximation formulas in addition to analyzing the 


bat 
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mation. In a manner analogous to Kq. (39) we can approximate (0/dx) ¢.(du/dz) at 
the nth station by 


a mu 
Oz on Ox 


Ou 
Ox 


1 [ du 
S— | are 
n Az Ox 


rarer (5.10.40) 


n+ 7 


From Eq. (10) and using Eqs. (39) and (40) we have for the equation of equilibrium at 
the nth station 


dun 1 
Pen cap = (az)? [Pinsyg(Un41 — Un) food Pky 14 (Un = Un=a)] et S(t) (5.10.41) 


where S,(¢) is proportional to the heat flow per unit volume coming from the heat 
source at the nth station. Note in Eq. (41) that the time derivative of u» is a total 


—Uo(r) 1 


wee ee wee 


_ dtn—1/2 Un—1/2 _ duy-1jp 
dr 1 dt 


Note: RCsec= unity inr fy) 
Fie. 5.10.10. Computer circuit for one-dimensional heat flow. 


derivative, since x is fixed at n Az for un. Thus Eq. (41) is an ordinary differential 
equation. It is convenient to introduce a new dimensionless time variable r given by 
(Az)? 


where Az = 1/N, there being N stations between x = 0 and x = 1. Then Iq. (41) 
becomes 


(5.10.42) 


T 


dun 
Pen os = Pin sy (Un — Un) — ding (Un — Un-1) + Pn(r) (5.10.48) 


where Ba(r) = (Az)*S[n Az, (Ax) 2] (5.10.44) . 


Equation (43) is iterated for different values of n until the boundaries are reached, 
In the problem of Fig, 5.10.1 the left boundary temperature is zero. Thus uo Oy 
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Actually, it adds no complexity to the computer circuit to let the boundary tempera- 
ture be a prescribed time-dependent function wo(r). The right boundary is an insu- 


lator, so that & = 0. From Eq. (39) this implies that wu, = u,1, where r — Lis 
&\z=1 

the last station along z(N =r — 1%). Note that the insulator boundary occurs at a 

half-integral station. When Eq. (44) is iterated between the boundaries, we obtain 

N — 1% simultaneous first-order differential equations. The electronic-analog-com- 

puter circuit is shown in Fig. 5.10.10, where we have defined a quantity fn414 propor- 

tional to the heat fiux at the n + 14 station and given by the formula 


Frys = Pin sig (Unt1 — Un) (5.10.45) 


At the right boundary fy = 0 for our original problem. In general, as shown in 
lig. 5.10.10, it can be prescribed time-varying function fy(r). Note that the output 


; aE RET 
\ Pinr 
\eeeeeee 


Temperature 
fo} 
a 


Fie. 5.10.11. Computer solution for transient heat flow in a slab. 


of each successive row of amplifiers is reversed. This allows the necessary differences 
\o be taken without adding inverting amplifiers. Note also that the quantity fn+¥y 
proportional to heat flux, is available at each half station. Single coefficient potenti- 
ometers represent the heat-capacity parameter ¢., and the conductivity parameter 
Phroryy Ob each station. The external heat input ®, at each station is introduced as a 
\\me-varying input voltage. The integrator time scale for the circuit is RC sec, i.e., 
/'C see of real computer time represents one unit of dimensionless time rt. Initial 
eonditions on the integrators represent initial temperatures at the different stations. 
Actual computer solutions for a slab with left edge at zero temperature, right edge 
jnwulated, and an initial temperature of unity across the slab are shown in Fig. 5.10.11 
for N @ 61g, Here the temperatures at each station are plotted as a function of time, 
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Later in this section we shall examine the error ¢ associated with forward- and back- 
ward-difference approximations in addition to the central-difference approximations 
riven above. We shall also give ¢ for higher-order difference approximations. Now 
let us turn to the method of separation of variables for analysis of the errors. 

5.10.14. Estimated Accuracy of the Difference Method Using Separation of Vari- 
ables. The method of separation of variables can be used not only in the case of a 
continuous heat-flow problem but also in the case of our cellular approximation. In 
the latter case we shall obtain a number of discrete normal-made solutions, each char- 
acterized by a simple exponential decay in time. By comparing mode shapes and 
decay constants with their counterparts for the continuous-medium case, we can esti- 


In 7, <P shown in Fig. 5.10.7, where the separation-of-variables 
method was used, the temperatures at a given time w 1 i i 
eee > ace cick’ g ere plotted as a function of dis- 


If the slab is uniform, ¢., = 1, $%,.14 = 1, and Eq. (43) becomes 


dun 
oF = Untt — 2Un + Un-1 + Pn(z) (5.10.46) 


Ca tke sate tar ; ; 
we e right side we have the central-difference approximation to [d2u/dx?](Az)2. 


oul _ Untt — 2Un + Un-1 imate the accuracy of the difference method. Consider the case shown in Fig. 5.10.1, 
Ox? |n (Az)? (5.10.47) where for simplicity we assume a uniform medium (¢. = ¢¢ = 1). The solution to 


: ; ‘ the eigenvalue problem given by Eq. (19) with boundary conditions of Eq. (21) is 
The solution of Eq. (46) can be accomplished simply by using only one amplifier per easily wan to be the following: 


station, as shown in Fig. 5.10.12 for the nth station. This can also be done for a non- 


uniform slab,-but.the circuit of Fig. 5.10.10 has Xn(x) = sin (n — }4)re n = 1,2,8,... (5.10.53) 
O.5R the advantage of being a more direct analogy 1,0., Bn = (n — ¥4)?x? (5.10.54) 
in this case. 


‘Thus the complete solution for the nth mode becomes 


R "6.10.13. Estimated Accuracy of the Differ- 

3 ence Method Using a Taylor-series Expansion. Un(a,t) = Anfsin (n — 14)mar]e“Pnt Seale 
Since the replacement of partial derivatives by 

R Un finite differences is only an approximation, it is lot us assume that the sinusoidal spatial modes given by the above equation are also 


sinusoidal in the case of the difference-equation representation, i.e., assume that the 
(omperatures at discrete intervals along z fall on a sinusoidal distribution. Then at 
the ith station (2 = t/N) 


—Uney important to estimate the errors inherent in the 
Fig. 5.10.12. Computer circuit for ™ethod. We shall use two ways of accom- 
heat flow using one amplifier per lishing this. First we shall examine the error 
station. terms by means of a Taylor series. Second, we 


; shall separate variables for the difference-equa- (mn — ¥4)at 7) 0g int 
tion case and compare the resulting mode shapes and frequencies with the obntironll mile S Ae [sin aos fie § ad 
values given in the previous section. 
: Consider the Taylor-series expansion for Un41 in terms Of tiny, Where Ax = h. We where 8, is the decay constant associated with the nth mode of the difference equation. 
eye Nubstituting Eq. (56) into Eq. (46) and letting ®,(r) = 0, we find that the equation is 
2 92 witisfied provided that 
ere + eee (9 4 a Cr " 
20¢|n+3g 21\2/ da? Inzig © 31\2/ az nbag = Gk = see 
B, = 2N2| 1 — cos 2" (5.10.57) 
<i (5.10.48) N 
Similarly 
comeaeee h du < 1 fh)? a% 1 hA hte re After expansion of the cosine function in a power series we have 
2 6a\n4+31g  21\2 ileuy wha) a8, i (n — 36)%? 
: +% Be ae. yh a eee Me ‘| 5.10.58 
(5.10.49) Pee eae [ ianz : 
] ryt . 0 = : . 
Subtracting Eq. (49) from Eq. (48) and solving for ad , we have Iv the limit of infinitely many cells the 6, given above converge to the 8, given in 
OX In+34 14, (54) for the continuous medium. The error in f, varies as 1/N? or h?, as also seen 


i) the error term in Eq. (52). In Fig. 5.10.13 are shown the percentage deviations in 


ou Untl — Un 
dz lnt34 si) te (5.10.50) leony constant 8, for different mode numbers n as a function of the number of cells NV. 
ae ‘'o summarize, we see that, when the space derivatives of the one-dimensional heat 
where eer i a ge ec (5.10.51) *juution in a uniform medium are replaced by finite differences, the resulting mode 
24 da} in+-314 ee »lapes agree exactly with those for the continuous solution, whereas the decay con- 


»twntu (eigenvalues) for each mode are somewhat smaller. This means that the higher 
iioces will decay somewhat more slowly when the difference method is used. Note 
‘hat instead of an infinite number of modes, there are only N — 14 modes when the 
‘iference-equation approach is used. Note also from Fig. 5.10.13 that, if the first 
iwo or three modes are by far the most important, only 5 to 10 stations are needed for 
fommonable results. 


Thus the error in the central-difference formula given in Eq. (89) varies as h? for small 
HA = Az). Ifthe number of stations is doubled, h is halved, and the error is reduced 
y a factor of 4. Using the same technique one can show that the central-difference 


: 5 Pu ‘ 
approximation to 3a? |, Siven by Eq. (47) has an error e given by 
n 


$ h? atu 6.10.15. Higher-order Central Differences and Backward Differences. By using 
grat ort evel (5.10.52): ‘Taylor expansions similar to Eqs. (48) and (49) one can develop higher-order and 
e therefore more accurate central-difference approximations, as well as forward- and 


Again the accuracy improves as h® for decreasing interval size h. hwokward-difference approximations.’ The latter approximate derivatives at a point 


— 


i 


”, nT 
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by including points on one side only. These various schemes, along with the first term 


of the error ¢, are given in Table 5.10.1. Backward-difference formulas are symmetri 


cal with the forward-difference formulas. 


Note that the higher-order central-diff i 
j ierence approximations, altho 
rate, ons be modified at the boundaries. Either a lower-order at oh ie fed id 
required there, or a higher-order backward or forward difference must be jacoslta 
. Ig 


-0.1 


I 
a 
Oo 


Per cent deviation in decay constant 


5 10 50 100 
Number of cells 


+ 9-tV.lo. Fercentage error in deca constant 6, for one-dimensiona heat flow. 
Fie 5.10.13. P t ay B fi i i i fl 
any case. Ssymmetr el de Troy d i V ai nN cases by 
? s st ed. This problem can be a oided in cert 


using the following second- i imati i 
a ap id a order central-difference approximation, directly derivable 


1 0% 10 02% 1 0% 
ae 10 0%u 1 eu — Untt — 2tn + Un— 
12 dz? |n—1 12 dz? \n IZdehna h2 : (5.10.59) 


H ; 
ere the error is of order h‘ but only the variable wu, and grid points immediately on 


either side, as well as 2” i i i i 
i as az? In and grid points on either side, are required. At any station 


eK sy De ogcht 
e terms can be computed implicitly through feedback loops from adjacent summers 


with output oo, nd ou 
Ox? |n44 Ox? 


neat) 
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Table 5.10.1. Summary of Central and Forward Difference Approximations for 
First and Second Derivatives 


en a a ne 
Type of approximation Approximation formula oe 
: du Un+l — Un-1 h? du 
Central difference, first order. .... —| = — sees aoe 
entral di aes a EAR 
a - = - a ht a5 
Central difference, second order... 4 a ee + Bunt 8un-1 + Un-2 — we 
ax \n 12h 30 O25 |n 
: ou _ Un+l — Un h dtu 
Vorward difference, first order... . sh oe ce 
a Uns n41 — Sun 298 
forward difference, second order..| “| = ——*#® Aunts Sue nh? o8u 
dx |n 2h 3 dx3 |n 
ar - 2 294 
Central difference, first order... .. Ww) Mast = un + Uni Bay, cha 
dx? |n h? 12 dx4 |n 
0? - 16 - 16uUn-1 — Un 496 
Oentral difference, second order...) 2+ | = =~" + 16tin41 — 80un + 16Un—1 — Un-s | Af fu 
Ox? In 12h2 90 dx8 |n 
ar — 2un 3 
Vorward difference, first order... . ol coe Sets ett —h uae 
Ox? |n h? ax |n 
2 ah aé 2 294 
l'orward difference, second order. . Ou _ —unsa + 4uings — Suing + 2un 11h? dtu 
dx? |n h2 12 dx* jn 


It has been pointed out that use of higher-order difference approximations allows 
»purious mode shapes not in the original problem.® Actually, these spurious modes 
will never appear because of the boundary constraints, and hence present no problem. 

6.10.16. Heat Flow with Mixed Boundary Conditions. Often the boundary condi- 
(ion at one edge of a slab, say at z = 0, states that the flux is proportional to the tem- 


2 
porature, ice., a (0) = ku(0). One way to treat this problem is to calculate oo 
at 


hy means of a forward difference involving du/dz at stations 0, 1g, and 1. Thus 
duo — Ou 1 [ du | ou ou ] 
— = = -—3 4 _ 5.10.60 
di dz? |9 2h an ‘a Ox \is Ox}1 ( ) 
du ou ui — Uo ou Uz — Uo 
here —| =k —| = = 5.10.61 
_ dz |\0 v7: Ox |14 h 0x \1 Qh ( ) 


6.10.17. Two-dimensional Heat Flow. Here the heat-flow equation in rectilinear 
poordinates 2 and g for a uniform medium becomes 


du au , du 
C4 = K (= — 5.10.62 
at "\oae tog ‘ ‘ 
whore, for simplicity, we have neglected any internal heat sources. As previously we 


\ntroduce dimensionless distance variables = #/Lz, y = 9/L,, where Lz and Ly are 
ie rectangle dimensions in the # and g direction, respectively. Then by letting 


fe (Ko/Cobz*)t and azy = L:/Ly, we have 


du _ du 2 Ou (5.10.63) 
oy? 


— = Oxy 


ot da* 


Dividing the medium into N stations along « and y, as shown in Fig. 5.10.14, and 
jotting + = N%, we have for the equilibrium equation at the 7 station 


me iyag AH Meany — ACL A ceay®) ey Horny tee, 541 FH eey*ti,j—1 (5.10.64) 
a 


cal rather than rectilinear coordinates because the boundary is cylindrical. For axially 
symmetric heat flow in an infinite rod the heat equation becomes! 


where r is the dimensionless radial distance from the axis (r = 1 at the wall). Here 
¢ = (Ko/Coro*)i and is dimensionless, where Ky is the conductivity, Co the heat capac- 
ity, ro the cylinder radius, and 7 is real time. Because of axial symmetry we have the 
following boundary condition at r = 0: 


At the wall (r = 1) the boundary condition can be specified on the temperature u, the 
flux (1/r)(du/dr), or any linear combination of these. To treat the problem using the 
difference method we consider u only at discrete intervals Ar. Thus at the nth station 
we have from Eq. (65) 4 
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where r = t/(Ar)?. To enforce the boundary condition of Eq. (66) we let wo = w, 
which implies that the axis (r = 0) corresponds to the 14 station. The boundary 
condition at the wall (r = 1) is enforced in the same manner that was used previously 


for the heat equation. 


where we have used first-order central-difference approximations. Boundary condi- 
tions are imposed in a manner exactly analogous to the one-dimensional case. Error 
analysis by use of separation of variables shows that mode shapes for the cellular 
approximation in Fig. 5.10.14 agree exactly with the continuous case (i.e., are sinusoi- 
dal for homogeneous boundary conditions), while decay constants show percentage 
errors analogous to those in Fig. 5.10.13. 
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Fra. 5.10.14. Two-dimensional heat-flow problem. 


5.10.18. Heat Flow in Cylinders. Frequently it is more convenient to use cylindri- —50 


Sakae | 5 10 50 100 
Number of cells 


\'\a. 5.10.15. Percentage error in decay constant B,, for radially dependent modes of cylin- 
drical heat flow. 


ou _10_ du 
set + S(r,t) - (5.10.65) 


‘ ; ; . ‘ 
The error in the central-difference approximations in Eq. (67) siepeg me - 
previously. Comparison of normal-mode shapes with the exact oe eo e es 
(inuous case shows approximate but not oan agreement.’ Figure 5.10.15 shows 
deviation of the decay constants (eigenvalues . 
lor heat flow which is not axially symmetric u depends on polar pee bo 
\inite-length rod it also depends on distance z along the rod. The resulting p 


differential equation becomes 


ae (0) =0 (5.10.66) 


Ou 2 Mi Ca) 1 ou 1 0?u Em ae Si. + S(r,$,2;t) (5.10.68) 
ato rér or r2dd? oz? 


Where are ™ ro/2o, 20 being the rod length. The difference method rime ere 
along @ and ¢ as well as along r, The resulting equations are straightforwa 


oe OE cis mites) nt SE ives sasaki 


dr n n 


- , 
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require considerable analog equipment Using central-differe i i 
? - nce approx 
errors in ¢- and z-dependent mode shapes are zero, but decay dati pipe ms < 
lower than the exact values, much as shown in Fig. 5.10.13. aie 
5.10.19. Spherical and Other Boundary Shapes. Equations similar to those in the 
previous section can be used for Vu in spherical coordinates.? For other boundar 
shapes, including irregular boundaries, methods of numerical analysis have been davel. 
nr chit can be used directly to obtain the difference-equation representation.5 { 
10.20. Change , of Variable to Group Stations Unevenly. Often the expected 
pie epee. aig mer severe in one region of the medium, e.g., the region 
x = U1n Figs. 5.10.7 and 5.10.11. By grouping the stations m clo i i 
} } y ore closel 
oe ee accuracy should result. This can usually be done with a snes & oh 
ig Dies example, in the problem of Fig. 5.10.7 let a new distance variable 
y = Va. If we rewrite the heat equation in terms of 
} e rewri g y and take equall - 
tions along y, this will in effect give us much closer spacing near x = 0 in ogame 


or 


pet is N 
. 1 U, Us U; U, Us 
bg se lle Oe ee au 
Be — ay 
SS 
Ou 
Ox =o 


ite. 5. i i i 
Fig. 5.10.16. Comparison of station locations for the space variable transformation. 


This is illustrated in Fi i i 
g. 5.10 16, which compares the station locations in th 
when N = 6.5. We define the new distance variable y as co 


(5.10.69) 


For a uniform medium and S = 0 Eq. (10) becomes, in terms of Y, 


du -;+[2 du 
ot _2y dy Gihel 


Po edenid ee of y into N stations the difference equation can be written using central- 
print oad rion mata The resulting analog-computer solution yields accurate 
aca eae u Le closer tox = 0 than previously obtained in Fig. 5.10.11." 
rere, et de a, . transformations which can be used to change station grouping. 
Pi pom etek a of Heat-flow Problems in Semi-infinite Media. Consider # 
a ana “ “i ate x =Oand z= «. Here an infinite number of stations 
parser ype : equal increments between stations were used. However, by 
an : ‘ ge y =1—e* the region 0 < z < © is mapped into the 
pit he os ‘ en equally spaced stations in y can be used to set up the differs 
ia eo _ —- bene to be useful the solution w should approach # 
| where  $qpewtions aut mara used in the case of the wave equation, 
re aie eee Heat-flow Problems. When the difference method is used 
Santen gone y es analog computer cannot be used to solve nonlinear partial 
eae. ai fi or example, the conductivity K may be a function of tem= 
tint cand “4 pe mere is simply introduced at each station.”* This does 
pee Pi a , that eac nonlinearity in the original equation requires N nonlineari« 
© computer circuit, where N is the number of active stations. 


(5.10.70) 
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5.10.23. Problems with Moving Boundary Conditions. An example of this type 
of problem is the melting or oblating problem. It can be solved with the analog com- 
puter by introducing a new distance variable y = x/l(t), where l(t) is the position of 
the moving boundary in z. Whereas 0 < # < l(t), 0 < y <1 and the boundary 
remains fixed in y. Care must be taken in writing the transformed equations (non- 
linearities are introduced because of the transformation). Stations are then taken 
along y and the difference equations set up for the analog computer.® 

5.10.24. Solution of the Wave Equation. Reference to Eq. (2) shows that in 
yeneral the wave equation is similar to the heat equation except that it involves the 
second time derivative rather than the first. Thus all the discussion in the preceding 
articles regarding difference techniques for approximating spatial derivatives applies 
\o the wave equation as well as the heat equation. The computer circuit at each sta- 
\ion will require two integrators instead of one, as in Fig. 5.10.10, but a total of three 
umplifiers per station is still adequate.*1° 

6.10.25. Transverse Displacement of Thin Beams. The equation for the transverse 
displacement y(z,t) of a thin beam arises frequently in structural-dynamics problems. 
If we consider the displacement only at discrete, equally spaced stations along the 
beam, then from Eq. (27) we have for the equilibrium of forces at the nth station 

d?yn 
ban Ge = —Mn+1 + 2mn — Ma + ®,,(7) 
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(5.10.71) 


where m, is proportional to the bending-moment at the nth station and is given by 


Mn = Of,(Yn41 — 2Yn + Yn-1) (5.10.72) 
{lore r is a new dimensionless time equal to ¢/(Az)? and ®,(r) is given by 
&,(r) = (Ax) *f[nx, (Ax) ?z] (5.10.73) 


\'irst-order central-difference approximations have been used here. Equations (71) 
and (72) are iterated at each station until the boundaries are reached. ‘There are a 
jumber of possible ways to approximate the boundary conditions, but Table 5.10.2 
presents the most widely used technique and one which is known to yield accurate 
results.?-2° 


Table 5.10.2. Boundary Conditions Using Difference Approximations for Various 
End Fastenings of Beams 


Type of end fastening Where end occurs | Boundary condition 


Hinged (simply supported)....... 
Fett Pees as a eae eee es 


N yN = my = 0 
N+% yn = yn = 0 
N+¥% 


‘The electronic-analog-computer circuit for a cantilever beam with the end at « = 0 
(station 14) built in and the end at z = 1 (station N + 14) free isshown in Fig. 5.10.17. 
Note that three amplifiers per station are required. In order to make the time scale 
sonsonable, particularly for large N(r = N%) it is usually desirable to let the integrator 
‘ime scale 2C = 0.1 sec or less. 

Since we have used first-order central differences in writing Eqs. (71) and (72), the 
error should vary as (Az)%, i.e. as 1/N2. A more meaningful check is obtained by 
eomparing the normal-mode shapes and frequencies of the cellular beam with those 
for the continuous beam. This has been done for uniform beams?!? with the follow- 
jn results: mode shapes for hinged-hinged beams agree exactly, for free-free beams 
almost exactly, and for clamped-clamped and clamped-free (cantilever) beams fairly 
wvourately, depending of course on the number of stations N. Percentage deviation 
i) normalemode frequency for cantilever, free-free, and clamped-clamped beams is 
shown in Pig. 6.10.18, “Note that with only six stations’ (15 operational amplifiers, 


_ beams can translate and rotate in addition to vibrate, and the compiiter voltages repres 
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since ¥,, = 0) the first three mode frequencies of a cantilever beam are accurate to 


1.5, 1.0, and —5.6 per cent, respectively. Since any beam motion can be represented 
as a Superposition of its normal modes, this implies that a six-station representation 
can be reasonably accurate. 

5.10.26. Displacement of Thick Beams Including Transverse Shear Effects. In 
this case the beam slope dy/dx includes a contribution due to transverse shear.3 
As a result the equation for the bending moment M includes a term proportional 


ee yyy 
ae Note; RCsec = unity inr 
Fra. 5.10.17. Computer circuit for N-cell cantilever beam.’ 


to 0?M/dx? as well as the usual 02y/az?. 


Then Eq. (72) for m, is replaced by the 
equation? 


El 1 
Mn = bf, (Ynyi — 2Yn + Yn—1) + 2). (L Az)? (Magi — 2my_, + Mna-1) (5.10.74) 


where EI is the stiffness, KAG the shear rigidity, and L the beam length. In general 
six amplifiers per station are needed for this representation and a feedback loop con- 
taining only summing amplifiers is present at each station. The inclusion of the 
transverse shear effect can become important for short thick beams. Also, rotary- 
inertia effects can become important under these conditions.*1! 

5.10.27. Beams with Damping. Both linear (viscous) and nonlinear damping can 
be included in the analog-computer circuit for the beam.?2 Addition of viscous 
damping in Fig. 5.10.17 is accomplished simply by adding feedback around the 
integrators. 

5.10.28. Stability of Beam Circuits. In general, the more stations one includes in a 
beam circuit, the larger the effect of any amplifier unbalance or noise, Also, free-free 
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i i along the beam will tend to drift accordingly. Taking the 
seein ae all in one central-difference operation instead of two suc- 
vossive second-derivative operations is apt to lead to large cen due to pes) 
amplifier component inaccuracies. This is because of the small se invo Hh d 
When many stations N are used, the frequency of the lowest mode ecomes et ie 
indeed (e.g., 0.0156 cps for a six-cell cantilever beam if integrator time constants o 


he 

4 \ = Uiiforeh cantilever bea 
“AL ik 

8 


1st mode 
ve 


Per cent deviation in normal mode frequency 


10°41 12°13" 14),15".16 

Number of cells 
Via. 5.10.18. Percentage error in normal-mode frequency for uniform oe cone 
Virst-, second-, third-, and fourth-mode error curves for free-free and clampe cette 
boams correspond to second-, third,- fourth-, and fifth-mode error curves, respe , 
for the cantilever beam as shown. 


i i i How- 
| sec are used). Thus one would like to use short integrator time constants. : 
ever, the aces mode may then be fairly high in frequency (23.2 aa acter 
heam with 2C = 0.025 sec) and unless damping is added purposely, the ighes Aue 
may diverge because of limited computer bandwidth. The problem is a at pad 
n factor N 2 where N is the number of stations along the beam. As a resu fy i 
considerations the following conclusion is evident: never use more stations than app: 

10C8S 0 realize the accuracy desired. ; 
r Uateeidsaressutetion of Plates and Built-up Structures. The Serre “rahe 
senting the transverse displacement of thin plates is similar to Eq. ae? = M6 on weiaces 
exeept that the V4 operator involves two dimensions instead of aoa Ati 
dimensional grid is needed to yield the station locations for the finite-di pat ae 
imations to the spatial derivatives. A number of references summarize th 


i i ry conditions for 
difference equations and the method of approximating boundary conditi 


: iA 1416 
clamped, free, and simply supported edges, &"''! 


5-132 ELECTRONIC ANALOG COMPUTERS: SIGNIFICANT APPLICATIONS 


More complicated complex structures, such as built-up multicellular structures, can 


be represented not only by passive-circuit analogs, as in Sec. 9.1, but also by electronic- 
analog-computer circuits.1° 


5.10.30. Comparison of Passive-circuit Methods and Electronic-analog-computer 


Techniques. Passive-cireuit analogs for the heat equation are apt to be relatively 


For this reason one 


would probably prefer them to active circuits if a special-purpose computer for solving 
linear heat-flow problems were needed, particularly for very large two- and three. 
dimensional problems. On the other hand, an active-circuit analog computer may 
already be available as part of a computing facility and would allow convenient incor- 
poration of nonlinearities, 


In the case of problems such as the wave equation, beam equation, and built-up 


both the Passive-circuit analogies and the physical problem being solved in order to 


utilize the full accuracy capability of the computer. 


purpose electronic analog computer, if somewhat less tailor-made for particular prob- 
lems, does have the advantages of high accuracy and versatility. 


_ 


ie 
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(5.11.1) 
Page; — b= 0 bee De sin ith 
tjly 
LG ) 
j=l 
;’ Thus one has 
ay start with arbitrary values for the «;’s. 

one m 
\ (5.11.2) 


Qyjrj — by = & 
ua ¢ as to 
i djust the a,;’s so as 
in the ith equation. The problem is to adj 
is the error in 


wh eho moored and scale-factor potentiometers 
£ 


i tend 
isting of summin; ; ion for a, etc., may 
ehh tert ie ieee is peed for a1, the oe afer this difficulty the system 
in Which the first hie highstrenuaney oscillations. + differential equations 
to break into pias en (5.11.1) is rewritten as a set 0 
of algebraic eq 


where « 


satisfy Eq. (5.11.1) by using the ¢; 


= 5 
ders + aut + Gite + + + + Gintn = 01 (5.11.8) 
¢ tn = be, ete. 
dis + Get + Grete + + * + + Gantn 
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. . 
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are negative, Otherwise the system (5.11.8) yields unstable transient solutions z(t), 
Za(t), . . . ,t»(t). To obtain stable solutions, one may distribute the derivatives in 
Eqs. (5.11.3) in different order or multiply some of the equations by —1. Another 
way to assure stability is to use a transformed set of equations obtained from the origi- 


nal set by multiplication with its transposed matrix. Then the equations to be instru- 


mented on the computer are 


d , , 
= + 1/01 + Qyo'e. +... Ain oy = Oy 
PINE OR DSRS SUB tee. eee te teen Se te (5.11.3a) 
dzrn, , t , , 
ra + Qni w1 + @no'%2 + +: > Onin tin = b, 
n 
with ay, = be Qj: 5% 
a . 
“a t, = 1B. yn 
6,’ = a;ib; 
j=1 


In this method, described by Goldberg and Brown? and by Korn and Korn,? the new 
coefficients a,’ always lead to a characteristic equation having negative real roots 
unless the matrix of the original coefficients a;, is singular. 

A simple method for solving (5.11.2) is to adjust x; until «, = 0 (Gauss-Seidel itera- 
tion method). Thus 2, is adjusted until e: = 0 and then V2, %3, . . . ,X, are adjusted 
in turn. The process is repeated until the necessary degree of accuracy is obtained. 
This procedure is best suited to a set of equations which can be arranged so that the 
diagonal terms are large.6 

The Gauss-Seidel method requires that the following conditions be satisfied (for a 
thorough mathematica] discussion see Ref. 10): 

1. The matrix of the linear system is symmetric, i.e., Qi; = Aji. 

2. The matrix is positive definite, ie., its quadratic form satisfies the relation 


2Aij5UiX; > 0 
except when TM =2=:-++-a,=0 


Linear equations occurring in many physical problems satisfy these conditions, and in 
this case the Gauss-Seidel method has the advantage of simpler instrumentation on 
the computer compared with the general method discussed above. The linear equa- 
tions, augmented by derivative terms as before, are considered in sequence, one at a 
time, and forced to attain a condition of balance. The process starts with the assump- 
tion of arbitrary values for %2, Hs, . . . ,%n, a8, forexample, 7. = 27, =--- = tn = 0. 


x3 in the third equation, etc. Having thus obtained a first set of values 21, %2, .. . 0mm 
the process is repeated a second and third time, etc., until no further changes in 2; are 


To improve the rapidity of convergence, the system of equations should be arranged 
so that the coefficients along the diagonal are large and those off the diagonal (particu- 
larly the postdiagonal ones) are small. Figure 5.11.1 illustrates a computer setup for a 
3 X 3 system of equations. To operate the equation solver, only one of the feedback 
loops at a time is closed. This can be accomplished easily by means of a commutator, 
as described by Gephart,® which automatically switches the feedback connections on 
and off and repeats the process in a cyclic manner. By appropriate choice of the time 
constant of the augmented System of equations, each integrator attains a new voltage 
level in less than 1 sec, so that for ann X nsystem n sce are required to complete one 


vonvergence 1 i =i: 
of simultaneous equations to a new 
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dx; ES } eiQij (5 ) 


dt 


i=1 


If a wet of quantities H; is defined by 


dB Ke (5.11.7) 
dt 


, »re CANT 
(hen the relationships to be Instrumented on the anal APPLICATIONS 
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j=1 
n 
: ‘ ai; B; i,j= 1, 2, = ae 
i=1 ‘ (5.11.8) 
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In the event that the solutions from the computer for a linear system are not as 
precise as desired, the following iterative process based on the superposition principle 
wan be used to extend the accuracy. The values of x; obtained from the computer 
may be substituted into the original set of equations and the residues r; computed for 
each element (on a desk calculator, for example). Inserting these residues into the 
computer in place of the originally used constants b; produces variational equations of 
the form 

dz; AX; + Aig Ate + + > + + Ain Atn = 1% (5.11.9) 
Hee 2. {7 


The Ag; are correction terms which, when combined with the original solution «;, 


yield the more accurate solution 
x) = 2; + Ag; (5.11.10) 
It is advantageous to multiply the 7: by a constant to utilize as large a scale factor as 


possible. If still higher accuracy is desired, the iteration process may be repeated. 
Frequently a system of algebraic equations is given in the form 


n 
(ai; me bisN) az =0 i= 1,2, Ae LL. (5.11.11) 
j=l 
If this system is to have solutions other than the trivial solution 


1 == :-* = 7, = 0 


it is necessary and sufficient that the determinant of the coefficient matrix vanish, 
that is, 
(ai, — bird) (Giz — bed) + ° (din — bind) 


=0 (5.11.12) 


(@ni — brid) (Gn2 — bao) °° (Qnn — band) 


lor a given set of coefficients aj, bi, this is the case if, and only if, the parameter A 
sutisfies an equation of nth degree—the secular equation of the system—which is 
obtained by expanding the determinant (5.11.12). Hence, exactly n values of can 
hw found which are known as the eigenvalues of the system. Adcock*® and Gephart? 
lnve described methods of finding eigenvalues, without expanding the determinant, by 
a direct application of the simultaneous-equation solver. These apply primarily to 
systems having symmetrical matrices, ie., those for which the eigenvalues ) are real. 
(ephart’s method is indicated by an example. A system of third order is considered 
here, for which an augmented set of equations 


t+ x1 = const ~ 0 

t+ (ai. — Ajai + Qi2%2 + G3t3 = O 
Got, + (doo — A)X2 + A23t3 = 0 (6.41.18) 
Q31%1 + Azote + (d33 — d)X2 = O 


i» seb up on the computer and solved for the unknown quantity ¢. During this process 
(ho parameter ) is slowly varied until a condition is found where t = 0. The value 
of \ giving rise to this solution is an eigenvalue. The search for other eigenvalues 
must then be continued. 

If the linear algebraic system has complex coefficients, the methods of this section 
may be used except that the order of the system is doubled because it must be sepa- 


rated into real and imaginary parts. 
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5.11.2. Evaluation of Determinants. A method for evaluation of determinants, 
which makes use of the comparative ease of solving simultaneous linear equations on 
the analog computer, was devised by Roberson and McCool.2 

Let A be a determinant of nth order defined by 


ai Gin 
Al came. RR ees. 9) (5.11.14) 
Qn1 At Ann 
This determinant may be interpreted as characterizing the linear system 
Q11%1 + Ayo%_ + - - - + Gintr, = 0 
en Seen crt eae Sua (5.11.15) 
Gn1%1 + Ano, + + + + + natn = 1 


where the terms on the right-hand side are zero with the exception of the last one, 
assumed to be 1. Therefore 


= (5.11.16) 


so that now A is expressed in terms of the solution x, and a determinant of ordern — 1 ‘ 
the latter being the cofactor of the term Gnn in the original determinant A. This proc- 
ess may then be continued by finding corresponding expressions 


An yes 
ER. ert BL (5.11.17) 
An-2 


thereby introducing determinants Ape a Agy 2601S OL decreasing order, until the last 
remaining determinant A, is the known constant a11. In this sequence the determi- 
nant, or cofactor, of order k is the one formed by the elements of the first k rows and 


columns of the original determinant. Finally, by combining the X; on the equation 
solver, one obtains the relationship 


trXni Xen... Kye Set Ag 11:18) 


which yields A in terms of these Xi, Xn, and a4. 

A practical procedure for the computing sequence is to solve, first, the system of 
n X n equations, then to disconnect one equation after another each time a value X; 
has been observed, and at the same time to change the input values, making the last 
entry on the right-hand side equal to unity in each case. The accuracy of this method 
of evaluation of determinants is estimated by Roberson and McCool as better than 10 
per cent, depending, of course, on the structure of the determinant and the quality of 
the computer components. The question of stability in solving the sequence of equa- 
tion systems of order m,n —1,n—2,... is of no concern as long as the general 
method (described previously) of stabilizing the equation solver is applied. 

5.11.3. Inversion of Matrices. The problem of matrix inversion is of importance in 
many applications involving linear systems, but, except for systems of low order, the 
numerical procedure is a laborious one. An automatic equation solver which deter- 
mines the roots 2; of the linear system 


n 


> Gijt; = d; $12 an (5.11.1) 


j=l 


can also be used to determine the elements c;; of the inverse matrix, 
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If we use matrix notation, where (5.11.1) assumes the form Az = 6, and let 


iC: 
ya |e Con (5.11.19) 
Cni Cn2 Cnn 


then Eqs. (5.11.1), when solved for x;, yield « = A7! 0, or 


2: ake b 
Sarre. <> AG bi Cibi + Cizdbe + + Cinbn 
i ne ea : oe be Coibi + Coob2 + - > > + Cond 
“ Se ee mndb1d-20) 
4 fee aes Fee ey Dn Cnibi + Cn2bdo ae eres st Cundni 
Hence, if we solve the original system (5.11.1) successively for 
1 0 0 
0 1 : 
b= . , : OF ara?) ia (5.11.21) 
0 0 bi 
which are the columns of the identity matrix, we generate the columns of the inverse 


tes i ix, it i Ive an 
7 va. be seen that, in order to invert an n X n matrix, it is necessary to so 


<n system n times. The required changes in the computer setup are, however, 
nh . 
relatively simple. 


ING ROOTS OF 
-COMPUTER METHODS FOR FIND 
aia 4 POLYNOMIAL EQUATIONS 


6.11.4. General. The analog-computer techniques for —. ea i 
olynotiials fall into three principal categories from the ees ra kaye ceri 
4 yeration: scanning, nulling, and tracking. In the scanning tec : q Pane wan 
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Sol ynomial vanishes. In the nulling apie SSS PARES SW eee iy pt 
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vero. Which root is determined depends on the poi plex ae 
ele is started. Finally, in the tracking mode, the ae aren mae 
tion of a root that was previously determined by a nulling anny baied hie hay 
coefficients of the polynomial are being changed. The ie tee ah petit 
roots of polynomials are illustrated ee summarized in Fig. 5.11.3. 

rlap between these methods. . Leia 

a Bolas danneine methods for scanning the complex plane saogenl Bap He bie 
relationships used for convenient expression of a 2 ben oi on eee 
equipment will be considered. Let a polynomial equation o 
wiven by 


w(2) = Ganz” + Griz! +--+ +a2+a =0 Cale 


sedate 
== ay = re’ 
where z=x+1y 


k =V iE 11.22) 
38) 2 ] alued. Separation of iq. (5 

The cot flicients a shall be assumed to be rea ; 

into real and imaginary parts can be effected by expanding the binomials appearing in 


weu + wm a,a(x + iy)" 4- Ay os (@ + 44) 84 at desiactte ay (x a tod 0 (6.11.23) 
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and collecting appropriate terms. This yields two equations of nth degree in the real 
variables x and y, which must be solved simultaneously by the computer. As an 
alternative, the use of polar coordinates r and @ and separation of (5.11.22) into real 
and imaginary parts yields 


u= ») axr® cos ké (5.11.24) 
k=0 
n 
v= ayr* sin ké (5.11.25) 
k=0 


Expressions (5.11.24) and (5.11.25) follow immediately from Eq. (5.11.22) for poly- 
nomials of any degree and lend themselves to simple computer representation, whereas 


2 plane 


arg F =const 


|F| = const 


Fie. 5.11.3. Computer techniques for determining roots of polynomials. 
Scanning: Linear scan (a), special case: real-axis scan (b), spiral scan (c), circular sean— 
Isograph (d), loci of constant modulus and argument (g). 


Nulling: Bracketing—Isograph (d), relaxation (e), loci of constant modulus and argu- 
ment (g), steepest descent (f). 


Tracking: Loci of constant modulus and argument (g), steepest descent (f). 


the separation of real and imaginary parts in Eq. (5.11.23) requires considerable 
manipulation if n is large, and gives rise to involved computer circuits. Hence, the 
procedure employing Eqs. (5.11.24) and (5.11.25), also known as harmonic synthesis, 
enjoys a more widespread use. 

To illustrate the different requirements of the two procedures in terms of computing 
equipment, the case of a polynomial of fourth degree is considered here. The use of 
cartesian coordinates yields the equations 


U = age! + a3x3 + ax? + aux — 8a;zy? — 6ayr?y? — ary? + ayitao=O0 (5.11.26) 
v = 4agr*y + 8asv*y + 2aery — 4a.ry? — agy? + ay =0 (5.11.27) 


A large amount of multiplying equipment is required if both x and y are treated as 
independent variables. If only one of the coordinates, say 2, is varied in the process 
of scanning the z plane while the other coordinate y is held fixed at discrete values, the 
above relations can be implemented by using only integrators (for the generation of 
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powers of x), summing amplifiers, and potentiometers. The operation in this case is 
rather laborious but requires only linear computing elements. 

By contrast, instrumentation for the harmonic-synthesis procedure on the basis of 
polar coordinates requires multipliers or integrators to generate powers of r, and trigo- 
nometric resolvers or their equivalent to provide the harmonic terms sin ké and cos ké. 
As will be discussed below, the harmonic-synthesis technique has the considerable 
advantage of producing not only the functions wu and », but also their partial deriva- 
lives with respect to r and @ simply by the addition of a few potentiometers and sum-~- 
ming amplifiers. 

5.11.5. Scan Methods. Among the scanning patterns to be considered here are 
linear, spiral, and circular paths in the z plane. In each case a certain scanning pat- 
ern is followed systematically while the functions u and v are observed. 


ia. 5.11.4. Unsealed circuit for solving Eq. (5.11.28) for real roots with the aid of multi- 
pliers. 


In linear scanning the x variable is allowed to change from negative to positive val- 
es while y is held fixed during each run of the computer. The variation of « may be 
accomplished by turning a number of multiplier potentiometers manually or through 
computer servo, or by means of cascaded integrators. A particularly simple case is 
(hat of seanning the real axis, which arises if the equation is known to have real roots 
only or if complex roots are of no interest. 

Suppose that it is desired to solve an equation of the form 


w = agt + age? + ace? + az + a) = 0 (5.11.28) 


|. is possible to solve this equation directly by using multipliers to generate the powers 
involved and letting time be the independent variable z. This method is shown in 
Wig. 5.11.4. Each value of z, which makes w = 0, is a solution of the equation. The 
disadvantage of this open-loop method is that each multiplier will amplify the noise 
lovel in the circuit. It is possible to eliminate the multipliers by using integrators to 
obtain the required powers as shown in Fig. 5.11.5. 

A third possible method for solving this equation consists in converting it to an nth- 
order differential equation, and solving by integration. Differentiating Eq. (5.11.28) 
four times, we obtain 


4agz® + 3a322 + Qacz + a1 


i] 


ah 12a4z2 + 6a;z + 2a2 
2 (5.11.29) 


dw 

mr = 24a, + 6a; 
dw 

—— = 24a 

dz" \ 
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The above equations can be “ 
¢ solved as shown in Fi 
ved as g. 5.11.6. i 
meee which employs only a series of integrators, is the sim are seria +p vty 
e coefficients in the equation appear only as : ar eae oe 


initi ifs : 
tages of open-loop operation are also encountered in this sain one 
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he extended to complex roots, but it is less practical than the method of harmonic syn- 
thesis referred to and described later. 

In general, roots located anywhere in the z plane are desired. For different settings 
of y, a sequence of pairs of curves u(z, Ys), v(z,ys) is drawn on an output table. Those 
values of z and y for which both u and v go through zero simultaneously are the roots 
of the polynomial. Since the equation was assumed to have real coefficients, all com- 
plex roots occur in conjugate pairs. Therefore, a scanning of the upper half of the 
+ plane suffices to find all roots of the polynomial. In areas where u and v vanish 
approximately at the same argument values, the roots z; can be found by interpolation, 
or the scan pattern is narrowed to determine a; and yj with the desired accuracy. The 
more general case of polynomials with complex coefficients, although not considered 
oxplicitly in this discussion, can be handled with relatively little additional program- 
ming effort, especially if Eqs. (5.11.24) and (5.11.25) are used to represent w and v. 

The spiral-scanning technique described by Marshall*® uses polar coordinates where 
» inereases or decreases gradually while @ goes through a large number of revolutions. 
If the r variation is sufficiently slow compared with the @ variation, a dense coverage of 
the z plane is achieved. The method, originally developed for special-purpose com- 
puting equipment, is particularly attractive if the scan is performed at high computing 
apeeds and exhibited on an oscilloscope screen. Roots located in the scan pattern are 
displayed on the screen by blips which are generated by coincidence signals from two 
gate circuits whenever the conditions |u| < «i, |x| < e are simultaneously satisfied. 
Although of limited accuracy, the method has the advantage of rapidly indicating the 
changes in the configuration of roots caused by parameter variation. 

The circular-scanning technique employing the equations of harmonic synthesis 
(5.11.24) and (5.11.25) has been developed in various forms suitable for special-purpose 
as well as general-purpose computers. Circular paths described in the z plane give 
rise to variations in u and v that are observed by plotting these components against 
each other on an output table. The computer actually provides a conformal mapping 
of circles in the z plane into their equivalents in the w plane. The search for zeros of u 
and v and, hence, of w is conducted by a systematic procedure described below. 

The method was originally used in the Isograph,}*4 a high-precision mechanical 
instrument for polynomial solution, and has since been adapted to electronic analog 
computers.!516 Tt is based on a familiar principle from the theory of functions of com- 
plex variables, which states: A simple closed contour around the origin of the z plane 
which encloses m roots of the polynomial w(z) = 0 is mapped into a path encircling 
the origin of the w plane precisely m times. Thus, if a circle of radius re around the 
origin of the z plane is considered and the encirclements of the origin of the w plane by 
the mapped curve are counted, the number of roots z: lying within the above circle, i.e., 
having a modulus |z:| < 7., may be found. This number increases by 1 for each root 


-100vo 


—100vo 


Fig. 5.11.5. Cireui i 
5. Cireuit for solving Eq. (5.11.28) for real roots without multipliers 


i IC =6a, IC =2a, 
Fie. 5.11.6. Circuit for solving Eq. (5.11.28) for re 


IC=a, 


al roots with the aid of integrators. 


IC =a, 


Gephart® reduces the i 

; problem of finding the 
equivalent problem of finding the Tener Bat 
written as a determinant. 


te of polynomial equations to the 
of a matrix. The polynomial is fir 
For example, the polynomial equation of fourth degree , 


24 + b3z3 + doz? + biz + by) = 0 


may be expressed as (5.11.30) that is passed in the process of enlarging the radius r,, and vice versa. Thus, by vary- 
5 0 0 b ing the radius 7, of the scan circle in the 2 plane the individual roots 2 can be syste- 
-1 ; 0 b matically bracketed and their moduli |z;| determined by narrowing the brackets until 
oped t b, =a (5.11 the roots are isolated. The argument 6; of each root is then determined by locating 
0 idee ty “5 -11.31) the point, or points, on the circle of radius r; for which the image plot in the w plane 
Tee ah ‘ 3 passes through zero. The process is illustrated in Fig. 5.11.7, which shows several 
fore i e procedure previously described for eigenvalues, an successive contour plots for decreasing scan radius in the case of a fourth-degree 
quations is set up on the computer, viz. S, an augmented system of polynomial. 
r : After acquiring some familiarity with the Isograph technique, the computer operator 
Pr +h =k will be able to predict certain properties of the roots that are located within the scan 
+ 2b; + bots = 0 cirele. ‘The character of the:contour in the w plane reveals whether the roots are real 
— ti + ete + bit, =0 (5.11.32) or complex and whether they are located in the left or right half of the z plane. 
— te + ats + bet, = 0 oeaN Two methods of implementing the equations of harmonic synthesis on a general- 


purpose computer have been described by Bauer and Fifer.1° For an nth-degree poly- 
nomial the equation solver requires a set of n resolvers or sine-cosine potentiometers 
yoared in the ratio of 1:2:3:.... Powers of r multiplied by the respective coeffi- 
clonts a, are obtained by using suitably calibrated integrator circuits that are operated 
in the time interval between successive scan cycles. The alternate method employs 
_ nv wine-cosine generators accurately adjusted to integral frequency ratios while the 


—t: + (2+ ds)t, =0 


and the variable z is slowly vari 
é } y varied to find those v ich 7 i 
if a polynomial with only real roots equivalent peat dan Peper 


| Thus, 
considered, all roots may be obtained in a 


seas th real eigenvalues is 
single scanning process. The method can 
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The method of steepest descent differs from 
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w plane 
7 =2,1 5.11.7. Method of Steepest Descent. 

7. =2.0 r=-19 others by providing an automatic nulling process for finding the roots of the polynomial. 

‘ ‘The computer minimizes a related function in a continuous manner by following a 


y z plane 


Fig, 6 11.7. Con he lane resultin rom circular se: n for the pol no al z4 + x 
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w ulting f a a 
nomial 


2.462! — 1.462? + 10 
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Fig. 5.11.8. Polynomi: 


al of fourth degree represented by vector diagram. 


po so a ol By 
es obtain d om Pp. 19) 7 
‘Ss d Pp. 8 initial alu Ss t tk 
wer r are volt e e fr multi lier: and a lied as init Vv es to the (see £ 1 1g. ) 


sine-cosine generator inni 
s at the beginning of each scan operation. 
path in the z plane along the gradient 


isfy three requirements: 

1. It must be nonnegative for all values of z. 

2. It has minima only at points where F = 0. 
the roots of the polynomial equation being considered. 
d here. 


NULL AND TRACK METHODS 
3. These points must be 
fying these requirements are considere' 


5.11.6. Relaxatio 
‘ nm Method. I i 
complex polynomial w(z) b - In this method, one minimi 
i Yy followi cigs inimizes the modul 
line segments orthogonal with cote igs in the zy plane composed of po oS x : é 
© each other, as illustrated in Fig. rs Ce Two simple functions estis 
é 
Fy = w+? = lvl? (5.11.33) 
F, = |u| + |e (5.11.34) 


24) and (5.11.25). Figure 5.11.9 illustrates the 
pical fourth-order polynomial. 


where u and v are given in Eqs. (5.11. 
contour and gradient lines of F: for a ty 


has reached a r 
oot of th : 
depends u t of the polynomial. Th : 
pon th * F e root to ; 
nomial the initial fee gt ag ase in the z plane ety Coat the pela 
A version of the r lust be changed a suffici il roots of the poly- 

el . cient numb 

by Bubb.17 In this pai ig ow applicable to the eae Rar. se) ‘ 
represented as a vector ion, the polynomial equation stated 1puter is described 
sum by introducing polar coordinates This Ne is 

. is yields 


w(z) = Anrnreind ait 
F Arar O-8 +... + aires? + ay = Nett (5.11.33) 


The term Nei n tl rl ht i the re; Vv th m d l N h hm it 
ce) e i ? 

gz 8 h sultant 0. ving e odulus whic. us 
ector ha: 

be veduned to zero. Figure 5.11.8 illustrates the vecto Oly ZO esen @ poly- 
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Root of polynomial equation 


tive input si 

; gnals by z = reid ; 

fier in parallel wi re = 2+ ty. Hach 
‘ with i » ach network i ; : 
resulting output volt — wiv shins If the n dnibereandliate acs basically one ampli- 
if N = 0 and, hence ve fe t € computer is Ne‘®eiot, This qua, PP are added, the 
nomial. WN is measured “ ted to Eq. (5.11.33) only if x is : ity equals zero only 
obtemite The value of V : ee oa of the sinusoidal Pea tiates of ~ poly- 
e amplifiers and j uced to zero by adjustin, ©. polynomial 
Thus, if the process is ee in the. network, seernasee ue ba 2 ain factors of 
constant, until a relative mi at 20 = xo + iyo, the coordinate z is TEIaINg SOQUEROD: 
: ; L mimum of the amplitude N is ataheane with y held 
ioe od. Next, 2 is held 


Ira, 6.11.9. Contours and curves of steepest descent of the function PF: = u? + v* for a 
fourth-degree polynomial. 
the method of steepest descent expressed in polar coordi- 


is continued until N d The basic relationship of 

and, hence, is n ecreases to zero. Note that : nates, viz., 

y IS not measured in the nulling process, the phase angle is not required Ldr | __ dF /or__ (5.11.35) 
r do (1/r) (OF /00). 
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ensures that 7 and @ are varied continuously in the direction prescribed by the gradient 
vector. 

To satisfy this condition the computer solves two simultaneous first-order differen- 
tial equations of the form 


ae = ee , oF - 
a ae (5.11.36) 
Ci) oF 

me gp (5.11.37) 


These equations are stable for all values of r and 6. The negative sign establishes a 
descending path, whereas ¢ is an arbitrary constant determining the rate of descent. 
The partial derivatives of F may be expressed in terms of u, v and the partial deriva- 
tives of wu. Required on the computer, therefore, are the quantities 


i P axr® cos ko 
k=0 
. (5.11.38) 
Alle bi axr® sin k@ 
k=0 
n 
i > rinesilancedona (5.11.39) 
ir 
k=1 
n 
ioe > kaw? sin ko (5.11.40) 
00 
k=l 


wz) = 23 — 5g2 4+ gz — 6 = 0 (5.11.41) 
which has the roots 
4,=3 Z2=14+i7 2=1-i7 


The paths run in a generally diagonal direction through the network of u and v con- 
tours until they intersect one of the curves vw = Qory = 0, which is then followed to 
the root. 

5.11.8. Root-locus Tracking. Once the computer has acquired the root by the 
nulling process it may be operated in the automatic tracking mode. Thus, if one or 
Several of the coefficients of the polynomial are varied, the steady-state condition will 
be altered, ie., the computer will follow the root to its new location. This property is 
extremely useful to control-system engineers who use root loci to obtain information 


K Bs) : 
C0) = ee (5.11.42) 


1 p(s) 
Bx q(8) 


14 
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= i K (s) 
i} ot: locus plot determines the position of the zeros of the polynomial q(s) + Pp 
the ro 


in the complex s plane as K is varied. 


. St a ere! ’ £ 
Via, 5.11.10. eepest descent paths for a third-degree polynomial using the function 
/ | «| |o|. Roots are z 3and1 + %. 


— 
he polynomial 
5.11.11. Root locus obtained by the steepest-descent method for the p 
Via, 6.11.11. 
3 — §224+82-—-K=0 
i -- ianierioally computed root locus 
© Roots obtained by steepest descent 


i ing the parameter K 
igure 5.11.11 illustrates the root-locus plot obtained by varying p 


in the equation 


w(z) = 23 — 522+ 82 — K =0 


2. p si u tir g f 
i is i laced on root it cl res 
i em he S18 18 often p 
a ntrol system engineering, a 3 0 0 =} il a rom 
, In many instances, however y» & par por whose 


» variation of the loop gain K. } rhode 
Fee stability must be determined affects one or more ¢ 


pla). 


(5.11.43) 


orate © parameter 
In the method of steepest descent, a root locus generated by these p 
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changes can be determined as readily as the conventional root locus resulting from 
change in K. 


6.11.9. Miscellaneous Methods. An nth-degree polynomial equation can 
interpreted as the characteristic equation of an nth-order linear differential equatio 
with constant coefficients. For example, with the fourth-degree polynomial equatio: 


w = agt + asz3 + doz? + az +a9 = 0 (5.11.28) 
one associates the differential equation 


git? 4 4. Ue ap 


d 
qi t Gy + Se + a + ap = 0 (5.11.44 


Complex roots \x of the characteristic equation yield an oscillatory solution ¢(¢ 
containing the complex exponential terms et where \; = 8; + iv. If the differen 


ot) 


Forced oscillation Free oscillation 


Ig. 5.11.12. Mode separation by means of sinusoidal excitation. 


modes of oscillation are clearly recognized in the solution ¢(é), the damping 6; and t 
frequency », may be determined from output plots of ¢ vs. ¢. In general, it will 
necessary, however, to introduce sinusoidal forcing functions of various frequencies 
provide excitation for the different modes of oscillation. Usually the critical freque 
cies are easily found in this manner by observing resonance peaks in the output v 
able ¢(t). After removal of the excitation the particular oscillatory mode which 


been excited to resonance persists in nearly pure form, and hence, its damping an 
frequency can be determined (Fig. 5.11.12). 


Fig. 5.11.13. Computer connection for finding the roots of Eq. (5.11.28), 


The method is especially applicable in the case of Hurwitz polynomials, i.e., where 
the roots have a negative real part since these lead to damped oscillations. In the 
case of roots with positive real parts, a reversal of the time parameter is required in 
order to obtain a sufficiently long-sustained oscillation without overloading the 
computer. 

The computing equipment required for this method is shown in Fig. 5.11.13. | It 
can be seen that this method is less elaborate and also faster than those previously con« 
sidered, However, it is not as accurate owing to the need for reading 6, and yp from 
a graph and to the difficulty of obtaining pure mode shapes, The method is also well 
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suited for the purpose of mode tracing and observation of the effect of parameter varia- 
(ions upon the stability of the linear oscillatory system represented by the polynomial 


equation. / 
rf should be noted that there is a simple technique for finding roots whose absolute 
value is so large as to exceed the voltage range of the computer. Ordinarily this situa- 


‘lon would be remedied by a scale change in the variables z, y and w, v. This can be 
voided by introducing the new variable ¢ = 1/z which transforms the original poly- 
fomial Eq. (5.11.28) into 


P(g) = aft + aig? + aot? + asf + a, = 0 (5.11.45) 


jwving the same coefficients as the original equation but in reverse order. Since for a 
foot 2: with large modulus |z;| > 1 the corresponding root [; = 1/2: falls within the 
\nit circle, the entire set of roots of Eq. (5.11.28) can be evaluated, in general, without 
» weale change, by solving Eqs. (5.11.28) or (5.11.45) alternately, depending on the 
moduli in question. ; ; 

There is a simple technique for checking the proper operation of a polynomial solver 
which is applicable to different types. If all the coefficients are set to unity, then the 
joots of the polynomial equation lie on the unit circle and are symmetrical about the 
youl axis. This is easily shown by multiplying the polynomial equation 


gett... tette+1=0 (5.11.46) 


hy the factor (g — 1). This produces 


(g—1)@* 4+ e724 --- +22+24+1) =0 (5.11.47) 
or gett = } (5.11.48) 
ho roots of this last equation, however, are the n + 1 roots of unity. Hence, sub- 
vacting the root z = 1 from this set leaves the roots of Eq. (46). 


LINEAR PROGRAMMING 


6.11.10. Theory. A linear-programming problem requires one to maximize the 
vhjective function of n variables, 


Z= a eh (5.11.49) 


n 
yy Bene (5.11.50) 


where a, and ay are given constants. In general, this problem can be solved with 
in + 2m + 2p) amplifiers!? where n = number of variables, m = number of restric- 
ions, p = number of negative quantities among the dip. 
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6.11.11. Analog-computer Solution. An analog-computer setup to ae pee 
a rammniag systems comprises three types of computing echt : “~ 40s mi 
4 ania integrators limited to allow = ~ oo : ¥ vy pmb ANE fe: 
un ach restriction, (3) m switches, one for e ; , 
oak in psa saint Its properties are described as follows: 


The variables x1, x2, . . . ,a, can be treated as coordinates of a point in n-dimen. 
sional Wuclidean space. The point with these coordinates will be called the objecti 
point, The objective function (5.11.49) is continuous and single-valued every 


where within this space and, therefore, can be used to define a gradient vector, grad Z. 
Then it is possible to define a vector 


Cout 


0 volt when éin > 0 (5.11.58) 
E volts when ein < 0 


f = K grad Z + 6;N; (5.11.51 


where K = constant, \'\wure 5.11.16 shows a complete computer setup. 


. * j ro- 

In commercial linear-programming computers a rents das iigyebida i aaanenaes 
N;= (+ ds, feb oe prc i, vided to set the constants 1/a;, and 1/e;,. If the progr 

; Qj Aye Gin R m~+ 
A x 
and the m quantities 4, 52, . . . , dm, one for each inequality, are such that ey bs 
R, 
n 


rk 


3; = 0 h Wh eh 5 
: Phe Hast (5.11.52 
6;=1 otherwise 
The kth component of f is 
m 
freak ay (5.11.53 
ak : pre 
a 


and this component, like the vector f itself, depends on the coo 
tive point because of the presence of the 6;. 


Let the position of the objective point be described by the vector 


= Qi + fois + ++ - + api, 
and define a constant scalar y such that 


a vf (5.11.5 


Equation (5.11.54) describes the motion of the objective point along the gradient of 


as the solution is approached. The solution is to be the value which r finally attai 
The kth component in Eq. (5.11.54) is 


& at (Sh > pl (5.11.55 


The objective point moves through the allowed region with a velocity 7K grad Z, un 
it reaches a restriction such as the jth equation (5.11.50). The actual rebound is ve 
small, but is shown greatly exaggerated in Fig. 5.11.14, 

To prevent break-through into the restricted region, we must have 


Fra. 5.11.15. The three basic elements for 


: . . . . t in > 
Pio, 6.11.14. Motion of objective poin : font, 
teluhborhood of a restriction. linear progra 


ili i i tion gener- 
then it is necessary to use the usual auxiliary equipment “9 ini rela aR Lp : 
lors in conjunction with this computer. Because of the = legion bred tira tos Rat 
js uluo readily adapted to solving simultaneous linear algebraic eq ) 

Matrices, and evaluating determinants. 


SPECIAL TECHNIQUES FOR PARAMETER OPTIMIZATION 


: i aye | 

imizati nt in systems analysis is te 

ter Optimization. A frequent requirement Ms al 8 

find wae + kate ee ar a,b,c, . . . which will past ae ies a a gt 

7 i s : 

tion h = h(a,b,c, . . .), serving as a measure OI 8}  effe sgn * 
abe re phdalle called response function, optimization cos oe ee 
ion, payoff function, etc.2° In the analysis of dynamic ae Te lege 
usually ‘is a functional derived from the solution y;(t;a,b,c, 20 + NS ee 
ao (5.11.57) of a wet of differential pene containing ba sven pean Ns soe sy 
“) hit probability of a missile, mean-squ rial i tik ae 
“ ae ; In the following it will be assumed that a palinay be me a 
sowed the parameter ranges so that there is only one maximu y 
region of interest of the parameter space. 


— K grad Z- N; a N;? (5.11.56) 
or the equivalent 


which must be satisfied for every j. 
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The task of parameter optimization involves computation of the response function 
h and a variation of parameters a, b,c, . . . until a maximum (or minimum) of h 
obtained. The nulling, tracking, and scanning methods described in Arts. 5.11.4 to 
5.11.11 may apply if the computation of h does not involve the solution of differential 
equations. In the latter case stepwise parameter variations are necessary. Analo 
computers with automatic programming features (Sec. 4.2) will aid in’ sequential com-= 
putations; the search for optimum parameters will be speeded up if a sufficiently 
accurate repetitive analog computer is available. To obtain a sequence of parameter 
values which converges to the maximum (or minimum), one may start with initial 
parameter values a = ao, b = bo, c = co, . . . and , 

1. Vary a, b, c, . . . to compute finite-difference approximations to the gradient 
components dh/da, dh/db, . . ... The next parameter combination a = ai, b = by 


- Set atO0<6<1 BV, 
= = : 5 Note: “a =K 


ap) 
car 


Fra. 5.11.16. Computer diagram for linear programming. 


¢ =, ... is then taken at some distance from the initial choice and in a direction 
corresponding to the steepest ascent or descent, ie., by making all parameter incre+ 
ments proportional to the respective gradient components, and using the same constant 
of proportionality (basic gradient method) .21:2223 

2. Compute the gradient components dh/da, dh/db, . . . as the solution of a set of 
differential equations programmed on the computer (method of parameter influences, 
Art. 5.11.13), and proceed as above. 

3. Vary the parameters a, b,c, . . . one at a time until a maximum or minimum 
is reached (relaxation method). A useful variation of this method is to compute 
h(a,b,c, . . .) for three or more values of the parameter varied, to find the maximum 
of an interpolation parabola through these points, then to proceed to the next parame= 
eter, etc. ‘: ’ 

4. Vary the parameters systematically (scanning) or at random (random search) 
while a maximum-storing integrator (Fig. 5.11.17) temporarily retains the largest value 
of h(a,bye, . . .) obtained, and similarly in the case of a minimizing sequence, 
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‘The underlying principle of programming the computer for sequential —— "7 
provide optimizing sequences of parameter values is closely rn the ee s 
‘wed in self-adaptive control systems.*’ The technique permits the human an er 
operator to reduce the effort of trial-and-error search and to transfer certain pa 
sonsuming routines entirely to the computer. _The technique should, however, no 
le viewed as a means of replacing human intelligence in systems analysis. ‘ 

6.11.13. The Method of Parameter Influences. The gradient ate guage ie 6 
jh/db, . . . needed for optimization of dynamic systems by the es metho nee 
related to the partial derivatives dy:/da, dyi/db, . . . with respect to a, 4 seh Pes 
lated with the solution ys = yi(t;a,b, . . .) of the system differentia wae ions. 
‘These partial derivatives will be referred to as parameter-influence coefficients. 


SOLUTION OF ALGEBRAIC EQUATIONS 


From h 
optimization 
criterion 


Storage 
amplifier 


Other contacts 
Qg— —- — — —- — — — -]- - for parameter. 
storage 


Relay 
amplifier 


Fie. 5.11.17. Switching and storage circuits (see also Fig. 3.3.11). 


Consider, for example, the problem of matching the output y(t;a,b) of a dynamic 
syatem with two unspecified parameters a and b against an input function yi(é), in 
orms of least-square errors. Thus, the optimization criterion 1s given by 


ba 
h(a,b) = ty [y(t;a,b) — yit)}? dt (5.11.59) 
and the gradient components are 

ah / T ay 

~~ =2 [y(t;a,b) — yilt)] >~ dt 

a6 sUiodon's | ns (5.11.60) 
oh oy 

2 I, [y(t;a,b) — ysl) 5 a 


‘Yo find the parameter-influence coefficients dy/da, dy/db needed in Eqs. (60) as func- 
‘ions of time, new differential equations are formed from the system equation, say 


A av (6.11.61) 
pes sled = yi yeas 
de tan + by yilt) 
ly differentiation with respect to the parameters a and b, thus 
a (ay a ) oy. __w (5.11.62a) 
ate +95 \aa) * an dt 
ad? (ay ad (2) Sis (5.11.62b) 
pad lis + 4 rab). toa” 


i y i ; : ter concurrently 
The solution of Eqs. (5.11.62), which may be performed on the compu 
with the solution of Eq, (5.1 1.61), yields the desired influence coefficients’ — 7 
in the case of time-invariant linear systems the subsidiary Eqs. (5.11.62) contain t 


same homogeneous part as the primary Eq. (5.11.61) and use the output variable y( 
and its time derivative as driving functions. i 
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PART 12: ECONOMIC-DISPATCH COMPUTERS FOR POWER SYSTE 
By R. P. WasHBuRN 


i intain his electric 
i d dispatcher must maintain I 
tion. A power-system loa: i Borel: 
i on ean his load, maintain see, cv ioags i Fara Bene will ae 
ie speci flows on tie lines to other utilities; ae iio 
= (ape. pedis te cost per hour or per day. ae ay pee = issih 
ik Cs wer calculate optimum scheduling of power a - ned P 
. podbean computers ate ne 5 sce, at ea os gardae: 
: } inable with I ; c 
SS este a ear paria Eta eet system this saving can amount to 


“ i ¢ 00. Over 
te 00 to aa per year and thus may warrant an ee Oe oe feonlie 
ow uarters of these savings could, however, also be ye rr Saas ek 
Bebulaved loading schedules obtained on a digital computer 
Abuiate Li 


" 12.2. oe Statement. The objective will be to find generator outputs 


. . , Pn which minimize the total cost (dollars per hour) 


mi, Ps, . 
, 12.1) 
C= Dy F (Px) (5.12. 
k=1 
i i d output; 
! I’, (Px) represents the cost of power generation as a function of generate Pp 
whore I", 


i} reti (1) us mi ed bjec the constrain & given sys em 
the function must be nimiz subject to onstraint of t 


» demand 
power de ; 


12.2 
Pp = Pr—-Pi= ) Pa—PilPyPs --- Ps) (5.12.2) 
k=1 
issi i to approxi- 
lire P, is the power lost in the transmission networks. It is customary pp: 
Where Pr I 
wiate the transmission loss P, in the form 
n n 
12.3 
Pr = BixP iPr (Bix = Bri) (5 ) 
i=1k=1 . 
i i transmission 
lore the By are constant transmission-loss coefficients determined by the tr 
where > B; 


ietworks linking loads and generators. 


issi " transmis- 
6.12.3. Optimum Scheduling with Negligible Transmission Losses. If tr 


d ‘nimized if 
sion losses can be neglected (Pr = 0), the total cost (1) will be minimize 
a, _ dF, _ ee ex (5.12.4) 
dP, dP, aP,, 


hour) of all gen- 
the ineremental production costs dF,/dP;, (dollars per bone gosto pedis 
Store st. be equal to one another and equal the incrementa va 
_ wy In sone each dF;,/dP, is given in the form of a curv’ nee pea 
ie <a mah curves (Fig. 5.12.1a) yields Pi, Ps, ... , née ee Aaah aes 
at le i edvalue of Pp = Pi +Pe+:--- + P,, can be ma c plod inane 
Hata de a : san be mechanized by a loading slide rule having pera sree ger 
Wy IP, pa a simple electronic ‘‘slide-rule computer” (Fig. me ink net 6% 
: ton od outputs, station outputs, and total power pris eb iagiaa ye 
rhe 2 aaliaas shown provides for six generators located i gy A 
terchange selter is also provided to account for tie-line ne Ths monlider sheeaee tie 
alta fuctcoet setter to set in the cost of fuel at that station. 
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ise} 
a 
Machine 3 os 5 
oe = 
a 
Machine 2 ete: E 
ee ne 

Machine 1 vi 

a 


2A P2Bi2 


To amplifier 1 


Incremental fuel cost, 
-btu/kwhr or incremental heat rate, mills/kwhr 
2d\P\ By, 


P3 P2 P, 
Output, mw 


Fig. 5.12,1a. Incremental-fuel-rate curves (incremental-heat-rate curves) for three mi 
chines, showing machine outputs for a given incremental production cost. 


« 
+ 
Station 1 
Ref 
+ 
Station 1 
output 
are i. Unitized boiler-turbine- 
Set ‘‘)""— Station 1 generator combination Ian lo 
Incremental Set cost, (four-slope function whe 
cost in cents per generator) cu 
mills/kwhr million btu a0) =") 3°) 3S 
=. 
Station 2 = fe 
VOU 3 YGO sc 
Total « 
available + 
Station 2 POWs * “s 
output a QQ ey 
. a QA 
HI aa aa 
aL 1 
Fuel cost Tees 
Station 2. = me) 
O K 
Net interchange \ 
Fig. 5.12.1b. Simplified block diagram of an electronic ‘“‘slide-rule”’ computer for economia 10 I! 
1 


oading of six generators in two stations with a net-interchange setter, 


im} 
8 
2 
© 
o 
Cc 
o 
OD 
3 
Xe) 
bt 


Station 1 
Station 2 


scaling so that the function-generator input is proportional to heat input into the 

boiler in btu X 10° perhr. The function generator converts heat input to optimum 

generator output in megawatts for each unit. These are added for a station output) 

the sum of station outputs and net interchange yields the total power available for the 

piece value of X. The machine does not adjust itself for the specified power demand 
D. 
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Fra. 5.12.2. Simplified block diagram of Westinghouse EDC for a two-station system. 
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To tie 
line pots 


Motor 


Machine 3 


Fig. 5.12.3. Simplified block diagram of an EDC for 10 stations and 2 tie lines. 
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5.12.4. Complete Economic-dispatch Computers. If transmission losses cannot be 
neglected, the optimalizing condition becomes 


M(Pi,Ps, « « + pPa) = dolPi,Pa, PR 2s ha Pa, Ps, HO" Pa) =n 
(5.12.5a) 


where \ is a constant (Lagrange multiplier) determined by the power demand, and 


where 


dF; 7 dF; 1 
ba(P1,P soe tea) = aP; 1 — (oPz/aP) ne sy 
1-2 BuPx 
k=1 
@= 1, 2;.. .. 5 m9 d2.56) 


ineasures the incremental cost of power delivered from the ith generator to the hypo- 
(hetical load center, including the effect of transmission losses; (1 — dP1/dP:)~ is 
valled the transmission penalty factor for the ith generator. For optimum operation, 
ihe incremental costs are again equal for all generators. 

The Westinghouse EDC (Fig. 5.12.2) enforces the relations (5) in the forms 


n 
«= +2 ) BaP: —r=0 Gad 2s 3 3%) (5.12.6) 
k=1 
(hvough n servos driven by the respective ‘‘errors’’ ¢; dF;/dP; is produced by a func- 
(ion potentiometer. P,,P2,...,Pnand Pr = P,+P.+.--- +P, are read out, 
and is varied until the desired power output is obtained. 

The all-solid-state General Electric EDC is of the type illustrated in Fig. 5.12.3, 
except that the actual computer involves four separate area EDC’s and a complex 
servo system yielding optimum interarea interchanges of power. In Fig. 5.12.3, each 
Wl’, /dP; is generated as a function of P; by a diode function generator and a fuel-cost- 

n 


wt ting potentiometer. By.P, is obtained from a loss matriz of summing amplifiers, 


k=1 

jase inverters, and potentiometers, and a single servo performs n multiplications by X. 
lhe machine yields generator outputs, station outputs, and cost of power for each 
station and has digital read-out. 

6.12.5. EDC’s as Control Systems.*112 Digital EDC’s. Automatic-control 
versions of EDC’s feature continuous on-line control of generator outputs according to 
seonomie criteria modified by practical operating considerations. Various semi- 
\itomatic systems are also in use. 

ecause of the relatively slow computing speeds and large information storage 
(),000-potentiometer loss matrices for large-area EDC’s!) required, digital EDC’s and 
sontrol systems may well take over a large share of the market. Digital computers 
permit accurate total-cost comparisons of different system configurations, including 
»(art-up and shut-down costs, and are almost competitive in price with analog EDC’s. 


References 


|. Mteinberg, M. I., and T, H. Smith: Economic Loading of Steam Power Plants and Electric 
Systema, John Wiley & Sons, Inc., New York, 1943. 

4, George, BE. E.: Intrasystem Transmission Losses, Trans. AIEE, 62:153-158 (March, 
1043), 

. Ward, J. B., J. R. Eaton, and H. W. Hale: Total and Incremental Losses in Power 
Transmission Network, Trans. AI EE, 69(1) :626-631 (1950). 

4. Kron, G.: Tensorial Analysis of Integrated Transmission Systems, T'rans. AIEFE, 


70(1) 1230-1248 (1951). 


5- 


1b 
12, 
13. 


160 ELECTRONIC ANALOG COMPUTERS: SIGNIFICANT APPLICATIONS 


. Kirchmayer, L. K., and G. W. Stagg: Analysis of Total and Incremental Losses in 


Transmission Systems, Trans. AIEE, 70(1):1197-1205 (1951). 


5 
6. Glimn, A. F., R. Habermann, Jr., L. K. Kirchmayer, and G. W. Stagg: Loss Formulas 
wae 
8 
9 


Made Easy, Trans. AIEE, 72(I11):730-735 (1953). 


Early, E. D., R. E. Watson, and G. L. Smith: A G ‘al T issi i 
Trans. AIFE, 74(III): 510-516 (1955). oe gr aro ee 


- Morrill, C. D., and J. A. Blake: A Computer for Economic Scheduling and Control of 


Power Systems, Trans. AIEE, 74(III) :1136-1141 (1955). 


. Squires, R. B., H. W. Calborn, R. T. Byerly, and W. R. Hamilton: Loss Evaluation, 
10, 


— Mt eng ened sige ed Computer Design, Trans. AIEE, 75(III) :719-727 (1956). 
renberg, Gustave: Automatic Load-frequency Control Syst f i 
Pe st Trans. AIEE, 74(11I) :787-795 (1955). a 5: Sidhe bai Rite 
urnett, K. N., D. W. Halfhill, and B. R. Shepard: A New Aut tic Di hi 
System for Electric Power Systems, Trans. AIEE, POTN) 1049-1064 (1956). : 
eeevens. I, J.: The ‘Early Bird’? Goes Automatic, Control Eng., December, 1956 
Pp. //-So, ’ 


Kirchmayer, L. K.: Economic Operation of Power Syst h: i 
hp» caer ra rf er Systems, John Wiley & Sons, Inc., 


Section 6 


ELECTRONIC ANALOG COMPUTERS: 
SPECIAL COMPONENTS AND TECHNIQUES 


By 


JEROME D. KENNEDY, Sr., Vice-President, Applied Dynamics, Inc., Ann 


Arbor, Mich. 


PAUL E. RUSSELL, Professor and Head, Department of Electrical Engineering, 


University of Arizona, Tucson, Ariz. 


GRANINO A. KORN, Professor of Electrical Engineering, University of Arizona, 


Tucson, Ariz. 


W. K. McGREGOR, ARO, Inc., Tullahoma, Tenn. 
R. M. LEGER, Chief, Flight Performance and Analysis, General Dynamics/ 


Astronautics, San Diego, Calif. 


JEROME L. GREENSTEIN, Senior Research Engineer, General Dynamics/ 


Astronautics, San Diego, Calif. 


L. D. KOVACH, Design Specialist, Douglas Aircraft Company, Inc., El Segundo, 


Calif., and Professor of Mathematics, Pepperdine College. 


CONTENTS 


PART 1: REPRESENTATION OF TIME DELAYS 
Jerome D. Kennedy, Sr. 


Introduction Tape-recording Systems 
BLL. edemeretnts so cre se eee are 6-3 
: =a Se O48. Analor Tape? ss. .5 ene 6-10 
0.1.2, Requirements.............-. 6-3 6.1.9. Amplitude Modulation (Direct 
Lumped-parameter Approximations Recording) samdertal «-5-+.> 6-10 
6.1.8. Lumped-parameter Approxi- 6.1.10. Frequency Modulation See 6-11 
ptr 8 PUene epee 6.1.11. Pulse-width Modulation..... 6-12 
MeO Be he failed oes} OS OU T2e CRE ADO eo 5s ares soe oa 6-13 
6.1.4. Higher-ord i i 5 
is a order Approximaiens &~ Other Recording Schemes 
Capacitor-storage Methods 
6.1.6, Capacitor Sample-hold Stor- 6.1.13. Perforated Tape...:........ 6-14 
OOO dita Waled ack bree os ekg 6-8 6.1.14. Magnetic-drum Storage...... 6-14 
61,6, Relay-controlled Capacitor 6.1.15. Analog Drum...',....1.-+.. 6-14 
BiesBeR iis vin dind vssnry) OPO. (01,16, DigtteD Drm oy sido on * 6-14 
6,1,.7, Capacitor Wheel,........... 6-8 6.1.17, Une of Servo Tables,........ 6-16 


6-2 ELECTRONIC ANALOG COMPUTERS 


PART 2: REPETITIVE ANALOG COMPUTERS 
Paul E. Russell 


Introduction 


6.2.1, Repetitive Analog Computers. 6-17 

6.2.2. Repetitive vs. “Slow” Elec- 
tronic Analog Computers.... . 6-17 

6.2.8. Applicationemer............. 6-17 


PART 3: ANALOG STORAGE TECHNIQUES FOR ELECTRONIC 
ANALOG COMPUTERS 


Granino A. Korn 


Analog Storage Circuits and Applications 


6.8.1. Introduction................ 6-26 
6.3.2. Sample-hold Circuits........ 6-26 
6.3.3. Accurate Electronic Switches. 6-26 
6.3.4, Time Sharing (Multiplexing) 
of Computing Elements...... 6-27 
6.3.5, Finite-difference Techniques. 6-29 
Special Computers Employing Analog 
Sampling Techniques 
6.3.6. Stepping-relay Techniques... 6-29 
6.3.7. A Hybrid Analog-digital Com- 
Pulsars. BE ei 6-29 
Sampled-data Techniques for Repetitive- 
analog-computer Read-out and Statistical 
Computations 


6.3.8. Use of Sample-hold Circuits 


PART 4: ELECTRONIC ANALOG COMPUTERS AS 
CONTROL-SYSTEM COMPONENTS 


W. K. McGregor 


Introduction 
Odi WP UNVeVicawn ss Lasse ees eee 6-35 
Analog-computing Elements in Direct 
Control 

6.4.2. Linear Operations............ 6-35 
6.4.3. Nonlinear Operations...... 6-36 
6.4.4. A Specific Application: Gas- 

How Processes: 3.23 2.0504. e eel 6-36 


PART 5: COMBINED USE OF ANALOG AND DIGITAL COMPUTERS 
R. M. Leger and Jerome L. Greenstein 


Introduction 


6.5.1. Analog and Digital Computa- 
tion -.. 6-42 
6.5.2. Combined Analog-digital Sim- 
UAC Nae. cee ik ea | GO 
Numerical Techniques Used in 
Digital Simulation 


6.5.3. Sampled-data Interpolation. . 6—43 
6.5.4. Digital Solution of Differential 
HQQAtOnms sick an hoe ee. 6-43 


Special Components 


ONEMESUPVEGY sca. ono te 6-20 
ODePAMPLAGTS. 6 oisscie cos ss sda c, 6-20 
6.2.6. Reset Circuits............... 6-22 
6.2.7. Control Unit and Displays.... 6-24 


for Repetitive - analog - com- 
puter Read-out............. 6-8 
6.3.9. Repetitive -analog-computer 
Estimation of Ensemble Sta- 
tistics in Random-process 


6.3.10. Computation of Time Aver- 
ages for Stationary Random 
Processess, ..: z.eresecriy. oF. . 6-31 

6.3.11. An Advantage of Sampled- 
data Techniques for Statisti- 
cal Computations.........., 6-32 


Automatic Sequential Computation 


6.3.12, Systems and Components. ... 6-3 
6.3.13. Applications................ 


6.4.5. Computer Requirements...... 6-3 
Computers in Indirect Control 

6.4.6. Indirect Control............. 6-39 
Concluding Remarks 


6.4.7, Economic Considerations. ... . 640 
6.4.8. By-products of Analog Control 6-40 
6.4.9. Suggested Developments...... 6-41 


Conversion Equipment 


6.5.5. Digital-to-analog Converters 

(Decoders) «20 cee eee 6-44 

6.5.6. Analog-to-digital Converters 

(Encoders)'#-%; 0... eee 644 

6.5.7. Analog Sample-hold Circuits. 644 

6.5.8. Buffering of Digital Data... 6-44 

6.5.9. Synchronization........,.., OAS 

6.5.10. Conversion Errors........,, 6-40 


REPRESENTATION OF TIME DELAYS 6-3 


Problems Peculiar to Combined Example of a Combined Analog-digital 


Analog-digital Simulation Simulation 
5 i visseess s+ 646 6.5.15. A Missile-system Problem. .. 6-49 
Er, a is aaa Pee 6-46 6.5.16. Combined Simulation....... 6-50 
6.5.13. Digital-computer Speed and . 6.5.17. riggs of Computer Opera- has 
"Pane Mea ys rss soe oe pe os 6-4 he) Ee 
i ddr BOtUO PS. . Kona 2" + 6-49 6.5.18. The Digital Computer as a 
6.5.14. Simulation Setup..... ledbct plies ~iegaihag ABS 


PART 6: MISCELLANEOUS TECHNIQUES 


L. D. Kovach 
i Di i 6.6.3. Inverse Fourier Transforms... 6-55 
Selgin cunenermemenene* 6.6.4. Harmonic Analysis of Periodic 
6.6.1. Difference Equations......... 6-52 Tinieee ee ee 6-56 
Computation of Fourier ona Conformal Mapping 
i Multipliers 
anes sponncagis/ . . Gao, Theory. caso « Suge ¢ seeeees 6-56 
6.6.2. A Weighting-function Tech- 6.6.6. An Airfoil Transformation.... 6-56 


PART 1: REPRESENTATION OF TIME DELAYS 


By Jerome D. Kennepy, Sr. 


INTRODUCTION 


i = ications require representation 

6.1.1. Time Delays. Many analog-computer applica e re] i 
of devices which introduce a time delay. If the input to such a device is a function 
/(t) of the time t, the output is the delayed function f(t — r). Suitable implementation 
of such delays can appreciably extend the utility of an electronic analog computer, e.g., 
in the following representative applications (see also Secs. 5.7, 5.8, and 5.9): 

‘Transmission of radar or sonar signals, ocean waves, and nuclear hcg get en 

Pipeline transport delays in process-control applications,’ jet-engine an aM e 
systems, rocket-combustion lags,? nuclear power plants,* human teil ve ee 
~ Movement of materials through paper mills,‘ steel mills,5 and moving-vehicle whee 
displacements eee 

Correlation-function computations (Sec. 5.9) : ; 

6.1.2. Requirements. Time-delay-unit specifications, apart from cost, include the 
following: F 

lange of delay time (less than a second, esa minutes, hours) 

Variability of delay (fixed, stepped continuous J : 

Number of channels (same function with different delay times, several functions of 
wame delay time) ' 

Storage capacity (maximum time delay—frequency product 7#, number of samples 
per cycle of signal) P 

‘ i i - lay accuracy ) 

Accuracy (amplitude attenuation, phase shaft error, delay : 

Compatibility with computer (voltage level, input-output impedance, signal form, 
AM, FM, PWM, PCM, etc.) ; 

The ideal time-delay device will exhibit zero attenuation and a phase Me pega it 
proportional to frequency. Cost and complexity, plus the share a e a 
somputing equipment, will indicate allowable compromises with the i a an 
physical processes require a controlled variable delay. Correlation proble 
permit a “stepped” delay. : ‘ a 

‘Table 6.1.3 lists various time-delay devices and their characteristics. 


Table 6.1.1. Comparison of Time-delay Devices 
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n rms error of 2 to 5 per cent. 
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pacing and data densit 


per cycle, which results in a 


Alternate. 
Not applicable. 


*rw will be determined by head s 
Applicable. 


77 is based on 10 samples 
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LUMPED-PARAMETER APPROXIMATIONS 


6.1.3. Lumped-parameter Approximations Using Operational Amplifiers. In 
Laplace-transform notation pure time delay is expressed by the transfer function 
(6.1.1) 


G(s) =e" 


no that the frequency-response function becomes 


G(jw) = cos wr — j sin wr 
= 1/—or radians 


(6.1.2) 


ation and phase shift proportional to 


circuit with zero attenu 
tics exactly; 


WWquation (2) calls for a 
frequency. No lumped-parameter networks exhibit these characteris 
(he simplest approximation is 


G(s) = (6.1.3) 


1 — 18/2 = 
er ety aed 


—T8 


the computer setup of Fig. 6.1.1a.° The phase shift of this 


circuit departs noticeably from a linear relationship with frequency for rw = 0.6 radian. 
Thus, for a signal frequency of 6.28 radians per sec the time delay 7 must be less than 


(),1 sec to prevent a phase error greater than 1 deg. 
6.1.4. Higher-order Approximations. Higher-order zero-attenuation approxima- 


tions to the function e-7* can be written in the form 


which is implemented by 


—4 
i=1 


Ciris 
ris? — 2iras +1 (6.1.4) 


ris? + 2tiris + a7 


n 
G(s) = Il = e 7 
i= 
will depend on the error cri- 


where the choice of the coefficients (damping ratios) £: 
e, etc.) employed. For 


terion (phase error, output noise level, step-function respons 
sinusoidal inputs the phase shift is given by 


n 
20; Tiw 
Pactual = 2 > arctan P= Tee (6.1.5) 
i=1 
so that the phase error associated with the approximation (4) is 
. 2 
65 Ti@ 
8 = dactual — Pidenl = 2 y. arctan rete — Tw (6.1.6) 


i=l 
10,11 frequently used to determine the damping 
ratios ¢;in Eq. (4) yields a close approximation for very low frequencies but is poor at 
higher frequencies and hence yields a poor step-function response. The cut-product 


approximation of Warfield and Weaver!®* yields a better step-function response. 
\ practical approach is that of Single,? who plotted phase-error terms arctan 


Aterw/(L — rw) for various values of {i (Fig. 6.2.2) and picked {1, f2, - +» $n by 


iyial and error so as to minimize the total phase error (6). 
Vor wr < 1.5 radians, the computer setup of Fig. 6.1.1b® implements Eq. (4) for 


n «1, with 
[¢ 
oi = ae R = 


The so-called Padé approximation 


viRo 
4¢7? 


(6.1.7) 


Kole 4tir1 


n=RV CaCn 


, = \/% is a favorable choice. The computer setup of Fig. 6.1.1¢ is more suitable 
for use with general-purpose analog computers. 


V; 
iCa - nt id Ls 
(a) (l— dedi by 20 > R, 


(6) = 


R is varied as 
function of r 


wf abe 


= R and C, are varied 
as a function of ¢ 


O2 
07 


= 


(1 > Va)Caz 
(g) cs 


Via, OAL, - 
61,1, Lumped-parameter approximations for a fixed time delay (woe text) 
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To improve noise level and step-function response it is best to abandon zero-attenu- 
ation approximations.'""* Figure 6.1.1d° shows a circuit with the transfer function 
1 718? — 261718 + 1 T28? = 2lor2s + 1 3 

Ge) = 7 nat A Otwe bl ret POS FL oe 


with delay time 7 = 4(171 + ors) +70 and 


A552. On, R 


yee 3 [c oR 
Tre = KR A/ Cass So = 4 7 R= fa 
a : (6.1.9) 


Viv2ko =f 
Ba = 16(6452)? oe 


Ty, = 
7 < 
naV% 2 =04 2=168 10S 599 


7 
T2 


Figures 6.1.1e and 6.1.1f show analogous circuits suitable for general-purpose analog 
computers. The circuit of Fig. 6.1.1f saves a number of potentiometers at the expense 


of an additional amplifier. 
7 


6 
5 
4 
3 


ht 


0.1 0.2 03 040506 08 1.0 z 3 4 5678910 
Tw, radians 


\'va, 6.1.2. Phase error vs. tw for Eq. (4) with n = 1 (second-order approximation). The 
phase error for a first-order approximation is also shown for comparison (from Ref. 9). 


The circuit of Fig. 6.1.1d has a somewhat high output noise level for delays r below 
i vec, The rms noise level is approximately 0.040/(7 + 0.040) volts, mostly at 60 eps. 
lor further noise-level reduction an additional amplifier and passive elements may 
ho added for filtering purposes (Fig. 6.1.19).° The noise level for small time delays is 
about 20 mv rms. 

For longer delays one can cascade, say, three circuits like that shown in Fig. 6.1.10 
to obtain time delays between 0 and 33 sec; Fig. 6.1.3 illustrates the step-function 
reqponse of such a cireuit.” Time-delay units of this type are commercially available! 
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CAPACITOR-STORAGE METHODS 


6.1.5. Capacitor Sample-hold Storage. Time delays can be realized through 
storage of successive samples of the input function on individual capacitors whose volt- 
ages are read after a suitable delay. This technique has been implemented with the 
aid of a commutator wheel,15:16 stepping switches (see also Sec. 6.3),!7 relays,!§ and 
electronic switches.!2 The output of each device is a time series of impulse voltages, 
and the delay is the product of the average dwell time per stage (capacitor) and the 
number of stages between input and output. To eliminate distortion, the sampling 
frequency must be determined, and if the input signal contains frequency components 
higher than one-half the sampling rate,” filtering is required. Since the sampled data 


Ey 
E, 
i 


Per-unit output — 


Per-unit time (t/7) 
Fia. 6.1.3. Step-function response for three circuits of Fig. 6.1.1d in cascade (from Ref. 9). 


are a series of impulses at the output stage, filtering is again required to reduce distor- 
tion in the load circuit. The most common type of filter involves a simple holding 
circuit which emits a staircase voltage (see also Sec. 6.3). ) 

6.1.6. Relay-controlled Capacitor Storage. Switching voltages from one capacitor 
to the next may be accomplished with relays and buffer amplifiers which charge the 
succeeding capacitors in one mode and reproduce the previous capacitor voltage with- 
out draining off charge in the other mode. Thus, the four requirements for an ideal 
buffer are unity gain, infinite input impedance, zero output impedance, and infinite 
output power. Figure 6.1.4 illustrates the circuit and waveforms; note that the odd 
relays are on while the even relays are off, and vice versa. Even and odd relays must 
never contact the capacitor terminals simultaneously. 

6.1.7. Capacitor Wheel. Canadian Westinghouse Co., Ltd.,!* has developed a 
capacitor-storage time delay around a rotating commutator 14 in. in diameter carrying 
300 Mylar 0.1-uf capacitors (Figs. 6.1.5 and 6.1.6). The commutator bars terminate 
one end of the capacitors, while the hub provides a common ground for the other ends, 
The wheel runs at a constant speed, and the delay is varied by servo positioning of the 


Low-pass 
filter 


f(t) 


Filtered f(t) 


K odd relays 


K even relays 


Filtered {(t—7) 


(6) 


Odd-numbered 
relays 


0 2 


re Tims; ¢ =o 


b). 
Pra. 6.1.4. Relay-operated capacitor-storage delay (a) and waveforms (b) 
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read-out brush; the time delay is proportional to the spacing between read and write 
brushes, 


The output clamp consists of a Mylar 0.01-xf capacitor. For sharper rise times 
the capacitor should be changed to 0.001 uf. In order to present a high impedance to 
the capacitors, a pair of operational amplifiers are used as a stabilized follower circuit 
(Fig. 6.1.6c); an integrator sample-hold circuit (Sec. 6.3) could be used instead.15 


fo 


From analog 


computer t 
Low-pass filter 
(optional) 
Constant t—r) fil 
pian f(t —7) filtered 


f(t—r) unclamped 


:. 


ii 


wiper = t 
cl Stabilized 
filter follower circuit 
t ier and filter 


Servo 
amplifier 


Delay r 


Fig. 6.1.5. Canadian Westinghouse capacitor-wheel memory. WM is a combination motor- 
tachometer used in a rate-servo circuit. 


Specifications for the memory are included in Table 6.1.1, and the frequency response 
is shown in Fig. 6.1.6d. 


TAPE-RECORDING SYSTEMS 


6.1.8. Analog Tape. Magnetic flux storage on metallic or oxide.tape is another 
method of creating an analog time delay. One converts an electrical signal to mag- 
netic flux, charges the moving magnetic tape with this flux, and reads the signal volt- 
age as the charged tape passes by areading head. The distance between the recording 
and reading head divided by the average tape speed yields the signal delay 7. One 
advantage of magnetic tape, regardless of the recording method, is its long storage 


capacity. In this connection, a tape loop permits reuse of a small amount of tape, but 
old data are lost after every tape cycle. 


accuracy (1 per cent) and frequency response (10 eps lower cutoff). Furthermore, 
any change in the tape speed increases the reproduced signal level, so that speed-sensi« 
tive gain-control circuits must be employed to hold the 1 per cent figure. Thus direet~ 
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’ 6.1.6, Canadian Westinghouse capacitor-wheel eens ee we fe 
i ilo - ‘amplifier (b), and frequency response (c). The fe) ie 
originally designed by D. Dedford of Northwestern University. 
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speed, can be compensated for by a fixed-frequency reference signal recorded on a 
separate tape track. Changes in this comparison frequency due to flutter are then 
used to change the center (demodulation) frequency of the data-channel discriminator. 
A variable time delay is almost impossible to obtain because changes in tape speed or 
head position would affect the amplitude of the reproduced signal. 

6.1.11. Pulse-width Modulation.2! Electronic multipliers of the time-division 
type employ pulse-width-pulse-amplitude modulation (Sec. 3.2); Electronic Associ- 
ates, Inc., modified such an electronic multiplier for the Simulag Group Model 1.002. 
The research laboratories of the General Motors Corporation?? employ this time delay 
as a “‘road-function generator”’ to provide forcing functions in four-wheel-vehicle sim- 
ulation. The road-displacement signal (previously stored on the tape for left and 
right wheels) is played back into a pair of tandem-read heads. This distance between 
the tandem heads represents wheel base, and the tape velocity is analogous to vehicle 
speed. Tape speed is controlled by a voltage generated in the suspension simulator 
(general-purpose electronic analog computer), or by a potentiometer on the control 
panel, 
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Record 
head 


Pulse-width 
modulator 


Fie. 6.1.7. Pulse-width modulator and record channel of Simulag Group Model 1.002. 
(Electronic Associates, Inc., Long Branch, N.J.) 

The system can also be used to provide a time delay without recourse to a previously 
prepared tape. Todo this, a signal is recorded using the lower head and picked off by 
the upper head. In this process, signal-frequency translations occur only during 
periods when the tape is being accelerated. The reels hold 3,600 ft of magnetic tape, 
giving a minimum playing time (at 40 in. per sec) of 18 min. System performance 
characteristics are given in Table 6.1.1. The maximum frequency which may be 
recorded is 30 cps, but during playback at higher tape speed frequencies up to 100 eps 
can be accurately reproduced. 

Figure 6.1.7 shows one record channel. The signal is converted at a pulse-repetition 
rate of 500 cps into a constant-amplitude width-modulated pulse having a duty cycle 
of from 20 per cent for —100-volt input to 80 per cent for +100 volts. This process 
adds a d-c component to the signal, which is later removed. The pulse information 
is applied in push-pull fashion to a record amplifier comprising a constant-current 
source and an electronic switch. This controls the currents in the balanced record- 
head windings. 

The reproduce process is shown in Fig. 6.1.8. Push-pull signals, generated in dif- 
ferentiated form by the reproduce head at a level of several millivolts, are amplified in 
separate class A channels up to a few volts. They are then half-wave-rectified to 
100-volt pulses and applied to a clipping circuit which produces output pulses when 
the 100-volt pulses reach about 50 volts. These pulses are further amplified, still in 
separate channels, and finally operate on the bistable multivibrator to reproduce the 
pulse-width modulated input wave. Important portions of this process are shown in 
the center portion of Fig. 6.1.8, where the short horizontal lines represent the clipping 
level referred to the input signals. These signals, incidentally, increase in magnitude 
by a factor of 10 when the tape speed is increased from 4 to 40 in. per sec, yet the sys- 
tem maintains its accuracy without use of volume control or age circuitry. 

The pulse-width-modulated wave from the multivibrator is squared and amplitude- 
limited; then the false d-c component is subtracted out. The signal is then passed 
through a rather complicated low-pass filter associated with the output amplifier, 

The tape-speed-control system is a rate servo controlling the capstan-drive motor 
(Fig. 6.1.9). The Ampex FR 1100 tape transport is modified by substituting a spé= 
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-c-tachometer combination for the standard hysteresis - 
d-c tachometer generator directly to the motor. Ney. 

1 system to a control-voltage step function fe) fe) 
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Fra. 6.1.8. Reproduce process in Simulag Group Model 1.002. 
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Fia. 6.1.9. Tape-speed control system. : 

Pulse-code modulation, which is used to edge hd eri 
of storing data on magnetic tape. In e a d 
forms the instantaneous value of an analog voltag 
The code groups art 
-to-analog converters 
peed determine the 


61,12. Digital Tape. 
(ape, is a fourth era aan ee 
i analog-to-digital conver er trans } \ 
into i digital code such as binary or binary ei erie oo 
lnter read off the tape and restored to analog = Was erg 
with appropriate filtering. Here again head spacing 


ilelny, 


6-14 ELECTRONIC ANALOG COMPUTERS 


A very elaborate system of this type is described in Ref. 24. It may also be worth- 
while to glance at the possibilities of adapting a well-known digital magnetic-tape unit. 
The IBM 727 is an input-output tape unit for the IBM 704 electronic data process- 
ing machine. Binary code is quite common, and a 36-bit word is stored on the mag- 


Ss 
netic tape ina 6 X 6 format, i.e., six tracks (plus a parity check track) across the tape 83 
and six characters along the tape. The maximum tape speed is 75 in. per sec and the 5 
data density is 200 characters per inch. Thus, the word rate is 75 X 20% = 2,500 


words per second. If half-words (18 bits) were used, the word rate would be 5,000. 
Space must be allowed for word and end-of-record gaps so the actual word rate might 
be reduced to 4,000 words per second. If 14 binary bits out of the 18 were used for 
amplitude, one could use a commercially available analog-to-cigital converter for load- 


ing the tape and an all-clectronic digital-to-analog converter (accurate to 14 binary 
bits) to restore the data to analog form. 


OTHER RECORDING SCHEMES 


6.1.18. Perforated Tape. A punched-tape delay simulator has been used by D. A. 

Phlegel and D. M. Vesper (Phillips Petroleum Company, Bartlesville, Okla.) with 

general-purpose electronic analog computers to simulate the lags encountered in refin- 

ery-plant control. Hight binary bits are punched across the tape, which provides a 

resolution of 1 part out of 511. By punching a complete word across the tape a maxi- 

mum word rate within the limits of the tape punch and reader is realized. Specifica- 

tions for the punched-tape delay simulator are shown in Table 6.1.1. The analog-to- 

digital and digital-to-analog converters were designed at Phillips Petroleum Company. 

6.1.14. Magnetic-drum Storage. The magnetic drum is another common digital f 
storage device which has been exploited in the search for suitable time-delay devices. 
Like magnetic tape, but limited in storage capacity by drum circumference and data 
density, the signal may be stored on the drum in analog or digital form by charging 
the metallic surface with magnetic flux. Restoring the recorded flux at a later time 
to original signal amplitude constitutes the delay. The delay can be varied by chang- 
ing drum speed of a slowly rotating drum (analog) or varying the read-command period 
for high-speed drums (digital). Table 6.1.1 shows comparative characteristics of two 
magnetic-drum delay systems described below. 

6.1.15. Analog Drum. Sampson and Daniel?? used a low-speed drum employing 
rotating scanners for record and playback. In the record mode a spot of flux is applied 
to the surface of the drum at a distance from the edge proportional to the amplitude of 
the function to be delayed. Similarly, during the playback, the flux position is com- 
pared with a voltage ramp (sawtooth) which is initiated as the playback scanner head 
crosses the edge of the drum. Thus the instantaneous amplitude of the delayed signal 
is equal to the sawtooth voltage at the instant the playback head crosses the flux spot. 
The playback sawtooth is initiated with the aid of a prerecorded reference track along 
the leading edge of the drum; the reference track generates trigger pulses to reset the 
sawtooth. 

6.1.16. Digital Drum. Electronic Associates, Inc., Magnetic Drum Simulag 
Group Model 1.011 stores quantized data in binary form on a magnetic drum with 
subsequent reconstruction to analog form; the dwell time on the drum is the time 
delay 7. This delay 7 is controlled by an electronic ratchet technique which precesses 
the address of the quantized data one position on the drum for every sample. After 
a voltage-controlled number of samples the digital data are sequentially read off the 
drum at the same sampling rate. Figure 6.1.10 shows an over-all diagram of the 
system. 

The quantizing device is an all-solid-state analog-to-digital converter which, upon 
command, converts an analog voltage to a 12-bit binary word and stores it in the bufler 
register. The conversion period is less than 1 msec, and the binary data are available 
in parallel form for storage on 12 tracks of the drum. 

The magnetic drum is 5 in. in diameter, rotates at a speed of 120 rps, and has a 
capacity of 1,024 bits per track. 


The digital-to-analog converter is connected at all times to the read amplifiers and 
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(Simulag Group Model 1.011. Electronics Associates, Inc., Long Branch, N.J.) 


Fig. 6.1.10. Digital-drum time-delay unit. 
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PART 2: REPETITIVE ANALOG COMPUTERS 
By Paut E. RusseLu 


INTRODUCTION 


6.2.1. Repetitive Analog Computers. In contrast to the related “slow’’ d-c 
differential-equation solvers, the machine variables (voltages) in a repetitive analog 
computer are reset periodically between 5 and 60 times a second to permit display of 
differential-equation solutions on a cathode-ray oscillograph. For most control-sys- 
tem problems, this requires an accelerated time scale of 1:1,000 or more (Sec. 5.1). 

Inasmuch as system design (parameter optimization) by analog techniques usually 
requires repeated trials, the repetitive-computer display permits the operator to 
observe the effects of parameter changes on the solution almost instantaneously and 
(o converge rapidly on a desired optimum solution; he need not wait a relatively long 
period for each solution and compare runs, as with “slow”? analog computers. One 
wan easily display parametric plots of one machine variable against another by con- 
necting the variables to the horizontal and vertical deflection-amplifier inputs of the 
oscilloscope. Permanent records can be obtained with any oscilloscope camera, or by 


(he sampling technique described in Sec. 6.3. ; , 
6.2.2. Repetitive vs. “Slow” Electronic Analog Computers. The high-speed repeti- 


live analog computer affords savings in computing time and is usually smaller and 
requires less power. The first cost of a repetitive machine is often less than that of a 
‘slow’? computer having a comparable capacity. But accuracy must be sacrificed: 
since the working frequencies of repetitive machines exceed those of “slow” analog 
womputers by a factor of 10% or 104, frequency-response limitations of computing ele- 
ments become critical. It is essentially impossible to obtain operational-amplifier 
loop gains comparable with those attained in “slow”? computers, and the nonlinear 


computing elements present even greater problems. 

The best repetitive analog computers have component accuracies little better than 
‘4 per cent of full seale, depending on frequency. The accuracy of particular solu- 
tions depends on the problem and scaling; 3 per cent of full seale is a reasonable 
expectation. 

6.2.8. Applications. The particular advantages of high computing speed and low 
owt, obtained at the expense of accuracy, make the repetitive computer well suited to 


solution of problems where many trial solutions are necessary. In control-system 
design the early exploratory studies can be made quickly on this type of computer, 
Variation of coefficients and other parameters will quickly determine the regions of 


os 


Table 6.2.2. Special Repetitive-computer Components by GPS Instrument 


Table 6.2.1, i 
- Repetitive-computer Components by G 
——~<. Researches, Inc. * eorge A. Philbrick 
: Company, Inc.* 
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instability and the effectiveness of possible feedback systems. It is most practical to 
determine approximate transfer functions of a physical system from a set of system 
responses by synthesizing the approximate system and adjusting the parameters of 
the repetitive computing system until the synthesized response agrees with that of 
the physical system. Likewise, the approximate solution of certain boundary-value 
problems and the computation of Fourier integrals, superposition integrals, and cor- 
relation functions are very reasonable applications of repetitive computers,!?3 and 
special equipment permits rapid computation of random-process statistics averaged 
over a large number of computer runs (‘Monte Carlo 


” technique, see also Sec. 6.3). 
Another possible application is to adaptive control systems. Suitable automatic-pro- 
gramming techniques (Secs. 4.2 and 5.11) could continuously optimize system param- 
eters in the accelerated time frame of the analog, so that the adaptive system could 
refer to the analog periodic at intervals for configuration information, 


USA:3 
amplifier 


SPECIAL COMPONENTS 


6.2.4. Survey. Many computing elements used with “slow” analog computers are 
adaptable to repetitive computers. The repetitive-computer installation will com- 
monly consist of operational amplifiers, potentiometers, and passive linear circuit ele- 
ments for simulation of linear operations; diodes, function generators, and electronic 


+300v +300v +300v +300v 


+300v 


0.15M 0.15M 


Set of special 
12AX7 0.47M 


bulbs (190 v) 10M 


0.18M 


" cs 


*Note: For negative operation 
connect a-d,b-c 


tput range, +100 volts at 3 ma wi 
y; response, 1 usec rise time with 
t shorted to input No. 1). 


drift rate = +5 my per da 
unity-gain follower (outpu 
(K2-P) is available as a separate plug-in unit. 
Analog Computers, 2d ed., McGraw- 


Output 
Input, bias source, 
or automatic 82K 
balancing CCT 
0.15M 
1 0.005 uf 2.2K 4.7M 73K < 
ata 
= xs 
= aa 
—300v —300v —300v —300v es 
Fia. 6.2.1a. The George A. Philbrick Researches, Inc., K2-X operational amplifier plug-in = 
unit. D-C gain, 30,000; ou i > 


multipliers for simulation of nonlinear operations; a control unit; a power supply, & 
display unit; and patchcords. F eatures of these components unique to their applica« 
tion in repetitive computers are described below. 

6.2.5. Amplifiers. Considerations especially pertinent to the design of operational 
amplifiers for repetitive computers are: (1) Slow d-c amplifier drift is less important, 
since solution times are of the order of milliseconds rather than seconds or minutes ag 
in “slow’’ computers. (2) A pure d-c level can be distinguished from a constant come 
ponent of a machine variable when displayed on an oscilloscope so that, in principle, 
it is not necessary to stabilize every amplifier in an installation. (3) Any stabilization 
network or other design technique which adversely affects the high-frequency response 


Offset trim 


For positive operation 


connect a-c,b-d 


D-C gain, 10,000,000; output range, +100 volts 


lifier with gain of 100. 


USA-3 stabilized operational amplifier. 


down 3 db at 10 ke as an amp 


+50 pv per day; response, 


Fic. 6.2.1b. The George A. Philbrick Researches, Inc., 
at 8 ma; drift rate 
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of the amplifier will be detrimental. (4) Physical limitations on attainable gain-band- 
width products limit the useful amplifier gain at computing frequencies, nor do the 
accuracies commonly obtainable in the nonlinear components and in the display sys- 
tems of repetitive computers warrant the use of amplifier gains as high as those 
employed with ‘‘slow” analog computers. Gains of the order of 1,000 to 10,000 are 
commonly in use. (5) Response times of reset circuits must be much faster than in 


“‘slow’’ computers. 


The principles of operational-amplifier design are described in Secs. 2.3 and 7.1, 
Two circuits useful in repetitive computers are shown in Fig. 6.2.1. These are d-e 


+250v +250v +250v 
7.5K 56K 8.2K 68K 8.2K 
1002 001 uf 3 
656 
6J6 (2 sections) 
-01 pf x 
= 656 
(2 sections) 4 
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-110v 
015M 0.15M 
1M 
lyf ——— 
Square wave luf 
input for o 
gates and 
initial © 
conditions = 
Initial condition adjustment 
10K 
20K 20K 
2K 2K 


Fie. 6.2.2. Circuit diagram of an integrator from the MIT repetitive computer. The 
open-loop gain is 1,500, and the open-loop half-power points are at 0.16 cps and 100 ke, 
Output range is +20 volts at about 1 ma with less than 3 per cent distortion. (From 


G. A. Korn and T. M. Korn, Electronic Analog Computers, 2d ed., McGraw-Hill Book Com- 
pany, Inc., New York, 1956.) 


amplifiers and require well-regulated power supplies to avoid common power-supply 
impedance as well as excessive drift in the reference levels of the solutions. A rather 
different approach is indicated in Fig. 6.2.2. This a-c amplifier was developed under 
the direction of Dr. A. B. MacNee of the Research Laboratory of Electronics of the 
Massachusetts Institute of Technology.!. In this type of amplifier, power-supply 
regulation is not an essential requirement, and operation from a single power supply is 
possible. Interaction between computing elements through the power supply can be 
eliminated by the use of conventional decoupling filters. 

6.2.6. Reset Circuits. The techniques useful in resetting integrators and similar 
components to their proper initial conditions differ from those used in “slow”? come 


puters. Relay resetting is used 
ation of ‘‘slow”’ computers, 
puter responses are well damped an 
for reset is required. Otherwise, pro 
the beginning of each repetition perio 
this arrangement, periodic positive tens 

integrator output to zero by shorting the ca 
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ith the slowest repetition rates (repetitive oper- 
a it the initial conditions are zero, and the com- 
d die out during the computing period, no provision 
vision must be made to reset. the integrators at 
d. One approach is shown in Fig. 6.2.3a. In 
i ¢ pulses from a central control unit clamp the 
pacitor through the double triode, which 
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itti i i initi ditions. 
ia, 6.2.3c. An improved resetting circuit permitting direct setting of initial con 


‘\ in, preferably, a diode-bridge switch (Fig. 6.3.2). 


This clamping arrangement requires that nonzero 
puts in a summing circuit following re gaa 
ie a : . 
(or, Similarly, in the circuit of Fig. fe pines i aanancaaa ete 
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\y otherwise biased beyond cutoff. * 
initial conditions be inserted as d-c in 
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6.2.3¢ is similar but disables the inte 
interval.*:4 

Diode-bridge and transistor switches (Fig. 6.3.2) can serve as electronic switches 
in Fig. 6.2.3¢ with improved results. The six-diode switch® shown in Fig. 6.3.2 as a 
sample-hold resetting switch is probably the most accurate resetting switch available.® 
Another interesting reset circuit is used in Philbrick’s newer K3-J integrating units 


grator faster and more positively during the reset 


0.04 


0.004 fi 


0.0004 uf 


uf . 
| 10 Thoo pio 
Q 
Ss 
O 
oo 


200 mh 250K 250K 


0.01 


= -+300v 
Fia. 6.2.3d. This Philbrick Model K3-J integrator uses a neon bulb ionized by a pulsed 


oscillator to short-circuit the integrating capacitor. Initial conditions other than zero are 
introduced by an external summing amplifier. 


0.1 


(Fig. 6.2.3d). In this system the reset pulse triggers an oscillator, which in turn 
ionizes the gas in a neon tube to reduce the initial-condition voltage to zero. No pro» 
vision is made for setting an initial-condition voltage other than zero except through 
an external summing amplifier. 

Figure 6.2.4 shows an entirely different accurate reset circuit which could substitute 
for the relay reset circuit of a ‘“‘slow”’ integrator.? 

6.2.7. Control Unit and Displays. The control unit for a repetitive computer 
provides the repetitive forcing functions, steps, ramps, clamps, and either synchroni« 
zation for oscilloscope sweeps or actual sweep voltages.’'°* Displays may take the 
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form of voltages repetitively displayed against time Np cece vid aoe ne nee 
i inst one another (p - , 
lates), two voltages displayed against one 
ae eft lt 23) by brightening of a television-type raster. fn casio one 
on unit can generate calibrating pulses corresponding to preset voltages to p 
Cc 
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High-gain 


d-c amplifier +300v9 
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-300v 0 
i i 5 +i i rather 

ia, 6.2.4. This electronic resetting circuit charges the integrating gangeiios tye ee 

than through the integrating amplifier. A special low-leakage fee 

holds the summing point at ground potential in RESET. 


F i inde- 
for quick quantitative interpretation of the display, and to make the display 1 
pendent of deflection linearity.* 
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PART 3: ANALOG STORAGE TECHNIQUES FOR 
ELECTRONIC ANALOG COMPUTERS 


By Granino A. Korn 


ANALOG STORAGE CIRCUITS AND APPLICATIONS 


6.3.1. Introduction. Sample-hold circuits are analog storage devices which permit 
read-out and/or storage of the value x(é,) of a variable voltage x(t) at a specified 
sampling time t;. Such memory circuits can give an electronic analog computer much 
of the decision-making and program-controlling ability of a digital computer and are 
therefore steadily increasing in importance. Section 6.3 deals mainly with applica- 
tions involving periodic sampling, which preserves the information content of suitably 
band-limited input voltages at the sampler output. A nwmber of other applications of 
analog storage circuits are discussed in Secs. 4.2, 5.3, 5.4, 5.11, 6.1, 6.5, and 6.6. 

6.3.2. Sample-hold Circuits.1t°® Figure 6.3.1a shows a basic capacitor storage 
circuit. In more exacting applications, this is replaced by the operational-amplifier 
zero-order sample-hold circuits of Fig. 6.3.1b and c, which act as integrators in RESET 
during sampling (switch S closed), and as integrators in HOLD during the hold interval, 
Typical waveforms for periodic sampling are also shown. 

For a sample-hold accuracy of 0.1 per cent the sampling time (switch S on) must 
exceed the capacitor-charging time constant by a factor of 7, and the hold-circuit time 
constant (C times leakage resistance) should exceed the holding interval (S orF) by a 
factor of 1,000.4 The speed-up capacitor C, in Fig. 6.3.10, effectively cancels the 
charging delay introduced by FR and C, or the low-impedance follower circuit of Fig. 
6.3.1¢ can be used to reduce the effective value of R. The charging time depends, 
then, essentially on the ability of the amplifier to supply current pulses to a capacitive 
load. The usual d-c integrator drift, leakage, and dielectric absorption are additional 
error sources. The simple circuit of Fig. 6.3.1b is probably as good as any for working 
frequencies below 1 ke. At higher frequencies, the input speed-up capacitor C; kee’ 
the electronic switch from closing, and the circuit of Fig. 6.3.1¢c must be used. 

Figure 6.3.1d shows how a measure of prediction can be added to a sampl 
hold circuit (rate-aided hold circuit). Higher-order predictor circuits can be buil 
in an analogous manner. Sample-hold circuits incorporating prediction can 
extraordinarily useful in multiplexing applications (Art. 6.3.4), since they often perm 
the use of lower sampling rates for a given accuracy.’ Reference 6 shows a number 
more elaborate circuits for implementing higher-order holds. 

In critical applications, samplers may have to be preceded by low-pass filters 
prevent ‘‘aliasing’”’ errors due to spurious high-frequency noise, but many ‘‘slow’’ 
d-c analog-computer circuits already discriminate against spurious high-frequenoy 
components. 

6.3.3. Accurate Electronic Switches (see also Sec. 3.3).7 ° 1° In the earliest applix 
cations, the sampling switch S indicated in the various circuits of Fig. 6.3.1 wasarelay, 
commutator, or cam-operated switch. These mechanical devices limit the sampling 
times obtainable to time intervals larger than about 1 msec, with a comparable lower 
limit on timing accuracy. Much faster switching rates, and frequently also cleaner 
switching, can be obtained with the electronic switches shown in Fig. 6.3.2. 

The four-diode switches of Fig. 6.3.3a and b are the easiest to patch on “slow” 
multipurpose analog computers. The six-diode switch of Fig. 6.3.2c is probably the 
most accurate sampling-multiplexing switch.2!_ Note that only one-half of each diode» 
bridge circuit is needed if the input voltage is known to be of one sign. The switching. 
circuits of Fig. 6.3.2 are very useful in many other analog-computer applications, ot 
for resetting integrators in repetitive analog computers (Sec. 6.2; see also See. 8.4) 

Depending on the application, accurately timed gate pulses (sampling pulses) 
operate the electronic switches may be obtained from special multivibrators, blooki 
oscillators, or ring counters, which can run free or in synchronism with crystal or t 


ing-fork sources, , 
wumpling pulses are conveniently g 


(Sec. 3.3). ; 
a comparators in the analog-computer setup itself (Art. 6.3.12). 
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i i ” gi i tems 
h the 60-cps line frequency. In “slow” simulation sys ; 
ean ~ enerated by computer-simulated multivibrators 


More sophisticated systems will derive nonperiodic sampling pulses 
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6.4.4, Time Sharing (Multiplexing) of Computing Elements. 
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idth limitation inherent in the use of 
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A significant application of multiplexers is to the set of multiple-coordinate transfor- 
mations inherent in aircraft and missile simulation (Sec. 5.5).*5 These transforma- 


‘ions involve a large number of multiplications by trigonometric functions which are 
expensive to implement with the required accuracy and lend themselves well to time- 
sharing techniques. Note that servo potentiometer inputs rather than servo inputs 
should be multiplexed, since fast servo slewing is undesirable. 


In a typical application,® a multiplexer employing cam-driven microswitches effected 
\ waving of 20 potentiometer cards (8 resolvers) and 33 amplifiers out of 28 cards and 
(0 amplifiers. The signal frequency was 0.1 cps, the holding time was 1 sec, and the 
‘ime constant of the memory was 0.01 sec. Much faster sampling is easily achieved 
with electronic multiplexers, which combine well with fast and accurate (and expen- 
sive) electronic multipliers and resolvers, and also with analog-digital converters and 
digital function generators (Secs. 3.3 and 6.5). 

6.3.5. Finite-difference Techniques. A set of sample-hold circuits set up to sample 
wn input voltage x(¢) at predetermined or voltage-controlled times f1, t2, . . . may also 
jw used for numerical differentiation and integration of x(t) with respect to the time ¢ or 
with respect to another voltage y(t); conventional difference formulas for approxi- 
wate differentiation and integration are implemented by analog addition and subtrac- 
‘ion.’ Techniques of this type can also solve difference equations (Sec. 6.6). 


SPECIAL COMPUTERS EMPLOYING ANALOG SAMPLING TECHNIQUES 


6.3.6. Stepping-relay Techniques. The sampled data simulator and computer 
(4A DSAC) at the Franklin Institute Laboratories? and a simpler similar analog-com- 
putor setup at Stanford University !® employ multiple-section stepping relays for sam- 
pled-data storage and multiplexing. Stepping relays can be operated periodically 
or by voltage-controlled variable-frequency oscillators. An interesting application 
involves multiplexing of the operational amplifiers needed for difference-differential 
equation solution of partial differential equations (Sec. 5.9) where a large number of 
siations may be required, as in nuclear-reactor heat-transfer problems. A stepping 
vluy can also be employed to implement transport time delays in the manner of Art. 
0.1.7. 

l‘igure 6.3.4 shows how multiple-section stepping relays are used for a 12-station 
simulation of a counterflow heat exchanger (see also Sec. 5.7); note how the simulated 
jwimary and secondary fluids “rotate.” In view of the relatively large number (30 to 
100) of voltages to be stored in such problems, the simple capacitor-storage scheme of 
\\y, 6.3.1a is employed rather than an operational-amplifier integrator in HOLD. As 
 rosult, one really has an RC network analogy (Sec. 9.1) rather than a differential- 
wnulyzer-type computer, but the sampling and switching techniques are just as appli- 
sable to the latter. 

MADSAG also incorporates ‘electronic switches,” really time-division multipliers 
with multiple slave channels which can be used to introduce respectable numbers of 
variable coefficients into partial-differential-equation setups. Such multipliers have 
hoon added to the heat-exchanger analogy of Fig. 6.3.4 to represent variable flow 
sharacteristics and variable film coefficients. 

6.8.7. A Hybrid Analog-digital Computer.?# te 18 An experimental real-time flight 
\mulator developed by the MIT Servomechanisms Laboratory for the U.S. Naval 

raining Center (Port Washington, N.Y.) is a true hybrid analog-digital computer. 
With the aireraft flight equations (Sec. 5.5) written in the form 


da, dx; dx. din A 
dl? = fi (x2 oe Uns ge , 1) 1, 2 a 


(he machine represents each variable 2, by an analog voltage together with a digital 
word indicating the correct sign as well as the scale factor or floating decimal-point, 
powition, Zhe analog arithmetic unit comprises 2n parallel analog integrators but only 
one analog summer, one multiplier, and one divider, which are time-shared with the aid of 
elootronically switched sample-hold cireuits (Fig. 6.3.2d), A relatively simple digital 
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arithmetic unit performs the corres 
words. Analog comparator circuit 
plier, and divider output voltages 
together with the floating decimal 


ponding operations on the digital sign and scale 
s (Sec. 3.3) sense the magnitude of summer, multi- 
and automatically change the analog-circuit gain 


point of the digital system, so that favorable scale 
factors (Sec. 5.1) are selected automatically. The digital arithmetic also communi- 


cates with the analog arithmetic by gating scale-setting resistors into operational 
amplifiers. The integrator outputs can be read out in analog or digital form. 

A hybrid function generator employs digital circuitry together with analog addition, 
multiplication, and division. Discrete values of functions of one, two, or more vari- 
ables as well as values of constant coefficients are stored in digital form on a magnetic 


Primary fluid 
<~—____. 


ANY 7246 wal 


—_—_— 
(a) Secondary fluid 


Direction of stepping —»> 


Voltage erent [votage representing 
primary outlet R, Ry R, primary inlet 
temperature RC circuits temperature 
Ro simulate tube wall 
Voltage representing ats ape iil Cy R, ae Voltage representing 
secondary inlet ae a secondary outlet 
temperature = = ca 


a a Ce 


temperature 


“Moving” capacitors simulate secondary flow pA 
~~ —— —- —___ <—_— 


~<— Direction of stepping 
(0) 


Fra. 6.3.4. Counterflow heat exchanger (a) and simulation with multigang stepping relay 
(b). 


memory drum. These digital data are decoded an 
arithmetic units, which can perform suitable interp 

The same drum also controls the machine 
which control the successive operations of th 
matrix and a multiplicity of analog and digi 
given constant coefficients ar 
a keyboard or from a stored 
computer run. 


Because of the time-shared analog operations, analog voltages appear as pulse ampli- 
tudes between 0 and 50 volts, with a pulse width of about 10 sec. Component accu» 
racy has been traded for the necessary speed of operation; thus, the analog multiplier 
is a simple thyrite multiplier (Sec. 3.3) with a component accuracy of 7 per cent of 


d entered into the analog-digital 
olations. 

program by a sequence of command pulses 
e arithmetic elements through a switching 
tal gates. Program, given functions, and 
e entered on the drum prior ‘to computation, either from 
tape. No information is entered on the drum during & 
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full scale. This accuracy could be improved somewhat with more sophisticated com- 
ull se . 
puting elements. 


E-ANALOG-COMPUTER 
3 - TECHNIQUES FOR REPETITIV. 
oni RMAD-OUT AND STATISTICAL COMPUTATIONS 


ircui titive-analog-computer Read-out. 
ample-hold Circuits for Repe 0 ; P 
a eet ibe computer set up to solve a set of differential sin eer Aron 
Beal “ti ae er second (Sec. 6.2), a sample-hold circuit triggered aa : ilo 
on ere a t; msec after the start of each repetition period poe _ pt vee stl 
nal to ba ), which can be conveniently read on a a, si iato go 8 rod 
oe oi i i by means of a contro 
ling time ¢; manually or by D ; 
obits Sal ean ax(t1) VS. t1, or y(tx) vs. x(t) on ordinary strip-chart recorders 
or y 
i . o,¢ 22 
q cc ch a ea enen device designed for use with a repetitive ests pes dei : 
i ve ir circuit of Fig. 6.3.1b and the six-diode switch of owe = wt pi | 
Sould te about 0.2 per cent of full scale for sampling times an wr Princ as 
hee circuitry permits one to set the sampling time f1 cone aa ee Aes a 
Seventiometer with digit-indicating any wh career Rich mone : cps so mde 
ing circuit may also supply a pulse which bright 
 dicelay oscilloscope at the time ¢; after the solution starts. eae aaa 
6.8 9. "Repetitive-analog-computer Estimation of Ensemble hopes te ua 
.3.9. ies.19 to 23 If the repetitive analog computer is suppli “a 
apneic ster voltages from suitable noise generators (Sec. tse contrac al 
hol | circuit will produce a sample (¢:), y(é:), - - - of a sy hen hee celnn 
lo Ss 5.9) once per repetition period. Integration of the resulting Sohal 
“< bape ice a preset number n of computer nh (say 1,000 runs in 
almnat FAG See 
' semble averages H{x(ti)}, Ely tr), - 
. simple at selntively slow) d-c analog operations on the sampler eer ais : 
i ered ‘again by integration over a preset number of computer oceenhe ei 
” important ensemble statistics like E{x?(t:)}, E{{x(s) X aan fer 
r, Sec. 5.9), E{x(ts)x(te)}, Eft) y Ge) y (ensemble correlation serene toe ee 
"it staiapler Sukput voltage x(t:) ~ pin to sparen eft at easel 
or x < Sec. 3.3), a simple decade counter c ee 
ines bi tee beceee digital read-out of estimates for n ay ae Sateen bin: 
: al imated probability obser function igs eat gicerpraeis! pices ts ouas 
vd sche bstitutes the slicer circuit 0 Brite ath 
Te tos ohn Pe [X, — Az/2 <a2(h) < X1 + Az/2), and thus also of probability 
on 3 
tie . . m 
F Note “that these sampling methods are in no sense ano pt to stationary rando 
wote 5 
‘esses but apply to nonstationary random processes as bi ; diy setteetnneerg 
m6. 10. Computation of Time Averages for Stationary Ran = ecbeacy IAEA 
(| ily the same techniques permit estimation of time averages tor I Soy aaa 
ao veanes. It is only necessary to sample iy Sevtintia Mis aah Arise 
ort, § fficiently far apart so tha ; age 
eo RE at aereabertien i dent, and to compute averages in the 
are at leas oximately statistically independent, ~ateratiged 
date Pee SES. Periodic samples should not be taken at rates har 
elated t » line frequency. ; sere cone 
; ? ‘us resin watant also Tiel itself well a ag ae fat eee ewe 
» frequently the best method for computing évme-corretation J" ; sca HR 
Na eay duvisea are required; the sample-hold circuits themselves supply 
lime delay. 3 ; f 
‘To compute a correlation-function estimate 


n 


t >, a(ts)y(te +2) © Rev(s) 


hel 
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one can sample z(¢) at ti, t2, . . . and y(é) at 4) + tte+r,.. 
sponding samples. Instead, one can sample x(é) at (tg eee 
output by y(¢) to obtain successively x(t:)y(é), x(to)y(t), .. 
plier output at ti +7, t2+7,. 
e(éo)y(te +r), .... 

6.3.11. An Advantage of Sampled-data Techniques for Statistical Computations. 
The sampled-data techniques described in Arts. 6.3.9 and 6.3.10 have, where appli- 
cable, another significant advantage. The different samples of x(¢) used to compute 
estimates of ensemble or time averages are, in either case, statistically independent 
random variables with identical probability distributions. Hence statistical tests and 
confidence intervals involving such sampled-data estimates can be derived by the 
well-established methods of classical random-sample statistics. This is not, true for, 
say, correlation-function estimates calculated by direct integration over time in the 
manner of Figs. 5.9.1 to 5.9.3. 


- and multiply corre- 

- , multiply the sampler 
. , and sample the multi- 
. . to obtain the desired products 2(t:)y(é; + 7), 


AUTOMATIC SEQUENTIAL COMPUTATION 


6.3.12. Systems and Components. In an attempt to extend the advantages of 
automatic sequential operation with analog storage to existing multipurpose analog 
computers, several manufacturers have brought the coil terminals of the integrator 
control relays out to the patchbay to permit individual control of integrators. In this 
manner, some integrators can be placed in the Hop condition to serve as analog 
storage units, one part of the computer can be in RESET while another part is in HOLD 
or OPERATE, etc. (Secs. 4.1 and 4.2). More recently, several computer manufacturers 
have introduced complete accessory systems permitting electronic switching of 
integrators for use as analog storage units; to exploit the possibilities of automatic 
sequential operation more fully, such accessory kits also permit modification of 
integrators to operate at greatly increased computing speeds (repetitive operation, 
see also Sec. 6.2). Systems of this type were pioneered by Computer Systems, Inc., 
with their DYSTAC system (for DYnamic STorage Analog Computer), which may be 
regarded as a typical example. 

An accessory automatic programming system will comprise 

1. Storage capacitors and electronic switches of the type shown in Fig. 6.3.2 for high- 
speed control of selected integrators, which may now serve as analog storage units or ag 
ordinary integrators capable of operating at repetitive-computer speeds 

2. Timing circuits to operate and reset the electronically controlled integrators 
periodically 

3. Electronic comparators to switch analog storage units or integrators into OPERATE, 
HOLD, Or RESET when the sum of the comparator input voltages changes sign. 

Figure 6.3.5 shows a typical pair of analog storage units (memory pair) controlled by 
an electronic comparator. Normally, integrator 1 is in respr and tracks the input 
¥ voltage X = X(t) applied to its initial-condition 

0) (IC) terminal; integrator 2 is in HoLD and stores 
an output voltage obtained during the last cycle 
of operation. When the sum of the comparator 
input voltages exceeds zero, the condition of the 
two integrators is reversed by electronic switch» 
ing, so that integrator 1 now stores the last 
value of —X obtained at the instant of switch- 
ing; integrator 2 is now in the RESET condition 
and, therefore, reproduces X at its output ter 
minal during the next cycle of operation. The 
comparator can also be actuated periodically by 
means of periodically applied voltages. Auto« 
matically controlled solutions may be read out 
by any of the techniques discussed in connection with conventional repetitive anal 
computers in Sec. 6.2; frequently, the output voltages of the storage integrators wi 
be of principal interest, These are easily read with digital read-out equipment, 


IC IC 


X(E,) 


Fia. 6.3.5. Analog-memory pair. In- 
tegrator 1 is in Reser when integrator 
2 is in HOLD, and vice versa; the situa- 
tion is reversed whenever the sum of 
the comparator input voltages U and 
V changes sign. 


with an input voltage X(¢), 
(k = Op Abies 
thus, 1/z in analogy to 
transform notation. 
equations (see also Sec. 6.6). 


vomputation of a double integral. s th 
ale solution j partial differential equations with various boundary condition 
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icati air of Fig. 6.3.5 is operated periodically 
papi Rae rege sens pel onsie nil interval At will be X(k At) 
In z-transform notation, the “transfer function” of the unit is, 
the transfer function 1/s of an ordinary integrator in Laplace- 
This fact is directly applicable to the solution of difference 
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ds 


Figure 6.3.6 illustrates the application of the dual memory unit to the éwo-time-scale 


Similar computer setups are used for the oe te ae 
8. 


Electronic analog computers with analog storage accessories also permit multi- 


plexing of computing elements in the manner discussed in me 6.3.4; ad naenirae 
example is the DYSTAC study of a four-component distillation colu one 
plates?4 (see also Sec. 5.7). Such a computation would require * “3 sists 
integrators with ordinary all-parallel computer operation but wee solve 

minutes with 43 operational amplifiers in the DYSTAC system. 


Reset at 
te Ay 


bf f(x)dx 
> 


Reset at 


yao) 
dy f fxd 
0 


Comparator 


uy fol) 
i i . The 
lic. 6.3.6. Two-time-seale computation of the double integral i A, S(x) da ¢ 


julf-black integrator symbols denote ‘‘fast”’ integrators with short jie One rae 

sultuble for repetitive computation. wesc as ee caar o oe tod Pract 
* orl = 20). The given function f(@ _= fait) app t f - 

nt and is integrated by the ‘‘fast’’ integrator 2. The input memory integrat' 


a equals the given function g(y) of the second variable y, 


Ed . 
1 tracks I f(x) dx until x 
which is represented by the “slow” time ¢ = y (see also Ref. 23). 


: ; : : ‘ae 
YSTAC technique permits the synthesis of a time-delay unit (see a 

ten Merce ai of a sdatioes wees ae of memory pairs whose outputs are 
wmbined with an interpolation formula.?* — : . : ; 
4 crate analog peek corres with nannings re bina kagapterne Be 
sstone on the way to a true hybrid computer co I : i 

a ae 2) a digital Sete with the fast all-parallel arithmetic of me bape 
analog computer. Attempts to operate conventional analog “— 8 ae 
/epolilive speeds can cause serious phase-shift errors due to capaci eo pees 
plune shift in coefficient potentiometers as well as limitations in t * compu se, ee 
jjonts themselves (Sec. 2.4). This is especially true in the case chy utions a ve 
‘iidumped sinusoidal oscillations. New numerical analysis be nae yoke he: 
evelopéed, may permit one to check sets of fast repetitive computer runs ag ric: 
It is clear that the new automatic-pro 


seourate “slow” runs from time to time. is” e ? 

Remming techniques require much more sophisticated programming ve mgs 
svalysia than straight analog-computer simulation. In the writer’s 9 te) een oe: 
wlvantage of the new methods will be attained only after truly integrated sys ) 


deeigned, Such systems will not only combine high-speed sedan. —— = 
wow voeflicient potentiometers with a minimum of patchbay bape» lee aac 
helude some digital-computer components, such as logic gates an eens So soaiey 1 
ond preset decimal-counting units; such digital computing poe = Sy tee 
Wiech more cheaply than sets of chopper-stabilized analog-computer amy ‘ 
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continued development of such techniques may, indeed, lead to something of a break- 
through in the computer art. 
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PART 4: ELECTRONIC ANALOG COMPUTERS 
AS CONTROL-SYSTEM COMPONENTS 


By W. K. McGregor 


INTRODUCTION 


i that, if an electronic analog computer 
4.1. Survey. It is reasonable to postulate ; 
_ wind - tl system and plant for design purposes, the computer must be able 
srform certain actual control functions. ; ; 
4 a pared synthesis of linear control systems leads to mathematical eke 
which are not usually implemented exactly by conventional controllers. “ pee 5 
integration and other linear operations such as error sensing, addition of mite 8, A 
entiation, and phase compensation are readily accomplished with srngahs -c amp id 
flers which permit large adjustments in gain, integral time constant, and other pares 
ators simply by substitution of different resistors. Multivariable systems are also 
»d with relative ease. rad | 7 
@ 4 pet if not more pronounced, importance are applications of nonlinear hat doe 
ing elemanta to closed-loop systems. These applications fall, roughly, into three 
Bi. Use of function generators to linearize a nonlinear transfer characteristic (e.g., 
ia-vs.- ition characteristic of a control valve) . 
ory Use of putlicionh and/or function generators to generate complicated control 
/ ls bles (e.g., combustion efficiency of a jet engine) a9 ; ‘ 
8. Nontae control action (e.g., variable damping; use of limiters to prevent insta: 
hility of structural damage) ; ‘ . ; 
Many other applications, such as trajectory eb ie connection of 
‘ated systems, and optimalizing control exist (see also Sec. 5. ) ; 
+ equally wide prs of application involves the so-called two-time-scale or Ltd 
sonirol systems. Here the system performance sre ge on vse aye 8 
ite i : solutions are obtained at prescr 5 
somputer on a fast time scale; so oe et at ieiecne iad evi 
is derived from sampled system data, and corrective is 
Bib slower system as changes in controller set points, valve positions, storage levels, 


oy other appropriate input. 


ANALOG-COMPUTING ELEMENTS IN DIRECT CONTROL 


The basic block diagram of a feedback control system 


ee ee If the process, controlling element, and 


nay be conceived as illustrated in Fig. 6.4.1. 


Disturbance 


Control 
variable 


Process 


Sensing 
element 


Fia. 6.4.1. Control-system block diagram. 


eeneing clement can be described by ead acrniene pa trite oN epi oo 2 
i eld a matic cific 
Wilising any of the many available methods? will yield eer 
for the controlier block, Conventional modern practice would bi Se si pi a 
morclally available pneumatic, hydraulic, or electronic controllers which best 
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economically) approximate the mathematical specification. 
the linear mathematical function be implemented exactly by t 
tional computing amplifier offers the most practical solution. 
requirement is the need for zero steady-state error in many systems. This requires 
type I control action,? i.e., the forward loop must contain a pure integration. A d-c 
analog integrator accurately satisfies this requirement. Table 6.4.1 illustrates the use 
of analog-computer components for other linear operations. 

6.4.3. Nonlinear Operations. Table 6.4.2 lists a number of applications of non- 


linear analog-computing elements, frequently replacing complicated special-purpose 
equipment. 


If it is imperative that 
he controller, the opera- 
An example of such a 


Table 6.4.1. Linear Control Operations 
Operation Method 


D-C operational amplifiers with appropriat 
RC networks 

D-C operational amplifiers as integrators ii 
the forward loop of the system 

Input or feedback resistor switching or a 
justment on operational amplifiers and/o} 
potentiometer setting 

4. Lead compensation of feedback element 


Input RC parallel network to operation: 
(i.e., thermocouple, pressure transducer, amplifier 
etc.) 


_ 


. Accurate implementation of linear com- 
pensation transfer functions 


2. Accurate type I, II, or III control action? 


3. Large ranges of calibrated controller pa- 
rameter adjustments 


on 


+ Monitoring and/or recording of error, pro- 
portional action, integral action, control- 
ling element input, etc. 


6. Generation of time functions for input to Linear or power series in time using chain 
control systems integrators 


. Elimination of system interactions in de- Cross-feeding of anticipatory and correcti 
pendent loop processes signals between operational amplifiers 


6.4.4. A Specific Application: Gas-flow Process. 
flow process designed to simulate altitude pressures at the exhaust of a jet-engine 
cell.” The engine air flow exhausts into a large duct, flows through a set of but 
fly throttle-control valves, and is pulled to atmosphere by a compressor system. 

The basic variable to be controlled is the simulated altitude pressure at the test- 
exhaust. This pressure must be held constant through large variations of gas flow 
compressor performance, and the system must respond very rapidly to set-poi 
changes. Referring to Fig. 6.4.2, the total change in control-system gain to achie 
optimum performance is dictated by the large change in K, and in the nonlinearity 
the butterfly-valve control system. Without nonlinear compensation this change 

be of the order of 140,000 to 1. 


The control requirement also dictates that the systi 
possess the characteristics of a type I control system (zero steady-state error). 


A secondary control requirement is the prevention of compressor surge, an aero 
namic effect similar to airfoil stall which can cause severe mechanical stresses on t) 
compressor components.’ To prevent surge, the compressor operating point must 


kept to the right of the vertical line shown on the compressor performance curve 
Fig. 6.4.2; when engine air-weight flow is less than the surge value, the control sys 
must rapidly provide by-p 


ass flow. The surge-prevention system is also shown 
Fig. 6.4.2. 


It is frequently difficult to predict the behavior of a large-scale process accurat 
during design. Again, for plants already built, transfer-function measurements m 
require much costly nonproductive plant time. Hence the control system should 
sufficiently flexible to permit changes after installation; this is true for the system 


Fig. 6.4.2. In addition, this system illustrates several features possible with ana 
controllers: 


Voltages representing each variable appe 
as operational amplifier outputs 


Figure 6.4.2 illustrates a g 
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Transmitter 


Transmitter 


| 


. Computation of nonlinear primary control 


variable? 


5. Computation of correlation functions for 
optimizing control 


1. Limearization of control element? 
3. Nonlinear control action* 


4. Trajectory programming 


me 
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3. Linearization of the control-valve to position-area relationship by use of a function 
fitter 
4. Sensing of pressure ratio for compressor surge prevention 

5. Trajectory programming of altitude, utilizing a curve follower 

6. Monitoring of internal control variables with a d-c voltmeter 

7. Accurate methods of setting proportional gain and integral time constant 

6.4.5. Computer Requirements. (a) Amplifier Open-loop Gain. Amplifier open- 
loop gains as low as 1,000 can often be tolerated in control applications, as compared 
with the much larger gains required in multipurpose computers. 

(b) Apportionment of System Gain. Amplifier voltage ratings must not be exceeded 
hy the control action. Thus, the major portion of system gain must be in those com- 
ponents where signal magnitudes are small; integrators which might be saturated by 
error voltages can be equipped with diode limiters (Figs. 6.4.2 and 6.4.34). 

(c) Arrangement of Mathematical Operations. In most applications requiring com- 
puter control it is desirable to have independent adjustment of proportional gain, 
integral and derivative time constants (Fig. 6.4.3a). If only occasional adjustments 
re required, a simpler system like that in Fig. 6.4.3b may suffice. 

(d) Noise. In analog controllers controlling relatively slow processes, the effects 
of a-c noise pickup are easily minimized by small feedback capacitors around opera- 
(ional amplifiers (dash lines in Fig. 6.4.2). Such capacitors may also improve high- 
frequency stability. 

(e) Drift. D-C amplifier dri 
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control system 
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Preamplifier 
Electrohydraulic 
servo 


FP. Exhauster 
Butterfly 
control valve 
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ft must be minimized even inside control loops if non- 
linear operations are required. Chopper stabilization will minimize drift and also 
obviate the need for frequent amplifier balancing. Power supplies with 0.1 per cent 
yowulation and 3 mv ripple have been found satisfactory. 

(f) Construction and Packaging. Conservative component ratings, good ventila- 
‘ion, and, increasingly, transistorization of electronic components (Sec. 7.1) make for 
velinble operation. Plug-in modules simplify maintenance. Great accuracy is fre- 
juently unnecessary. Small removable patchboards assembled with banana plugs 
and jacks or clip-in terminals permit flexibility of control functions with properly 
equalized amplifiers. Some facilities use small portable multipurpose analog com- 
pulers as temporary control-system components. 
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COMPUTERS IN INDIRECT CONTROL 


6.4.6. Indirect Control. In indirect-control applications’!%"! the analog computer 
withers data from the process and uses past experience to make decisions regarding 
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lio, 6.4.2. A jet-engine test facility controlled by an analog process- 


pe Beas Sl 
Fie. 6.4.2. See 


~ 
fo} 
a 
ies 5 5 valve system employs electrohydraulic servomechanisms with frequency response flat to 12 
5 ol © 3 2 fadians per sec; the actuating d-c signals vary between 0 and 20 volts. The exhaust pres- 
ae" Ao she my ee FA sure (controlled variable) is related to the valve displacement ¢: by a highly nonlinear 
3 H aac é 8 differential equation, approximately 
ood oe 5 a 
tl — dP. 
a nd = we 13 1(Pe, Te, We) Gi + Pe = K(Pe, Te) de 
J Ry 2 
[5 
pe eh, | E where r varies between 1 and 60 sec and K varies from 0.001 to 140 lb per sq ft/deg valve 
2 rotation, The gain-compensating and valve-linearizing function generators shown com- 
° = wnoate for the variation in 7 and K and effectively permit the controller to work with the 
jnear “compensated” process transfer function, 
ra Em(s) _ K’ 
i E Ea,(s) rs +1 
et 5 where K' andr’ are constants. ; 
228 o ‘Tho simple two-mode controller has the transfer function R,(1 + 1/Rrs). The following 
Ss 2% a symbols are used with appropriate subscripts: ; 
” 
P pressure  control-valve travel 
T (absolute) temperature E voltage signal 


W  gaseweight flow R resistance 
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? E,, (reference) 


Poa 
(output) 
0-(-20v) 


© E, (feedback) 
0-—(—20v) 


(a) 


(b) 


Fig. 6.4.3a, b. Three-mode analog controllers with noninteracting parameter settings (a), 
and with interacting parameter settings (b). The controller transfer functions are, 


respectively, 


R, (: + bRas + i) and R,R; (* oe ot eet 1 ) 


controller parameters or logic. The computer thus acts in the manner of a general- 


purpose analog computer which communicates with the process through suitable 
transducers (see also Sec. 5.12). Figure 6.4.4 shows an application of two-time-scale 
control to a flood-control problem. 


CONCLUDING REMARKS 


6.4.7. Economic Considerations. In medium-to-large plants exemplified by the 
engine-test facility illustrated in Fig. 6.4.2, the computer controller constitutes only 
about 0.02 per cent of total cost; this percentage increases as facility costs decrease. 
In some applications analog controllers are more economical than even pneumatic 
systems. 

On the other hand, very complex two-time-scale control systems for large plants 
may be handled more economically by digital computers. 

6.4.8. By-products of Analog Control. The example analog-control system of ee 
6.4.2 also illustrates some of the more or less intangible by-products of analog contro 
viz., 

Operator training 

Rapid isolation of malfunctioning components 

Replacement of poorly performing components without aystom redesign 


interacting systems 


lems encountered with existing control methods. 
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Extreme flexibility for system modification or for cross connection of two or more 
s for measurement of system performance 

Analog-control methods can solve various prob- 
For example, multiple control-signal 


Availability of convenient variable 
6.4.9. Suggested Developments. 


C1 Dam-control house 
© Measurement station 
© Supervisory station 
R Reach 


foal time = 5 to 10 times machinetime ! 


(6) 
Vin. 6.4.4, Application of two-time-: 
problem (Ref, 9). The inflow J and o 


euuation a 
& = C(I — 0) - as 


-distribution 
trol to a flood-control and water-dis ¢ 
mores Aa ot a ‘reach’ are related by the differential 


rmined functions of 0. Solutions for different hypo- 


) : lete D } 
where Co and Cy are empirically de i ey plltcel ioutevtlats. 


ihotioal dow conditions yield an acee 
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channels are easily implemented and could 
cal processes. Another well-suited applic 
eters and even methods of control as dictat 
and ‘“‘optimalizing” control are also withi 
computers. There is a very real require 
ments and matched transducers specifica 


ation is in the switchin. 
ed by the state of the process. ‘‘ Adaptive” 
n the capabilities of both analog and digital 
ment for rugged and simple computing ele- 
lly designed for computer control. 
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PART 5: COMBINED USE OF ANALOG AND DIGITAL COMPUTERS 
By R. M. Lecer and Jeroen L. GREENSTEIN 


INTRODUCTION 


Many important problems can benefit from the co 


Digital solution checks are an obvious example. 


utopilot system may be substituted as a transfer funetion 
computer study of a guidance sys 

computations. 

6.5.2. Combined Analog-digital Simulation, 


: If, in the last example, the natural 
frequencies of autopilot and guidance system ar 


e not sufficiently separated or decous 


greatly increase control reliability for criti- 
g of control param- 
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: : : " 
led, these systems may interact radically. In this case accurate guidance-syste 
plea, 


de sign will require simulation by combined analog and digital p Ss. F quently 
=] computer re tl. 


i i ible. 

real-ti i ion and partial system tests are still possi 8 
real-time grea are ean to transfer information between ies a cae 

—o These devices must perform the functions of gett na i ea Ms ay 
lbs mpli i log data, and buffering of digita OD. 

, g aata, 

version, sampling and holding of ana' 
to 6.5.8). ~ 


NUMERICAL TECHNIQUES USED IN DIGITAL SIMULATION 


6.5.3. Sampled-data Interpolation. A digital computer Saat lye ki oe 
romp ter setup must necessarily work with sampled data. us, Se ee 
Seatii henomena the process of interpolation is fundamen al to ee : 
pe rtiouiaenae integrations must be performed.!~> Simple linear interpola 
Sally not sufficiently accurate unless very Acceleration 
high sampling rates are used. Quadratic 
or cubic curve fits usually provide a con- 
siderable improvement, but they require 
the use of more data at each step. This 
additional data may be in the form of addi- 
tional past data points or various functional 
derivatives of the data. A Taylor-series 
extrapolation is an oe ihe V use of 

ivatives at a single point. : 

thee Solution of Differential 
Kiyuations. A digital computer solves 
(ifferential equations by using step-by-step 
numerical integration of the sampled data. 
‘The integration formulas are based upon 
(he interpolation processes discussed in 
Art, 6.5.3. Those which make use of past 
‘ata points require special handling at Wied (6) 
slart of a problem, when no past data exist. 

Mince the digital computer carries out 


To 


»perations in sequence instead of in age 
spovial techniques are also required to 
acount for the instantaneous dependence 


wf the integrands on the outputs of the 
\ijlogrators (Fig. 6.5.1). This is the digi- 
tal equivalent of the feedback loops on a 
differential analyzer. It can be handled by 
jlorntive methods, such as the predictor- 
sorrector technique. With this technique 
the utep size can be gop paged pi (b) 

agar ee ee ee ‘ IG i olution of mis- 
Bes iiis sian technique fs the Runge- Fie. 6.5.1. Signal flow for s 


Function 
8 generator 


i j i rth, no 

Kuiltn method which handles the “feed. si traiectory we ot al areata 
i} t .] ‘ _ : 

lmok loop” and the integration in a unified pe (a), and one-dimensional analog 


process which uses no past data om eae A 
; tart procedure problem. ‘ : —v a cg 
 pabeed ents of linear filters with specified Odean antec an a 
develop special recursion formulas to yield output directly in te 
ts without iteration.® k s + inte 
we - all numerical calculations, one must guard tn ae a sou 
Prrove due to finite sampling rates eh cape er wi 
i ’ nd may introduce instability." ‘ tla gr ; 
ieclalSceoautions are 2 Bain if the simulation requires differentiations anc 
handling of discontinuous functions, 


solution (b). 
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CONVERSION EQUIPMENT 


6.5.5. Digital-to-analog Converters (Decoders). Each data word from a digital 
computer is normally sent in the form of binary-coded signals on a parallel set of wires 
originating from a flip-flop register. For example, assuming a data word consists of 
n binary digits, then on each one of the n wires there will be an electrical signal repre- 


senting either a binary ‘‘one”’ or a binary ‘‘zero.”” The decoder must convert this 
data word into an analog voltage (Fig. 6.5.2). 


ee 


= 2 Sy Sp s 
e, =$ RI (sh + atts) 
S,;=lor0 
Fia. 6.5.2a. Voltage decoder with ladder network. Each current source generates a cur- 


rent T of equal magnitude into a load of 24R. Each switch, $1: to Sp, is closed by a binary 
“one”’ signal appearing on the corresponding output wire of the digital computer. 


1 
z S, 2k R 
e. 
Reference 2 
voltage Byux 2°R 


ES High-gain 
eee eH 4 amplitier 
| ! 
eee : 
— ee oe 
1 n-1 ie 
Ss; 2 Rk 


S;=1lord 
Fig. 6.5.2b. Voltage decoder with weighted resistors. 


6.5.6. Analog-to-digital Converters (Encoders). Figures 6.5.3 and 6.5.4 show fi 
typical shaft-position encoder (positioned by a computer servomechanism) and two voll 
age encoders. 

6.5.7. Analog Sample-hold Circuits. Sample-hold circuits, described in Sec. 6.4, 
sample an analog voltage and hold it until the conversion has been completed. If the 
conversion device is sufficiently fast compared with the rate of change of the analog 
variable, then the sample-hold circuit may not be required. Sample-hold circuits 
permit the time-sharing (multiplexing) of one analog-to-digital converter for seve 
analog variables. 

6.5.8, Buffering of Digital Data. A digital buffer-storage register is required wh 
different pieces of digital equipment not operating synchronously are conned 
together. For example, after analog-to-digital conversion, the digital data must 
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Reading line 


/ Conducting 
a 


\'\a, 6.5.3. Brush-ty pe or photoelectric shaft-position encoders generate a unique code word 
on parallel outputs for each shaft position; here 27 = 128 binary numbers represent a 
full revolution. (From R. M. Leger and J. L. Greenstein, Control Engineering, September, 


1056.) 


\omporarily stored until the digital computer is ready to accept the data. Storage is 
normally accomplished by a flip-flop or magnetic-core register. 


Buffering circuitry also serves the purpose 
of converting the digital output of the en- 
voder into electric signals compatible with the 
(igital-computer input-output circuitry. 

6.5.9. Synchronization. A source of ac- 
wurately timed synchronizing pulses is re- 
yulired to initiate sampling of analog data 
wid the desampling of digital data. The 
»lurting of the analog computer must also be 
synchronized with sampling and desampling 
(wee Art. 6.5.17 for an example). 

‘The synchronizing pulses can also be used 
\o initiate the digital-computer input-output 
poutine required to transfer data between 


the digital computer and the conversion 
equipment. Since a digital computer can 
formally handle only one binary word at a 
(ime, special storage registers external to the 
somputer will be required to hold the data 
words until the computer is ready to accept 


them, The actual synchronizing and buffer 
elroultry required will depend upon the 
particular computer used. 


A special interrupt routine may enable 
the digital computer, upon receipt of an 
estornal “interrupt”? pulse, to discontinue 


iw current sequence of instructions and 


Voltage to be 


Start/stop 
circuit 


Ramp 
generator 


Digital 
output 


Pulse Binary 

generator counter 
(a) Digital 
output 


Voltage to be 


High-gain 
comparator 


Pulse 
programmer 


(b) 
Fic. 6.5.4. Voltage encoders: voltage-to- 
time-to-digital encoder (a), and feedback 
encoder (b). 


jump lo a new sequence (e.g., a set of input-output commands). The computer can 
(hie perform other computations while waiting for sampled analog data, 
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6.5.10. Conversion Errors. (a) Static Error. The static accuracy of an analog-to- 
digital converter is, of course, no better than that of the analog signal fed into it. For 
this reason, most converter systems have been limited to 10- to 12-bit word lengths 
corresponding to accuracies of approximately 1 part in 1,000 to 5,000 of full scale. 
In some cases, the converters may be required to handle signals (e.g., guidance errors), 
which are large during part of the problem but are driven to zero at the end, and the 
over-all merit of the system is judged by the accuracy with which the final zero is 
achieved. If such problems are to be handled without range switching (see also Sec. 
5.5), a longer word length is useful to prevent overly coarse quantization errors when 
operating close to zero. Converter systems have been built with 18-bit words to pro- 
vide a dynamic range of 100,000 to 1 for such purposes. It is, of course, necessary 
that the analog computer have sufficiently low noise characteristics if full advantage 
is to be taken of a system with such wide dynamic range. 

(b) Dynamic Errors. Dynamic errors are introduced by timing inaccuracies and 
smoothing filters. Consider the problem of converting into digital form the value at 
time ¢ of an analog voltage which is changing at a rate of K volts per sec. In principle, 
it is necessary to sample the analog voltage at time ¢ and then convert the sampled 
value into digital form. If the voltage is actually sampled at ¢ + ét, the resulting 
value will be in error by the amount K 6¢. A somewhat similar effect takes place with 
respect to the timing of the presentation of converted digital data to the analog com- 
puter at the digital-to-analog converters. 

A dynamic error similar to the above may also be introduced if the bandwidths of 
the analog portions of the converters are unduly limited by ripple-smoothing networks, 
The permissible error due to this effect may be expressed in terms of the error which 
would be produced by a low-pass filter with a specified time constant. The error due 
to such a time constant varies with rate of change of the signal in essentially the same 
manner as for a timing error. 
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PROBLEMS PECULIAR TO COMBINED ANALOG-DIGITAL SIMULATION 


6.6.11. Sampling Problems. The selection of a minimum sampling frequency is 
normally based upon the bandwidth of the analog data. Consideration must be given 
to the effect of sampling on system stability; the effect of low sampling rates is some- 
what like that of bandwidth-limited analog-computing elements. Hence a given 
digital computer may not be able to handle rapidly varying variables in real-time 
simulation. 

Before sampling, special care must be taken to filter out extraneous high-frequency 
noise on the sampled quantity. Although in most analog simulations the presence 
of high-frequency noise might be hardly noticed, the sampling process will convert the 
noise into lower frequencies which will lie in the same spectral range as the desired data, 

6.5.12. Desampling. Data flow from the digital to the analog computer neces- 
sarily involves the process of desampling. This is basically a process of interpolation 
which supplies data to the analog computer at all points between the given digital 
samples on the basis of some reasonable assumptions as to the character of the quan- 
tity being simulated. 

As a starting point, some device must be provided for maintaining an output voltage 
between the times when an output is being obtained from the digital computer. Pure 
thermore, provision must be made for storing the data between the time they are 
delivered by the digital computer and the time they are needed by the analog com» 
puter. Consider the simple rectangular or step interpolation shown in Fig. 6.5.5. 
The value of x presented to the analog computer must be up-dated at each of the times 
ti, te, ts, . . . ,t;. The digital computer must generate the up-dated values correspond» 
ing to each ¢; at some arbitrary time prior to the particular ¢; involved (small circles in 
Fig. 6.5.5). The irregularity of the times at which the various digital values are pro= 
duced has been exaggerated in Fig. 6.5.5 for emphasis. 

It is apparent from Fig. 6.5.5 that provisions must be made for holding both the old 
and new data during the period between the time when the digital computer delivers 
new data and the time when the analog computer is ready to make use of it, In eare 
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i roblems it may be possible to synchronize the digital computer ade- 
pet a Ps cause the rohevoiek time to come sufficiently close to ¢; to eliminate the 
need for new data storage outside the computer, but this is not always possible and 
places an additional constraint on the digital program. — If the digital-to-analog con- 
verter is of the type shown in Fig. 6.5.2a, driven by a flip-flop register or equivalent, 
the holding of the analog-computer input step can be accomplished directly by the 
converter. The storage of new data prior to transferral to the analog computer 
requires some form of buffer storage. An alternate method would be to store the new 
data in the ladder-network register and to use analog sample-hold units to provide the 
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rc-cc 


t 
— 1 Restore IC | 


Fi1a. 6.5.7. Taylor-series desampler with con- 
tinuous output. 


lia, 6.5.6. Taylor-series interpolation. 


liiul analog-computer input. The use of a sample-hold device is, in principle, less 
ieourate than the digital storage, but it may be sufficient and more convenient in some 
VRAOM, 

Onee the basic facilities for generating the step input of Fig. 6.5.5 have been pro- 
vied, more refined interpolations can be instrumented by interconnections of addi- 
(ional analog equipment and, perhaps, by use of additional digital-to-analog conversion 
vhannels, As a simple example, the Taylor-series interpolation scheme of Fig. 6.5.6 
(#quires the use of one conversion channel for each term desired in the Taylor series. 
Ii also requires that the integrators be modified to permit driving their initial condi- 
(tone back to zero by means of a pulse from the master timer at each t;. These inte- 
“ators need not have low-drift characteristics since they are used only over a short 
(ine apan, ‘ 

aoe 6.5.7 shows an alternative method of instrumenting the Taylor-series interpo- 
lation, This method climinates the discontinuous correction of a) at each tj, since 
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all corrections are introduced through integrators. It does not require the modified 
integrators but makes use of sample-hold devices instead. 

In principle, multiple-point interpolation could be carried out with a single digital- 
to-analog channel through storage of past data points in the analog computer. Direct 
application of this process becomes very cumbersome and of questionable accuracy. 
However, a nearly equivalent effect can be achieved by use of an integral-control servo 
system (Fig. 6.5.8). Comparison of Figs. 6.5.7 and 6.5.8 shows the latter to be similar 


to a two-term Taylor-series interpolation, where « is obtained from past data by the 
extra integrator. 


ELECTRONIC ANALOG COMPUTERS 


Fia. 6.5.8. Integral-control servo desampler. 


6.5.18. Digital-computer Speed and Time Delay. Since the digital computer must 
deliver new output data in every sampling interval, it must be capable of carrying 
out all the necessary computations within the sampling period. If the digital com- 
putations must be stopped in order to read data into or out of the computer, then 
within each sampling interval r there must be sufficient time to allow: 

1. Reading input data 

2. Carrying out a complete computation step 

3. Delivering output data 

If the time interval 7 is not sufficient to permit the above steps to be carried out, 
several obvious remedies may be applicable, e.g., 

1. Increase 7 

2. Slow down the analog-computer time scale 

3. Decrease the amount of digital computation 

4. Use faster digital-computing equipment 

A more subtle approach is to split the digital computation into ‘‘high-frequency”’ 
and “low-frequency” aspects, and to compute only the high-frequency effects com« 
pletely in each time interval 7. The low-frequency computations can be made on & 
larger interval 7’ so that only a fraction of these need be carried out in the basic inter= 
val r. Simple interpolations of the low-frequency variables can be used where needed 
as parameter inputs to the high-frequency computations. 

It should be noted that the time required to make a data conversion from analog t0_ 
digital or vice versa is not part of the speed problem just discussed. The only perti- 
nent considerations in this respect are the digital read-in and read-out times, and this 
only if the computer must interrupt computations during read-in and read-out. On 
the other hand, the conversion times, as well as the read-in and read-out times, «1 
unavoidably a part of a related problem—that of an erroneous time delay seen by the 
analog computer. 

In a typical combined analog-digital simulation of a guidance system (Art. 6.5.15) 
the digital computer forms part of the feedback loop around the analog portion of 
problem. _ At some time ¢, the analog data are sampled, converted to digital, and 
into the digital computer. At some later time the digital computer is ready to del 
its output data back to the converters which carry out the conversion and present 
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appropriate voltages to the analog computer at a time é. The digital computer has 
produced output data valid for time ta, but it is not available to the analog computer 
until some later time ¢. This is equivalent to inserting a time delay (t, — ¢a) into the 
feedback loop. Since time delays can have a serious effect upon the response of a 
servo system, this delay must be handled carefully if the results are to be meaningful. 
One of the simplest ways to eliminate or reduce this type of delay is to perform an 
extrapolation in the digital computer, so that the output data are valid for time to. 
Wor small corrections this is often a very satisfactory technique. On the other hand, 
extrapolations tend to become less and less accurate as they are extended farther ahead 
of the data on which they are based. Also, extrapolations are valid only over such 
time spans as are small with respect to the period of the highest frequency existing in 
the data. For example, an extrapolation will fail to show any response to inputs 
occurring between ta and t; if quick response to new inputs must be represented, there 
is no substitute for low delay in the system. As before, it may be possible in some 
problems to split the digital computations into low-frequency and high-frequency 
phases, where the short delay time is critical only in the high-frequency phase. Alter- 
natively, it may be possible to keep the rapid-response high-frequency part of the 
computation entirely within the analog computer. 

6.5.14. Simulation Setup. The major portion of setup time prior to the running of 
1 combined analog-digital problem involves the analog computer. Since the actual 
amount of analog setup time is not always predictable, the digital computer must be 
kept busy on other problems until it is needed. It is desirable to have the digital 
computer available at a moment’s notice. This can be done only by using it for short 
problems prior to the time it is expected to be needed, or by using an “interrupt” 
foature. If analog-computer or conversion-equipment trouble develops during the 
simulation, the “interrupt” feature enables the digital computer to return quickly 
io the interrupted problem. 

Because of the expense of tying up both analog and digital facilities, it is essential 
that the simulation program be arranged so that a maximum amount of check-out and 
debugging be accomplished independently on each computer. To facilitate this, the 
program on each computer should provide for a simplified simulation of the other com- 
puler. In particular, check-out of the conversion link can be greatly facilitated by 
ihe use of a “digital-computer simulator’’ to simulate the input-output register of the 
digital computer. 

It ig obvious that combined analog-digital simulation involves considerably more 
somputer equipment than either analog or digital simulation alone. Over-all operat- 
\nw reliability is somewhat decreased when compared with purely digital simulation. 
When compared with analog simulation operating reliability can often be increased, 
since some of the more difficult analog operations can be transferred to the digital 
somputer. : 


EXAMPLE OF A COMBINED ANALOG-DIGITAL SIMULATION 


6.5.15. A Missile-system Problem. The missile-system problem of Fig. 6.5.94 
Ilustrates two important applications of combined analog-digital simulation, viz., 
(1) simulation of a sampled-data control system which intrinsically involves digital 
somputation, and (2) use of the digital computer as an accurate and flexible multi- 


variable function generator to aid in analog computation. 

‘The missile system of Fig. 6.5.94 comprises (1) a ballistic missile, which is to be 
wulded into a desired ballistic trajectory, (2) a ground-based radio tracking system 
snd communication link which measures missile velocity and position and transmits 
slooring and engine-cutoff commands, (3) a digital-guidance computer, and (4) an 


slopilot which keeps the missile stabilized in flight by controlling the deflection of the 
wieeilo’s rocket motors. During the first few minutes.of flight, the rocket motors are 
powered, and the guidance computer must (1) sample the data from the tracking 
em, (2) filter out tracking-system noise, (3) compare the actual trajectory with 
thw required trajectory, (4) generate pitch and yaw stecring commands for course cor- 
reetion, and (5) eut the rocket motors when a desired ballistic-trajectory initial veloe- 
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ity has been reached. Angular-velocit i 
y h : d. ~ y steering commands a: i 
missile autopilot n times per second via the communication link aN Psi 
in Pere ae the computer at the same rate. j MALT 
-5.16. Combined Simulation. Figure 6.5.9) ill 
6. ; I i 3 5. ustrates the i 
pr nae of this system, under the assumption that the eto seek appre st 
ght under study takes place at an altitude so high that aerodynamic forces oe yar 


ZN Missile 
Radio trackin Position 
and B system | and velocity 


communication link 


Guidance 
computer 
Steering and 


engine cutoff commands 


Fie. 6.5.9a. Guided-missile system. 
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Analog-to-digital 
converters 


Autopilot and 
rotational dynamics 


Angular acceleration 
and velocity 
Autopilot amplifier gains 
and time constants 
Rocket motor response 
Moment of inertia 
Center of gravity shifts 


! 

| 

| 

| 

| 

| 

| 

| 

| 

! 

Target Missile position 
position and velocity ! 
! 
I 
| 
| 
| 
| 
! 
| 
] 
I 
| 


Guidance computer 
equations 


Digital filtering 
Trajectory constants 
Control system gains 


. Steering commands — 
pitch and yaw angular velocities | 


Digital-to-analog 
converters 


Fra. 6.5.96. Combined analog-digital simulation, 
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Analog computer 


Translational 
motion 


Angular velocities 
and 
motor deflections 


Autopilot and 
rotational dynamics 


8, 18y + Heo 


Data link 


Analog-to-digital 
converters 


Digital computer 


h, v, a, B 


| 
| 
J 
| 
| 
| 
| 
| 


Digital 
function generator 


Digital-to-analog 
converters | 


iia. 6.5.9¢c. Analog missile simulation with the digital computer used as a function gener- 


ator. Interpretation of symbols: 
T,W,D,N,Y Thrust, weight, aerodynamic forces 
65, by, Heo angular accelerations, control moment coefficient 
h, 2, a, B altitude, velocity, angles of attack 


Even 


wible. Note that the missile trajectory is computed on the digital computer. : 
yo 


(hough the translational motion of the missile is naturally continuous, the accurac 
4 analog computer is inadequate for precise determination of the missile’s trajectory 
wnd impact point. f 
The position and velocity information fed to the simulated guidance equations repre- 
sents the sampled data from the tracking system. The pitch and yaw angular-velocity . 
»slooring commands from the guidance equations are converted into voltages and then 
fod to the analog-simulated autopilot. These steering commands, computed n times 
jor second, are fed to the analog computer as a staircase function, each new step occur- 
ring each 1/n sec to simulate the transmission of the commands in the actual system. 
I'he simulation of the autopilot and the rotational dynamics, because of their lower accuracy 
requirements and their higher relative frequency components, are well suited for handling 
on the analog computer. 
Closing the loop, the missile angular velocities (pitch, yaw, roll) and the rocket- 
‘olor deflection angles are sampled by the data link and fed to the digital computer. 
‘These sampled functions are used to resolve the thrust of the rocket motors into rec- 
‘angular components with respect to an inertial-coordinate system. ; 
6.6.17, Sequence of Computer Operations. The sequence of computer operations 
forv the simulation of this missile system might be as follows: 

{, Analog computer equipment is set up. 

». When time for this problem becomes available on the digital computer, the com- 
piilters are physically interconnected. 

‘, ‘The digital computer performs its initial sequ 

|, At the completion of 3, a ‘‘start”’ pulse from t 
»f synchronizing pulses with a repetition rate of n cps. 
slarta the analog computer. ° 

fi. After 1/n see of analog and digital ; 
wrrivon, initiating the digital computer input-output routines, and startin 
foodigital conversions. 

(, While waiting for the conversion of 
thw first set of steering commands to the digital-to-analog converters. 
then convert these commands into analog voltages. : 

7, Al the completion of the analog-to-digital conversion, the binary 


jnto the digital computer, 


ence of instructions. ‘ 
he digital computer starts a train 
The first synchronizing pulse 


omputation, the second synchronizing pulse 
g the analog- 


the analog data, the digital computer feeds 
The converters 


data are fed 
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8. The digital trajectory and guidance computations are then continued, using the 
new analog-sampled data. At the completion of these calculations, the digital com- 
puter waits for the next synchronizing pulse. The procedure, starting with item 5, is 
then repeated. 

9. When the missile has attained the proper velocity magnitude, a ‘“‘stop’’ command 
is transmitted from the digital computer. This command is used to halt the train of 
synchronizing pulses and to stop the analog computations. , 

Although the digital computer performs its calculations only when it has received 
new data, the analog computer performs its computations continuously, modified only 
by the periodic inputs from the digital computer. 

6.5.18. The Digital Computer as a Function Generator. In actual practice, the 
atmosphere has a significant effect in the early portion of a ballistic missile’s flight. 
In principle, the analog computer is well suited for studies of such factors as missile 
bending, wind gusts, and effects of aerodynamic forces; but realistic simulation 
requires a large number of function generators and/or multipliers. Generation of the 


relevant functions by a digital computer can increase accuracy and ease setup and check- 
out problems (Fig. 6.5.9c). 
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PART 6: MISCELLANEOUS TECHNIQUES 
By L. D. Kovacu 


SOLUTION OF DIFFERENCE EQUATIONS 


6.6.1. Difference Equations. A technique for solving difference equations with t 
electronic difference analyzer has been described by Wadel.1 The general linear 
ference equation with constant coefficients can be written as 


n 


Y abe = 70) 


k=0 
where E is an operator defined by 
Ex(t) = x(t +h) E*r(t) = x(t + 2h) ete. 


It will be assumed that the original problem statement has been normalized to ren 
h=1, 


R¢ 
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i i ified at equidistant values of 
In Eq. (1) the a; are given constants, and f(¢) is specific ‘ 
the ind oaeeia variable t separated by h=l, It is required to find x(t) for the dis- 
crete series of ¢t values such that Eq. (1) is satisfied. f 
A simple numerical example of general equation (1) is 


E*r + 0.6E%z + 0.4Ex + 0.5¢ = 20 (6.6.3) 


given 2(0) = 0, r(1) = +5, and 2(2) = —5. The solution of Eq. (3) is found by 
classical means (e.g., Pipes?) to be 


w = 17.5(0.778)¢ sin (1.43¢ + 2.94) — 11.6(—0.836)! + 8.0 @ =0,1,2,...) (6.6.4) 


i i i i i lyzer, integrators are 
olving the difference equation (3) on the differential ana yzer, ator 
glee pe but as “memory” or “storage” elements. Figure 6.6.1 indicates 


1/7, 
x l/r Output 
Y 
(a) 
R R 
Xx 


Output 


Hold relay 


Output 


Hold wor (c) 


fio, 6.6.1. D-C integrator used as an analog storage device: patchbay connections 
iv), oPeRATE condition (b), and HoLD condition (c). 


tie external feedback connection to be used for all the integrators. An integrator so 
sonnected will be called a ‘‘store,’”’ and has the following properties: 


Mate of Integrator Action of Store 


‘ kiee ie ae ies 
HwaeT Output stationary at the ‘‘initial-condition va : 
OPDRATE Output approaches a value equal to the negative sum of all the Ho 
; (excluding input from its own output) with a time constant 7 = 0. 
(r must be small compared with h) y us 
HOLD Output stationary at the value existing at moment of executing HOLD 


, 


‘The state of an integrator is caused to be RESET, OPERATE, Or HOLD by bee eee aged 
tenet and hold relays (Sec. 4.1.). In the present application, hie re ie S 
divorced from the main computer control system and are controlled by a stepping 
telay in the manner detailed below. { : Vig one 

The computer circuit diagram for the solution of Bq. (3) is shown in Fig. 6.6.2. 
Tho states of all stores are controlled according to the following scheme: 
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TS 


State of stores | Arabic-numbered | Roman-numbered 


HOLD 
OPERATE 


OPERATE 
HOLD 


Nur 


This two-state sequence is repeated as many times as necessary to cover the desired 
range of the independent variable, an increment h = 1 of the independent variable 
being obtained for each repetition. For the investigations described in this section 
1 sec of computer time was used for each state, so that 2 sec correspond to each incre- 
ment of the independent variable. 

Before the computer system is placed in state 1, the arabic-numbered stores are 
RESET and initial conditions are established corresponding to the given values of x(0), 
x(1), and x(2), as indicated in Fig. 6.6.2. 

When the system is placed in state 1, then the arabic-numbered stores HOLD their 
output at their respective initial conditions; the roman-numbered stores OPERATE, 
and therefore their outputs assume values equal to the negatives of their respective 
inputs. Thus, at the end of state 1, the output of store 1 is —2x(2), that of store II is 

—100v 0.050 


Fra. 6.6.2. Solution of the difference equation 
E*z + 0.6E% + 0.4Ex + 0.52 = 20 


—2x(1), and that of store IIL is —z(0). When the system passes to state 2, the roman 
numbered stores Hop these values as outputs. 

During state 2, the arabic-numbered stores OPERATE: the output of store 1 assum 
the value 20 — 0.52(0) — 0.4x(1) — 0.6x(2), and by Eq. (3) this sum equals x(3); th 
output of store 2 assumes the value x(2); and the output of store 3 assumes the val 
a(1). Thus, at the close of state 2 the consecutive values x(1), x(2), and x(3) haw 
replaced the initially set-in values x(0), x(1), and z(2). The computer is next returne 
to state 1 for another cycle of operation. As these two-state cycles are carried out 
the output of store 3 successively takes on the values x(0), x(1), 7(2), 2(8), 2(4), oa 
representing the desired solution x(¢) of Eq. (3). 

While only linear difference equations (with constant coefficients) have been con- 


sidered, nonlinearities may be introduced by means of the usual analog-computing 
elements. 


COMPUTATION OF FOURIER INTEGRALS WITHOUT 
ANALOG MULTIPLIERS* 


6.6.2. A Weighting-function Technique. Given a suitable function S(O diffe 
from zero only for t > 0, straightforward analog computation of the Fourier transfo 


* The editor has taken the liberty of adding some more recent material, based mal 
on Ref. 5, to Dr. Kovach’s manuscript. 
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F(w) = / ° s@)eiet dt = A(w) — jB(w) 


(6.6.5) 
And iy f(2) cos wt dt 


Bw) < is f(t) sin wt dt 


for a set of values of w requires analog multiplication as well as integration.* The 
following, more elegant method*' requires only linear operations. The simple differ- 
ential equation 


SPOR a oye FH) (6.6.6) 
w dt? 
lus the weighting function (response to a unit impulse at ¢ = 7) 
W(t —7) = —sin w(t — 7) (t > 1) (6.6.7) 


The solution y(¢) for y(0) = y’(0) = 0, which is easily generated by the simple analog- 
vomputer setup of Fig. 6.6.3, is given by the superposition integral 
t t : 
vi) = [' f@)WE — 5) dr = — sin at [ f(r) cos wr dr ++ cos ot f Se) isneor.der 
0 0 0 net 


{f the Fourier transform (5) exists, the two integrals on the right converge, respec- 
lively, to A(w) and B(w). Hence the amplitude a and the phase angle ¢ of the resulting 
steady-state sinusoidal oscillation 

yss(t) = —asin (wt + ¢) (6.6.9) 


ure precisely the absolute value |F(w)| and the argument arg F(w) of the desired complex 


x(t) = P 


f(A) 


p?+w* 


Fic. 6.6.3. Fourier analysis without analog multipliers. 


Vourler transform F(w). For convenience, the computer setup of Fig. 6.6.3 also 


produces 
; t : 
x(t) =— . dy = COs wt a f(r) cos wr dr + sin ot f f(r) sinwrdr (6.6.10) 
w dt 0 0 
which converges to the steady-state solution 


zss(t) = acos (wt + ¢) (6.6.11) 


Hence both A(w) = |F(w)| cos gy and Bw) = —|F(w)| sin yg can be read out at the 
Hine ( @ nT’ = 2nn/o where n = 1,2, . . . must be sufficiently large to yield steady- 
*late conditions within the required accuracy. If desired, an appropriate timing cir- 
ull (perhaps a second sine-generating loop) could place the computer in HOLD for 
‘iwitnl read-out; or an inverse resolver may be used to read a and ¢ directly. 

6.6.8, Inverse Fourier Transforms.4 Given the Fourier transform (5) of a real 
finetlon f(), one can obtain the separate terms of the inverse Fourier transform 


Har = 2° Peetre de =} [f° AG cos dr £ = f* BO) sin \r dr (6.6.12) 
2r J -« ax Jo w JO 


by computing each integral on the right in the manner of Art. 6.6.2. 
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6.6.4. Harmonic Analysis of Periodic Functions.45 Th i 
6.6.3 also yields the coefficients Le 
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To To 
Phe 4, f(t) cos kect dt = ob = a F(t) sin keoot dt (6.6.13) 
in the Fourier expansion 
Qa 1 . 
= fit) = 540+ > (az cos keoot + by sin keoof) (6.6.14) 
k=1 


of a suitable periodic input f(é). It is only necessary to read th 
¢ 8 2 t 
and (10) at the time 7’) = 27/wo with w = kwo. e , in ad 


CONFORMAL MAPPING 


6.6.5. Theory. Let the function w = w(z) define a mappi 
pping of the complex z plane 
— the complex w plane. As the point z = x + jy ranges over any Sondigurationl in 
the z plane, the point w = u + jv describes a corresponding figure in the w plane. 
6.6.6. An Airfoil Transformation. As an example, a circle 
z= 2) + Roos wt y = yo + Rsin wt 


is transformed into an airfoil shape by the transformation 


(6.6.15) 


s a b c 
w Dy fry Ree (6.6.16) 


One generates the functions (15) of the time i i 
t t by a sine- 
further computing elements to obtain : ei 


i oe es OD, OR" — Bae 
x? + y? (a? + y?)? (a? + y?)8 
vey- ay 4 2bay c(y ae 3a2y) (6.6.17) 
x + 3 (x? + y?)? (a? + Pore 


with a scale factor of 1 volt i i irfoi 
é : per unit. Different airfoil shapes b 
different choices of the constants a, b, c, Xo, and yo. pes may be mala 
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Electromechanical 


PART 1: TRANSISTOR ANALOG-COMPUTING ELEMENTS* 


————_—— 


Vibrating reed! 
Commutator? 


By HerMann ScHMID 


INTRODUCTION 


7.1.1. Transistor vs. Vacuum-tube Computing Elements.’ 
their vacuum-tube counterparts, transistor computing elements 

1. Can make electronic analog computers smaller and lighter, especially in mobile 
and air-borne installations 

2. Consume less power, thus permitting smaller low-voltage power supplies, which, 
in turn, might also use semiconductor components 

3. Dissipate less heat, thus minimizing the need for ventilation or cooling 

4, Have longer life and thus higher reliability (no filament or cathode failures) 

5, Are easier and cheaper to manufacture, since transistors adapt themselves much 
better to etched-circuit-board construction and dip soldering 

6. Perform better in many cases; the saturation characteristic of the transistors per- 
mits the design of excellent voltage limiters and voltage switches 


As compared with 


Type 


Vacuum-tube d-c amplifiers 


Table 7.1.1. Advantages and 


Semiconductors 


Diode half wave® 
Diode ring® 


Mercury-wetted vibrating reed Switching transistor?11% 


Operational Amplifier 


Advantages 


Others 


ame 


Photo-diode /light?? 

Second-harmonic?® mag- 
netic 

Variable capacitor®® 


Disadvantages of Vacuum-tube vs. Transistor D-C 


Disadvantages 


Large output voltage range 

High input impedance 

No interstage loading 

Large power output without 
severe bandwidth restric- 
tion 


On the other hand, computing elements employing germanium transistors 

1. Require ambient temperatures between 0 and 50°C; substitution of silicon tran- 
sistors may raise the upper limit to 100°C 

2. Impose limitations on the computing voltages (+10 to +50 volts) and hence on 
the signal-to-noise ratios obtainable; this situation is improving as high-voltage tran- 
sistors become available 

3. Increase initial costs of equipment somewhat; but the cost of transistors is 
decreasing consistently as production increases 

In general, most analog-computing elements using vacuum tubes can also be built 
with transistors; only circuits in which the use of transistors improves or changes the 
performance of the circuit, or produces certain problems, will be discussed. In addi+ 
tion, transistors permit the design of several computing circuits? which are impossible 
or impractical with any other electronic component. 


Transistor d-c amplifiers 


Type 


OPERATIONAL AMPLIFIERS AND SWITCHES 


i a eS 
Small size, light weight 
Small power dissipation 
No heaters 
Long life 
High reliability 
Insensitive to shock 


Semiconductor Modulators 


Advantages 


Be 


{Slectromechanical modulators 


7.1.2. Transistor D-C Amplifiers*! (See also Arts. 7.2.1 to 7.2.8). Table 7.1.1 
lists the relative advantages and disadvantages of vacuum-tube and transistor d-¢ 
amplifiers. In transistor d-c amplifiers, drift is a particularly severe problem; in addi+ 
tion to sporadic changes in transistor characteristics one has to contend with variations 
due to temperature changes. Drift-compensation methods are similar to those used 
with vacuum-tube d-c amplifiers (Sec. 2.3); in addition, there are special temperii« 
ture-compensation techniques.®® A second serious problem is posed by the low input 
impedance of transistor amplifiers and by the variations of the inherent voltage offset 
of the base-to-emitter junction. Special feedback networks and compensating circuits 


Not sensitive to tempera- 
ture 

Practically infinite open- 
circuit impedance 
Closed-circuit resistance 
practically zero 

No voltage of current offset 
No requirements on the 
source of the signal to be 
switched 


can alleviate these input problems.” 

Acceptable accuracy and small drift can be obtained from transistor d-c amplifiers 
only with automatic balancing techniques (Sec. 2.3). Out of the large number of 
modulators and demodulators used for stabilization purposes, the following groups and 
types can be distinguished. 


Nomiconductor modulators 


* The author and editor are grateful to Link Aviation, Inc., for their permission to 
publish the circuits of Figs. 7.1.1 to 7.1.21. Link Aviation, Inc., has patents or patent# 
pending for a number of these circuits. 


Small size, light weight 
High switching frequency 
Long life 

High reliability 
Insensitive to shock 
Small power dissipation 


1-3 | 


Large size 

High power dissipation 
(heaters) 

Finite life (tubes) 

Limited reliability 

Sensitive to shock 

Tubes are microphonic 

Drift in tube parameters 


SS ee 


Temperature-sensitive 

Small output voltage range 

Low input impedance 

Interstage loading 

Drifts in transistor param- 
eters 

Small power output, requires 
buffer 

Small bandwidth with buffer 


Table 7.1.2. Comparison between Electromechanical and 


Ss NPN es Ris cen 


Disadvantages 


——— aes 


Short life (except for mer- 
cury-wetted switch) 

High cost 

Large in size, heavy 

Poor reliability 

Sensitive to shock 


ae 

Sensitive to temperature 

Has voltage and current 
offset 

Finite open-circuit imped- 
ance 

Finite closed-circuit imped= 
ance 

Requires low source imped- 
ance 

Small output voltage range 
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Fra. 7.1.1. Simplified transistor d-c amplifier with electromechanical chopper for modulation 
and demodulation. (Biasing and phase-shifting networks are not shown.) 


The advantages and disadvantages of electromechanical vs. semiconductor modu- 
lators are illustrated in Table 7.1.2. This comparison applies also to demodulators, 
but their operation is much less critical. It is obvious that electronic, or, more spe- 

cifically, semiconductor modulators would be 

+15v preferred to electromechanical types if they 

sans would perform equally well; unfortunately, 
this is in general not true. 

The transistor d-c amplifier shown in Fig, 

7.1.1 employs an electromechanical chopper 

for both modulation and demodulation. The 

Output chopping frequency is 60 cps but with proper 

circuit changes it might equally well employ 

a 400-cps chopper. The power output of the 

amplifier shown is less than 50 mw; if more 

2N143 power is required, a power amplifier has to be 

added. One version of such a power ampli« 

-15v fier, a complementary-symmetry output stage, 

Fre. 7.1.2. One-watt complementary- is shown in Fig. 7.1.2. The power output can 

symmetry output stage. thus be boosted to approximately 44 watt in 

free air, and with an appropriate heat sink to 

1 watt. Power transistors have very low alpha cutoff frequencies, and the addition 

of the buffer amplifier would limit the bandwidth of the amplifier considerably, Tore 

tunately, these buffer amplifiers are seldom required, Other characteristics of the 
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amplifier (without the buffer stage) are: 

Output voltage range +10 volts 

Maximum drift (referred to input) +1 mv between 20 and 50°C 

Maximum total noise 1 mv peak to peak 

Open-loop gain >10° for f < 2 cps 

Open-loop gain >2 X 104 for 2 cps < f < 20 cps 

The amplifier illustrated in Fig. 7.1.3 is a combination of individual circuits pre- 
sented in a paper by G. B. B. Chaplin and A. R. Owens.? It employs one transistor 
for the modulator and another for the demodulator. In order to cut the current drift 
of the transistor modulator to a minimum, the reverse bias across the base-to-emitter 


+10v 


Ground 


)10v +10v 
0 0 
~10v —10v 


liu, 7.1.8. Complete schematic of transistor d-c operational amplifier, with a transistor 
jodulator and demodulator. (G@. B. B. Chaplin and A. R. Owens, United Kingdom Atomic 


nergy Association.) 


junction of this transistor is made zero, This is achieved by placing a diode in the 
june load of the modulator transistor. For minimum drift this transistor should be of 
‘he low Ino type such as surface-barrier or silicon-alloy junction transistors. The 
chopping frequency for this amplifier may vary widely; practical limits are 400 cps to 
10 ke. ‘Lhe power and bandwidth restrictions of this amplifier are similar to those 
\intod for the cireuit in Fig. 7.1.1. One serious disadvantage of this type of carrier 
amplifier is that it cannot be used as an integrating circuit, since any capacitance 
heiween input and output would make the circuit unstable. 

With a carrier frequency of 1.6 ke, the following performance data are specified’ for 
ihe cireuit without the output stage: 

Output voltage range is +10 volts. . 

Current drift referred to input is 4 X 10-® amp (between 20 and 50°C). 

Voltage drift referred to input is 100 pv (between 20 and 50°C), 

‘Transfer open-loop gain is 50 volts per qa. 
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Instead of the transistor modulator and demodulator in Fig. 7.1.3, a diode modulator 
and demodulator can be used with the same or a similar amplifier circuit as illustrated 
in Fig. 7.1.4. The half-wave modulator shown there can be replaced by a diode ring 
modulator? illustrated in Fig. 7.1.5d; several other demodulators are also possible. 
The stability of such a d-c amplifier depends, of course, on the stability of the forward 
and inverse diode characteristics. Special silicon diodes with extremely low inverse 
voltage must be used in these modulators. Several manufacturers are presently mar- 
keting specially selected and matched diodes, four in one unit, for this particular 
application. : 

7.1.8. Linear Operations. Addition, subtraction, integration, and differentiation 
with transistor d-c amplifiers are basically the same as with vacuum-tube d-c ampli- 
fiers (Sec. 2.2). Besides the advantages and disadvantages listed for transistor ana- 
log-computing elements, there are, however, the general problems which exist with 
any transistor circuit. One of these is the low output voltage range (+10 to +50 
volts) which decreases the signal-to-noise ratio and thus requires more extensive and 
more careful shielding of input and output leads. Another common problem exists 
in the contact resistance of the connector of plug-in units. When large signals are 
used, contact resistance is of little consequence, but when the signal is in the millivolt 
region, the problem becomes much more severe. ‘Transistor analog-computing ele- 
ments thus require better connectors with lower contact resistance. 
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50K D-c output 


D-c input 


Fia. 7.1.4. Simplified diagram of a transistor d-c amplifier using a diode-bridge modula- 
tor and a two-diode demodulator. 


The scaling resistors of d-c operational amplifiers are limited by the input impedance 
of the amplifier to a certain maximum value, approximately 100 kilohms. Therefore, 
the input impedance of an adding circuit is lower than is used for vacuum-tube ampli-+ 
fiers, which in turn requires lower source impedances of the driver circuits (potentiom= 
eters) if loading errors are to be avoided. 

For integrating circuits, lower scaling resistors mean larger values of capacitors for 
the same time constant. Since, however, the voltages are also lower, the physical sizé 
of the capacitors is not increased. 

7.1.4. Transistor Voltage Switches. The saturation and cutoff characteristics of 
many types of junction transistors,’%1!! such as the germanium-alloy junction trat~ 
sistors, are exceptionally suitable for the purpose of switching voltages (i.e., for cone 
necting either one of the two voltages at the input terminals to the output terminal) 
by means of an appropriate base control signal. The operation of such a transistor 
switch, which consists of two transistors connected emitter to emitter, is similar t@ 
that of a single-pole double-throw relay. “ 

The circuits of the push-pull transistor voltage switch and of the complementary 
transistor voltage switch are illustrated in Fig. 7.1.5a and 6, respectively. When the 
control voltage on the base of one transistor, say 7’, is “high’’ and the control volt 
on the base of 72 is “low,” 7; is cut off and 7; is saturated, and thus the potential 
the collector of 7’; appears at the output. When the control voltages are reversed, 7 


saturates and 7’, is cut off, and thus the potential on the collector of 7’; appears at 
output. 
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A transistor saturates when both its base-to-emitter and base-to-collector junctions 
are forward-biased. The voltage across the saturated transistor V, is a measure of 
the switching quality. For most germanium-alloy junction transistors, V. is of the 
order of 1 my when the load impedance is larger than 100 kilohms and the base control 
current is between 0.3 and 5 ma. 

A transistor is cut off when both its base-to-emitter and base-to-collector junctions 
are reverse-biased. The current through the cutoff transistor is also a measure of the 
performance, but only with respect to its current-switching quality. 

The maximum signal to be switched with these transistor devices is limited by the 
breakdown potentials of the switching transistor;!2 for a transistor with breakdown 
voltages of 25 volts or higher between any two electrodes, the maximum signal to be 
switched is 20 volts of one polarity or +10 volts if both polarities are required. 


+Vy=+6v 
a 
-Vy=-6v 


Vy,= F6v a 


Fria. 7.1.5a. Push-pull transistor voltage switch. 


Fig. 7.1.5b. Complementary transistor voltage switch. 


‘The switching transistor required not only must have low saturation voltage and 
l\igh breakdown voltage, but it also must operate rapidly. The most important single 
fwolor determining the speed of switching is the alpha cutoff frequency fa, ‘Transis- 
form with a high fo, generally have at least one low breakdown voltage, usually Vaz; 
‘iheistors with high V gz have generally a low fe,. A compromise between the two 
Hpposing requirements indicates the choice of germanium-junction alloy transistors 
with breakdown voltages of 25 volts or larger and an fa,of 6Mec. With the appropriate 


‘mount of base current and suitable input circuitry, rise and fall times of the order of 
1.1 wace can be obtained. 


The base current of the saturated transistor flows through the collector into the 
mtiree of the signal to be switched. Any impedance in this source would change the 
“ential of the signal to be switched, and it is therefore necessary that this impedance 


* w emall as possible, A practical value is the output impedance of an operational 
Hplifier, Le. less than 1 ohm, 


The current. through the load resistor R, will flow through the saturated transistor, 
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reduce the emitter to base current, and increase the saturation voltage. It is therefore 


important that R, be as large as possible. 


These transistor switches do not require any balancing or zero setting. With a 
saturation voltage of 1 mv and a maximum signal of 10 volts, the dynamic range is of 
the order of 10,000. There is very little difference between the performance of the ~ 
push-pull and the complementary transistor voltage switch. The only difference con- 
sists in the emitter current Zz which flows during the transient or switching time. 


Vy = +6 


ae ‘b r 


-10v 


Ve, =—6v 
Fie. 7.1.5¢e. Transformer-coupled four-transistor voltage switch. 
a 
Reference 


ay 


Signal 


Fia. 715d. Diode-ring modulator. (Courtesy of P. M. Thompson, Defence Research Com 
munication Establishment, Ottawa, Canada.) 


For the push-pull switch, Ig is of the order of 1 ma for both polarities of the input 
signal, while for the complementary switch Iz may be as low as 20 wa when V,; is posl 
tive and as high as 10 ma when Vz; is negative. This large transient current requires, 
of course, a smaller source impedance of Vz. However, since these currents flow only 
during the short transient time (approximately 0.1 usec), i.e., the time when the traty 
sistors change from one state to another, the problem is not so serious as might ap 
It isa further advantage of the push-pull switch that it uses two identical transisto 
but a disadvantage that it requires push-pull control signals. Similarly, the sing 
ended base control signal is an advantage of the complementary switeh, while 
requirement of one n-p-n and one p-n-p transistor is a disadvantage, 
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Besides the transistor voltage switches described, there are a number of different 
types of transistor switches which will operate and perform similarly!}* but which 
have some undesirable limitations. The best of these is the transformer-coupled four- 
transistor voltage switch illustrated in Fig. 7.1.5c. The push-pull control signals are 
coupled to the bases by means of an input transformer, whereby one end of each 
secondary winding is returned to the emitter junctions. This biases the base control 
signals to the potentials present at the emitters and eliminates the need for transistors 
with a large emitter-to-base breakdown voltage. Transistors with higher fa, can be 
used in this switch, which is therefore considerably faster than the types described 
previously. The saturation voltage V, will be of the order of 2 mv because two tran- 
sistors, connected in series, are saturated at any one time. The disadvantage of this 
switch is that because of the transformer coupling the base control signals must have 
a constant duty ratio. The switch can therefore not be used in time-division circuits. 

7.1.5. The Diode-ring Modulator.!4 The diode-ring modulator is shown in Fig. 
7.1.5d with three sets of input terminals, a-ai, b-bi, c-c:. Any two of these sets 
may be used as input terminals, while the remaining set will be the output terminals. 

Some of the classical operating modes are as follows: 

Use as a Phase-sensitive Rectifier. Two sinusoidal waveforms of the same frequency 
can be applied to a-a: and c-c;. The device acts then as a phase-sensitive recti- 
fier and: produces a direct current at terminals b-b:. The amplitude of this direct 
current depends, in particular, on the relative phase of the two input waveforms. 
lor square-wave inputs, the magnitude of the direct current is a linear function of 
this phase difference. 

Use as a Suppressed Carrier Modulator. For two input waveforms of differing fre- 
quency applied to a-a, and c-c:, the output at b-b: is the instantaneous product 
of the input waveforms. This is a suppressed carrier modulation. 

Current Operation of the Diode-ring Modulator. Suppose that the input terminals 
in Fig. 7.1.5d are supplied from a constant-current (infinite-impedance) source a-a; 
with a square wave (reference) and b-b; with a smaller current (signal). The output 
iy then the current flowing through the short-circuited terminals b-b1. 

The eurrent reference wave ip will drive one rectifier pair AB (or CD) into conduc- 
tion and the alternate pair CD (or AB) will be biased to cutoff by the forward voltage 
drop generated across the conducting pair. It follows that any signal current 7s 
injected into transformer 7’: can reach the output terminals only via one of the con- 
ducting diode pairs. Determined by the reference, the rectifiers perform a simple 
switching action, whereby the current from either the upper or lower half of 7’ is 
selected. This switching action is undisturbed by the amplitude and polarity of is, 
ww long asis <i. The reverse currents of the cutoff diodes constitute an error which 
produces unbalance. With silicon diodes, the percentage error can be made very 
small. In addition, losses in the transformers will disturb the perfection of the diode 
lwidge; however, the error so introduced is also very small. 

The balance in actual diode-ring modulators is such that the zero-signal output 
ourrent is of the order 10-3 of the full-scale output current. 


MULTIPLIER CIRCUITS 


7.1.6. Introduction. Several transistor multipliers make use of the excellent 
voltage-switching characteristic of the new transistor switches. Inspite of the voltage 
limitations of these switches, better signal-to-noise ratios are possible than with most 
other electronie switches; the transistor voltage switch can also switch potentials of 
hoth polarities, thus permitting four-quadrant multiplications. 

1.1.1. Transistor Time-division Multipliers. The operation of the electronic time- 
ivision multiplier (Sec. 3.2) is based on the principle that the area under a rectangu- 
lay pulae, which has been subjected to pulse-width and pulse-amplitude modulation, 
js proportional to the product of the two modulation variables. With vacuum-tube 
viroultry, the pulse-width modulation can be performed very accurately, Accurate 
wmplitude modulation involves fairly complex vacuum-tube switching cireuits, whieh 
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may require biasing or push-pull operations for four-quadrant multiplication; here the 
use of transistor voltage switches (Art. 7.1.4) constitutes a real advantage. 

The performance of any time-division multiplier! (Fig. 7.1.6a) is always, at best, a 
compromise between static and dynamic accuracy. Assuming that maximum-band- 
width components are already used, the choice of the pulse repetition rate will deter- 
mine whether higher static and lower dynamic performance (with low carrier fre- 
quency) or lower static and higher dynamic performance will be obtained. In the 
above assumption, the bandwidth of the filter was also assumed maximum. Maxi- 
mum bandwidth with minimum phase shift can be obtained from a filter only when it 
has a large number of ‘‘zeros,” which means a large number of components, usually 
including large and heavy inductors. Since such filters would be highly undesirable 
in transistor circuitry, another compromise between the physical size and the dynamic 


Fie. 7.1.6b. Open-loop transistor time-division multiplier. 


performance has to be made. With a three-section RC filter, the 3-db bandwidth is 
50 cps for a 1-ke carrier frequency. 

The open-loop transistor time-division multiplier of Fig. 7.1.66 consists of a three. 
transistor pulse-width modulator and a complementary-symmetry transistor voltage 
switch. The pulse-width modulation is achieved by biasing a linear and amplitudes 
stable sawtooth (or triangular) wave by the first multiplication variable +X and 
amplifying a small slice of this biased wave (+20 mv with respeet to ground) into # 
train of rectangular pulses. The width of these pulses, which control the transistor 
voltage switch, is proportional to X. The amplitude of the pulses at the output of the 
transistor switch i isequalto Y. After filtering, the output voltage is proportional to 
XY. When the sawtooth frequency is 1 ke or lower, the static performance of t 
multiplier is largely determined by the linearity and amplitude stability of the sw 
tooth wave and the drift in the squaring amplifier. The dynamic performance is 
function of the carrier frequency and the filter used. The multiplier of Wig. 7.1, 
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Fia. 7.1.7. Low-frequency version of a transistor feedback time-division multiplier for the multiplication of X by several Y variables. 
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will operate over all four quadrants and will maintain a static accuracy of better than 
+1 per cent of full-scale output over a temperature range from 20 to 50°C. At any 
one temperature, the accuracy may be as high as +0.2 percent. With a 1-ke carrier 
and a three-section RC low-pass filter, the output voltage will drop by —3 db at 50 cps. 
Raising the carrier frequency to 10 kc will increase the 3-db bandwidth to 500 eps at 
some expense in static accuracy. 

The closed-loop time-division multiplier of Fig. 7.1.7 employs feedback-controlled 
pulse-width modulation in the manner of Sec. 3.2 for greatly improved performance. 
Unlike in Fig. 7.1.6), the pulse-squaring amplifier of Fig. 7.1.7 has a push-pull output 
and drives push-pull transistor switches. The number of switches that can be driven 
is determined by the power and current capabilities as well as the frequency response of 
the squaring amplifier and the static and dynamic performance required from the mul- 
tiplier. A practical maximum for an output stage with 150-mw transistors is six 


switches, thus providing multiplication of X by five variables of Y (XYi,XYo,..., 
XY;). 


Phase modulator 


Suppressed 
carrier-amplitude 
modulator 


Suppressed 
carrier-amplitude 
modulator 


Low-pass 
filter 


kXY 


Fie. 7.1.84. Block diagram of the transistor phase-amplitude multiplier. (Courtesy 
P.M. Thompson, Defence Research Communication Establishment, Ottawa, Canada.) 


The static accuracy of this transistor multiplier can be better than +0.1 per ce 
of the full-scale output (+10 volts) over all four quadrants and within temperat 
variations of 25°C. In any quadrant, an accuracy better than +0.05 per cent of f 
scale can be maintained. 

With presently available switching transistors (breakdown voltages larger t 
25 volts and fa, = 6 Mc), a carrier frequency of 1 ke and a low-cost three-section Ht 
filter, the output signal will be attenuated less than 3 db when either the X or 
Y variable, but not both, is less than 50 eps. When both X and Y are functions 
time, the 3-db bandwidth lies at 25 eps. 

Transistor Multiplier Based on Simultaneous Phase and Amplitude Modulation,’ 
In Fig. 7.1.8a, the two inputs X and Y (proportional to currents 7; and 72) respective 
phase- and amplitude-modulate the square wave of frequency fy. The amplitw 
modulated square wave and the phase-modulated square wave comprise the signil 
and reference inputs of the phase-sensitive detector, whose output is proportional 
the product of 7; and 72, Referring to Fig. 7.1.8a and to the waveforms of Fig. 7.1.0) 
the square wave (Fig. 7.1.9a) from the multivibrator is amplitude-modulated by 
diode-bridge limiter (ring modulator, Art. 7.1.5). The resulting square wave of am 
tude proportional X (Fig. 7.1.9c), is added to the integrator output voltage ( 
7.1.90) to produce the waveform of Fig. 7.1.9d. Squaring and limiting yield the p: 
modulated waveform of Fig. 7.1.9e. The phase-modulated voltage gates a se 
square wave, amplitude-modulated by the input current Y (Fig. 7.1.9f), to produce 
pulse-width pulse-amplitude modulated output, like that of a time-division multipl 
This output is averaged to yield the desired product. 
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Fia. 7.1.8b. Schematic of the phase-amplitude multiplier. 
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The performance of the multiplier depends on the precision with which the diode- 
ring modulators operate (Art. 7.1.5) and on the stability (freedom from drift) and 
linearity of the adder, squarer, and integrator. The components marked with an 
asterisk in Fig. 7.1.8) are especially sensitive with respect to characteristic or tempera- 
ture changes. Since all transformers are required to pass the carrier square wave, they 
must pass relatively high frequencies and are thus wound on toroidal-tape permalloy 
cores. All windings connected to the diode rings are bifilar, while those connected to 
the multivibrator are separated to reduce interwinding capacitances. 

The static accuracy of this multiplier is said to be +14 per cent of full-scale output 
(+2 ma) over all four quadrants and within a temperature range from —50 to +70°C. 
It should be noted, however, that this circuit is designed to operate from high imped- 
ance into low impedance and that it will not function properly unless this is true. 

With a carrier frequency of 50 ke, but without the filter, this accuracy can be main- 
tained up to signal frequencies (X or Y) of 20 kc; however, when a three-section RC 
filter is used, the output is attenuated to —3 db at about 4 ke. 
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Fia. 7.1.9. Waveforms in the phase-amplitude multiplier. (Courtesy of P. M. Thompson.) 


7.1.8. Transistor Triangle-integrating Multipliers. The operation of this multi- 
plier!” is based on the fact that the integral over a triangular wave, which has been 
biased to the first multiplication variable X and the excursions of which are limited to 
the second multiplication variable +Y and —Y, is proportional to XY. The biasing 
of the linear and amplitude-stable triangular (or sawtooth) wave is accomplished by 
conventional adding circuits, while the clipping is performed by a transistor voltage 
switch. The simplest version of this multiplier, illustrated in Fig. 7.1.10, comprises 
only an input transformer, a complementary transistor switch, and a low-pass filter, 
The triangular wave is biased to the first multiplication variable by biasing the se@d+ 
ondary of the input transformer to +X. The excursions of the triangular waves are 
limited accurately to the second multiplication variable by connecting the carrier 
wave to the bases and +Y and —¥ to the collectors of the transistor voltage switeh 
(Art. 7.1.4). Because the complementary switch can limit slowly varying a-c signale 
only when the potential on the collector of the n-p-n (or p-n-p) transistor is positive 
(negative), the multiplier will perform only over the two quadrants, ‘The performance 
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of this multiplier depends critically on the linearity and amplitude stability of the tri- 
angular wave and on the temperature stability of the transistor switch. At a con- 
stant temperature, a static accuracy of +0.5 per cent of full scale or better can be 
obtained over the two quadrants. For a temperature variation of 25°C, +1 per cent 
static accuracy is more typical. Because the carrier wave has no sharp edges, con- 
siderably higher carrier frequencies can be used; so that a 3-db bandwidth as high as 
5 ke is believed possible with the type of filter shown, still maintaining the static 
accuracy stated above. 

7.1.9. The Transistor Binary-increment Multiplier. The principle of operation 
of this multiplier, which is an analog-digital hybrid, is that of a so-called step multi- 
plier. Its basic elements are the analog-to-digital converter and a digitally controlled 
voltage divider!’ or variable-gain amplifier. 

In Fig. 7.1.11a, the electromechanical switches of the step multiplier are replaced by 
transistor switches (Art. 7.1.4). These switches are driven from a reversible binary 
counter. The outputs from this counter are d-c voltages which are positive when the 
particular digit is oN and negative when the digit is orr. Depending on the polarity 
of these outputs, the transistor voltage switches in the analog-to-digital converter loop 
will connect either the reference voltage Vz or ground to the scaling resistors. The 
switches in the variable-gain amplifier connect the Y variables or ground to the scaling 
resistors. 
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ia, 7.1.10. Simple two-quadrant triangular-wave transistor limiter. The output of tran- 
sistor limiter is a biased and clipped triangular wave. 
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The application of the transistor switches elevates the binary-increment multiplier 
from the very-low-frequency version (step multiplier) to a device that can multiply at 
{roquencies of several kilocycles (Packard-Bell Multiverter M-2). But despite the 
execlient voltage-switching characteristics of the transistor switches, they are not as 
perfect as mechanical switches and thus produce certain design problems. Ultimately, 
\owever, not the transistor switches but the resistors limit the accuracy: of this 
wultiplier. One of the design problems is the fact that the resistance of the satu- 
sated transistor Rg has always a certain finite value (1 to 2 ohms) and that Rs is a 
fiinetion of the base current Zz. Rg is small when Ig is within certain limits (~1 to 
{0 mn). When the voltage to be switched and the base drive are constant, Rs can be 
sompensated. For best accuracy, it is desirable to keep Rg as small as possible com- 
pared with the load resistance Rz. The range of values of the scaling resistors of the 
welwork shown in Fig. 7.1.11@ is very large (from R to 2*R). Such a wide variation 
of precision resistors is neither economical nor a practical load for the transistor 
switches. It is therefore much better to use a conventional ladder network.1* The 
youll in Fig, 7.1.11b is the binary-coded-decimal version of the original binary ladder 
iotwork, 

in the analog-to-digital converter of Fig. 7.1.11a, the gate will apply pulses to the 
severaible counter to increase the digital number when the output voltage V. of the 
‘0 wmplifier is positive; when V, is negative, it will decrease that number. Even if 
ihe wating frequency is very high, say 1 Me, it would take 2” ysec, or a maximum of 
approximately 16 msec for a 14-digit count. Vor this reason the so-called ‘“put-and- 
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son, the time required for one conversion is sharply decreased from 2” sec to n times 
the time required for one comparison. 

The time required for one conversion is determined by the bandwidth of the com- 
parator circuit, by the setting time of the resistor matrix, and by the time required by 
the transistor switches and flip-flops to operate. Because high-gain chopper-stabi- 
lized d-c amplifiers have such a small bandwidth, a comparator circuit of the type 
shown in Fig. 7.1.11c is required. The significant points about this circuit are that it 
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\'1a. 7.1.11le. Simplified diagram of the comparison circuit for the binary-increment multi- 
plier. (Courtesy of R. M. Beck, Packard-Bell Computer Corp.) 
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Fie. 7.1.1la. Simplified two-quadrant version of the binary-increment multiplier (step 
multiplier). 
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io, 7.1.11d. Four-quadrant version of the binary-increment transistor multiplier. (Cour- 
towy of R. M. Beck, Packard-Bell Computer Corp.) 


Fie. 7.1.11b. Binary-coded-decimal ladder network for the binary-increment multiplier, 


(Courteey of R. M. Beck, Packard-Bell Computer Corp.) employs two transistor a-c amplifiers (¢ = 14) in series, a transistor chopper similar 


io that in Fig. 7.1.3, and two conventional clamping circuits. Only the clamping cir- 
ull with Sy is required for the polarity detection. S: and the two diode networks are 
provided to prevent saturation of the amplifiers under any circumstances. The 
\hveshold cireuit will provide zero input to the gating circuit when the input is smaller 
than a specified amount. 

Nour-quadrant operation with the binary-increment multiplier is achieved by the 
tothod illustrated in Fig. 7.111. 


take’’ method of successive approximation is used. This method operates at 0 
digit at a time, starting with the most significant digit. Each time the system a 
pares the magnitude of the input and feedback current. When the difference is hel 
a certain minimum amount, the number presented by the counter circuit is the digh 
representation of the analog input X, exactly X/Vr. With this method of comp: 
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The static accuracy obtainable from the binary-increment multiplier with 14 digits 
(Packard-Bell Multiverter M-2) is as high as +0.04 per cent of the full-scale output 
over all four quadrants and over a temperature range of 15 to 45°C. The dynamic 
range of the device is, of course, 2" = 214 ~ 16,000. The low-gain high-frequency a-e 
amplifier (k ~ 200) requires, however, a full-scale input current of 4ma. With a d-c 
amplifier at the input, higher input impedances can be obtained, but usually not with- 
out sacrificing accuracy and frequency response. 

The dynamic performance of the multiplier is determined by the frequency response 
of the analog-to-digital conversion loop, the bandwidth of the variable-gain d-c ampli- 
fier and that of any additional amplifiers used with the system. The frequency 
response of the analog-to-digital converter is said to be 4 usec per bit, plus 4 usec per 
conversion, which means 62 ysec for a 14-digit conversion. 

7.1.10. Hall-effect Multipliers and Magnetoresistor Multipliers. Commercially 
available Hall generators consist of a thin wafer of semiconductor material such as 
indium arsenide or indium antimonide.*° When it is placed into a magnetic field B 
and a control current J, is pumped through the device at right angles to the magnetic 
field, a voltage appears at the mutually perpendicular direction. This Hall voltage 
Vz is proportional to the product kBI,, where k depends on the Hall coefficient and 
on the dimension of the wafer. 

The maximum Hall voltage Vz obtainable with commercially available generators 
is 0.5 volt even with a control current of 0.5 amp and a magnetic field of 10,000 gauss; 
input and output impedances of such a Hall generator are of the order of 1 ohm. 
Impedance levels and signal-to-noise ratio can be improved by an order of magnitude 

with Hall generators made of specially doped silicon. 

An open-loop Hall-effect multiplier consists of a single Hall generator positioned in 
a magnetic field B, as shown in Fig. 7.1.12a. With the X variable converted into a 
magnetic field and the Y variable into a current, the output voltage from the Hall 
element is proportional to XY. Although the linearity and temperature stability of 
presently available Hall generators are limited, experimental multiplier models with 
special compensating circuits are said to have linearities of up to 1 per cent.?! 

Considerably better accuracy has been obtained with two identical Hall generators 
in a feedback multiplier circuit (Fig. 7.1.12).22, Unfortunately, no two Hall generators 
are exactly alike. Lofgren?’ has obtained a static accuracy of 0.1 per cent of full 
scale, using a doped-silicon wafer; his paper discusses the details of one circuit, includ- 

ing a simple temperature-compensation method. It is also possible to compensate 
for the effects of asymmetrical contact placement.*4 

While Hall generators as such have an extremely wide bandwidth (up to 1012 sec™), 
the control-current driver amplifier and the electromagnet impose severe bandwidth 
restrictions. It is possible to trade flux density (and thus accuracy) for bandwidth by 
substitution of a ferrite core for the ferromagnetic core; thus Lofgren was able to trade 
0.1 per cent static accuracy with 20 cps bandwidth for 0.3 per cent static accuracy with 
about 500 cps bandwidth.*% 

Magnetoresistance, an undesirable effect in the Hall multiplier element, is the change 
of resistance of a semiconductor in a variable magnetic field.2° In magnetoresistors, 
this effect is specially emphasized, and the resistance is almost a linear function of the 
magnetic field. Magnetoresistors have been used in both open-loop and feedback 
multipliers.?2 

The linearity of a magnetoresistor is approximately +3 per cent; the dynamic oe 
is 10 for a change in magnetic field from 0 to 10 kilogauss. With higher magnet 
fields, which are difficult to obtain, larger dynamic ranges can be obtained. ‘The 
maximum impedance of present prototypes is 10 ohms with a magnetic field of 10 kilo« 
gauss. The minimum impedance with zero magnetic field is 1 ohm; however, higher 
impedances are said to be possible. 

The bandwidth of the magnetoresistor alone is up to 1012 sec~!; however, in practiog 
it is limited by the frequency response of the electromagnet. 

7.1.11. Division with Transistor Feedback Multipliers. Two-quadrant division 
by means of the transistor time-division multiplier of Fig. 7.1.7 does not differ greatly 
from division with a vacuum-tube time-division multiplier (Sec, 3.2), The trate 
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sistor switch in the feedback path requires low source impedances of +Z and —Z, so 
that these voltages must be obtained from d-c operational amplifiers. When the cir- 
cuit in Fig. 7.1.7 is used for division, the ratio of the input and feedback resistor must 
be changed for optimum accuracy to 10:1, respectively. With this ratio of resistors, 
the circuit will saturate only when X < 10 Z. 

The static accuracy of this analog-division circuit is better than +0.1 per cent of 
full scale when Z > {0 of full scale, with a carrier frequency of 1 kc, and over a tem- 
perature range from 25 to 50°C. ‘The accuracy is better than +1 per cent when 


Hall output voltage 
: ‘og 


~ 


Fie. 7.1.12b. The feedback Hall multiplier. 


” » ‘00 of full scale. Dynamic performance is essentially identical with that of the 
multiplier, 

‘l'wo-quadrant division by means of the binary-increment multiplier of Fig. 7.1.1la 
iu possible when the reference voltage is replaced by the Z variable. The quotient 
4 \/Z appears in digital form. With the second voltage divider, in Fig. 7.1.1la, an 
oulput voltage of the form kX Y/Z is obtained. 

leedback multipliers performing as analog-division circuits perform generally only 
vver two quadrants. Most of these circuits can be made to accept also both 
polarities of the Z input variables through the addition of an absolute-value circuit 
(Meo, 8.3), However, such a circuit will not provide the correct output polarity if 7 
reverses its polarity. 

A true four-quadrant voltage divider is the circuit in Fig. 7.1.13; it provides the 
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correct output polarity for any combination of input polarities. The transistor time- 
division multiplier will perform divisions over all four quadrants if the complementary 
transistor voltage switch S;, inserted in the forward path of the feedback loop, reverses 
the polarity of the pulse-width modulated pulse trains to the transistor switches S1 
and S», when the polarity of Z changes. D-C amplifier 4 provides the required control 
potentials to S3; +20 volts when Z > +1 mv; —20 volts when Z < —1 mv. The 
insertion of S3; does not impede the performance of the device. 


I Transistor time-division multiplier 


4 


Complementary transistor | 


switch S3 
Ay (+) Control signal (a)¥ 


transistor 
switch S; 


Complementary 


transistor 


switch Sz 


ae 7.1.13. A true four-quadrant dividing circuit with the transistor time-division multi- 
plier, 


All dividing circuits using feedback multipliers will provide the correct quotient for 
small divisor values only if the dividend is small. Special care must be taken to avoid 
instability in these cases. 


FUNCTION-GENERATOR CIRCUITS 


7.1.12. Introduction. Various transistor function generators for special functions 
combine small size and weight and low cost with remarkable performance. Most of 
these circuits are based on the excellent voltage-switching or limiting characteristion 
of transistor voltage switches; others convert functions of the time into function of an 
input voltage. Transistor limiters producing straight-line segment functions may also 
be combined into universal function generators just like diode limiters (See. 3.3), 

‘ 7.1.18. Transistor Bidirectional Limiters. The simplest versions of the bidired= 
tional limiter consist of only the complementary transistor voltage switch (Art. 7.1.4), 
It will limit any signal V; connected to the bases exactly (within +1 mv) to the volt« 
ages connected to the collectors +Vzand —Vzr. When +V, > Vi > —Vy and the 
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transistor voltage switch functions as emitter follower, V. is approximately (within 
0.1 volts) V;, the difference being due to the base-to-emitter voltage Vez and its 
variations with respect to temperature. For waveforms where the d-c component of 
V, is of no importance, such as square waves, the complementary transistor voltage 
switch will perform as a high-quality bidirectional limiter. The low saturation voltage 
of germanium-alloy junction transistors results in excellent limiting characteristics, 
even for low limiting voltages. 

Since, however, the d-c level of V, is in most cases very significant, the complemen- 
tary transistor voltage switch must be connected into the forward path of a low-drift 
d-c amplifier as illustrated in Fig. 7.1.14. In this connection, the output follows 
faithfully, with inverted sign, the input voltage V; but only when +Vz > Vi > — Vx; 
in fact the complete circuit performs in this region like a d-c amplifier with an additional 
output emitter follower. When the limiter circuit is operating in the linear region, 
the d-c amplifier output voltage Vz differs from V, only by approximately 100 mv 
(V ze). 

When the magnitude of V; reaches and exceeds the magnitude of Vz, one of the two 
transistors will saturate. The magnitude of V, does not follow Vi; the effect is the 
same as when the feedback resistor is increased. This will raise Vs more, which will 
saturate the transistor further. The final effect is that the feedback is interrupted, 


Zener diodes +V, 


Fra. 7.1.14. Schematic of the high-accuracy bidirectional limiter. 


Vp reaches its saturation value, and V, is equal to Vz because one transistor is satu- 
rated and the other is cut off. This applies for both polarities of V;. The polarity 
of Vz has to be such that the potential on the collector of 7; is always positive with 
rospect to the potential on the collector of 72, irrespective of ground. It is not 
desirable to drive the d-c amplifier into saturation for two reasons: (1) Vz may be so 
high that the reverse voltages on the transistors are exceeded, and (2) chopper- 
stabilized d-e amplifiers require considerable time to return from saturation back to 
the linear region. The d-c amplifier may be kept out of saturation by connecting two 
Zener diodes (back to back) across it. 

The slope of the V./V; curve can be changed simply by changing the ratio between 
(he input and the feedback resistor. The corners of this curve are defined precisely, 
hecause the circuit becomes regenerative when the magnitude of V; reaches and exceeds 
ihe magnitude of Vz. Since the maximum value of Vz may be as high as 50 volts, the 
dynamic range of such a limiter is in the order of 5 X 10%. 

7.1.14, Inverse-trigonometric-function Generators. From the trigonometric rela- 
(ions on the sine wave in Fig. 7.1.15a, it can be seen that the zero crossings of a biased 
sine wave are ¢sec apart. If the sine wave is biased to a voltage X = A, cos (wt/2), 
the time ¢ between the zero crossings of the sine wave equals cos! X/A,. Since it is 
vory simple to bias a sine wave, and fairly simple to measure the duration between 
ihe zero crossings, a function generator to solve y = k cos“! X and y = k sin! X is not 
diffieult to design. 

The circuit shown in Fig. 7.1.15b solves the equation 


V, = ky sin! x (idk) 


7-22 TRANSISTORIZED ELECTRONIC ANALOG COMPUTERS 


The biasing is achieved by returning the secondary winding of transformer 7’; to the 
input variable X. The duration ¢ between the zero crossings can be measured by 
amplifying a small slice of the biased sine wave (+20 mv with respect to ground) into a 
rectangular wave having a pulse width of ¢. A voltage analog to this time is produced 
by limiting the amplitude of the rectangular pulses to a certain value Y by means ofa 
transistor voltage switch. As shown in Eq. (7.1.1), the value of Y, which may be 
either a constant or variable, multiplies the function. 

The static accuracy of such a circuit is better than +0.5 per cent of full scale, over 
an operating range from 15 to 50°C and better than 0.1 per cent at a constant tem- 
perature. To obtain this accuracy, it is required that the total harmonic distortion 


Sine-wave 


mean level —t/2 


Fic. 7.1.15. Arcsine-function generator. 


of the sine wave be small (less than +0.5 per cent) and that the amplitude of the sine 
wave A, be stable and equal to the maximum excursion of X. The operating range of 
such a function generator is 180 deg. The temperature range can be considerabl 
widened and the accuracy maintained when an emitter-coupled input stage is employed, 

Since sin (1/2 — X) = cos X, one can operate the aresine function generator 48 in 
arecosine function generator by adding the full-scale value to the negative output, #0 
that 

x < 
Vor — Vo = ky cos 7- (7.1.2) 
s 

The dynamic performance is essentially that of the open-loop time-division multiplier 

of Fig. 7.1.66, 
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If y, the signal connected to the collectors of the complementary transistor voltage 
switch, is a sine wave from the same generator and also of constant amplitude, the out- 
put from the circuit in Fig. 7.1.15 becomes 


xX 2\% 
V,. = kecos (sin z) =k (: - *) (7.1.8) 


where A, is the constant sine-wave amplitude and k an arbitrary constant. 

7.1.15. Trigonometric-function Generators. The operation of all-electronic 
trigonometric-function generators is based on the voltage-time relationship of the sine 
wave. Arequirement for good performance of the sine and cosine function generators 
described below is therefore a pure (small harmonic distortion) and amplitude-stable 
sine wave. The input variable, which is a d-c voltage representing the angle, in 
general cannot be varied more than + V0". 

Since sin X = cos (7/2 — X) any sine-function generator may be converted to a 
cosine-function generator when the full-scale input voltage is added (with proper sign) 
to the input variable X. 

Sine/Cosine Function Generator Based on Inversion. The function generator of 
Fig. 7.1.16 produces the inverse function of aresine in the manner of Sec. 3.3. 

The performance of this sine-function generator is almost completely determined by 
the performance of the arcsine generator, if a high-gain low-drift d-c amplifier is 
employed. The device may be made to solve the equation V. = k cos X simply by 


o V,=-KsinX 


oar 
Arcsin 
generator i 


1a. 7.1.16. Block diagram of sine-function generator based on the inversion principle, 


adding the full-scale input voltage Vo to the input variable X. By itself this func- 
tion generator may not appear to be very useful, but it should be noted that the 
pulse-width modulation circuit of the feedback time-division multiplier in Fig. 7.1.7 
produces the sine function as a ‘“‘by-product”’ when a sine wave is used as carrier. 
Using a sine wave as a carrier will not deteriorate the performance of the multiplier.'® 

Cosine/Sine Function Generator Based on the Integration of Sine-wave Portions.*® 
lteferring to Fig. 7.1.15a, the area under a portion of the sine curve equals the cosine of 
X, where X is the length of that portion; ie., 


cos X = — f sin X aX 


One can implement this relation by generating rectangular pulses with a duration 
proportional to an input variable X. These pulses operate an electronic switch which 
connects only portions of a sine wave, of length X, to the input of an integrating net- 
work. The integrating network extracts the average from these sine-wave portions; 
(his average is proportional to the cosine of X. 

Since the pulses to the electronic switch must be in synchronism with the sine wave, ° 
one sine-wave generator supplies both the linear pulse-width modulator and the elec- 
ivonic switch. It has been shown? that the relation between the pulse width ¢ and X 
js linear even when a sine wave is used as carrier. The electronic switch can be either 
ihe complementary or the push-pull transistor voltage switch (Art. 7.1.4). When only 
single-ended signal is connected to the switch shown in Fig. 7.1.17, waveforms as 


Allustrated in Pig. 7.1.184 appear at the output of the switch; when push-pull signals 
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are connected, waveforms appear as illustrated in Fig. 7.1.18b. With push-pull sine 
waves to the transistor switches, the function generator performs considerably better 
than with the single-ended sine wave, although the operation of the device remains the 
same. The integrating network is a low-pass filter. 


Linear 
pulse-width 
modulator 


ox y=V, cos xX 


Vv 
Vy = —8.6v (~86°) 
Vy = -6V (—60°) 
Vz = 0(0°) 
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ae aaa a aa Baie tela L t 
Bars ar 
bis 37 
T 4 T 4 
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Fia. 7.1.18. Waveforms at the output of the switch of the cosine/sine function generator 


The circuit of this cosine /sine function generator is essentially the same as that of the 
transistor time-division multiplier in Fig. 7.1.7. Only external connections have to 
be changed to convert this device from a multiplier to a trigonometric-function. gone 
erator. The precision with which the sine wave can be switched depends on the 
synchronism of the rectangular pulses and the sine waves, on the rise and fall times of 
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the pulses, on the maximum sine-wave amplitude permissible, and on the saturation 
voltage of the switching transistors. 

In order to have the sine wave and the rectangular pulses to the switch in syn- 
chronism, the phase shift introduced by the pulse-squaring amplifier on the rectangular 
pulses should be constant and as small as possible. Minimum phase shift as well as 
good pulse shape requires a wide-band pulse-squaring amplifier. 

The static accuracy of such a cosine/sine function generator operating with a 1-ke 
carrier is better than 0.1 per cent of the full-scale output, over an input range pro- 
portional to +90 deg. Such accuracy implies a sine-wave amplitude stability of 
approximately 0.1 per cent, a maximum total distortion of less than 0.2 per cent, and a 
sine-generator source impedance of less than 1 ohm. 

The dynamic performance of the cosine /sine function generator is similar to that of 
the transistor time-division multiplier of Fig. 7.1.7; the same compromises between 
static accuracy and dynamic performance, as well as filter performance and filter 
size, apply. With switching transistors having breakdown voltage of a minimum of 
25 volts, the maximum output voltage is limited to +5 volts. 

The range of usable argument values of electronic sine-cosine generators may be 
shifted through addition of an input bias voltage; thus the cosine-function generator 
can be made to generate the sine function between zero and 180 deg. 


+X Conversion 
unit 
a1 


element 2 


x 
% 
Fia. 7.1.19. Generation of V. = K VJ XY by means of a feedback multiplier. 


The range of such a trigonometric-function generator can be further extended 
through all four quadrants when the polarity of the imput signal or bias signal is 
reversed by an electronic switch (Sec. 3.3) or when the output from a positively 
hinsed sine-function generator and a negatively biased sine-function generator are 
wummed. 

7.1.16. Square-root Generators. A voltage proportional to the square root of an 
input voltage may be generated by inversion of the square function obtained with 
(transistor multipliers or transistor triangle-integration squarers (Sec. 3.3). The 
cireuit of Fig. 7.1.19, which can be built with any feedback multiplier, generates 
the square root of a product V XY and has significant advantages over simple 
inversion circuits. 

This square-root function generator is outstanding, especially, because its accuracy 
jy independent of the magnitude of the input variable X and because it is completely 
atable when X = 0. 

If the square-root generator in Fig. 7.1.19 is to be built with the transistor time- 
division multiplier of Fig. 7.1.7, the conversion unit will be the pulse-squaring amplifier 
and the multiplying elements the transistor voltage switches; if the binary-increment 
multiplier in Fig. 7.1.1la is to be used the conversion unit will be the voltage- 
sensitive gate and the reversible binary counter, while the multiplying units are the 
digital-to-analog converters consisting of the transistor voltage switches and the 
roniator networks, i 

With the transistor, time-division multiplier, and high-gain low-drift d-c-amplifiers, 
the static aceuracy of the square-root function generator in Fig. 7.1.19 is better than 
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+0.1 per cent of the full-scale output (+10 volts) for all values of X , from zero to full 
scale. If d-c amplifier 1 drifts, the square root of the drift voltage will appear at the 
output. The dynamic performance of this unit is essentially a function of that of 
the transistor time-division multiplier. The binary-increment multiplier of Fig. 
7.1.1la may be used in a similar circuit. : 

Generation of V, = (X? + Y*)4, A direct application and extension of the square- 
root function generator described above is the circuit illustrated in Fig. 7.1.20. The 
transistor time-division multiplier is connected to solve the equation 


X?2 


= ey Vo Y) = 
V, eT ame eal te Cae 


at the input of d-c amplifier 2. The quantity 2Y is added into amplifier 2 by con- 
ventional means. The output from amplifier 2, —(V, + Y), is fed back to the transis- 
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Fia. 7.1.20. Generation of Vow kK / X?* + Y? with the transistor time-division multiplier, 


tor switch in the feedback loop. This will make the output from the pulse-width 
modulator, which is the duty ratio of the pulses, proportional to X/ (Vo + Y). When 
this term is multiplied by X, the first term of the equation above is obtained. D-G 
amplifier 3, which subtracts Y from V. + Y, may be part of another circuit. 

The magnitude of —(V, + Y) must be smaller than the breakdown voltage of the 
switching transistors (25 volts) in switch 2. This limits the full-scale output to less 
than half this breakdown voltage. Two-quadrant operation is feasible if +(V, + ¥ ) 
and —(V. + Y) are generated and fed back to the switch in the feedback loop, 
Four-quadrant operation is, in general, possible too, but requires several additional dea 
amplifiers. 

The static accuracy of this triangle-solving device is, in general, better than +:0,1 
per cent of full-scale output. The dynamic performance is similar to that of the 
closed-loop time-division multiplier. 

7.1.17. Electronic Rectangular-to-polar Coordinate Conversion Unit. The cireuit 
of Fig. 7.1.21a accepts the input variable X and Y as d-c voltages and generates a dea 
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\'1a. 7.1.21a. Simplified block diagram of an all-electronic rectangular-to-polar coordinate 
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conversion unit. 
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voltage proportional to R = (X? + Y2)%, Instead of the angle ¢ = arctan Y/X, the 
circuit generates the sine and the cosine of this angle. This is a special advantage 
since, in most analog-computer applications, the angle must be converted back into the 
trigonometric functions. Another advantage is that the sine and cosine appear, for 
example, as the duty ratio of a pulse train when the transistor time-division multiplier 
is used, so that these outputs are easily multiplied by other variables with the aid of 
additional transistor voltage switches. 

The simplified block diagram of Fig. 7.1.21a illustrates that the coordinate converter 
can be built with any two feedback multipliers capable of generating XY/Z. If the 
X variable and the & variable are connected to the inputs of a divider, the output from 
the divider is X/R, which is the cosine of the angle ¢. Similarly, if Y and R are the 
inputs, the output is Y/R = sin ¢. Multiplication of X/R by X and Y/R by Y gives 
X?/Rand Y?/R, respectively. Addition of these two terms yields 


TRANSISTORIZED ELECTRONIC ANALOG COMPUTERS 


xX? , Y2 : 
—+—=R=Xcos¢+/Ysing (7.1.4) 
R R 

Four-quadrant operation can be obtained most easily by providing +R and —R and 
feeding both back to the divider circuits. This is illustrated in Fig. 7.1.21b, where the 
transistor time-division multiplier is used. The divider circuits there consist of th 
pulse-width modulator and the multiplying elements of transistor voltage switches. 

The static accuracy and the dynamic performance of this rectangular-to-pol: 
coordinate conversion unit in Fig. 7.1.21b are similar to those of the time-division 
multiplier. A static accuracy of +0.1 per cent of full scale can be maintained ov 
all four quadrants for both R, k cos ¢, and k sin ¢. 

If an output voltage proportional to the angle between X and Y is required, the si 
or cosine of ¢ can be converted into the angle by applying the arcsine generato 
described in Art. 7.1.14. The accuracy of the latter conversion is, however, limited 
+0.5 per cent and the range of operation to +90 deg. 

The rectangular-to-polar coordinate conversion unit can be extended to perform in 
three-dimensional system simply by cascading similar circuits. 
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PART 2: DESIGN OF A HIGH-QUALITY TRANSISTOR D-C AMPLIFIER* 
By Wautrr Hocuwatp and Harotp L. Exuers 


REQUIREMENTS AND BASIC THEORY 


7.2.1. Requirements. Many computer applications require d-c amplifiers with 
yoro-level offsets less than 0.005 per cent of full output, input resistances of up to 
‘| megohm, and input sensitivities on the order of 100 nua. Also, large dynamic out- 
pul ranges on the order of +50 volts are generally desirable. It is, further, often 
iandatory to combine these stringent requirements with mechanical design features 
Which provide the utmost in reliability and ruggedness, as well as minimization of 
Weight, volume, and power consumption. This need, which exists primarily in air- 
horne and portable applications and in installations involving alarge number of ampli- 
iors, has led to the development of d-c amplifiers which employ automatic balancing 
“ireuits (chopper amplifiers) and transistor circuitry throughout, inclusive of the low- 
level chopper or modulator. 

7.2.2, Amplifier Parameters (see also Sec. 2.3). - Referring to Fig. 7.2.1, the 
Hulput voltage of a d-c amplifier with voltage feedback and n inputs is 


" Ex(s) | Ex(s) |, En(s) 
wale) = Zs) ers Z,(s) yuh) 
K(s) Ex(s) , Bos) |, Enl8)] | tut 
A(s) 2) eA ae Eh Z| ee (7.2.1) 
Re 2, 
1+ 14©) 


* The authors gratefully acknowledge the contributions of F. H. Gerhard of Autonetics, 
# Division of North American Aviation, Inc., Downey, Calif., to the material presented in 
thie section, The circuit shown.in Vig. 7.2.5 was developed by Mr, Gerhard at Autonctics. 
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Z;(s) 1 1 1 
where K(s) = 1 -+ 5°75 + Zs(s) [ Zatzet:’:+ za 
Zin(s) = input impedance of amplifier 
—A(s) = gain of amplifier 
E,z = d-c zero-level offset or drift referred to input of amplifier 


Ig = stray input current 
E,(s), E.(s) . . . E,(s) = input voltages 
Z; = feedback impedance 
Zi, Zo, . . . , Zn = input impedances 
Only the first term is desired; the next term is the error due to finite amplifier gain, 
followed by terms representing the effect of voltage offset and stray input current. 


Fx 


| 
| 
| 
E,(s)o | 
E,(s) 
E,{8)0 | 
t 
| 
H | 
|= ae 


Fig. 7.2.1. D-C amplifier with over-all feedback and several inputs. 


With 1-megohm input and feedback resistors, an accuracy of 0.005 per cent wi 
respect to maximum output is obtained if the following parameter values can 
assumed: 


Zin(s) 1 megohm 
A(s) = 5 X 108 at d-c 


Ez = 3 X 107‘ volts 
Ia = 10-° amp 
E,(max) = +45 volts 


Equation (1) can be applied to any d-c amplifier configuration with or without over-a 
feedback. Omission of over-all feedback, for example, and consideration of one inp 
voltage only, result in 


Ex(s)A(s)Zia(8) TaA(s)Zi(s)Zin(s) 


we Z1(8) + Zin(s) Z,(s) + Zin(s) 


7.2.8. Amplifier Configurations (see also Sec. 2.3). If an automatic balane 
circuit (chopper amplifier) is used, as in Figs. 7.2.2 to 7.2.4, the value for Ea in Hq. ( 
or (2) is, essentially, divided by the d-c gain of the automatic balancing circuit (chop. 
per amplifier) to yield the reduced value 


E,(s) = — E,A(s) — (7.2.2) 


= Ea 
1+; 


Ed’ (7.2, 


where HE,’ = reduced d-c zero-level offset or drift referred to the input of the ampli 
Ez = uncompensated d-c zero-level offset or drift referred to the input of 
amplifier P 
A, = d-c gain of the automatic balancing circuit (chopper amplifier) 
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Fig. 7.2.2. Chopper-stabilized d-c amplifier configuration (conventional). 
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lia, 7.2.3. Chopper-stabilized d-c amplifier configuration (modified to facilitate use of 
transistor circuitry). 
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iu, 7.2.4. Chopper-stabilized d-c amplifier configuration (modified to facilitate use of 
transistor circuitry). 


If the effect of low-frequency variations of Ez on the amplifier output is of interest, 
{i \n necessary to take the coupling network (R2,C2) at the input of the direct-coupled 
amplifier and the filter (R1,C1) at the output of the chopper amplifier into account: 


Ea(s) 


Eis) = ; 
+ Ai(s) n+ 


ae (7.2.4) 


ms +1 


Where nr = RC, 
T% = R:C2 
In further detail, the block diagrams (Figs. 7.2.2, 7.2.3, and 7.2.4) represent three 
plopper-stabilized d-c amplifier configurations, which essentially result in identical 
1? characteristics upon appropriate choice of amplifier gains and passive-network 
Values, , 
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E, T 
Als) = Fey = — AA) | E> + Ae) | (7.2.5) 


where n= RC, 
tt. = R2C2 
A,(s), Ao(s), As(s) = gains of amplifier blocks 

Figure 7.2.2 represents the conventional chopper-stabilized d-c amplifier configura- 
tion. Figures 7.2.3 and 7.2.4 are configurations which lend themselves more readily 
to use of transistor circuitry. For all three configurations, the amplifier sections are 
connected to provide two signal paths for the input signal £;,(s). D-C and low-fre- 
quency components are preamplified in the chopper amplifier and low-pass filter (or 
integrating amplifier) combination, while the higher-frequency a-c components are 
amplified in the direct-coupled amplifier (or a-c preamplifier) and in the output power 
amplifier. The low- and high-frequency signals are combined either at the input of 
the direct-coupled amplifier (Figs. 7.2.2 and 7.2.4), or at the input of the output power 
amplifier in Fig. 7.2.3. 

The effective preamplification of d-c input-signal components in the essentially 
“<drift-free”’ chopper amplifier minimizes the effect of d-c drift in the succeeding direct- 
coupled circuitry, while provision of the alternate a-c signal path achieves amplifica- 
tion of high-frequency signals beyond the capabilities of the chopper amplifier-filter or 
integrating amplifier combination. The integrating amplifier in Fig. 7.2.3 provides a 
practical means for obtaining the long-time constant filter at the output of the chopper 
amplifier with relatively low resistor and capacitor values, because a time-constant 
multiplication by the gain of the integrating amplifier is effectively achieved. The 
filter thus formed, or the equivalent filters in Figs. 7.2.2 and 7.2.4, are required to 
remove chopper-frequency signals originating in the chopper amplifier. 

The blocking capacitor C2 is incorporated between the over-all amplifier input and 
the input of amplifier A» for all three versions. This prevents d-c flow from the input 
of amplifier Az back into the over-all amplifier input, and thereby eliminates this 
potential error input source. 

Design of the amplifier blocks may now be discussed, primarily with reference to 
configuration of Fig. 7.2.3, for which a complete circuit is shown in Fig. 7.2.5. 
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CIRCUIT DESIGN 


7.2.4. Chopper Amplifier. The chopper-amplifier block is actually involved in al 
three configurations (Figs. 7.2.2, 7.2.3, and 7.2.4) and constitutes the most critical 
portion of the entire amplifier, because over-all accuracy is largely determined by th 
characteristics of the chopper. Figure 7.2.5 includes a chopper amplifier which 
employs a p-n-p microalloy silicon transistor chopper. Microalloy silicon transisto! 
types are best suited for the chopper application because of their excellent high-fre 
quency (switching) characteristics and the inherently small magnitude and stabl 
nature of the internal sources of offset errors. A chopper operating frequency 0} 
around 350 eps is normally selected as a compromise: one must minimize high-f 
quency offset errors in the transistor chopper as well as the need for large coupling an¢ 
by-pass capacitors. The transistor chopper Qs is operated in the inverted connection 
to minimize internally generated offset voltages. One further reduces offset effect 
by actuating the collector-base control junction with a half-wave-rectified square wave 
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0.0022 
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which alternately provides sufficient base current for the “‘closed-switch”’ state or zerd ee 2 ey 8 e 

voltage for the “‘open-switch”’ state. This rectified square wave is provided by the , eeo ane 7 3 ‘ e ok 

flux oscillator Qi and Qs, and diode CR1, but could also be obtained from an external s ls seg $25 oa Ss o8 8 & 
source capable of supplying several amplifiers, if desired. Operation with zero voltage ) Hf B58 258 Cease ok RSL oe 
across the control junction of the transistor chopper for the ‘‘open-switch”’ state | BSS 5° Shea ivans oe Bit 
possible because the transistor “open-switch” resistance for p-n-p microalloy silieon bs2 © es aoe Ser 
transistors is quite high (generally greater than 50 megohms) for small d-c input SESE 68 Ooe o Ge 


nals to the chopper. Diodes CR6 and CR7 are used to clamp the input voltage to the 
chopper amplifier to less than 650 mv and thus avoid the need for back-biasing of th 
transistor chopper. 


7-33 


Fig. 7.2.5. D-C amplifier schematic. 
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Elimination of back-biasing eliminates temperature-dependent leakage-current 
errors normally observed in back-biased chopper circuits and is perhaps the most 
important single factor in the achievement of precision transistor low-level modulators. 
The transistor chopper circuit is further illustrated by Fig. 7.2.6; the following rela- 
tionship exists: : 

Va= —V. — CV fR (7.2.6) 


where Vy = d-c voltage input required to reduce the a-c output of the chopper circuit 
to zero 
V.= equivalent voltage between base and emitter for saturated (‘‘closed- 
switch’’) condition 
C, = capacitor representing approximately the lumped effects of junction 
capacity and minority carrier storage delays 
v= peak value of voltage across C; 
R= input resistor to chopper circuit 
f= switching frequency (chosen to permit complete discharge of C, during 
each switching half cycle) 
The stable nature of the components which comprise Vz makes it possible to include 
a zero control in the chopper circuit, which effectively eliminates modulator offset. 


D-c input D-c input 
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A-c output 


Switching 


Switching 
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(a) Chopper network 
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Fig. 7.2.6. Transistorized chopper circuit. 


This is shown in Fig. 7.2.5, where the network consisting of R,, CR2, and a 10-kilohm 
resistor inserts a variable square wave into the collector circuit of the transistor chop- 
per. The zeroing voltage is applied only during the instant when the transistor chop- 
per is in the conducting state; this again eliminates the possibility of errors due to 
leakage variations during the nonconducting state. 

The chopper amplifier incorporates several other significant features: 

_1. The low-pass filter #2C1 is incorporated to prevent a-c components of the input 
signal from overdriving the high gain a-c amplifier. 

2. The effects of switching transients or ‘‘spikes’? due to junction capacity and 
carrier storage effects in the chopper transistor are reduced in the design of the ae 
amplifier. Accurate clipping of the spike is provided at the output of the amplifier by 
means of saturation of Qs and control of the amplifier a-c input impedance and gain, 
a reduces the offset caused by the switching transient by approximately a factor 

3. Bias stability in the a-c amplifier is provided through minimum use of large 
capacitors. Two feedback networks are incorporated—a low-pass network from the 
collector of Qe to the base of Q,, and another from the collector of Qs to the emitter of 
Q:. _ This arrangement also provides the stable input impedance and gajn essential for 
setting the accurate clipping level of the switching transient mentioned in 2 above, 
. . e i an ay Ss demodulator Q, is used to recover the d-c component of the nips 
nal. ocking of large positive voltages is accomplished iding : i 
ing voltage at the base of Qs». r - hy arenes ee 

7.2.5. Integrating Amplifier. Figure 7.2.5 includes a schematic of the integrating 
amplifier, A time constant of approximately 12 sec is obtained with the aid of a twoe 
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transistor circuit and a feedback network comprising a 2-zf capacitor Cz and a 30,000- 
ohm resistor R;. The amplifier employs an n-p-n and p-n-p transistor circuit, which 
provides cancellation of the base-to-emitter voltage variations which are functions of 
ambient temperature. The base current of the input stage of the amplifier is mini- 
mized by employing a p-n-p silicon transistor which has high d-c beta at low collector 
currents. ‘The minimization of base-to-emitter voltage variations, as well as the 
reduction of the input base current with resultant smaller-magnitude variations, is 
essential, because these variations effectively represent offset errors. These can be 
appreciable in spite of the fact that this portion of the circuit is preceded by the d-c 
gain of the chopper amplifier. The direct-coupled amplifier is bias-stabilized auto- 
matically, because it is in the d-c signal path of the over-all amplifier, which is normally 
stabilized by means of externally connected feedback networks. 

7.2.6. A-C Preamplifier. The a-c preamplifier (Fig. 7.2.5) consists of an emitter 
follower Qi2 that drives a common emitter amplifier Q:;. This arrangement provides 
an a-c input impedance of approximately 300,000 ohms. The large emitter resistor 
R, provides sufficient bias stability to reduce offset variations referred to the input of 
the over-all amplifier to a negligible value. m-p-n silicon transistors are employed 
because of their inherently good frequency-response characteristics, which permit 
extension of useful over-all amplifier gain to frequencies above 100 ke. 

7.2.7. Output Power Amplifier. The essential feature of the output power amplifier 


_is efficient provision of a large dynamic voltage range and sufficient current capacity. 


Utilization of a large dynamic voltage range effectively minimizes percentage errors 
due to offset and drift in most applications. The circuit included in Fig. 7.2.5 is also 
applicable to the configurations shown in Figs. 7.2.2 and 7.2.4. 

With reference to Fig. 7.2.5, the output power amplifier consists of the composite 
emitter follower stage Qi7 and Qis, the common emitter amplifier Qis, and a diode CRs. 
lor positive output voltages, the diode CR; is back-biased and may be considered as 
in open circuit. The circuit then consists of the composite emitter follower stages 
(),; and Qis driven by the common-emitter stage Qis. For negative outputs, the diode 
in forward-biased to provide a low-resistance path from the collector of the common 
emitter stage Qis to the load. The base-emitter junctions of Qi7 and Qis are back- 
biased, and they are therefore cut off. The circuit then functions as a common-emitter 
output stage. This arrangement results in an improvement in efficiency by a factor 
of over 100 compared with conventional single-transistor common-emitter or common- 
eollector power-output stages. 

Other salient features of the output power amplifier may be listed briefly: 

|. Two power resistors Rs and Fp limit the output current and thereby provide pro- 
lection of circuit components in the event of accidental shorting of the output. 

2, Two additional gain stages Qi, and Q:; are included to perform voltage-level- 
shifting operations and achieve the required power gain. 

3. Negative feedback is employed individually around Qu, and the remaining por- 
lion of the output power amplifier. This arrangement provides gain stability over 
ihe entire passband of the amplifier, which is essential for proper high-frequency cutoff 
control. Cutoff of the entire amplifier at 100 ke is accomplished by networks R;C; 
und ReCs. These phase-control networks are designed to reduce the effects on fre- 
yuency response due to beta cutoff and collector capacitance in the transistors of the 
4 preamplifier and output power amplifier as well as parasitic capacitances in the 
luyout. C4, Cs, and C; stabilize the local feedback loop around Qis, Qis, Qiz, and Qis. 

|, Connection of Qi, as a common emitter amplifier with negative feedback pro- 
vides the low-input impedance required for efficient summation of the two signals from 
‘he integrating amplifier and the a-c preamplifier, respectively. 

7.2.8. Specifications and Test Data. The complete d-c amplifier circuit is shown 
in Vig. 7.2.5. The amplifier circuit requires only two supply voltages, namely, +55 
wnd —55 volts, although several convenient lower voltage levels are derived internally 
hy means of Zener-diode voltage-divider networks, not shown in Fig. 7.2.5. The 
wmplifier uses a total of 18 transistors. The d-c input resistance of the amplifier is 
approximately ‘1 megohm. The nominal d-c gain of the chopper amplifier is 1,300, 
the deo gain of the integrating amplifier is 200, and the d-c gain of the output power 


oat ai 
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amplifier is 50; the result is a d-c open-loop gain of approximately 13 million. The 
voltage gain of the a-c preamplifier and power-output amplifier combined is approxi- 
mately 3,000 at 100 cps, and 2,500 at 400 cps. The output voltage range is +45 
to —465 volts direct current into a 1,500-ohm load. 

Tests of the amplifier have shown that the offset remains less than 300 uv referred 
to the input, when the amplifier is operated over an ambient-temperature range of 
—55 to +85°C and less than +50 uv over periods of several hundred hours under 
laboratory conditions. The transistor chopper Q; itself drifted less than +10 uv dur- 
ing the test under laboratory conditions. Care in mechanical layout and guarding 
the critical input circuit portions by grounded circuit lines generally results in leakage- 
current errors of less than 10-° amp, with reference to the input, under conditions 
high humidity. 
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PART 1: MECHANICAL ANALOG COMPUTERS 
By Wautrer W. Soroka 


INTRODUCTION 


8.1.1. Mechanical Analog Computers. Mechanical analog computers consist of 
interconnected assemblages of sliders, bars, spur and bevel gears, noncircular gears, 
racks, screws, worms, tape-pulley combinations, variable-speed friction and pin-gear 
drives, and/or cams. Bar linkages limit the ranges of variables and the attainable 
accuracy but are preferred because they are easy to manufacture, are relatively low in 
cost, and give long trouble-free service. 

Mechanical analog-computing elements represent variables by distances moved by 
specified points in the computer, or by angles turned by crank arms, gears, shafts, or 
screws. Both forms of representation are generally used in all but the simplest 
computers. 

8.1.2. Error Sources. Kinematical or “theoretical” errors result from inherent, 
approximations of the mechanization and may vary as the machine variables vary. 

Fabrication errors result from manufacturing and assembly tolerances, and the neces- 
sary clearances to permit the proper operation of parts without interference or binding. 
As in other analog computers, the precision needed may have to exceed the required 
computer accuracy to prevent accumulation of errors. 

Slip errors occur in friction drives (rollers, wheels, belts). They depend on operat- 
ing conditions and usually increase with operating speed and loading. 


REPRESENTATION OF BASIC RELATIONS 


8.1.3. Addition and Subtraction. Figures 8.1.1 and 8.1.2 show a number of mecha 
ical adder-subtractors. Such devices may be combined to yield sums or difference 
of three or more variables. 


with its sharp edge ground to a 0.002-in. width,?’ or by crowning the rim with a radi 
of }Z2 in.26 To minimize wear and resistance to axial displacement of the wheel, 
hardened steel is commonly used for the wheel rim, and either polished hardened ste 
or polished plate glass for the turntable. This results in a friction drive of very lo 
torque-transmission characteristics. In a practical case25 the torque available at ti 
wheel of a sharp-edged integrator wheel on a polished-glass disk was 0.0001 lb-ft. 
drive attached equipment a torque amplification of the order of 10,000 was required 
Torque amplification may be supplied by an all-mechanical capstan,** a polarize 
light servo system,*7 or a capacitance-pickoff servo.27 Tests at 1,000 wheel rpm on 
disk-and-wheel integrator using a polarized-light servo system showed no appreciah 


2= 2(a,%1+ ao%Xz) 


xyt xot x3 
a 


One usually determines the over-all effects of backlash and slip in an integratt 
system by generating a simple harmonic function and observing the change in ampl 
tude of the function in successive cycles.24 The growth in amplitude may be obse 
on counters on the lead screws of the integrators or, more conveniently, by plotti 
the cosine function against the sine function on an output table. For a perfect sys 
this plot would be an exact circle. Amplitude-growth tests? on the integrators of 
large-scale differential analyzer showed changes of the order of a small fraction of 
per cent, particularly when a large gear-reduction ratio was used on the integra 
lead-screw drive. The accuracy of the system could be further improved, if neces 


(h) 
bin, 8.1.1, Mechanical adder-subtractors. Lipid Os: Gp ens Mage Pr gre 
increasing with the amount of tilt in the inkage bars. e link d 
omer sliders and approximates addition of angular as well as linear a 
ov emall angles of tilt in adder (a) the error is (w@ — y)4/128 aL, where 2a is the cros 
3 (Refs, 1, 4, 7 toll). 
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by the addition of antibacklash (‘‘front-lash’’)?5.5? units, but this has rarely been found 
necessary. 

Design criteria for ball-and-disk integrators (Fig. 8.1.3b) are substantially those for 
ball-bearing design with respect to surface finish, hardness, load, lubrication, and fric- 
tion. Accurate alignment of the balls, and lapped surfaces, or roller guides, in the ball 
cage are necessary to minimize lateral thrust and friction in the cage. Ball size does 
not affect the integrator output turns. High pressure applied by loading springs often 
permits direct drives without torque amplifiers. 
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Fie. 8.1.2. Bevel-gear differential (a) and spur-gear differential (b). Combinations of 
differentials yield sums of more than two terms (Refs. 1, 4, 7 to 9, 12 to 17, 24, 26, 33 to 39, 
53). 
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(c) 
Fig. 8.1.3. Wheel-and-disk integrator (a), ball-and-disk integrator (b), and schematld 


symbols (c). The relation established is dz = y dz (Refs. 2, 5, 8 to 10, 13, 14, 20, 25 to 30, 
53). 


The position of the point of contact between ball and disk is not determined as prot 
cisely as for the sharp-edged wheel. However, the ruggedness and torque-transmite 
ting capacity of the ball-and-disk unit recommend its application to instrumen 
control systems, and computers for which extreme precision is not an overri: 
requirement. A sine-wave amplitude-growth test‘! on a small carefully constru: 
differential analyzer using ball-disk integrators without torque amplifiers showed 
amplitude increase of approximately 0.2 per cent per cycle. This compared q 
favorably with more elaborate disk-and-wheel differential analyzers incorpora' 
torque amplifiers. 


show a number of mechanical computing elements. 
have been used in quarter-square multipliers (Sec. 3.2). 
puting elements are nonreversible, one can often generate inverse functions implicitly 
by using a servomechanism in the manner of the high-gain amplifier in Fig. 5.1.6. 
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8.1.5. Multiplication, Division, and Function Generation. Figures 8.1.5 to 8.1.12 
The squaring cams of Fig. 8.1.6 
Where mechanical com- 


8.1.6. Mechanical Differentiation. In Fig. 8.1.13 spring deflections register the 


approximate time derivatives of angular displacements by measuring the torque 


l'1a. 8.1.4. Integrator employing a spherical-zone wheel, a sliding disk, and a selsyn pickoff 
(a); and cone integrator (b) (Refs. 20, 40, 43). 


ios, 8.1.5. Similar-triangle multipliers have no kinematical errors and operate in reverse 
for division. z = xy/A (Refs. 2, 5, 8 to 10, 13, 14, 18, 46). 


exerted by a viscous-fluid drag cup (Fig. 8.1.13a), an eddy-current disk (Fig. 8.1.18b), 
wnd a rate gyro (Fig. 8.1.13c). Dashpots across the restraining springs serve to damp 
ivansient oscillations. Mechanical differentiation can also be obtained implicitly with 
the uid of a feedback loop containing a mechanical integrator in the manner of Art. 
ey Ls 4 

Tho tangent of a traced curve can be followed manually with the aid of a ruler or 
linkage bar bearing a small mirror normal to the curve. 

4.1.7. Scale-Factors. To keep linear and angular displacements within their 
anges of travel, seale factors must be applied to the problem variables in the manner 


R, 


AE 


Fia, 8.1.6a, b, c. Toothed squaring cams. Input and output in (a) cannot go through zero; 
(6) and (c) show an involute track and offset wheel which permit the input to reach zero 
but no negative values. For a wheel of radius a one has z = max?/2a (Refs. 8, 9, 18, 47). 

Fia. 8.1.6d. Cone-squaring unit employing two sets of wires to permit rotation in either 
direction. Input cannot go through zero (Refs. 1, 9, 10, 14). 


n grooves per in. 


Fia. 8.1.7. 
Fie. 8.1.7. Function cams will generate afunction w = w(z) (or its inverse) if 


D D 


(g) 


tio, 8.1.9. Linkages and cams yielding displacements proportional to sin 3 and cos # (a) 
io (/) and tan 0 = cot  (g). (ce), (d), and (e) have kinematic errors, which are reduced in 
‘») by large values of //r and in (d) and (e) by a shift of the reference line } = 0 (Refs. 4, 8 
to 10, 18, 41), 


Pp q 


= 1 + (z/a) ~ 1 + (dw/dz) 


Thus for w = kx? one has dw/dx = 2kx; and for w = loge « one hasdw/da = 1/a, Te) . 
may be toothed (Refs. 9, 19, 48 to 52). r 
lia, 8.1.8. Logarithmic multiplier using three cams, Kinematical errors are due to tilt tt 


udder linkage (Refs, 2, 5, 9, 10, 18), 8-7 
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Output 
z= f(x) 


(a) (b) 


Fig. 8.1.10. Four-bar-linkage function generators. Modern synthesis methods suitable 
for digital-computer implementation permit design of such function generators with five 
“‘precision’’ points (points of zero kinematical error) and optimum spacing between pre- 
cision points. Function generators for sin 2, tan 2, e”, 2%, 22, 25%, x3, and others permit 
accuracies between 0.006 and 0.6 per cent of output travel. The eccentric linkages in 
Fig. 8.1.10b permit additional adjustments for reduction of kinematical errors (Refs. 8, 54 
to 78, 93). 


Fia. 8.1.11. Computing linkage based on the cissoid of Diocles. The rigid right-angle 
abc has one end pivoted on a slider at c; the other leg of the right-angle link slides thro 
a smooth collar pivoted at d. Another smooth collar is pivoted at the mid-point e of t 
leg be; a bar fg pivoted at f slides in this collar. In the mechanism, df = 3A, while be = 2 
Using A = 14 as the unit of measure, the following relations are mechanized witho' 
kinematical errors: 


bi te AE Pee Ser ii 

gM na ste na nian 6 Ss 

Vi + 2° 

alate ie" aon 

hi bbcitoa doaa/i 2? 
1+ 2? 

x3 ' 2? — 24 

ree eink tak Im = oe a) 

‘ Lame Be ee 

aah ty dao oP, Oil accasy 

(Ref. 92). 
8-8 


reference line 


o=f(6, ”) 


6= 0, 
reference line 


lA (c) 


Vio. 8.1.18, Mechanical differentiation. The deflection of the restraining springs is approxi- 
tiately proportional to dx/dt or d0/dt in the drag-cup differentiator (a), the eddy-current 
dink differentiator (b), and the rate gyro (ce), Dashpots across the restraining springs 
prevent tranglent oncillations (Refe, 2, 5, 0, 14, 21, 87,44), 


81) 
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a 


N, ~ 


Abe} errr pr = x4 Sherrer 


of See. 5.1. Large-scale factors help to minimize the effect of fabrication errors; the 
same variable may have different scale factors in different parts of a computer.’ 


MECHANICAL-DIFFERENTIAL-ANALYZER TECHNIQUES 


8.1.8. Mechanical Differential Analyzers. The pioneer differential analyzers using 
the techniques of Secs. 5.1 and 5.2 to solve ordinary differential equations as early as 
1876 were mechanical devices employing disk-and-wheel integrators (Art. 8.1.4).25 te 96 


By 


ue fxydz w= f[du+ u= f(y-wydx w= f{du+ u= f[de+ w= f[dut 
(1 —x)dw) (1 —x)dw] (1 —y)du] (1 —x)dw) 
(d) 


Fria, 8.1.14. Integration of a function on a mechanical differential analyzer using lead-screw~ 
operated input and output tables (a), schematic representation (b), and setup for the solu 
tion of the differential equation M d*y/dx? + b dy/dx + ky = 0 (c). 


z=xy 2= Sxyax 


Sydx 
2 ee fldx-+(1—x)dz} z= f [dx+(1-z)dz] z= f [dx+(1 - ddz] 
& s 
(f) (g) (h) 
hia, 8.1.16. “ Regenerative’’ integrator connections. 
(a) #= [ S )2=% (w= [te 
l-y ) x 
Sydx Sxdy Sydx Sxd Syax |) ydx S(@-1d Syde (d) w = : fk y de (ec) w= - 
(a) (0) (ce) (f) a= loge (9) 2= V2e (hb) 2 = ne 


Henominators should not go through zero, In Fig. 8.1.16h, 2 = na is generated without a 


Fra, 8.1.15a. Multiplication with two integrators, 
larwo moar train, 


Fria, 8.1.15b, ¢. Integration of products, 
. 8-10 
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Multipurpose machines of this type have been rendered completely obsolete by the 
advent of electronic differential analyzers, which offer simpler programming, better 
analogy with signal-flow-diagrams, vastly increased computing speeds (runs measured 
in seconds rather than minutes and hours), and, with modern electronic multipliers, 
also better accuracy at lower cost. In high-accuracy applications, digital differential 
analyzers and multipurpose digital computers are preferred. In special-purpose ana- 
log computers mechanical-differential-analyzer techniques still are a powerful and 


Z Inx 


Susinxde fcosxde JU-2sin? dx J2sinxcosxde S(+tan® x)dx f2 tan xditan x) 
(c) (d) (e) 


z=sin7+x 


(f) (output) 


Fig. 8.1.17. Generation of various functions. Inverse hyperbolic functions may be gen 
ated by a computer setup essentially analogous to Fig. 8.1.17f. 


accurate means of computation, particularly where shaft-rotation inputs and/or ow! 
puts are needed in any case. Four-digit accuracy is possible with favorable # 
factors. g 

8.1.9. Special Computer Setups. Mechanical-differential-analyzer setups 
slightly different from equivalent electronic-differential-analyzer setups bees 
mechanical integrators integrate with respect to a shaft rotation (disk rotation) rm 
than with respect to time. One shaft rotation is usually chosen to represent the f 


. 
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pendent variable, but integration with respect to other variables is possible. This per- 
mits multiplication by means of two integrators and generation of many functions of 
machine variables without special multiplying devices (Figs. 8.1.14 to 8.1.17). Many 
applications are described in the literature.%* te 1° References 9 and 27 describe prob- 
lem preparation, including a scale-factor treatment different from that described in 
Sec. 5.1, 
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PART 2: A-C/ELECTROMECHANICAL ANALOG COMPUTERS 
By Granino A. Korn 


SURVEY 


8.2.1. A-C/Electromechanical Analog Computers. Representation of Variables. 
A-C/electromechanical analog computers are used as special-purpose computers and as 
integral parts of special control systems (navigation and fire-control computers, some 
flight simulators). A-C/electromechanical computers, in general, are not used to 
obtain numerical answers or design data in quantitative studies like the computing 
machines forming the main topic of this handbook. Only a brief review will be given 
here. 

A-C analog computing elements represent variables by amplitudes of fixed-phase 
sinusoidal or square-wave a-c carriers (most frequently 60, 400, or 1,000 eps); com= 
plete (180-deg) phase reversal corresponds to a sign change. Electromechanical com- 
puting elements (a-c servomechanisms) have a-c inputs and a-c and shaft-position 
outputs. 

Some special-purpose computers represent magnitudes and azimuth angles of two- 
dimensional vectors by carrier amplitudes and phases. 

8.2.2. Computing Elements. A-C/electromechanical analog computers implement 

Addition and subtraction by means of (a-c) summing amplifiers (Sec. 2.2), by means 
of series-connected transformer windings, or with mechanical differentials (Sec. 8.1) 

Multiplication by constant coefficients by means of potentiometers, resistive networks, 
transformers, autotransformers, and/or a-c amplifiers 

Multiplication and division of variables by means of a-c computer servomechanisms 
(a synchro transformer can replace the follow-up potentiometer) 

Multiplication by trigonometric functions by means of induction resolvers (Fig. 8.2.1) 

Generation of functions by servo-driven function potentiometers, switches, 
autotransformers 

Integration with respect to time by means of integrating servos (rate-feedback servos 
mechanisms, Fig. 8.2.2), by means of integrating gyros, or by demodulation and deg 
integration (Sec. 2.2) 

Differentiation with respect to time by means of servo-driven induction generators OF 
rate gyros; or by demodulation and d-c differentiation (Sec. 2.2) ‘ 
For all these operations, a-c/electromechanical computing elements permit co 
ponent accuracies between 0.1 and 1 per cent of full scale for suitable applications 
signal frequency ranges. In addition, a-c/electromechanical computers can compr 
mechanical computing elements, such as gears, differentials, cams, linkages, mee 
cal integrators, etc. (Sec. 8.1), and heat-transfer computing elements (Sec. 8.3), 

8.2.3. Design of A-C /Electromechanical Computing Elements: References. 
design of accurate a-c/electromechanical computing elements involves the entire 
of a-e servomechanisms, amplifiers, and control systems, specifically 


. 


servos can rotate indefinitely without scale-factor limitations. 
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Design of gears, gear trains, and bearings 

Clutches and brakes 

Synchros, induction resolvers, and a-c amplifiers 

Fractional-horsepower a-c motors and complete a-c servomechanisms 

Tachometers and induction generators 

Accelerometers and gyros 

A comprehensive and practical handbook-type review of these topics forms fully 
one-third of Truxal’s Control Engineers’ Handbook (Ref. 1, Secs. 6 through 14 and 17). 
Additional references are listed at the end of this section. 
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Fra. 8.2.1. Use of an induction resolver to Fia. 8.2.2. A-C integrating servomechanism. 
compute X = Ucos¢ + Vsingd, ¥ = —U_ The a-c servomotor M and the a-c excited 


sing + Vecos@. A transistorized resolver- 
driving a-t amplifier can be mounted on the 
resolver case itself. 


induction generator 7’ may be assembled as 
asingle unit. Output speed is proportional 
to input voltage; the unit may be calibrated 
with the aid of a stroboscopic disk on the 
motor axis. 


A-C VS. D-C ANALOG COMPUTERS 


8.2.4. Advantages of A-C Analog Computation. The essential advantage of a-c 
analog computation is the absence of d-c amplifiers with their attendant drift problems 
and multiple power supplies. Again, induction resolvers driven by a-c integrating 
Although induction 
resolvers must incorporate slip rings, their life expectancy exceeds that of sine-cosine 
potentiometers. The possibility of transformer-coupled interconnections adds to cir- 
cuit flexibility. Above all, a single servomechanism driving multiple potentiometers 
wnd/or resolvers can produce accurate products of 5 to 20 input functions by either 
the servo input or its time integral. A-C computer servomechanisms do not require 
vhoppers or motor brushes, use simple circuits and power supplies, and are easily 
(ransistorized. 

8.2.5. Disadvantages. Unlike d-c analog computers, a-c analog computers do not 
permit straightforward all-electrical integration and differentiation. Although special 
liller networks permit derivative and/or integral control in a-c servos,! this technique 
in not suitable for accurate computation, and demodulation is required for all-electrical 
integration or differentiation. Integrating servomechanisms tend to be less accurate 
(han d-e integrators, and servo frequency response is limited. 

Accurate computation with a-c carrier amplitudes requires precise control of carrier 
phase in circuits which may involve wiring capacitances and inductive transformers, 
synehros, and resolvers. As aresult of this, an entire technology of impedance-match- 
ing amplifiers, phase-correction networks, and quadrature-elimination circuits has 
evolved; these circuits must be accurately adjusted and temperature-compensated to 
prevent phase-shift errors, : 

8.2.6. Conclusions. The considerations of Arts. 8.2.4 and 8.2.5 indicate that a-c 
winlog-computing elements are not suitable for multipurpose differential analyzers 
hut can be eminently useful in special-purpose computers requiring continued drift-free 
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trigonometrical computations, especially in quantity-produced air-borne navigation 
and fire-control computers. The frequency response of 400-cps servos, if not of 
60-cps servos, is adequate for many applications. In spite of the maintenance 
problems possibly associated with moving parts, maintenance as well as initial costs 
of a-c servos driving multiple-function generators (Art. 8.2.4) are very hard to beat 
with all-electronic components of comparable accuracy.’ Nevertheless, advent of 
reliable inexpensive chopper-stabilized d-c amplifiers (Sec. 2.3), and particularly of 
all-solid-state devices of this type (Secs. 7.1 and 7.2), has cut into the market for a-c 
analog computers, e.g., in the field of large flight simulators (Sec. 5.6). Finally, 
compact and flexible airborne digital computers increasingly replace separate electro- 
mechanical navigation and fire-control computers. 
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PART 3: HEAT-TRANSFER COMPUTING ELEMENTS 
By Pau Saver 


INTRODUCTION 


8.3.1. Heat-transfer Computing Elements. Heat-transfer computing elements 
perform basic operations of algebra and calculus on amplitude-modulated a-c voltages 
as well as on d-c voltages. No moving parts are involved; accuracies between 0.4 and 
1 per cent may be obtained over a dynamic range of 500 to 1 for signal frequencies 
(modulation frequencies) up to at least 10 cps. While input and output variables are 
electrical signals, the intermediate variable physically employed is the rate of heat 
transfer between wire-pair elements. Hence computer operation does not depend on 
the carrier frequency (60 to 1,000 cps) of amplitude-modulated signals; in particular, 
differentiation and integration with respect to time do not require d-c amplifiers with 
their attendant drift and power-supply problems. 

Heat-transfer computing elements are small and relatively inexpensive. They are 
insensitive to ambient-temperature variations as well as to shock and vibration. Dis- 
advantages arise from difficulties in producing matched heat-transfer elements, and 
from inherent time delays. The essential features of the heat-transfer technique were 
developed at the Arma Division of the American Bosch Arma Corporation by J. 
Statsinger and, more recently, by G. M. Davidson and others. 


OPERATING PRINCIPLES 


8.3.2. Heat-transfer Transducers. In the basic heat-transfer transducer (Fig. 


8.3.1a), a bifilar heating element (No. 40 Teflon-insulated nichrome wire) and a sensing 
element or sensing elements (No. 40 Teflon-insulated nickel wire, large temperature 
coefficient of resistance) are wound together on a pyrex rod. Two or more such units 
may be mounted in a miniature-tube envelope; no vacuum is required. Referring to 
Fig. 8.3.la, a gain-changing voltage v is added to the heater voltage e; the result 

temperature change varies the resistance of the sensing element. In the circuit 

Fig. 8.3.1b, the output voltage xy is determined by differential resistance changes of the 


. 
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upper and lower sensing elements. Referring to Fig. 8.3.1b, the difference in the heat- 
transfer rates is proportional to the time average of (e + v)? — (e — v)*, and hence to 
EV cos #;in many applications, 8 = 0. If the signal y applied to the sensing elements 
is sufficiently small to prevent ‘‘self-heating,’”’ the rms output voltage Xo is roughly 
given by the linear approximation 


k d 
pees Coho = oe 
ave oe (» a es 


if V and E are sufficiently small (Fig. 8.3.1c). k is the transducer attenuation con- 
stant, and 7 is the transducer time constant determined by the heat-transfer lag. In 


e+VV¥2 cos wt 


y+f(v) 
Heating feailicer| ee 
element ae 
ensing 
element 


| 
v=aVy2coswtlL_]__}__] 


(c) 
lia, 8.8.1. Principle of the heat-transfer transducer. The approximate transfer function 
of Pig. 9.3.1e relates input and output rms values. 


practice, k is between 0.1 and 0.2, and T' is at least 0.2 sec. Transducer operating 
(emperatures are of the order of 100°C. 

8.3.3. The Heat-transfer Multiplier-divider. In Fig. 8.3.2, heat-transfer trans- 
ducers with two pairs of sensing elements are used as voltage-sensitive variable-gain 
transducers in a feedback-multiplier circuit (see also Sec. 3.2). The output voltage 
in given by ‘ 


_ X:X; Ak 1 ( =%) 2 
oY itaGalt+ayset Vow Cid) 


The feedback linearizes the gain-setting operation and reduces the effective time constant; 
in practice, the attainable loop gain is limited by considerations of stability and ampli- 
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fier saturation. The feedback amplifier, which may be transistorized, must supply 
about 1 watt of power. 

8.3.4. Approximate Differentiation and Integration. Since the performance equa- 
tion (1) applies to rms rather than instantaneous voltages, the heat-transfer technique 


e=EV2 cos wt y=YV2 cos wt 


Differential ampl 
(gain = A) 


“ agh x,=X,¥2 cos wt 


-e et 
Fia. 8.3.2. Heat-transfer multiplier. 


Amplifier 
(gain = A) 


Fia. 8.3.3. Heat-transfer integrator. Feedback yields the transfer function 
BE; _ WAR 
Ei, 1—AkpT/( — Ak) +1 


which corresponds to approximate integration. Effective integrator time constants 
T/(1 — Ak) up to 30 min have been obtained. 


Fia. 8.3.4. Feedback circuit for approximate differentiation. 


permits differentiation and integration of amplitude-modulated a-c signals in the man« 


ner of Figs. 8.3.3 and 8.3.4. Figures 8.3.5 to 8.3.8 illustrate a number of other 


applications. 

8.3.5. Self-heating Transducers. In the self-heating transducer of Fig. 8.3.9, the 
heating elements Ly, L» are identical with the sensing elements; physically, L; and Ly 
are special tungsten-filament lamps requiring about 1 watt driving power. 


. 


Rms values X, X, X; X, Ref 


| | 
Multiple heaters | | High-gain 
| amplifier 


Fig. 8.3.5. Root-mean-square adder circuit with multiple heating elements. 
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Fria. 8.3.6. Frequency-converter circuit. 


O° reference 


Input 
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output High-gain 
~ amplifier 90° 
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Quadrature a) 0° 
output R cos 0 


90° reference 
Via, 8.3.7, An acc resolver circuit, 
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The reference signals shown are 180 de : i i i 
g \ g out of phase; thus, while Z, is h S 
sampled by the differential-transducer circuit, and vice versa. The hice eon 


w milliseconds; the 


temperatures used reduce the open-loop time constant 7 to a fe 


SS SS SS Ss ee Se eet ee ee ee 


I at 
: I 
Amplifier A 
3-wire Synchro 
input CT (ar) es 
Quadrature 
reference 

e; eo 


| maces, | 


(R,) (180°) 


Fia, 8.3.9. A self-heating thermal transducer, 


attenuation constant corresponds to about 6 db. The 

onste : e output waveform of the trans- 
ducer shown in Fig. 8.3.9 must be added to a second full-wave rectified signal of the 
same frequency and phase to produce a sinusoidal output voltage. 


References 


1. David: é + i i i i i 
peat son, G. M.: Thermal Elements Simplify Computing Circuits, Elec. Mfg., June, 
2. Davidson, G. M., W. Djinis, and P. H. Save 
ments, Electronic Equipment, June, 1955. 


3. Gedney, G.: The 3 
ant 7 hermal Computers, Arma Eng., 1(4), (January, 1958); 1(5), (March, 


4. Davidson, G. M., and G. Gedney: 
2(1), (August, 1958). 


t: Subminiature Thermal Computing Ele- 


Thermal Computers, Arma Eng., 1(6), (June, 1958); 


Section 9 


NETWORK-TYPE DIRECT-ANALOGY COMPUTERS 
AND FIELD-PROBLEM ANALOGIES 


By 
DONALD T. GREENWOOD, Associate Professor of Instrumentation Engineering, 
University of Michigan, Ann Arbor, Mich. 


WILLIAM J. DIXON, President, Computer Engineering Associates, Inc., Pasadena, 
Calif. 


R. P. WASHBURN, Analyst, Marketing Research, General Electric Company, 
Computer Department, Phoenix, Ariz. 


WALTER J. KARPLUS, Associate Professor of Engineering, University of Cali- 
fornia, Los Angeles, Calif. 


WALTER W. SOROKA, Professor of Mechanical Engineering, University of 
California, Berkeley, Calif. 


CONTENTS 


PART 1: NETWORK ANALOGIES OF DYNAMICAL SYSTEMS 
Donald T. Greenwood 


Introduction 9.1.11. The Russell Beam Analogy.. 9-15 
9.1.1. The Direct-analogy Computer 9-3 9.1.12. eye gta aaa and Torsion 9-17 
Representation of Basic Mechanical 9.1.13. The Three-beam Circuit..... 9-18 


Systems 
is ¢ Analogies for Static Structures 
9.1.2. Loop and Nodal Analogies of Pp ! 

Mechanical Elements....... . 9-3 9.1.14. A Comparison of Static and 
9.1.3, Loop and Nodal Analogies for Dynamic Cireuits........... 9-19 
a Mass-spring-damper System 9-3 9.1.15. The Plane-stress Circuit..... 9-20 
9.1.4. The Scaling Equations. ..... O28. we SlolGy The Plate Analogy... < tees 9-23 
9.1.5. Realizability of Passive -net- 9.1.17. The Ring Analogy.......... 9-26 

work Analogies............. o-7) JOE: The Analogy for a Stiffened 
9.1.6. Coordinate Transformations.. 9-8 Cylindrical Shell............ 9-29 

Dynamical Structural Analogies Errors 

Ol Texke LOPMON Od. kisses 9-12 9.1.19. Types of Errors............. 9-30 

0.1.8. Beams in Bending.......... 9-12 9.1.20. Finite-difference Approxima- 
0.1.9. Beam Boundary Conditions., 9-15 GLONS AES. TANS SS BR 9-30 
0.1.10, Beame with Rotary Inertia,,-9-15 9.1.21, Parasitic Impedances..,...., 9-34 


—_ -s  . T_ eee 


9-2 FIELD-PROBLEM ANALOGIES 


PART 2: DIRECT-ANALOGY COMPUTERS: 
COMPONENTS AND SYSTEMS 


William J. Dixon 


Introduction 


9.2.1. General Requirements of a 
Direct-analogy Computer.... 9-36 


Passive Elements 


9.2.2. Selection of Frequency Range, 
Impedance Level, and Power 


Bevo nate ee RSM, 9-37 
9.2.3. Transformers and Inductors.. 9-41 
0.9.4, Resistora 7) ty 2h). 2 em -. 9-44 
GO he Ma OCN OER, «se corsets ee 9-44 


Active Elements and Nonlinear Elements 


9.2.6. Active Elements in General. . 9-45 
Ore. Fe AMIDMMOTS Sooo. - cme ve aes 9-45 


9.2.8. Multipliers and Function Gen- 


9.2.9. Special Nonlinear Elements.. 9-49 
Peripheral Equipment 


AROS TECCEBUON tes ocak on vo eee os 9-51 
291; Metering: .5%.. 3 $44 27°F 9-54 
9.212, ‘Control Console... 2.0. ania: 9-58 
Operation 
9.2.13. Operating Features.......... 9-59 
D318; CROCE. .: Stee eon 6 mone 60 9-59 
eR a Te ee ee eee 9-59 
9.2.16. Typical Installations........ 9-60 


PART 3: POWER-SYSTEM NETWORK ANALYZERS 
R. P. Washburn 


Introduction 
9.3.1. Power-system Network Ana- 
1G lly ee Ce ernie 9-61 
9.3.2. D-C and Direct-analog A-C 
Network Analyzers......... 9-61 
9.3.3, Modified-analog Network 
URSIRAROUEs 55.4 65s <.0% Rin &'8 ties 9-61 


Design of Network Analyzers 


9.3.4. Network-analyzer Compo- 
WODB Gia; ost as sharers sess 9-62 


9.3.5. Base Quantities and Scaling. 9-63 


9.3.6. Design Detaila.:....- +224 9-63 
9.3.7. Semiautomatic Programming 

and Read-out....5 2660+ «yee 9-67 
Solution of Network Problems 

9.8.8; Required. Data wid ¢ .« direst ae 9-67 

9.3.9. Types of Problems Solved... 9-68 

0.8.10.. Fault Studiesis v3; -¥. serek'y 9-68 


PART 4: SPECIAL METHODS FOR THE SOLUTION OF FIELD PROBLEMS 
Walter J. Karplus 


Resistance Networks 


9.4.1. The Resistance-network Anal- 
OMG rs clk = dele sia ake Ha) mie ocr 9-69 
9.4.2. Laplace’s Equation in Rectan- 
gular Cartesian Coordinates... 9-69 
9.4.3. Laplace’s Equation in Curvi- 


linear Coordinates. ......... 9-72 
9.4.4. Asymmetrical Networks. .... 9-76 
9.4.5. Analog for Equations of the 

PCMAG TY DG... 65 455 canto > 9-76 
9.4.6. Analog for the Diffusion Equa- 

WROD eee cates 2 cba ae pat, 9-77 
9.4.7. Analog for the Wave Equa- 

Sot esis wdcoits bah Keberde 9-78 
9.4.8. Analog for the Biharmonic 

TRGUavION. ¢%. eo are ets ees 9-79 


Conductive-solid Analogies 


9.4.9. Principle of the Analogy..... 9-80 
9.4.10. Resistance Paper—Teledeltos. 9-80 
9.4.11. Conductive Rubbers........- 9-81 
9.4.12. Miscellaneous Conductive 

Modelae604...3.8 PSE as 9-81 
9.4.13. Analog for Poisson’s Equa- 

MIOD.. ova vce tei ens seen 
Conductive Liquids—The Electrolytic 
Tank 
9.4.14. Principle of Operation....... 9-82 


9.4.15. Design of Electrolytic Tanks. 9-82 
Stretched-membrane Analogies 
9.4.16. Membrane Analogies........ 9-84 


PART 5: HYDRODYNAMIC ANALOGIES 
Walter W. Soroka 


Analogies for Two-dimensional Poisson 
and Laplace Fields 


OG. Introduowon. «yaad is pk 7 eos 9-85 
9.5.2. Hydrodynamic Analogies for 
Prismatic Bars in Torsion.... 9-85 
9.5.3. Sandbed Mappers............ 9-85 
9.5.4. Hydrodynamic Analogy for 
Shear Stress in Bending....... 9-86 
9.5.5. Hydrodynamic Analogies for 


Other Field Problema, ...... 9-86 


Hydrodynamic Representation of Creep 
and Relaxation in Complex Materials 


9.5.6. Representation of Creep and 
Relaxation... ss ++ 99easape ee 9-86 


A Hydraulic Analogy for Transonic 
Aerodynamics 


9.5.7. A Hydraulic Analogy for 
Transonic Flow...... aT 


NETWORK ANALOGIES OF DYNAMICAL SYSTEMS 9-3 


PART 1: NETWORK ANALOGIES OF DYNAMICAL SYSTEMS 


By Donatp T. GREENWOOD 


INTRODUCTION 


9.1.1. The Direct-analogy Computer. The direct-analogy computer is distin- 
guished by its use of passive circuit elements (capacitors, resistors, inductors, and 
transformers) as fundamental elements in the computing process. A network com- 
posed of these elements can be described in terms of a system of ordinary linear differ- 
ential equations with constant coefficients. It is known that many systems involving 
other physical processes (mechanical vibrations or heat flow, for example) are also 
described or closely approximated by equations of the same form. Often it is possible 
to represent a system of this sort by an “analogous”’ passive electrical network. The 
utility of an electrical analogy or model lies in the ease with which system parameters 
may be changed and the convenience in making measurements. Also, it turns out 
that the computer representation is relatively easy to calculate and to set up for many 
physical systems of interest. 

Although the direct-analogy computer is often used to analyze linear passive sys- 
tems, it is not restricted to such use. Active elements such as high-gain d-c amplifiers, 
multipliers, and function generators are often used with the computer. Such devices 
increase its flexibility and enable one to analyze, in addition, many systems which are 
unstable or nonlinear (see also Sec. 9.2).8 


REPRESENTATION OF BASIC MECHANICAL SYSTEMS 


9.1.2. Loop and Nodal Analogies of Mechanical Elements. There are two general 
types of electrical-network analogies for mechanical elements; namely, (1) the loop or 


force-voltage analogy, and (2) the nodal or force-current analogy. The basic correspond- 


ences involved in the loop and nodal analogies are shown in Table 9.1.1. By compar- 
ing the equations describing the various electrical and mechanical elements, the cor- 
respondences shown at the bottom of the table can be deduced. 

All the passive-network representations for mechanical systems that are shown on 
following pages can be considered as exact representations (within the limitations of 
component accuracy) for lumped mechanical systems. These lumped mechanical sys- 
(ems comprise masses, springs, dampers, and levers, plus their rotational counterparts. 
Additional transformers are used for coordinate transformations. 

9.1.3. Loop and Nodal Analogies for a Mass-spring-damper System. The differ- 
ential equation for the mechanical system of Fig. 9.1.1a is 


d*z dz 
th Ss +b es + kz = f(t) (9.1.1) 


where the displacement x is measured from the equilibrium position. 
The nodal analogy for this system is shown in Fig. 9.1.1b and is described by the 
equation 


eC 1 ft : 
tetzl ew = i(t) (9.1.2) 


where the inductor current is assumed to be zero at time ¢ = é. Noting again that 


— my 


dt 


we see that the two systems are indeed analogous, with the correspondences given in 
Table 01.1, 


Table 9.1.1. Loop and Nodal Analogies for Basic Mechanical Elements 


where e(t,) =e, 
Resistor 
i R 
—VW\—o 
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e=Ri 


Autotransformer 
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Loop analogy Mechanical system Nodal analogy 


Voltage e 
Current i 
Inductance L 
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Resistance R 
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Damper 
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Analogous Quantities 


Force f 

Velocity v 

Mass m 

Spring stiffness k 
Damper constant b 
Lever length L 


€1, 2, €3 are voltages relative to 
ground, n,, m2 are the number of 
turns in portions of the winding. 


i +ig+iz=0 
ni, = N2i3z 
€n—e)  &3—€o 
pt Wed ee cP 
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Current ¢ 

Voltage e 
Capacitance C 
Inverse inductance i 


i 
Conductance R 


Turns n 
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Equation (1) states that the sum of the forces (including inertial forces) acting in a 
given direction at a point is equal to zero. This is essentially a statement of Newton’s 
second law. Similarly, Eq. (2) states that the total current entering a node is equal to 
zero. This is Kirchhoff’s current law. 

It is important to note the topological similarity between the mechanical system and 
its nodal analogy. This similarity in form may not be apparent at first glance. One 
must observe that each mechanical element is in reality a two-terminal element. The 
mass is ‘‘connected”’ between the node z and ground since its acceleration is referred 
to an inertial system, which is the earth in this case. Also, the force f(t) is the output 
from a force generator which is assumed to be pushing against the earth or an object 
fixed with respect to it. Thus each system consists of a parallel connection of four 
two-terminal elements between a single node and ground. 


(a) (b) (c) 


"1a. 9.1.1. Passive electrical analogies for a mass-spring-damper system. (a) The mechani- 
cal system. (b) The nodal analogy. (c) The loop analogy. 


Consider now the loop analogy (Fig. 9.1.1c) for the mass-spring-damper system. 
The differential equation describing this circuit is 


Lo + Ri +d [ia =e (9.1.8) 
dt OJi% Tay 


where the charge on the capacitor is assumed to be zero att = t). Again, by compar- 
ing Eqs. (1) and (8), we note that the correspondences apply as given by Table 9.1.1 for 
the loop analogy. 

The loop analogy is not topologically similar to the mechanical system. This is an 
important disadvantage of the loop analogy compared with the nodal analogy and is 
perhaps the principal reason for its infrequent use. 

In general, the loop and nodal representations of a given mechanical system will be 
electrical duals. This means, among other things, that the roles of loops and nodes are 
interchanged. Thus a given nodal velocity of the mechanical system will correspond 
to a node voltage in the nodal analogy and to a loop current in the loop analogy. 

In the material which follows, the nodal analogy will be used exclusively. 

9.1.4. The Scaling Equations. Thus far we have been concerned primarily with 
the form of the electric circuit and little attention has been paid to numerical values 
of the elements. Now we shall obtain scaling equations whereby numerical values 
may be obtained. 

The differential equations of motion for a lumped mechanical system with n degrees 
of freedom can be written in the form 


ay (mip? ays bisp = hija; = filt) Gi = iy 2, ROP) n) (9.1.4) 
j=l 


where the differential operator is denoted by p and fi(t) is the generalized force cor- 
responding to the ith coordinate, 


— 


9-6 FIELD-PROBLEM ANALOGIES 


Similarly, the nodal clectric-circuit equations can be written 


n 


1 bl eas . 
fy? ee poe et Ser 
: (cup 7 Riz BS Li;/ p tele) 


j=1 


= Lape *) (9.1.5) 


where + is the electric circuit or computer time and is the corresponding differential 
operator. 
The time-scale factor N relates the actual physical time ¢ to the computer time rt. 


t= Nr (9.1.6) 


For the usual mechanical system, N is a number larger than 1. In other words, the 
observed computer frequencies are greater than the corresponding frequencies of the 
physical system. A typical problem might show the lowest significant frequencies in 
the computer solution to be the order of 100 cps whereas the corresponding mechanical 
frequencies might be ten to a hundred times smaller, 

From Eq. (6) we obtain the relationship 


p =Np 


The mechanical velocities are related to the corresponding voltages by the equation 


(9.1.7) 


GG =1,2,...,n) (9.1.8) 


K 
pit; = W a je; 


where the a; are the voltage scale factors. It is usually not necessary or advisable to 
choose a different scale factor at each node point, i.e., for each value of 7. Often a 
single voltage scale factor is sufficient. 

The scale factor K relates the energy levels of the two systems. The mechanical- 
system energy level is K? times that in the electrical system. The factor K does not 
influence the value of any electrical component. Rather, it influences the magnitude 
of the forcing current (or voltage) and also, of course, the voltage and current levels 
throughout the circuit. Often, however, relative rather than absolute magnitudes are 
desired and the scale factor K can be ignored. 

The forcing current is given by 


(9.1.9) 


Substituting Eqs. (7), (8), and (9) into the mechanical-system equation (4), we 
obtain 


n 
2 . 
ny aia; (ms a + bis 2 + hss) : = 1;(r) Gi = iL. 2, + ul a n) 
I=} 3 


which, when compared with Eq. (5), yields the following: 


Cy = ne aijMiz (9.1.10) 

x a 5 aia (9.1.11) 
uy 

oa = aiajki; (9.1.12) 
tj 


Equations (7) through (12) are the basic scaling equations for the direct-analogy 
computer, 
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9.1.5. Realizability of Passive-network Analogies. Equations (10), (11), and (12) 
are the principal scaling equations that are used to set up a passive-network analogy 
for a lumped mechanical system. For a general lumped mechanical system with n 
coordinates the subscripts i and j will take on all values from 1 to n. The nodal 
analogy will have n nodes (plus ground) and n(n + 1)/2 C’s, R’s, and L’s each, in the 
general case. It is important to note that a capacitance C;; as calculated by Eq. (10) 
is not the value of the actual capacitor connected from the 7th node to ground. Rather, 
it is the total self-capacitance at the 7th node, i.e., the sum of all capacitances con- 
nected to the ith node. 

The C;; as calculated from Eq. (10) for the case 7 ¥ j must all be negative if sign- 
changing transformers are to be avoided in the circuit. Each positive C;; will require 
a sign-changing transformer. These transformers will change the sign of the cor- 
responding mutual capacitances but will not change the sign of the contribution to the 
Pan alba In any event, the size of the capacitor between the ith and jth nodes 
1s ij\. 


€3 


pgiiie'ee |Czs| 


+ aie |C2s| 


>a nodal analogy. 


To clarify this point, consider the inertial representation shown in Fig. 9.1.2 for the 
case of three coordinates. The mutual capacitances C,; and C2; are negative, but Cis 
is positive. Because C2 is positive a sign-changing transformer is placed in series with 
the capacitor. 


Note that the condition that the capacitor from the ith node to ground be positive 
is that 
Cg = >» |Ci;| = 0 
jt 
What has been stated with regard to restrictions on the C’s for physical realizability 


is equally true for the L’s and k’s. If we designate the admittance of any one of these 


pcre types by Yi;, we can summarize the physical realizability conditions as 
follows: 


(9.1.13) 


1. Yes = Vis 
2. Yu > y IYof @=1,2,...,2) 
jt 


It should be emphasized that these conditions need not apply to the m,;, bi;, and ki;; 
provided that a linear coordinate transformation can be found such that the conditions 
are met in the new coordinate system. These linear transformations are performed in 
(he circuit by the use of transformers. 

It has been stated that one of the principal advantages of the nodal analogy is that a 
topological similarity exists between.the mechanical and electrical systems. However, 
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we can sce from the scaling equations that this is strictly true only for the case of a 
uniform scale factor throughout the circuit. Even so, for practical cases, there is 
generally enough uniformity of scale factors 
that the form of the nodal circuit can be 
obtained easily. 

9.1.6. Coordinate Transformations. Coor- 
dinate transformations are used for several 
reasons. Among these are (1) to make possi- 
ble the representation of an otherwise impossi- 
ble system, (2) to simplify the scaling, (3) to 
provide convenient coordinates for represent- 
ing complicated structures, (4) to change 
impedance levels in order to improve the 

Via, 9.1.3. A rotation of axes. accuracy of computation, and (5) to impose 
constraints on the system.’ 

Asa first example of a coordinate transformation, consider the rotation of axes shown 
in Fig. 9.1.3. The transformation equations are 


zcos\ + ysin dA (9.1.14) 
—x sin \ + y cos A (9.1.15) 


This transformation can be accomplished using the transformer circuit of Fig. 9.1.44, 
where unity scale factors have been assumed. This circuit requires four transformers 


de of sind a ¢ tan Xd x 
4 2 cos A 


oS 
tan cos A 


= 


= (a) (0) 


Fra. 9.1.4. (a) Cireuit for coordinate-axis rotation. (b) Simplified circuit. 


and would prove costly in terms of transformers if used very many times in a given 
computer setup. Another representation is suggested by dividing Eqs. (14) and (15) 
by cos A, giving 


ae x+ytand (9.1.16) 


tl 


—axtandx+y (9.1.17) 
cos X : 


This circuit is shown in Fig. 9.1.46. Note that the voltage scale factor has now been 
changed for the primed system. In case ) lies between + /4 and 7/2 it is preferable to 
divide equations by sin \ rather than cos \. This will keep the scale-factor ratio les# 


than 2:1. 

A rotation-of-axes transformation is particularly useful at junctions or bends in 
structural members. It enables each section of the over-all structural representation 
to have its local coordinate system with coordinate transformations used at the 
junctions. 

An important feature of transformers as coordinate transforming devices is that, 
ideally, the power input and output are at all times equal. In other words, a certain 
voltage ratio between primary and secondary windings implies the inverse current ratio 
between these windings, and vice versa. Thus only the displacement (or velocity) 
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equations need be considered directly in finding a transformation circuit. The 
implied force-transformation equations will automatically be enforced by the circuit. 

A second type of coordinate transformation is accomplished by a two-winding 
transformer whose turns ratio is different from +1. This type of transformation is 
used either to obtain a realizable circuit or for reasons of improved scaling and better 
accuracy. 


9m Ma 


oo x 
16a ee 
%, “Bh + 
a 3L 
<—e oT 
mn m m = 
16 16 
(a) (6) 


Kia. 9.1.5. A rigid bar with point masses, and the use of a coordinate transformation in its 
representation. 


As an example of this sort of transformation consider the rigid bar with point masses 
shown in Fig. 9.1.5a. In terms of the given coordinates, the inertial coefficients are 


My = 10 m m 3 m 
Ai Se je 
16 a ae 
3 (9.1.18) 
2 
ma =—™m Moa = — mM 
16 16 


Chis inertial description is not directly realizable without using transformers because 
the mutual mass 79 is positive and is larger than the self-mass m2. 
If we make the transformation 


, 


M1 = 2 
ie atic! (9.1.19) 
we find that the inertial coefficients in the primed coordinate system are 
my" = a Myo" = = m 
(9.1.20) 
Mo’ = ne m Mo! = Bs ay 
16 “ 16 


Now we can represent the system as shown in Fig. 9.1.56. Unit scale factors have 
heen assumed. Note that the capacitor sizes are the same as though the voltage scale 
fnctor were changed by a factor —8. ‘This has the effect of multiplying the mutual 
erg —3 and the self-mass m2z2 by (—3)2 as can be seen by comparing Eqs. (18) 
ne . 

It should be pointed out that the system also could have been represented directly 
hy using an autotransformer with capacitors proportional to the three masses con- 
nected to ground from its three taps. 

Another type of coordinate transformation that can be used to obtain physical 
realizability is one in which the unprimed and primed coordinates are equal except for 
one coordinate. This unprimed coordinate may be expressed as the linear combina- 
(ion of two primed coordinates: 

As an example of this transformation, consider a system with inertial coefficients 


my, = 14 Mig = Ma = 9 
Mar = 14 M3 = My = —5 (9.1.21) 
mi'ug 


Mas = 9 i Mo, = Mae 
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with respect to the unprimed coordinates. 
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Consider now the transformation 


y= a1 — 22! 
2 = Xo! (9.1.22) 
r3 = x3! 


In order to find the inertia coefficients with respect to the primed system, write the 
general linear transformation 


y= tij2;" (i = iy 2, ta he ,n) (9.1.23) 
j=l 
The transformed inertia coefficients are given by 
n n 
m= ) Yi Cee Pe WE 48 (9.1.24) 
k=11=1 


This result is more easily expressed using matrix notation. 


For a coordinate trans- 
formation 


{x} = [a] {x’} (9.1.25) 


The transformed inertia matrix is 
[m’| = [el’{m]le] (9.1.26) 


where the prime outside the brackets indicates the transposed matrix 
The resulting inertia coefficients are 


my,’ = 14 mig! = May! = M3) = Ms) = —5 
Mo = 10 Mo3" = M39" = —3 (9.1.27) 
M33 = 9 


The final circuit is shown in Fig. 9.1.6. 

One further coordinate transformation must be mentioned. This is the transforma- 
tion between ordinary coordinates and principal coordinates.°* This transformation 
is most useful when one desires to represent 
a portion of a system in terms of its first few 
principal (or normal) modes rather than by 
a detailed representation. The remainder 
of the system might be assumed to be repre= 
sented in greater detail in terms of ordinary 
coordinates, thereby necessitating a coordi« 
nate transformation at the junction. 

For example, in a vibration study of an 
airplane wing it might be convenient to 
represent the fuselage in terms of its principal 
modes. The wing would be represented in 
detail using ordinary coordinates in order 
to permit easy variation of structural pi» 
rameters and also to obtain the requi 
accuracy. Therefore, a coordinate trani= 
formation is necessary at the junction of the wing and fuselage. 

Let us consider now an example of a coordinate transformation involving three 
principal coordinates and two ordinary coordinates. The general transformation 


+ + bat 


Fie, 9.1.6. A circuit representing the in- 
ertial properties given in Eq. (21). 
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equations are of the form 
n 
, 2; = AU; (9.1.28) 
k=1 
where U;, is the principal coordinate corres i 
: ; ponding to the kth : i 
ordinary coordinates. There are n modes. : Pe Bee 


An important feature of the description of as i inci i 

J ystem in terms of principal coordinates 
is that the modes are orthogonal or uncoupled. Assuming no damping, each mode can 
be represented by a parallel inductor and capacitor. If we assume unity scale factors 
the capacitor and inductor values for representing the kth mode are 


Cr = > > misdndn 
tj 
1 = 
i sy » kijAind jx 
j 


a 


(9.1.29) 


(9.1.30) 


The circuit representing Eqs. (28), (29), and (30) is shown in Fig. 9.1.7a. This circuit 
requires six transformers to perform the transformation to ordinary coordinates. 


xy Xp 
Cc. : iT 
1 2 2 
Ay SliyAn | Ao, 


SL33Ais Aras Aas 


(a) (0) 
lta, 9.1.7, Representation of a vibrating system by means of principal modes and employ- 


ing a coordinate transformation from principal to ordinary coordinates. (a) Standard 
elreuit. (b) Circuit requiring fewer transformers. 


A circuit requiring fewer transformers is shown in Fig. 9.1.76. This circuit was 
obtained by multiplying the voltage corresponding to U; by the factor Ay. This 
change of voltage further implies a change in component values. It may be seen that, 
(he kth capacitor must be divided by A142 whereas the kth inductor is multiplied by 
(he same factor in order to change the voltage but not the power level. By this means 
all the left-hand transformers are changed to a one-to-one turns ratio and may be 
eliminated provided that the individual mode circuits are connected in series. The 
right-hand transformers now have turns ratios of Ai, to Ao. 

Another simplification can be made in the circuit representation in terms of principal 
modes when some natural mode frequencies are much higher or lower than the expected 
wlution frequencies, In this case, the modes of much higher frequency can be approxi- 
‘ated in terms of their stiffness (induetance) only, while the modes of much lower 
frequency are approximated in terms of their mass (capacitance) only, 
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DYNAMIC STRUCTURAL ANALOGIES 
9.1.7. The Torsion Rod. The torsional motion of a straight uniform rod can be 
obtained by solving the partial differential equation 


(9.1.31) 


ich i i i ional compliance (inverse stiff- 
hich is recognized as the wave equation. The torsiona 1 i 
peeve per nea lanai is (JG), ¢ is the torsional displacement, z is the distance along 
the rod, t is the time, and J is the moment of inertia per unit length. 


I, Ax 


_ (I@)n—1/2 


(a) — Ax ae 


. 


me 


Fic. 9.1.8. The lumped mechanical approximation (a) and its exact electrical analogy (6) 
for a torsion rod. Uniform cell size Az is assumed. 


Equation (31) can be replaced by two first-order equations in x, namely, 


i@%? = (9.1.32) 
Ox 
OT i doe (9.1.33) 
and os I ie 


where 7 is the twisting moment. The torsion rod need not be uniform in this case, 
The finite-difference approximations for Eqs. (32) and (33) are 


Tin ad ate ee ~ (9.1.34) 


Ax 
Tass — Try _ 7 Pon 


— (9.1.35) 
Ax 


where Az is the cell length. These finite-difference equations represent —— a 
lumped mechanical system shown in Fig. 9.1.84. The exact nodal analogy - a 
lumped mechanical system is shown in Fig. 9.1.8b, assuming unity scale factors. ) 
the topological similarity of the two systems. ; ‘ ; 
9.1.8. eat in Bending. The partial differential equation of motion for a beam 


in bending is { ; 
0? rh ae 
ga (Fl 5g) > Pan 
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where h is the beam deflection, x is the distance along the rod, ¢ is the time, EJ is the 
bending stiffness, and p is the beam mass per unit length. The beam may also be 
described in terms of four first-order equations 


oh = 6 (9.1.37) 
0x 
ert =M (9.1.38) 
Ox 
ou ev (9.1.39) 
Ox 
av ath 
er (9.1.40) 


where @ is the slope of the beam, / is the bending moment, and V is the shear force. 
The finite-difference approximations for Eqs. (37) through (40) are 


i re (o..4) 
Ax 
(EI), nt — On-% _ yy, (9.1.42) 
Ac 
Ben eyes, (9.1.43) 
Ax 
Vasls = Vn_-¥s @hn 
Vays — Vn-vs _ _ dPltn 1.44 
= Pn a (9.1.44) 


These equations represent the lumped mechanical system of Fig. 9.1.9a exactly for 
small deflections. The levers are assumed to be rigid and massless with pin joints 
at the junctions. The springs between 
the levers represent lumped bending stiff- pagan, 
ness and are unstressed when h = 0 at all 
stations. 

The analogous electric circuit is shown in 
Vig. 9.1.90.11° This circuit can be shown 
to be described by Eqs. (41) through (44). 
|Actually, Eqs. (41) and (42) are differ- 
entiated with respect to time.] 

The actual values of the circuit elements 
can be calculated using Eqs. (10) and (12). 
It is most convenient to use different volt- 
ae scale factors for the h and 6 coordinates. 
Let 


a, = Pag (9.1.45) 


This implies an increase by a factor P in 
the relative magnitude of the 6 voltages 
compared with the h voltages. This also 
moans that the transformer turns ratios 
nave P/Ax rather than 1/Az. The constant 
/’ is usually chosen to give transformer a (b) a 
(urns ratios near unity. For the case where 
the cell length Az is not a constant for 
different stations, P is chosen to be near - 
the average cell length, 


Ak 


Fig, 9.1.9. (a) Mechanical equivalent of 
finite-difference representation of beam 
in bending. (b) The nodal electrical 
analogy corresponding to (a), 
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End-cell termination Mid-cell termination 9.1.9. Beam Boundary Conditions. The representation of boundary conditions 


will be considered for case of free, built-in, and pinned ends where the termination can 
occur at either the middle of the cell or at the cell end. 


At a free end 
Built-in 


V =0 and M=0 (9.1.46) 
1 a At a built-in end 4 
—— h=6@ and ¢6=0 (9.1.47) 
= At a pinned end 
1 h=0 and M=0 (9.1.48) 
1 
I The finite-difference approximations for these boundary conditions are shown in 
| Table 9.1.2. The corresponding circuit 
; conditions are shown in Fig. 9.1.10. The 
I Free mid-cell termination is used more fre- 
1 quently because of better accuracy. 
! 9.1.10. Beams with RotaryInertia. The 
| a | beam representation that we have con- 
or sidered so far has not specifically included 
- rotary inertia. However, the beam circuit 
oa can be changed relatively easily to include 
! -rotary-inertia effects. First, change the 
: location of the capacitors in the h circuit h pal Be 
I to the transformer center taps. This cor- Ali ae — = Az 
' Pinned responds to lumping the mass at mid-cell ee | es Q 
: (the center of mass of the cell) instead of ape Vota ig 


inertia of each cell. The actual rotary 
inertia can now be added independently 
by adding a corresponding capacitor from ia. 9.1.11. Beam circuit for the case of 
each @ node to ground as shown in Fig. ™ass lumping at mid-cell and with rotary 
9.1.11. inertia. 


The corresponding finite-difference equations for the lumped mechanical system are 


at the cell ends and removes the rotary Pty ty 


Fra. 9.1.10. Circuit representations of boundary conditions for a beam loaded at the cell 
ends, The dashed line indicates the end of the beam. 


lings — Ino _ 


1.4 

a. ne (9.1.49) 
fi ie bnai — 6 ; 
Table 9.1.2. Finite-difference Approximations for Beam Boundary Conditions (ED n435 — 2 = Mai (9.1.50) 
3 2, 
Station and end of beam at boundary Mays — May = Vn At + (? = +p ; Az ee (9.1.51) 
adh 
Sete ; Von ~ Von m oa Ge oo 
condition where we have taken 

Left Right In = 46 (Rng ts + Ants) (9.1.53) 

and Vn = ¥6(Vnate + Vn_y) (9.1.54) 

# = a Mn = Mays = O a Ph ees ‘ 
Free M, = 0 rm Mn < % ptt ch one = aa 0 Vayhs = 0 wh rhe circuit has been shown for the case of a uniform beam. If the beam is not uni- 
Vnsls = —Vn-'6 ie na = n+ pa form, lump the mass of each cell at the center of mass. . This means that the capacitors 
aye Pag: BS es Ey In = ngs SO in the h circuit would be connected to a transformer tap that is not necessarily at the 
uilt-in ‘ PA toy, bls =. =e Roe On center of the winding. The capacitors in the @ circuit would each correspond to the 

n+ 3 (otal moment of inertia of the given cell about its centér of mass. 
Pinned Pw 6 : apt ere! conditions are applied to this beam representation as shown by the circuits 
M,=0 of Fig, 9.1.12. 


9.1.11, The Russell Beam Analogy.!2!* One method of checking the accuracy of 
representation of the elastic properties of beams is by comparing influence coefficients, 
i.e., the deflections per unit load. Let us do this for a cantilever beam represented by a 


Nore: Assume a virtual beam extending beyond the boundary in applying the abo 


conditions, 
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End-cell termination Mid-cell termination 


Built-in 


Free 


Pinned 


= le 


Fie. 9.1.12. Circuit representation of boundary conditions for a beam with mid-cell loading 
and rotary inertia. The dashed line indicates the end of the beam. 


single cell (with mid-cell terminations) and loaded at the end, as shown in Fig. 9.1.13. 
This system will have a slope and deflection at the end given by 


_ Maz , P(A)? 


0= EI OBI (9.1.55) 
M(x)?  P(Az)? 
h= oEI 4EI (9.1.56) 


Now compare these values with those for an actual cantilever beam of length Az. 


_ Maa , P(aa)? 


a toe (9.1.57) 
M(az)?  P(az) 
i= ONE 3EI (9.1.68) 


One can sce that the slopes agree exactly but the lumped system has a deflection due to 
P that is too small by an amount P(Az)3/12E7. This error can be corrected by substi« 
tuting for the pin joint a shear spring of stiffness 12HI/(Az)°. 

Now an ezact mechanical model-has been obtained for a beam cell which is loaded at 
the cell ends (where slope and deflection are also measured). This system is the 
mechanical equivalent of the Russell beam analogy. 
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Even though the above discussion referred to a uniform beam, the Russell beam 
analogy can be used to obtain an exact elastic description of a beam cell with nonuni- 
form stiffness, provided that the loading 
occurs only at the cell ends. In this more 
general case the shear spring is placed at the 
centroid of the area under the 1/EJ curve 
for the cell. The reciprocal of the stiffness 
of the shear spring is equal to the moment 
of inertia of the 1/EHI curve about its 
centroid. 

The lumped mechanical system and its 
clectrical equivalent are shown in Fig. 9.1.14 
for the case of an arbitrary stiffness distri- 
bution. The electric circuit requires two 
inductors, one capacitor, and one transformer per cell for the general interior cell. 
One extra transformer is required at the end. Note that, when two cells are joined, the 
two transformers at the junction can be 
replaced by a single transformer with a tapped 
winding. The capacitors representing the 
mass loading are connected to the trans- 

Centroid former taps. 
Area=A ® Boundary conditions are applied to the 
Radius of gyration=r |-— Russell beam in a manner similar to that 
previously shown in Fig. 9.1.12 for the case 
of mid-cell terminations. 

9.1.12. Coupled Bending and Torsion of a 
Beam. Circuits have been obtained previ- 
ously for representing a beam in bending or in 
torsion, but thus far we have not considered 


Fia. 9.1.13. A one-cell representation of 
a uniform cantilever beam. 


pi 
~'() 


lta, 9.1.14. The Russell beam analogy 
for one cell. (a) The 1/HI curve. 
(b) The lumped mechanical system. 
(ec) The electric circuit. 


Fic. 9.1.15. The circuit representing 
coupled bending and torsion of a beam. 


simultaneous bending and torsion. ‘The circuit to be presented here assumes that 
deflections are measured along a straight elastic axis and no elastic coupling exists. 
The coupling is entirely inertial. ‘This implies that the bending and torsion circuits will 
be coupled by capacitors representing lumped mutual mass terms (see Fig. 9.1.15). 
Usually the scale factors in the bending and torsion circuits will be different. This 
should cause no difficulty if the standard scaling formulas are used and if the actual 
capacitor sizes ave obtained in a manner similar to the example of Fig. 9.1.2. 
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The beam circuit shown in Fig. 9.1.15 is the basic bending circuit with masses lumped 
at the cell ends. Other bending circuits could also be used. The torsion circuit 
toward the bottom of the figure is the standard circuit of Fig. 9.1.8. Note that one 
negative and one positive mutual mass are assumed. 

9.1.18. The Three-beam Circuit. The three-beam circuit provides another means 
of representing a relatively long and narrow structure such as an aircraft wing of high 
aspect ratio. It gives a much better structural representation than the simple bend- 
ing-torsion circuit of Fig. 9.1.15 without undue added complication. 


ZS 66 fj, 
Rigid ribs Bending beam 1 


(0) 


Fie, 9.1.16. The three-beam circuit. (a) The mechanical system. (b) The electric cir- 
cuit for uniform characteristics. 


; The mechanical system is shown in Fig. 9.1.16a. There are two beams with stiffness 
in bending only and a torsion rod with stiffness in torsion only. These beams are con= 
nected together by transverse rigid ribs. Note that the structure gets only part of its 
torsional stiffness from the torsion rod. The remainder comes from the differential 
bending of the two bending beams. 

To illustrate the differential bending effect, suppose that the structure is built in at 
one end and equal and opposite transverse forces are applied at the ends of a rib. This 
will cause the two bending beams to deflect in opposite directions, giving the effect of # 
twist to a structure. But the applied forces constitute a couple and therefore a tor 
sional stiffness could be defined at that point. One difference in the nature of the 
deflection compared with a simple torsion rod is that in this case some additional 
twisting occurs even outboard of the applied moment. 

The three-beam circuit is shown in Fig. 9.1.16). The elastic properties of the torsion 
rod and bending beams are represented in a manner identical to that given previously, 
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Each rib is considered to be rigid and is represented by a transformer winding. The 
other winding in each case generates the ¢ for that station and thereby connects with 
the torsion circuit. The capacitor representing the mass of each cell is connected to a 
transformer tap corresponding to the center-of-mass location for that cell. The capac- 
itors in the torsion circuit represent the moment of inertia of each cell about its 
center of mass. No other capacitors are required for coupling in this case since the 
transformers provide the necessary coupling. 

A comparison of the simple bending-torsion circuit with the three-beam circuit shows 
that the three-beam circuit requires three inductors, two capacitors, and three trans- 
formers per cell, whereas the simple bending-torsion circuit requires two inductors, 
three capacitors, and an average of about-114 transformers per cell. 

The three-beam circuit has been shown for the case of a uniform structure; ie., 
each cell is similar to the next. If the structure is not uniform, the individual elements 
are adjusted accordingly. For example, a beam with relatively small taper can be 
adequately represented by changing the coupling transformer turns ratio according to 
the local Ay. 

If the elastic properties of the structure are given in terms of influence coefficients, a 
trial-and-error method using the computer can often be resorted to in order to deter- 
mine proper values of the circuit elements. In this case, a sinusoidal forcing function 
is used whose frequency is of the order of the important solution frequencies. All 
capacitors are disconnected when matching influence coefficients. 


ANALOGIES FOR STATIC STRUCTURES 


9.1.14. A Comparison of Static and Dynamic Circuits. The analogies which have 
been presented so far are quite convenient for making transient analyses. If properly 
scaled, they will represent satisfactorily the lumped mechanical system over its entire 
range of natural frequencies, with the exception of any zero-frequency modes. 

For the case where static analyses are to be made, the conversion from the dynamic 
cireuit to the corresponding static circuit is straightforward. The procedure is as 
follows: 

1. Remove all inductors and capacitors from the dynamic circuit. 

2. Replace all inductors by resistors of the same nominal size. (Of course, in each 
case, the actual inductor or resistor size is determined by using the scaling equations 
with the appropriate scale factors.) 

3. Transformer turns ratios and tap connections remain unchanged. 

Static structural circuits should be driven with a sinusoidal current or voltage at a 
frequency such that all elements are operating well within their normal range. Meas- 
urements are made by metering a-c voltages M 
and currents corresponding to d-c displace- Oyagpe ee Ong-1y2 
ments and forces. 

The correspondence between a-c quantities 
in the electric circuit and d-c quantities in 
the mechanical system is valid because 


: ‘ + 
inertial effects have been removed with the ———a ma 
removal of the capacitors. Therefore the SSS 
ratio of a-e forces and displacements is the Hens - Visa Reta 


same as for d-c forces and displacements. 

The replacement of inductors by resistors 
is principally a matter of convenience. 
ltosistors cost less than inductors and their electrical characteristics are less sensitive to 
changes in frequency or power level. 

The currents in the transformer-resistor circuit are 90 deg leading in phase com- 
pared with the corresponding currents in the transformer-inductor circuit. However, 
(he magnitude ratios in each case are the same. In general, if the elements, exclusive 
of transformers, are all of the same type and have corresponding impedances, then the 
current and voltage ratios will be independent of the element type. 

Aw a comparison of static and dynamic circuits, note the static-beam circuit of Fig. 
0.1.17 and the corresponding dynamic circuit previously shown in Fig, 9.1.9). 


Fia. 9.1.17. The static structural circuit 
for a simple finite-difference beam. 


Se 
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9.1.15. The Plane-stress Circuit. The plane-stress problem is essentially a two- 
dimensional problem. An example might be the analysis of stresses and strains in a 
thin sheet loaded by forces in its plane. These forces will produce both normal and 
shear stresses and strains. 

The stress-strain relationships are 


1 
a (Sz — MSy) (9.1.59) 
1 
=F (Sy — M8x) (9.1.60) 
i 
sibre Cm (9.1.61) 
where E = Young’s modulus 
G= 20 +n) = shear modulus 
Sz, $y = normal stresses on planes perpendicular to the z and y axes, respectively 
s, = shear stress 
€z, €y = normal strains in z and y directions, respectively 
y = shear strain 


un = Poisson’s ratio 
The compatibility equation in terms of stress components is 


0°78 0Sy 2 078, 


= ade 2 
Ox? oy? axoy 0.1.08 


Let u and v be the displacements in the x and y directions, respectively. The cell 
dimensions are Az by Ay. Assume a unit thickness throughout. Then Eqs. (59) to 
(62) can be represented in finite-difference form by the circuit of Fig. 9.1.18. 


v(n+4,m-+1) y 


u(n+1,m+4) 


Fia, 9.1.18. The plane-stress circuit. Displacements in the « direction are denoted by uy 
displacements in the y direction by ». Unit thickness is assumed, For other thicknesses 
t, divide all resistors by ¢. 
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From the circuit one sees that 
1 1 
Cx AX =u(n+ 1, m +5) —u(n,m+5 
Ax 
= (sz Ay — sy Ax) R; + sz Ay, = 7 (82 = Sy) 
in agreement with Eq. (59). Similarly, 


1 1 
ey dy =o (n+ 5m41) —v (n+ 5m) 


_ Sy AX (Ay 
E Ax 


A 
a) — Fe Ay — 8y Az) = SE (ey — mse) 


in agreement with Eq. (60). 
The expression for the shear strain y can be obtained by noting 


= un, m + 34) — w(n, m = 14) , v(m + 24, m) — v(m — 16 ™) 9 1 63) 
~ 7 ls 
But from the circuit 
1 1 

v n ana —v(n-5m)=-[u («, m + 1 = l= + s.Ayh, 
A Ay 

i =3,--R,=— 

giving 7 8 A’ 4 Z 


in agreement with Eq. (61). 

There remains a check of the compatibility equation. First, sum currents at the 
node v(n + , m): 
8, da(n + 14,m + 14) — sy Ax(n + 14, m — 14) + seAy(n +1, m) — 8. Ay(n, m) = 0 


This yields the finite-difference form of the equation 


> a 7”) a a(n Baw xm) =0 (9.1.64) 


after dividing by Az Ay. Similarly, 


0s 
—1(n 


+ m+ 1) +$ Somes ets “s(n + e m+ 1) = 0 (9.1.65) 
oy 2 


Using the same approach we can also obtain 


a8z 2 (1, “a 5) +3 4 oe = (n, sia 3) =0 (9.1.66) 


OSz 
ax 


and 


“ae NOE ees (9.1.67) 
Now subtract Eq. (64) from (65), obtaining the finite-difference form of 


08, - O43, 1 1 
= (n+ rm+5) + =e (n+ 5pm + 3) =0 (9.1.68) 
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after dividing by Ay. Similarly, by subtracting Eq. (66) from (67) we can obtain the 
finite-difference form of 


073, 0°85 

ou? Ox dy 
Finally, adding Eqs. (68) and (69) we obtain 
Aa (n +im+5) + 


ox? 


1 1 1 if 
(» a8 = m + 3) = (n a 7 m+ 5) =0 (9.1.69) 


078, 
Ox Oy 


0sy 
oy? 


(tyne))-o 
(9.1.70) 


(or yntd) 3 


which is the compatibility equation for the point (n + 39, m + 4). 
Therefore, Fig. 9.1.18 does represent in finite-difference form the equations of plane 
stress. 


s,tAx 


s,thy 


(a) (0) s,thx 


Fig. 9.1.19. (a) The shear-stress circuit and (b) its mechanical analogy. The levers are 
assumed to be rigid. The thickness is ¢ and the torsional spring constant is k. 


| sytAx 


ey ee -1 (ay ) the 

Ri- 5 (4 ») ia* £(& 7 Rs= | ‘ 

Fic. 9.1.20. (a) The normal-stress circuit. (b) The mechanical analogy. The levers 
are equal in length, Small displacements are assumed. 


It can be seen from the circuit that it is composed of two types of simpler circuits 
connected in an alternating or checkerboard fashion. These two circuits represent 
separately the shear stresses and strains and the normal stresses and strains. It is 
possible to obtain a mechanical analogy for each of these simpler circuits and thereby 
gain further insight into the problem. 
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The shear-stress circuit and its mechanical analogy are shown in Fig. 9.1.19. The 
normal-stress circuit and the mechanical analogy are shown in Fig. 9.1.20. 

9.1.16. The Plate Analogy. Small deflections of a laterally loaded plate may be 
calculated from the following six equations: 


02w 02w 
ae aw 9.1.71 
M, = -D(So +n aa) (9.1,71) 
Ow 02h 
Fara oe 9.1.72 
M, D (Ge + ase ( ) 
ow 
en ae S 9.1.73 
My: = —Mz = —D-W) 55 i 
Q, = Ms 4. OM ve (9.1.74) 
ox oy 
_ OM, OM yz 9.1.75 
Gr = ee are 
Qs Qu 4 5 sid (9.1.76) 
Ox oy 
Ets 
where D = Dd — 2) 


w = deflection in the z direction 
M = bending or twisting moments per unit edge length (see Fig. 9.1.21) 
Q = shear force per unit edge length 

= load per unit area 

Using the same procedures that have been applied previously, we can show that the 
circuit of Fig. 9.1.22 represents the finite-difference approximation of Eqs. (71) to (76). 
Note that this circuit requires three trans- 
formers and five resistors per cell. 

The case of a plate of varying thickness can 
be analyzed by calculating local values of the 
flexural rigidity D and evaluating the resistors 
accordingly. Resistors R:, Ro, and Rs are 
evaluated at integer stations in x and y, 
whereas resistors R, and R; are evaluated at 
half-integer stations. 

Another circuit has been developed by v7 
Benscoter and MacNeal? for the case of a . |. 
built-up structure that approximates a plate 
in its elastic properties. This circuit (Fig. Fic. 9.1.21. The designation of bend- 
9.1.24) can be obtained by considering a ing and twisting moments acting on 
mechanical model consisting of a rectangular 4 rectangular section of a plate. 
wrid of beams covered by a skin on each side (Use right-hand rule convention.) 
(see Fig. 9.1.23). 

The loads are applied and deflections measured at the beam intersections, i.e., at the 
cellends. Displacements of the skin are assumed to be in its plane and are measured 
at the mid-points of the beam cells. In fact, the circuit representing the skin is 
identical in form with the plane-stress circuit of Fig. 9.1.18. It is from the plane-stress 
cireuit that the beam bending stiffness is derived. Physically, however, part of the 
bending stiffness comes from the skin, and part comes from the beam webs. As can 
he seen from Fig, 9.1.23, displacements of the skin are proportional to 6, the angular 
displacement of the vertical member. 

The beams are assumed to deflect because of shear forces as well as bending moments. 
‘The shear stiffness is assumed to be entirely in the web and is represented by resistors 
between the beam and plane-stress circuits. 


— 


6,(1—3,m+1) 9,(n-+1,m-+1) 


w(n+1,m+1) 


8, (n, m-+4) 


R “sais (4e- ) mts fants tt sal, 
D1) Vay 4 Rs- TI Rs" Da- ple 
A 
R sa (Z- ) io ok Ae 
2° Dil—n4) (Ax ~# Re D(l=p)Ay 


Fie. 9.1.22. The plate analogy. The plate thickness need not be uniform. 


Beam shear spring 


peat 9.1.23. Mechanical representation of a built-up plate. Another set of beams in 
irected out of the page, joining the given beam at the vertical deflection points, 


9-24 
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J 


B,(n+1,m+]1) 


w(n+1,m+1) 


B,(n+1,m) 


A; 

R= <= (D,—D, 
Ay 

Row" (Dy 


w(n+1, m) 


Via. 9.1.24. Circuit for a built-up plate consisting of a rectangular grid of beams and a 
eovering skin. 


It can be shown that the structure is represented by the circuit of Fig. 9.1.24, where 


SZ pitct his 
1— pw? 
Dy = sa +. El, 
—4 
De = ay HEL 

—- 
' BEI 
Dy, m i pen,8 


d = D,D, — D,'D,’ 


I = moment of inertia per unit length of the skin cross section about neutral axis 
of beam 
/, = moment of inertia of web cross section of beam parallel to x axis 


= 
1, = moment of inertia of web cross section of beam parallel to y axis 
A, = area of web cross section of beam parallel to x axis 
A, = area of web cross section of beam parallel to y axis 
It can be seen that four transformers and six resistors are required per cell. It can 
be shown that one transformer and one resistor could be saved per cell if no shear com- 
plinnce is assumed in the beams. In this case the shear transformer in the plane-stress 
clrouit is superfluous (provided another resistor is used to represent shear compliance 
in the akin) and the circuit reduces to the usual plate circuit of Fig, 9.1.22, 


=} 
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9.1.17. The Ring Analogy. The importance of circular rings as structural elements 
in aircraft and missiles need hardly be emphasized. In order to avoid the complexity 
of representing a ring as a curved beam using coordinate transformations between 
successive cells, a simpler circuit has been developed by MacNeal.‘ 

Consider the lumped mechanical analogy shown in Fig. 9.1.25. The levers are rigid 
and pinned at the junctions. The coordinate u represents a radial displacement 
whereas the coordinates 6 and @ represent angular displacements. External forces 
may be applied to the system, corresponding to each of the coordinates. Thus N, 
F, and L are externally applied forces and moments. Figure 9.1.26 shows the various 
forces and moments that enter into the analysis. 


u 
Braye t iy 


Bniiy2 


my Ae « rs u=radial displacement of junction 
i 8 =angular displacement of midpoint of lever 


NY @ =absolute angular displacement of lever 


Fie, 9.1.25. The lumped mechanical analogy for a ring. 


N, 
M, T, oT, M, 
ari) Priszsy2 
M,- 
FE ble SS 
eae L,-1/2 Lapiye if Patt 
V,-1/2 Viasy2 


Fira. 9.1.26. An exploded view of mechanical analogy of the ring, showing the forces and 
moments acting. The pin in the center transmits forces between the levers. 


It can be seen that all forces and displacements are in the plane of the ring. Another 
assumption of the analysis is that of small displacements. With these assumptions, let 
us check the electrical analogy. 

First, notice that a difference in the radial displacement at the two ends of a lever is 
accompanied by a difference between 6 and @. 


Ag 


5 A 
Un — Unyr = 2r sin 3 cos “t (On444 — Bn+34) 
vs 


where r is the radius of the ring. This equation may also be written 


= — Met! = gin Ad(6n436 — Boss) (9.1.77) 
Because the levers are rigid, the displacement components along the lever must be 
equal at its two ends. 
Ag 


Uy sin 5 aa —TrBn434 COS “2 (9.1.78) 
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Ln41/2 


Un > Untt 


r TVn43/2 r 
Fra. 9.1.27. The electric circuit representing the bending of a circular ring in its own plane. 


Similarly, 
Un sin ae TBn—4 COS = (9.1.79) 
2 2 
From Eqs. (78) and (79) we obtain 
Buss — Bui = — a tan a (9.1.80) 


There remains the specification of the elastic properties of the ring. Assume that 
the ring is relatively thin compared with the radius of curvature so that ordinary beam 
theory may be used. We shall lump the bending com- 
pliance at the lever junctions. Then 


Mar Ad 
EI 


From Fig. 9.1.27 it can be seen that Eqs. (77), (80), 
and (81) are represented by the electric circuit. Two 
transformers and one resistor are required per cell. f a 

The circuit that we have presented assumes a general A 
loading in the plane of the ring. A special case of ¢ 
particular interest occurs when the ring is a part of a 
cylindrical shell. In this case the external load comes 
from the skin and is tangent to the outer surface of the 
ring. Therefore the radial load Nis zero. Furthermore, Fre. 9.1.28. The mechani- 
the tangential force F and the moment L (see Fig. 9.1.26) cal analogy for a cell of a 
have a constant ratio which depends upon the eccentricity rina eccentric Langen- 
d of the effective load (see Fig. 9.1.28). paseo! 

The circuit of Fig. 9.1.27-can be modified slightly to make allowance for the eccentric 
loading. First, it is necessary to obtain a relationship between 8, and 8, where £, is 
the angular displacement of the eccentric loading point. The tangential displace- 
ments at 6 and £, are related by 


F—»> 


(9.1.81) 


On-¥ — On4}6 = 


¢ cos + 4- a) Be = (: cos “¢) B + 0d (9.1.82) 


<_< TT 
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ivin: 
g £ d 


pss See ee 9.1.83 
d+prcos (A¢/2) onl ( ) 


Be=B+ 


The electrical analogy for the ring with eccentric loading is shown in Fig. 9.1.29. 

Electrical analogies can also be constructed for noncircular rings. In this Case, the 
ring is approximated by several circular ares of differing radii. The circuit is similar 
to those we have presented except that additional transformers are required in the 
@ circuit to provide a scale change at points where the radius changes. 


94172 


os aie 
y nt1/2 r 


Fia. 9.1.29. The electrical analogy for ring with eccentric loading. 


Fig. 9.1.30. The mechanical representation of a noncircular ring with unequal cell size, 


The mechanical system for the general case of a noncircular ring with unequal cells 
is shown in Fig. 9.1.30. The difference equations describing this system are 


Un — Untt = Taz} Sin Adny}4(On4}4 — Bn434) (9.1.84) 
Adad Adn 
Tnr4¥oBn4¥4 — Inbar = —Un (tan ss + tan Stout) (9.1.85) 


One — On4e = a (ra Adn_-¥ + ngs Adbnits) (9.1.86) 


For the case of unequal cell size the forces and moments are defined as in Vig. 9.1.26 
except for the tangential force 7’. In this case the tangential forces on either side ofa 
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junction are unequal because the angles are unequal. The relation is 


Tn—\4 COS Set 


= T'n434 C08 me (9.1.87) 


The electric circuit representing a noncircular ring with unequal cells is shown in 
Fig. 9.1.31. Comparing this circuit with that for the circular ring (Fig. 9.1.27), it can 
be seen that the voltage level has been multiplied by the radius of curvature r. In 
order to represent Eq. (86) properly, one transformer per cell has been added to the 
6 circuit. Thus the circuit of Fig. 9.1.31 requires three transformers and one resistor 
per cell. If two interior taps are available on the autotransformer, it can be shown 
that only one autotransformer is required for every two cells, thereby saving approxi- 
mately one-half transformer per cell. 


2 
r 
$1/2 
Ser n—1/2 AP n—1y2 FP ng124Pngt/2) 6 


Th41/27n+1/2 


1:sin Ad,44)2 


Fae © 


(ten =a stan Donte 
2 


Un 


Fie. 9.1.31. The electrical analogy for a noncircular ring with unequal cell size. 


9.1.18. The Analogy for a Stiffened Cylindrical Shell. The stiffened cylindrical 
shell is a common structural component in aircraft and missiles and therefore its static 
or dynamic characteristics are important in the over-all structural analysis. We shall 
consider here only circular cylindrical shells, although the same principles can be used 
to obtain analogies for cylinders with elliptical or other noncircular cross sections. 

For the purposes of our analysis, the stiffened cylindrical shell will be assumed to be 
composed of the following: (1) circular rings, (2) shear panels, and (3) stringers. Each 
ring is assumed to resist bending in its own plane but to have zero stiffness for defor- 
mations perpendicular to its plane. The ring circuit has already been given (Fig. 
9.1.27). 

Similarly, the shear panel circuit has been shown previously (Fig. 9.1.19). These 
panels represent the skin and are assumed to be loaded in shear only. The longitudi- 
nal forces are transmitted by stringers which are assumed to have zero bending stiff- 
ness. Since it transmits only longitudinal forces, each stringer section can be repre- 
sented by a resistor. 

In summary, the ring circuit is not directly connected to the stringer circuit. How- 
ever, the transverse forces on the rings are transformed to longitudinal forces of 
stringers by means of the shear panels. 

The complete circuit is shown in Fig. 9.1.32 for the case where the skin is eccentri- 
cally attached at an effective distance r’ from the center of the cylinder, where 


r= 7008 ~ +d (9.1.88) 
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12 = 
rr Ag Mast 
EI oa 
r'B. 
A¢ 
2 tan =~ 
000 oy 00) 
500) _ 0 
Ax Ax 
+, A AE 
y = ee 
2G¢t'r sin = ‘Axe2 ain Ag 
W, S = Wrst 
af nee Ax = longitudinal cell length 


w = longitudinal displacement 
t’ = effective skin thickness 


Fra, 9.1.32. The electrical analogy for a stiffened circular cylindrical shell. 
Each shear panel is of length Az, width 2r sin (A¢/2), and thickness t’ where 


y = 2sin (A¢g/2) | (9.1.89) 
Ad 


and ¢ is the actual skin thickness. : aren 
For further details concerning the electrical representation of cylindrical shells the 
reader is referred to MacNeal’s paper.‘ 


ERRORS 


9.1.19. Types of Errors. The systematic errors that arise in the solutions of prob- 
lems on the direct-analogy computer are due to (1) finite-difference approximations, 
(2) calibration errors in computing elements, (3) calibration errors in metering equip- 
ment, and (4) parasitic impedances of computing and metering elements. alg 

While calibration errors can be serious, they normally represent small deviations 
from the intended parameter values for the system. This means that the problem 
actually put on the computer is somewhat different from the intended problem, but 
generally the solutions are qualitatively similar. We shall not consider further the 
calibration errors but shall restrict ourselves to a discussion of errors due to finite= 
difference approximations and parasitic impedances. : 

9.1.20. Finite-difference Approximations. We have seen previously that a beam 
or a plate that is described in terms of partial differential equations is not represented 
directly on the computer but is approximated by a system describable in terms of a 
set of ordinary differential equations (or even algebraic equations). This simplificne 
tion of the problem implies a lumping of the inertial and elastic properties of the 
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system which can be derived by using finite-difference approximations for the spatial 
derivatives. 

In structural-dynamics problems the finite-difference errors appear as errors in the 
natural frequencies and mode shapes. These errors are generally more pronounced 
for the higher modes but should tend toward zero as the number of cells becomes very 
large. We shall consider in particular the finite-difference errors in the vibration 
modes of a beam. 

First recall the bending equations (37) to (40) and the corresponding central-differ- 
ence approximations given in Eqs. (41) to (44) for the beam of Fig. 9.1.9. If these 
equations are combined, central-difference approximations to the second, third, and 
fourth derivatives can be found. These approximations can also be derived by using 
a Taylor expansion about the point where the derivative is to be calculated. The 
results are 


os 2 93, 
= Perv ae ares = a > n+}4 pies 
2 =. } = 04 
pas , ~ fen Ba es 4 Garon : (9.1.91) 
5 Bs 5, 2 95, 
= . Mase = Sines + Be = I = (eer ae a (9.1.92) 
" “7 72 2 396. 
ot fe Mest 5 Minot ba Macs Tacs 4 ee (9.1.93) 


In each case the first term on the right is the central-difference approximation and the 
second term gives the approximate error. Note that the error is proportional to the 
square of the cell size in each case. 

It may be seen from Eqs. (32) to (35) that the same finite-difference approximations 
are used in the torsion-rod equation with the consequence that here too the errors are 
proportional to the square of the cell size. 

We have presented the finite-difference errors due to approximations in calculating 
the various derivatives necessary for the solution of beam bending and torsion prob- 
lems. There remains the question of how these errors are reflected in the calculated 
mode frequencies. 

Michie has obtained analytical solutions for the mode frequencies of a uniform 
finite-difference beam in bending or torsion for the common types of end conditions.!! 
A summary is presented below. 

From Eq. (31) we found that for a continuous uniform torsion rod 


hry 0b 
JG — = [— 1.94 
Ox? ot eres) 
giving a solution 
o= ) (Byetane + Fye~tanr) eibut (9.1.95) 
k 
where 2 = 2 ay? (9.1.96) 


The amplitude coefficients H;, and F; are evaluated from initial conditions. The 
cigenvalues a, are evaluated from the end conditions. 
The solution to the corresponding finite-difference equation is 


ame > (Byeimt + Fyeink) exivat (9.1.97) 
k 
iG. 3 k 
where ve = T(ax)? sin? G (9.1.98) 


—-a_—— = 
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Note that the barred quantities are similar to the corresponding unbarred quantities 
for the continuous case. Also, k is the finite-difference eigenvalue and n is the station 
number. The correspondences as the cell size becomes very small are 


lim nAz=2z 


ath arth 
or ate A. 
ax! ? at ROrESvE 
The solution is 
= > (Aje'* 4+ Byeiz + Cyovz + Dje-W2)eiit (9.1.100) 
7 
where ¢o;2 = rd rj4 (9.1.101) 
p 


The A; are eigenvalues which are evaluated from end conditions. 
The corresponding solutions for the bending of a finite-difference beam are 


hn = » (Ajeini + Bye-iri + Gjero + De-no1ir) eidit (9.1.102) 
Fi 


Table 9.1.3. Beam Bending and Torsion Frequencies 


Characteristic equations 


End Termi- 
conditions nation 
Bending Torsion 
Actual cos \;L cosh \jL +1 =0 onl = ee = Ue 


Cantilever | Mid-cell| cos Nj cosh Ng +1 = S84 No sin NG (oan 9 cos —1)| we = 282 De 


sinh g sin 7 2 
End-cell| cos Nj cosh Ng +1 = 22h No sin Ni (inne g — ginr 7) | we = C8=D™ 
2 sinh g sing 2 
Actual cos \jL cosh iL — 1 = 0 akL = sx 
Built-in or Mid-cell a _— 1 — sinh No sin Nj te 3 
fek. both i cos Nj cosh Ng 1 ares aEy ary (cosh g cos j 1) Nk = sx 
ends 
End-cell| cos Nj cosh Ng — 1 = pe P I (sinh? g — sin? j) Nk = sx 
2 sinh gsinj 
Simply sup- | Actual AVL = sr okL = sr 
ported, — — 
both ends | End-cell Nj = sx Nk = sr 
SED, 2B. s=1,2,3 
j = eigenvalue k = eigenvalue 
j 4J/G k 
= 2 sinh-!'si (2) 2 = in? = 
g in. sin 2 Ve Taz) sin 3 


- 16EI j ae yhere is mode 
we rere (2) where ¢j is mode frequency, pred tg ras 


radians per sec dians per seo 
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: Aca E Ts e101, of if 
where ¢;? = a(Azy* sin‘ (2) (9.1.103) 
g(j) = 2sinh™ sin (3) (9.1.104) 


and 7 is the finite-difference eigenvalue. Again we note the limits 


lim g(j) = j 
jr0 


lim n Az = % lim =); 
n> © j-0 Ax 
Ar 0 Az—0 
giving 
lim nj = Aja lim ng(j) = Aja 
jo0 j-0 
no na © 
Az—0 Ar—0 


For a specific N-cell beam of total length L, Eq. (97) or (102) can be solved for the 
eigenvalues, using the end conditions. The results are shown in Table 9.1.3. 


Table 9.1.4. Percentage Error in Mode Frequencies 


Bending Torsion 


aad Simply sup- Built-in 
Mode| N Cantilever me Py Frit ported, both | Cantilever! or free, 
Se ends both ends 
Mid-cell | End-cell | Mid-cell | End-cell End-cell Mid-cell or End-cell 
0 Fall Ms Pa 2 OW 2 ta | gee 49.43 18.94 2.55 9.97 
4 —3.36 4.94 —1.14 | 19.87 5.03 0.64 2.55 
1 6 —1.48 2.28 —1.06 | 10.08 2.28 0.31 1.15 
8 —0.83 1.30 —0.70 5.98 1.27 0.18 0.64 
10 -0.51 0.84 —0.47 3.93 0.86 0.10 0.43 
12 —0.37 0.65 —0.34 2.76 0.61 0.07 0.31 
PNP set (oc GDM RRS 8 i eae ee ae ee 21.6 36.3* 
4 —1.03] 20.62 17.96 | 36.45 18.94 5.68 9.97 
2 6 —0.97} 10.49 5.61 | 20.03 8.81 2.55 4.51 
8 —0.64 6.22 2.63 12.34 5.03 1.43 2.55 
10 —0.44 4.09 1.52 8.28 3.26 0.95 1.64 
12 —0.31 2.88 0.99 5.90 2.28 0.59 1,15 
4 17045| 863% eo bevwie cus 52.75 38.50 15.31 21.58 
6 5.59] 19.98 17.88 | 31.02 18.94 6.99 9.47 
3 8 2.61) 12.31 8.98 | 19.80 11.00 4.16 5.68 
10 1.51 8.26 5.37 | 13.55 7.18 2.55 3.66 
12 0.99 5.89 3.57 9.78 5.03 1.79 2.55 


actual frequency — finite-difference frequency 
actual frequency 
* Mid-cell termination, free, and end-cell termination, built-in, omit this mode, 


% error = 100 


| ceil 


ee 
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A comparison can be made of the mode angen for the scok i gd hoc iy 
i is gi bd 
i ms. The percentage error in mode frequencies : 
pene ont ee and cell numbers. Some of these results are plotted in 
‘ ; ; 
+ wee vical Impedances. One of the most troublesome sources of hg is 
the direct-analogy computer lies in the parasitic ig nayces of, Lanclinlgn 21 een 
i . By parasitic impedances we mean the b ot 
asta abe prmess with the ideal, aside from calibration errors or oe eeorligen 
Baas wing as series resistance or shunt capacitance in inductors pa itera * 
peices The effect of the parasitic impedances 1s to produce additional deg 
Iso to add damping to the circuit. ; 
ae nariteg 2b of structural and dynamics problems of moderate se patee te ke e 
have been considering, the errors due to eben onraen 3 hangs se 7 7 a 
is quite important in the reduction of these errors U! x : 
oh ee Tae, Sea can often be achieved by slight adjustments in the 
setti he circuit elements. . j 
The chit offenders as far as parasitic impedances are spneaies are oo 
formers and inductors. These elements are especially constructed for us' 
puters in order to be as nearly perfect as possible. 


Cy 
> 1,500 ppf 


Rsz2 
52 
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a , +: tell 
Fra. 9.1.33. An equivalent circuit for a computer transformer with typical parasitic imp 
ance values. 
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ig. 9.1. ith typical values for the parasitic elements. ac I 
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i “a i ies as the square of the tu 
usual transformation law; i.e., the impedance var S ae 
indi i tly with the turns in the corresp' 
A ding resistances Rai and FR,» will vary direc | 1 
merging. For the anual computer rs ad and ea ¢ yin ye “a 
i unt i 3 wi i error provi 1 
series nor shunt impedances will cause appreciable error ; ; oe Oe 
i i -law variation of impedances 
ear unity. But because of the square-la L a 
we large ae can be introduced by wide usage of turns ratios of the or 
¥ i though the effects of parasitic impedances may be ue Pre Me fe 
it i i te for certain parasitic 
case, it is often worthwhile to compensa L 00 eee ee 
i hunt capacitance can be comp ¢ 
settings. For example, a transformer 8 pista ted Pan 
i i i gly low va 
shunt capacitance in the network to a corresp 1 on 
pont opt ates leakage inductance can be compensated by altering the setting 
ding series element. ’ ; ' 
- Trans of the esuebicnier parasitics have ridcianical anslesigy Sie peat igs de 
i i the effect o 
ent in an actual mechanical system. In these cases 2 — 
i i hysically understandable ma : 
ance is to alter the mechanical system in a pl! d ne ae 
i i t the following correspondence 
example, in the case of a simple beam circul : Oh Maeeeiad seeds 
kage inductance L; represents shear compliance. 1 * 
he fs tension in the beam. (3) Shunt Rescwa 3 C, represents rotary inertia 
i istance R, represents damping in shear. : . , 
eens parasitic impedances of major interest are the pfecers series Pepto 
and the shunt capacitance. The series resistance is a function of frequency 
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most often described in terms of the parameter 
woh 
= — 9.1.105 
Q R ( ) 


where # is the effective series resistance. The Q of a computer inductor varies with 
inductor size, tap setting, frequency, and current. For a typical 1-henry inductor the 
peak value of Q will be near 500 and it will exceed 100 over the normal range of fre- 
quencies (100 to 2,000 eps) for all tap settings. 

Shunt parasitic capacitance in an inductor will cause the effective inductance to 


increase for all frequencies below the self-resonant frequency. The effective induct- 
ance is 


L 
Lett ie kg (9.1.106) 
where L is the low-frequency inductance and a» is the self-resonant frequency (radians 
per second). The self-resonant frequency of a typical 1-henry inductor is about 
10,000 cps, but larger inductors may resonate as low as 3,500 eps. 

The parasitic impedances in the resistors and capacitors are negligible for the usual 
high-quality components. The resistors are usually of the wire-wound type while the 
capacitors have polystyrene or mica as the dielectric. 

Other parasitic impedances which need to be considered are the shunt wiring capaci- 
tances and metering impedances. Stray wiring capacitance of the order of several 
hundred micromicrofarads might arise, for example, when one is interconnecting ele- 
ments in separated portions of the computer. The size of the shunt metering capaci- 
tance will depend upon size and design details of the specific computer but would 
typically be greater than 0.001 uf. This capacitance can influence the results of volt- 
‘ge measurements and is connected between the two points being metered. 

Another metering impedance that can influence accuracy is the series resistance 
inserted in the circuit at the time of a current measurement. 


One can normally 
void these errors by choosing the proper size of metering shunt. 
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PART 2: DIRECT-ANALOGY COMPUTERS: 
COMPONENTS AND SYSTEMS 


By Wiu1am J. Drxon 


INTRODUCTION 


9.2.1. General Requirements of a Direct-analogy Computer. A network-type 
direct-analog computer for the solution of partial differential equations should incor- 
porate the following components and features: 

1. Passive elements (transformers, inductors, resistors, capacitors) to simulate the 
energy-conserving and energy-dissipating parts of the physical system being analyzed. 
These elements must be capable of being set easily and accurately. 

2. Active elements (amplifiers, multipliers, function generators) to simulate the 
energy-supplying parts of the physical system. In addition, nonlinear effects and 
time-varying parameters are achieved through the use of active elements. 

3. Means for convenient interconnection of the passive and active elements into 
circuits of any desired configuration. This is generally accomplished by means of 
removable patchboards. 

4. A method of exciting the analog network by applied voltages and/or currents 
must be provided in the computer. In general the excitation of the network either is 
transient in nature or consists of steady-state sinusoidal functions. (In analogies 
employing all-resistor networks, such as the solution of Laplace’s equation, the steady- 
state excitation may be d-c instead of a-c.) 


Table 9.2.1. Examples of Direct-analogy Computer Problems Employing 
Passive-element Networks and Active Elements 


Simulation achieved by 
active elements 


Simulation achieved by 


Type of problem passive-element network 


Dynamic aeroelastic system | Structural properties: Aerodynamic forces 
(flutter) Elastic forces 
Inertia forces 


Damping forces 


Missile autopilot system 


Missile structural properties 

Mechanical characteristics of 
gimbaled engines, control 
surfaces, etc. 

Fuel sloshing 


Autopilot computer 
Servo-motor characteristics 
Aerodynamic forces 


Heat transfer 


Heat capacity 
Conductive heat transfer 


Radiation heat transfer 
Heat transfer to a moving 
fluid 

Change of phase (freezing, 
boiling) 

Energy supplied by come» 
bustion, nuclear reaction, 
etc. 


Nuclear-reactor kinetics 


eS (Se 


Neutron flux level and ab- 
sorption 

Delayed neutron flux level 
and absorption 
Reactor-temperature build- 
up 


Production of neutrons 

Generation of heat 

Dependence of reactivity on 
temperature 
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Generally, the systems simulated by purely passive-element networks are those in 
which energy is conserved or dissipated but in which there are no internal energy 
sources. (In the above examples, energy is introduced as an initial condition, or dur- 
ing the solution time from an external source.) , 

In many instances, it is desirable to simulate a system which is composed of both 
passive and active subsystems. For example, in an aircraft flutter problem, the 
dynamic structural characteristics of the airframe are readily amenable to simulation 
by a passive-clement network, but the proper representation of the aerodynamic forces 
requires energy-supplying components. (The existence of instability in an aeroelastic 
system is sufficient evidence for this requirement.) Table 9.2.1 shows examples of 
problems in which the analog circuit consists of both passive-element networks and 
active elements. 


PASSIVE ELEMENTS 


9.2.2. Selection of Frequency Range, Impedance Level, and Power Level. The 
range of working frequencies and useful network-impedance values in any direct-ana- 


10’ 


Shunt resistance, 2+ 10° 2 


10° 


10° 


104 


10° 


Impedance, ohms 


10? 


10 


Series resistance, 22 


. 10 10? 10° 104 108 
Frequency, cps 


pao Bt, Limitations imposed on impedance and frequency ranges by parasitic effects. 
) ocations of the shaded lines indicate where specific classes of parasites would affect 

ot cheesy “4 the analog network. Values chosen for the amount of these parasites 
) parentheses) are not associated with an articular comput: ypie 

of magnitude, See Table 9,2,2, ah an Pee Grr bes shocunae 
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1,000 


log computer is limited by parasitic impedances associated with network elements, 
active computing elements, peripheral equipment, and interconnections. 

One can often compensate for parasitic effects in passive networks by adjusting the 
values of inductance, capacitance, or resistance to which elements are set. If, for 
example, the analog circuit requires an inductor to be connected in parallel with a 
transformer winding, the calculated value of the inductor may be increased to compen- 
sate for the transformer’s shunt magnetizing inductance. 

Figure 9.2.1 shows how various classes of parasitic effects tend to limit the operation 
of passive-element computers to certain ranges of impedances and frequencies. In 
that figure, in which the axes logarithmically represent impedance and frequency, the 
approximate limitations of the useful range are indicated by shaded lines around the 
periphery. The solid lines in the interior of the diagram correspond to typical values 
of computer elements. A summary of the sources of the parasitic effects which are 
illustrated in Fig. 9.2.1, and typical values found in the components and installations 
of direct-analogy computers, are given in Table 9.2.2. 

In general, the usefulness and versatility of a passive-element computer increase 
with the ratio of maximum impedance to minimum impedance which it can accommo- 
date, and also increase with the ratio of maximum frequency to minimum frequency. 
Consequently, a general design goal is to occupy as much area on a log impedance-log 
frequency plot, such as Fig. 9.2.1. Of course, some computers of a special-purpose 
nature are designed to operate at only a single frequency, for example: 

1. Transformer-resistor networks for the solution of static elastic structures (Sec. 
9.1) 
2. Transformer-inductor-resistor-capacitor networks to simulate steady-state char- 
acteristics of power-distribution systems (Sec. 9.3) 

3. All-resistor networks, operating at a fixed frequency, or at direct current 
In the first two examples given, it is feasible to compensate for the existence of the 
reactive (inductive or capacitive) parasitic effects. For instance, wherever a shunt 
inductive parasite exists, a shunt capacitor would be installed and tuned to give paral- 
lel resonance at the operating frequency. The useful impedance range of a single- 
frequency network can thus be extended to limits imposed by purely resistive parasitic 
effects. 

From the data presented above, it will be noted that no passive-element network 
making use of magnetic components (transformers and inductors) will operate at zero 
frequency. The transformer has a shunt inductive parasite, and no matter how large 
this inductance is kept, at some low frequency ideal transformer action will be com= 
promised by it. In the case of the inductor, at very low frequencies its series resistance 
will be comparable with the desired inductive reactance. At very low frequencies, 
even the leakage resistance of the capacitors would be comparable with their capacitive 
reactance. However, the state of capacitor design is such that leakage time constants 
of the order of days, or even months, can be obtained. Therefore, for all practical 
purposes, resistor-capacitor networks can be used down to zero frequency. 

In establishing the operating range of the direct-analogy computer, one must also 
specify the power level of signals in the passive-element networks. Note the following 
limitations on power levels: 

Maximum permitted voltage for capacitors 

Rated power dissipation for resistors 

Maximum flux density for linear operation of inductors and transformers 

For transformers, the limitation would be stated in terms of the ratio of full-winding 
voltage to frequency. For inductors, the limitation is best stated as a maximum cur 
rent. These limitations are more for the purpose of avoiding operation in a nonlinear 
range of the magnetic materials than to protect the elements. 

In addition, intentional nonlinearities are frequently introduced in the direct-anale 
ogy computer. It is necessary that the power level existing in the network be relate 
properly to the level at which the nonlinear devices exhibit their characteristic beha 
ior. However, the most common use of nonlinear devices in direct-analogy computer 
is in conjunction with the active elements, and it is generally adequate that the passiv 
elements and active clements have compatible power-level ranges. 


Other parasitic effects 


former, 10,000 henrys 


megohms 
Metering system input impedance, 1 megohm 


0.1 ohm 
Bus series resistance, 0.1 ohm 


Lead and bus self- and mutual inductance, 20 micro- 
henrys 


Magnetizing inductance of metering isolation trans- 
Insulating resistance, wiring and plugboards, 
Current-generator output impedance, 1 megohm 
Passive-element wiring capacitance, 100 pyf 
Bus-to-bus and bus-to-ground capacitance, 500 uyf 
Metering-system input impedance, 1,000 puf 
Current-generator output impedance, 1,000 uuf 
Decade switch contacts, relay contacts, element leads, 


Shunt used in metering currents, 1 ohm 


Capacitor 
(1 uf) 
sistance, 100,000 
meg ohms 
Dielectric loss at 
1 megohm 


D-C leakage re- 
500 eps, 


Negligible 
Negligible 


Resistor 
Negligible 
Negligible 


Inductor 
(1 henry) 
eddy-current 

loss, 

2 megohms 
of coil, 

2 ohms 


Capacitance 
of coil, 
300 pwpt 


Parasitic effects associated with passive elements 


eddy-current 
2 megohms 
of both coils, 
1,700 pwyf 
inductance, 
10 millihenrys 


Transformer 
loss, 


inductance, 
200 henrys 


The values given are typical of the performance of components in computer installations 
of coils, 
11 ohms 


Hysteresis and | Hysteresis and 
D-C resistance | D-C resistance 


Capacitance 
Leakage 


Table 9.2.2. Parasitic Effects Influencing Impedance and Frequency Ranges of Direct-analogy Computers 


parasite 
parasite 
parasit : 
parasite 
parasite 


Capacitive 
Inductive 
Resistive 
Capacitive 
parasite 


Inductive | Magnetizing 
Resistive 


Shunt 
parasitic 
effects 
parasitic 
effects 


Series 


9-30 
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For active elements (amplifiers, current generators, photoformers, and multipliers), 
the limit of operating level is usually stated in terms of both maximum voltage and 
maximum current which can be supplied by the output stage. 

The power level existing in the passive-element network must be large enough so 
that the metering-system impedances do not introduce significant errors. Finally, the 
existence of thermal noise in electric circuits imposes a lower limit on the operating 


fe shes a 
Power limitation sae 


10 watts, a 
( ) ‘ Bes wn Nt 
104 =; bs — 
\ 
‘ 


Voltage limitation 


m 
(100 volts) Ne \ 
WY) \ 
K ; 
Y\ ; 
KH 


a 
see NYY 


limitation (0.1 amp) 


Power level, watts 


2 
%, 
10? 4—= 106 
104 
ie 10" goer ai 


Fic. 9.2.2. Limitations imposed on power level. The upper voltage, current, and roa 
limitations are typically the correct order of magnitude of the capabilities of compe “ 
components. The thermal noise level is the theoretical value for a pure resistance; use q 
vacuum-tube devices with high input impedances will give noise in excess of this amount, 


level of the direct-analogy computer. The greater the frequency band over which the 
computer operates, the greater will be the amount of thermal noise which exists. a 

Figure 9.2.2 summarizes the nature of limitations on power level and indicates ‘ 
upper level imposed by typical limitations on voltage and current in both Marg an t 
active components and a lower limitation given by the theoretical level of therma 
noise. : 

Tt should be noted that the effects of a parasite are not necessarily based on a coms 
parison of the magnitude of the parasitic effects and the values to which the pa 
elements are set. For example, the evaluation of the effect of a shunt parasite existe 
ing between a particular node of the network and ground should be based on @ come 
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parison of the magnitude of the parasite and the input impedance of the passive-ele- 
ment network at that node. The input impedance may vary considerably from node 
to node and may bear little relation to the values to which passive elements are set in 


Slope circuit 


= Deflection circuit 
Input impedance = 22002 


Slope circuit 


= Deflection circuit — 


Input impedance = 50 2 
I'ra, 9.2.3. Illustration of the difference between the impedance of the passive elements and 
the impedance level of the circuit. Circuits (a) and (b) each represent the static analog of 
a four-cell uniform elastic beam. Each transformer hasal:lturnsratio. In (a) the beam 
is clamped at one end, and the input impedance (in the deflection circuit) at the free end 
is 2,200 ohms. In (b) the same beam is clamped at both ends, and the input impedance 
(in the deflection circuit) at the center of the beam is 50 ohms. 


the circuit. As an illustration of this, Fig. 9.2.3 shows two circuits composed of identi- 
cal circuit elements, with resistor values of 50 and 100 ohms. Yet the input imped- 
ance in one example is 2,200 ohms and in 1 L 
the other it is 50ohms. Thus an impedance = eae E, £E, 
limitation imposed by the existence of para- 
sites may apply to the impedance level of {+ + af {+ 
the entire circuit as characterized by values 
of input impedance at the nodes of the circuit, 
as well as to the values of the individual | | 
passive elements. . 
In a typical direct-analogy computer 
employed in static and dynamic structural (@) (c) 
analysis, the passive elements will have the Fra. 9.2.4. Ideal transformer. (a) is the 
following nominal maximum values: symbol of an ideal two-winding trans- 
Inductors: 80 to 90 per cent of the ele- former. m1/nzis the ratio of the number 
nents, 1.0 henry. Remainder, 10 henrys of turns in coil 1 to the number of turns 
Resistors: 80 to 90 per cent of the elements, sa iti sip’ gris ah Scherr aX ak oA 


1,000 ohms. Remainder, 100,000 ohms” foreming, the, behavior, ofthe, ide 


Capacitors: 80 to 90 per cent of the ele- would require a complete linkage of all 
ments, 1.0 wf. Remainder, 10 uf the magnetic flux by each turn of each 

9.2.3. Transformers and Inductors. The winding. (c) would require an infi- 
importance of the transformer asan element _nitely permeable magnetic core material. 
in direct-analogy computers is evident in the Polarity is given by the + signs in (a), 
circuitry developed in Sec. 9.1. The exten- indicating geometrically similar ends of 
sion of direct-analogy techniques into the ee 
solution of wide varieties of complex structural systems has been essentially based on 
the continued development of high-quality computing transformers. 


n4I,+n2I,=0 


9-42 FIELD-PROBLEM ANALOGIES 


The goal in transformer design, in the case of a two-winding transformer, is indicated 
by the “‘ideal transformer” in Fig. 9.2.4. In a transformer with more than two wind- 
ings—say m windings—the ideal equations are generalized as follows: 


By. Ee FERS, ie oP 


n1 ne n3 Nn 
m 


> nls = 0 


i=l 


To obtain transformer behavior approaching these equations one must 

1. Minimize leakage flux, stray capacitance between coils, wire resistance, and core 
losses 

2. Maximize the permeability of the core material 

The best computer transformers available are based on a spirally wound core of 
supermalloy. The windings are applied in toroidal layers. The transformer is her- 
metically sealed to preserve the dielectric properties of the insulation. The resulting 
transformer package is about 9 in. in diameter and 5 in. high. : 


Primary-coil Secondary-coil 
Primary-coil leakage leakage Secondary-coil 
resistance inductance inductance resistance 


Magnetizing inductance 
Intrawinding 
capacitance 
(both windings) 


Core-loss 
resistance 


Capacitance 


to ground | 
== Interwinding 
= capacitance 


Fre. 9.2.5. Approximate equivalent circuit of actual two-winding transformer. All the 
parasitic effects have been referred to the primary winding. If the parasitic effects are 
negligibly small, the circuitry reduces to that of the ideal transformer. 


Figure 9.2.5 gives the approximate equivalent circuit of an actual transformer. The 
magnitudes of the parasitic elements indicate the extent of deviation from the ideal. 
The first column of Table 9.2.2 gives typical parasite magnitudes of a top-quality 
transformer, with a turns ratio of 1:1, and all windings connected in series. 

When installed in a computer, provision is made for connecting the windings in 
series or in parallel (to minimize shunt or series parasitic effects, respectively) and for 
selecting the proper portion of the total number of turns available. This may be 
accomplished by means of switches and plugboards. The form of such connections is 
illustrated in the example of Fig. 9.2.6. 

In the design of inductors it is desired to keep the Q large and to keep shunt capaci- 
tance low. Assuming that the inductor carries a current which varies sinusoidally 
with time, Q, the storage factor, is given by the equation 


magnetic energy stored by inductor 
energy dissipated in one cycle 


ay peak 


If the only dissipating effect is series resistance R, then: 


ol i 2nfL 


eee 
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At low frequencies the Q is influenced most by the d-c resistan indi 

series parasitic resistance. At high frequencies the Q is een so tvcetey oe 
losses in the magnetic core. Core-loss effects are best characterized by attribeting 
them to an equivalent shunt resistance. Thus the maximum Q will exist at pen 
intermediate frequency, at which the inductive reactance wh is equal to the geomet: is 
mean of the series resistance and shunt resistance of the inductor. : ens 


0.70 
0.86 0.44 


(c) 


— A 
A Basic 
Connections Connections 
effected by ee effected by 
switch or eed 53 switch or 
plugboard plugboard 


(a) 


1a, 9.2.6. Transformer connections. In the basic transformer pack i 

pas secondary have 10 winding segments, each with one-tenth sae coud prc ye Pin 

+ 16 tenth segment has leads available at four intermediate (2 per cent) points. In ia) 
10 primary winding is connected in series to minimize shunt parasitic effects, and the 

woondary winding is connected in parallel to minimize series parasitic effects (b) shows 

un example of desired transformer turns ratio and tap location. (c) shows how the con- 


nections of (a) a A ‘ : Set ; “ 
velvien! (a) are chosen (in fractions of the entire windings) to approximate the desired 


The best passive-element computer inductors make use of ferri 

make use of permalloy dust cores. The most convenient ss ise “a poate 
inductance values for one decade by switching to different taps of the coil of a single 
inductor, The inductance for a given core is proportional to the square of the number 
of turns. Consequently, in order to switch inductances of 0.1, 0.2, 0.8, ... , 0.9 
He the full inductance of the decade, it is necessary to switch 0.316, 0.447, 
on So EL 0.949, 1.000 times the full number of turns. A computer inductor will 
© made up of three such decade inductors connected in series, with the top decade 
having a full value of 1,0 henry or 10 henrys. ' 
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i is shown in Fig. 9.2.7. In 
lot of Q vs. frequency for a 1.0-henry decade inductor is 8 . [ 
ieee of poh and iden parasites, this inductor corresponds to the data given in 
Oe a hoowien The design of computer resistors is the least challenging of the 
elements, parasitic effects being, for the most part, negligible. 
The principal cautions to be observed are: 


idi cessive shunt capacitance ; 

- per Py the variation of resistance with changes in veiperaiare 

3. Minimizing the variation of resistance with changes in applied voltage 

4. Achieving stability of resistance over long periods of time ecas : 

The use of wire-wound resistors employing wire material wit f iow siete ae 
coefficient of resistivity is satisfactory in all these respects. A 10-ohm ae . ah 
is constructed by connecting ten 1-ohm wire-wound resistors In —. 5 e ch ~ 
switch spans as many of the series resistors as its position es Sa : imi * er A 
tion is employed for resistor decades of 100 ohms, 1,000 ee wn : pa ee 
resistor generally consists of three or four decade resistors. e top decade may 


a maximum value of 10,000, 100,000, or 1,000,000 ohms. 
1,000 


500 


10 20 50 100 200 500 1,000 2,000.5,000 10,000 


Frequency, cps 


Fia. 9.2.7. Inductor Q vs. frequency. Both curves are for a ferrite-core 1-henry inductor, 


(a) is for the 1.0-henry tap. (b) is for the 0.1-henry tap. 


In some low-frequency high-impedance computers constructed enna! fo ua 
in simulating thermal systems, computer resistors as high as 100 Per ' a ae 
employed. At such high levels of resistance, it is necessary to be careful to a 


’ a ‘ mel 
shunt parasitic resistance in such places as decade-switch insulation, bus and ele 


lead insulation, and plugboard insulation. Shunt resistances of 10° ohms in such 


locations would not be noticed in normal computer applications but would limit the 
accuracy of the high-impedance computer. 


i i i i i oximation to ideal+ 
9.2.5. Capacitors. It is possible to achieve a fairly close appr ee ido 


capacitor behavior over a wide range of frequencies. The importan 
tion of capacitors are: , 
1. Low dissipation factor (high shunt resistance) 
2. Low d-c leakage (high shunt resistance) 
3. Low variation in capacitance with frequency 
The behavior of the capacitor with regard to the 
of the dielectric material. Polystyrene 1s superior | 
rials in these respects and is generally used in the important Henneeey ae ane ie 
maximum values). Mica capacitors are used in 0.01-uf decades, and My Ts s py 
are used in 10-zf decades. Mica gives rise to a variation in nets be vn 
and a-c frequencies, because of a slow recovery from polarization of erys 
faces, but restricting its use to the low 


se criteria is principally a function 
to other common dielectric mate. 


est decade renders this effect insignificant - 
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Typical shunt-resistance parasites of a 1.0-yf polystyrene capacitor are given in 
Table 9.2.2. 

The usual construction of a decade capacitor with maximum value of, say, 1.0 pf 
makes use of four individual capacitors, with values of 0.1, 0.2, 0.3, and 0.4 uf. By 
appropriate wiring of a two-deck switch, the correct capacitors are selected and con- 
nected in parallel to give all values from 0 to 1.0 uf in 0.1-uf steps. A three-decade 
capacitor unit is composed of three single-decade capacitors connected in parallel. 


ACTIVE ELEMENTS AND NONLINEAR ELEMENTS 


9.2.6. Active Elements in General. Mathematically, the use of active elements 
in the direct-analogy computer is very similar to their use in the electronic analog com- 
puter. The principal exception arises from the fact that in the passive-element net- 
works of the direct-analogy computer electric current, as well as voltage, is significant 
and must be sensed without perturbation; again, outputs produced by active elements 
may be either currents or voltages. Hence the active elements may have to work into 
a much wider range of load impedances than those encountered in electronic analog 
computers. 

Whereas electronic analog computers commonly utilize most of their full +100-volt 
range, a passive-element network is frequently operated with voltages no greater than 
5 volts at a large number of the nodes of the network. This is partly due to the fact 
that scale changes are commonly introduced at only a few discrete points in the pas- 
sive-element network. In a typical analogy, a large range of voltages exists between 
the different parts of the network. In addition, operation within the linear range of 
transformers and inductors imposes a limit on the voltages which may be impressed 
across these elements, particularly at low frequencies. As a consequence of the oper- 
ation of active elements at lower voltage levels, the permissible noise and drift levels 
wenerated by these devices are somewhat lower than in the case of the electronic ana- 
log computer. 

A second factor in the design of the active elements arises from their use over a 
considerably wider frequency band than is employed by many electronic analog com- 
puters. The requirement of maintaining satisfactory behavior out to frequencies of 
1,000 eps or greater calls for a design maintaining a high open-loop gain out to higher 
ac frequencies than in the usual operational-amplifier design. The greater band- 
width of operation of the amplifier also makes it more difficult to achieve the desired 
low noise figures. 

9.2.7. Amplifiers. The use of amplifiers as computing elements in direct-analogy 
computers is restricted to the representation of effects which cannot be accounted for 
hy passive elements. Energy sources, some nonlinear characteristics, unilateral trans- 
fer impedances or admittances, and several other effects (generally known as ‘“‘unreal- 
iyable”’ in passive-network theory) cannot be simulated by passive elements. 

The most useful general application of amplifiers would be the simulation of transfer 
impedances or transfer admittances. In a loop analogy, a general transfer-impedance 
vireuit inserts in one loop an increment of voltage which depends on the current flow- 
ing in another loop. In a nodal analogy, a general transfer-admittance circuit inserts 
into one node a current which depends on the voltage which exists at another node. 
Vigures 9.2.8 and 9.2.9 show how these transfer circuits are constructed. By means 
of these circuits, or circuits derived from them, unilateral transfer impedances and 
vdmittances may be represented, negative self-impedances may be devised, and prac- 
(ically any linear.impedance or admittance function, realizable or ‘‘unrealizable,” may 
he simulated. P 

Vigure 9.2.8 shows a circuit for a general transfer impedance in a loop analogy. The 
vurrent flowing in the ith loop flows through an impedance Z, producing a voltage [;Z. 
In order to avoid the insertion of a voltage in the ith loop (which would disturb the 
vireuit in which the current J; is being sensed) it is necessary to subtract out the volt- 
une 1:Z. This is done by the use of operational amplifiers with a net gain of +1; the 
transformer in the circuit isolates the two loops from each other. One of the disad~ 
vantages of the circuit of Pig. 9.2.8 is the fact that in each of the amplifiers the common 
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terminal must be “floated” above ground potential, so that separate power supplies 
may be required. This need for floating amplifiers provides strong motivation for 
using node rather than loop analogies. 

Figure 9.2.9 illustrates the circuit for a general transfer admittance in a nodal analogy. 
In order to avoid disturbing the circuit at the ith node, the input impedance to the 
amplifier must be large compared with network impedance levels. Frequently, the 
functions of the amplifier, which isolates the active-element portion of the circuit from 
the passive-element network, and the transfer function F(p) are combined in the use 
of a high-gain operational amplifier. Many of the techniques of electronic analog 
computers which are described in earlier sections of this handbook may be utilized in 


cireuits based on Fig. 9.2.9. The use of inverting amplifiers, integrators, and function 
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Fra. 9.2.8. General transfer impedance in a loop analogy. The purpose is to insert an 
increment of voltage AZ; in one loop which depends on the current I; which exists in another 
loop. Z(p) and F(p) may be considered functions of the operator p = d/dt, or of s, the 
Laplace-transform variable. Note that the common terminal of each amplifier is “‘ floating”’ 
above ground. 
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Fre. 9.2.9. General transfer admittance in a nodal analogy. The purpose is to insert a 
current I; into one node which depends on the voltage ZH; which exists at another node. 


generators to operate on the voltage before applying it to the current generator G is 
obvious. In some instances, it is desired that the current J; to be inserted at the jth 
node be the sum of terms, each of which depends upon the voltage at a different node. 
In this instance, the use of a computer amplifier as a summer is customary. 

Figure 9.2.10 shows several current-generator circuits using computer amplifiers, 
together with the output current in terms of the input voltage and the equivalent out+ 
put impedance of each circuit. Desired values of the transconductance of current 
generators are typically of the order of 0.001 mho. Assuming the load impedance Zi, 
is sufficiently small, the transconductance of the circuit of Fig. 9.2.10a is —A/R. For 
Fig. 9.2.10b the transconductance is —1/R, and for (c), itis +1/R. The ideal current 
generator delivers a current independent of the load impedance Zz. The degree to 
which an actual current generator deviates from this ideal behavior is attributed to the 
output impedance as illustrated in Fig. 9.2.11. For use in direct-analogy computers 
it is desirable that output impedances of 1 megohm be attained by the current generie 
tors. In most current-generator circuits the output impedance depends on the gain 
of the amplifiers. Because the amplifier gain is not constant with changes in fros 
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Via. 9.2.10. Current generators. In each circuit it is desired to gener: 

inserted into the node at the top of Zz. Zr, the load Ehsan, ghee ee PD Dt 
impedance of the circuit receiving the current. (a) Current generator composed of voltage 
a mplifier and series resistor. For proper operation R must be large compared with Zi, 

l'o achieve adequate gain, A must be large, and reasonably large voltages appear at atanliger 
output. (bd) Voltage amplifier with current feedback through R. Operation and output 
impedance are satisfactory. Amplifiex must ‘‘float.”” (c) Summer and current iNet 
composed of voltage amplifiers with voltage feedback. Potentiometer k is set to give 
unity loop gain to achieve proper operation with maximum output impedance This cir. 
cuit will sum voltages in separate channels with positive and/or negative gain and generate 
current. The equations for A and R, are approximate only because of the loading of the 
potentiometer by the 0.5-megohm resistor, and because of the noninfinite gain of the 
amplifiers. Typical values of R and Rx are 1,000 and 20,000 ohms, respectively, 
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: 16, 9.3.11, Current generator output impedance. (a) represents the performance of an 
a ks Lpeald generator. (b) indicates how, in an actual current generator, the dependence 
output current J on the load impedance may be attributed to the output impedance Zo, 
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quency, the output impedance is also a function of frequency. For most current-gen- 
erator circuits the variation of output impedance with frequency is characterized by 
the existence of a capacitive component as well as a resistive component. 

The current generators of Fig. 9.2.10b and ¢ are the ones most frequently used in 
direct-analogy computers; (b) has the advantage of simplicity but requires a floating 
amplifier with a separate power supply; (c) has the advantage that it fulfills the func- 
tions of summation and current generation. Another useful feature of this current- 
generator circuit is the fact that the output impedance may be controlled by the 
potentiometer setting the loop gain. It is, indeed, possible to obtain a negative imped- 
ance, say to compensate for undesired shunt parasitic effects existing in the passive- 
element network. A controlled negative 
output impedance achieved in this manner 
will be predominately resistive. 

By means of a similar circuit, shown in 
Fig. 9.2.12, a general negative two-terminal 
impedance may be simulated. The need for 
such simulation does not arise very fre- 
quently, and the value of this circuit is more 
mathematical than practical. 

Fig. 9.2.12. Two-terminal negative im- The active-element networks presented 
pedance. The impedance of this circuit above either have current inputs and volt- 
is (1 — A)Z and is negative when 4 is age outputs or voltage inputs and current 
greater than unity. Z may be any two- outputs. Active-element circuits with volt- 
terminal passive-element network. ° 
Note that the amplifiers must float. age inputs and voltage outputs would be 
based on electronic-computer usage. How- 
ever, direct-analogy computers do not make frequent use of this sort of simula- 
tion. The reason is that most equations giving one voltage as a function of other 
voltages are in one of these two classes: 

1. The stated relation involving several voltages expresses a physical constraint. 
In such cases there is always a similar relation involving the currents of the passive- 
element network. This relation is either stated or implicit. To the extent that this 
constraint is linear it can always be represented by a system of computer transformers, 
in which case the implied current relations will automatically be satisfied. 

2. The equation relating several voltages does not represent a physical constraint, 
but it does represent the solution of network equations involving impedances. In 
this case there are usually intermediate equations involving network currents which 
have been omitted. If these intermediate equations are reconstructed, the proper 
simulation is generally achieved by the use of passive elements, or by the use of active- 
element circuits representing transfer admittances or impedances. 

As noted at the beginning of this article the design requirements of active elements 
for the direct-analogy computer are somewhat stricter than electronic-analog-com- 
puter requirements in the following categories: 

1. The bandwidth requirements are greater, 

2. The drift and noise level should be lower. 

The connection of computer amplifiers to perform the function of current generation 
also calls for careful design techniques. Operational amplifiers for direct-analogy com- 
puters are chopper-stabilized d-c amplifiers designed for use from direct current to 
1,000 cps. Typical performance of such an amplifier is given by the following: 

Drift stability: 50 pv per hr (referred to input) 

Output voltage: +100 volts 

Output current: +30 ma 

Open-loop gain: over 1.5 X 107 at direct current, over 1.5 X 104 direct current to 
400 cps 
Characteristics with gain of 100: 

Phase shift under 1 deg at 1,000 cps 

Response down less than 3 db at 70,000 cps 

Output impedance less than 2 ohms at 100 eps and less than 4 ohms at 1,000 eps 

Hum and noise less than 100 »zv (rms) referred to input 
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9.2.8. Multipliers and Function Generators. Direct-analogy computers employ 
conventional multipliers and function generators designed to use voltages as their 
inputs, and to produce voltages as their outputs. — In the direct-analogy computer, 
then, these components must be employed in circuitry where only the voltages have 
significance, even if the simulation concerns terms which are actually represented in 
the passive-element network by currents. For example, if it is desired to produce a 
current at one node which is an arbitrary (nonlinear) function of the voltage at another 
node, the circuit of Fig. 9.2.9 will serve, if the transfer function F'(p) is replaced by a 
function generator. For use in computers with an upper frequency limit of 1,000 eps 
or over, high-speed electronic multipliers of 
recent commercial design are satisfactory. 
To generate arbitrary functions of a de- 
pendent variable (voltage) photoformers 
and diode networks are satisfactory devices. 
These function generators, as well as sim- 
pler switching devices, may also be used to 
generate functions of time (see also Art. 


Relative velocity, Aw 


9.2.10). 
For low-frequency direct-analogy com- 
puters based on resistor networks and (a) 
resistor-capacitor networks, it is possible 
to use slower components. Servomulti- Current ‘ 
pliers are commonly used in such installa- re, oh ee VOR S A ——— 


a —_ 
tions, and mechanical curve followers serve 


well as function generators. 

9.2.9. Special Nonlinear Elements. The Ih I 
engineer using the direct-analogy computer (b) 
tonds to identify the various parts of the 
computer circuit with the individual com- 
ponents of the physical system he is simu- i| 
lating, rather than with abstract terms in 
iiuthematical equations. In using func- 
tion generators and other active elements 
(o simulate nonlinear effects it is desirable 
to continue this identification and to con- hh 
sider a given portion of the computer cir- (c) 
vultry as representing a ‘nonlinear spring” Fre. 9.2.13. Nonlinear damping force. _ (a) 
or “nonlinear damping force,” rather than Desired force-velocity relation. (b) This 
just simulating a nonlinear term in an circuit implements the characteristic by 
equation. The following are a few exam- eliminating a series resistor at high current 
ples of the simulation of nonlinear ele- values. (c) This circuit implements it 

° by inserting a parallel resistor at high 
ments. They are all based on a dynamic i i 
nodal analogy for mechanical systems, but 
the same techniques will apply to other analogies. 

The simulation of a nonlinear damping force, in which the force depends only on the 
relative velocity of the points to which it is connected, is not very difficult. Figure 
),2.13 shows a force-velocity characteristic made up of several straight-line segments. 
‘('wo-terminal networks are given which will simulate this nonlinear damper. Each 
of these networks is composed of resistors, diodes, and batteries. 

‘The simulation of a nonlinear spring, or a nonlinear mass, by nonlinear inductors or 
capacitors is not so simple a matter. This is partly because the concepts of variable 
spring constant and variable mass are not always inherently very clear. 

As an illustration of the sort of ambiguity which may be encountered, consider a 
oapacitor which represents a variable mass in motion. Assume now the capacitor, 
for sore reason, is to be doubled by the addition of a second capacitor of equal magni- 
tide in parallel to it. If the second capacitor is initially uncharged, at the moment 
of awitehing the combined capacitor will retain the same electrical charge which the 
slugle capacitor had originally, but the voltage will be reduced to one-half its original 
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value, and one-half the stored energy will have been dissipated. The mechanical 
analogy of this process would be for the moving mass to crash into and absorb a sta- 
tionary blob of putty with a mass equal to itself. Now consider the reverse of this 
process. The capacitor is to be restored suddenly to its original value by separation 
of the added parallel capacitance. Electrically, no energy is lost, although half the 
energy is dispatched with the separated capacitor. In this instance the voltage across 
the computer capacitor remains constant. The mechanical process analogous to this 
event would be the separation of the blob of putty from the original mass. However, 
the velocity of neither the original mass nor the added mass is changed; so the blob of 
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Fra. 9.2.14. Nonlinear spring. (a) Spring configuration. Spring constant is increased at 
large deflections. (b) Force-displacement characteristic. (c) Diode network simulates 
nonlinear characteristics. (d) Direct-analogy computer circuit. In the passive-element 
network, i: and wi. are voltages at the nodes which simulate those coordinates. The 
‘diode network’’ has the circuit of (c) or, in more complex cases, would be replaced by a 
complete function generator. 


putty is permitted to tag along behind the original mass. The ambiguity is clear. 
By switching in additional capacitance, we (mechanically) conserve momentum but 
lose velocity. By disconnecting the additional capacitance we conserve velocity but 
lose half the momentum. Evidently, in discussing a nonlinear, or variable, mass, it 
is necessary to specify the required changes in energy or momentum. 

Similar considerations apply to descriptions of nonlinear springs. A nonlinear 
spring may usually be adequately described by a force-displacement curve, because 
the potential energy of the deformed spring is implicitly given by the area under such 
acurve. Figure 9.2.14 shows the steps which might be followed in the simulation of 
a sample nonlinear spring. In the dynamic nodal analogy the circuit voltage repres 


sents velocity. A simulation of the nonlinear spring uses a transformer to generate a- 
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relative deflection-velocity coordinate. (In essence, this transformer merely reduces 
the simulation from a two-terminal spring to a one-terminal spring.) An integrator 
is next employed to obtain a voltage analogous to the deformation of the spring. 
After a diode network or other function generator correctly simulates the desired 
nonlinear dependence of the force on the deformation, a current generator is employed 
to insert into the passive-element circuit a current proportional to this force (Fig. 
9.2.14d). If the diode network were removed and the integrator were connected 
directly to the current generator, this circuit, as expected, would behave just as an 
inductor would if connected between nodes tw and %. 

A circuit employing a multiplier and amplifier can be used to simulate a time-varying 
passive element. Permitting coefficients to be functions of time does not make an 
equation nonlinear, and the establishment of time-varying passive elements does not 
make a nonlinear circuit. However, many of the same precepts apply. In particu- 
lar, in establishing time-varying springs and masses, one must guard against all the 
ambiguities discussed above. 

A general approach to the establishment of time-varying passive elements is based 
on the circuit of Fig. 9.2.12. The amplifier marked A is replaced by a multiplier. 
One of the inputs to the multiplier comes from the amplifier with a gain of 1, and the 
other multiplier input is an appropriate function of time A(t), which may be derived 
from a function generator. It is evident that the impedance exhibited by this circuit 
is now [1 — A(t)]Z. By proper choice of A(¢) and the impedance Z, any impedance 
may be programmed. 


PERIPHERAL EQUIPMENT 


9.2.10. Excitation. The excitation system must provide proper forcing functions, 
initial conditions, and constant or time-variable boundary conditions. 

In both transient and steady-state analyses, the excitation may consist of the speci- 
fication of voltages at the nodes of the analog circuit or of currents which are inserted 
into the nodes of the analog circuit. Of course, in many instances the specified volt- 
ages or currents are identically zero. This condition is called a constraint, and it is 
inost expediently carried out by grounding the appropriate nodes or opening the appro- 
priate branches at the plugboards which establish the analog circuit. In this case, no 
recourse to any special excitation equipment is necessary. An example of this tech- 
nique is found extensively in the analogies for mechanical systems. In the nodal 
analogy, free edges of the mechanical system are simulated by open circuits, and 
clamped edges of the mechanical system are simulated by short circuits to ground. 

In a transient analysis it is necessary that the timing of all events be carefully syn- 
chronized and controlled. The events which must be synchronized include the 
following: 

1. The establishment of initial conditions prior to the start of the solution 

2. The generation and application of excitation voltages and currents 

3. Synchronization of output displays, such as oscilloscope sweeps 

4, Termination of the solution and restoration of initial conditions 

In the most common systems for achieving the necessary synchronization of these 
events the key component is the synchronous switch. Figure 9.2.15 gives a typical 
synchronous-switch circuit. The synchronous switch itself consists of a fast-acting 
mercury relay. The relay is energized by the current flowing in a thyratron circuit. 
A very linear sawtooth wave is supplied to each synchronous-switch circuit, and this 
constitutes the timing pulse. For each synchronous switch the time delay from the 
beginning of the sawtooth wave until the first thyratron fires and the mercury relay is 
energized is controlled by a potentiometer. A second potentiometer controls the time 
interval from the start of the sawtooth wave until the mercury relay is deenergized. 

In the computer installation there may be some ten synchronous switches. All are 
operated by a common sawtooth wave to ensure synchronism. The sawtooth-wave 
generator may be controlled so that it will produce just one sawtooth wave each time 
the operator activates it, or it may be permitted to produce repeated sawtooth waves 
continuously, These types of control would correspond to one-shot and repetitive oper- 
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ation of the entire computer. Also, by varying the rate of rise of the sawtooth wave, 
the operator can speed up or slow down all functions controlled by the synchronous 
switches. Synchronous switches employing basically the above circuitry and mercury 
relays are capable of maintaining specified time intervals to a precision of 0.1 msec in 
repeated operations. 

Figure 9.2.16 indicates a typical use of the synchronous switches in the solution of 
a transient problem on the direct-analogy computer. In this example three synchro- 
nous switches are employed. One switch initiates the sweep in an oscilloscope on 
which the solution is to be displayed as a function of time. A second synchronous 
switch, by controlling the energizing and deenergizing of slave switches, establishes 
initial conditions up to the beginning of the solution time and reestablishes the initial 
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Fia. 9.2.15. Synchronous-switch circuit. After the start of the sawtooth wave, and delayed 
by a time interval which is determined by the start potentiometer, thyratron 7; fires, 
energizing the relay. At a time determined by the stop potentiometer thyratron 7’: fires, 
extinguishing 71 and deenergizing the relay. At the end of the sawtooth wave, a pulse fires 
thyratron 73. This extinguishes T2. 73 is then extinguished by its own plate circuit. 


conditions after the end of the solution time. A third synchronous switch generates 
a forcing function, which in this case is a square current pulse applied during a part of 
the solution time. 

In other problems the generation of more complicated excitation functions might 
make use of several synchronous switches. To generate certain types of functions, a 
d-c voltage supply and a synchronous switch may be used with other components as 
indicated : 


Ramp function Integrator 

Sinusoidal pulse Oscillator (d-c supply not required) 
Exponential wave or damped sinusoid Passive elements 

Arbitrary function Function generator 


The final component in the generation of forcing functions will be a voltage amplifier 
or current generator, depending. on whether a voltage or current is being specified. 

In the steady-state operation of computers either d-c or a-c excitation may be required 
in the case of all-resistor networks, and a-c excitation will be required in the case of 
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lia, 9.2.16. Use of the synchronous switches. This example shows the use of the syn- 
chronous switches in controlling the timing of events during the solution. All the syn- 
ehronous switches are controlled by the sawtooth wave. In this example the sawtooth 
wave is initiated by a push button. (In repetitive-computer use the sawtooth automatically 
repeats continuously.) Synchronous switch Si initiates the sweep at the display scope. 
Sy actuates the slave switches, which establish initial conditions at the beginning of the 
solution time and clamp the analog circuit at the end. S3 is used here to generate the 
forcing function, a square-pulse current input. 


other passive-element networks. In an all-resistor network d-c voltage excitation is 
heat established by means of a d-c power supply and low-impedance voltage-dividing 
networks, A d-c excitation may be created by the use of a high-voltage d-c source 
and a fairly large series resistance. If the series resistance is not sufliciently large 
compared with the analog-circuit input impedance, the actual current which flows into 
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the analog circuit may differ somewhat from the desired current. It may then be 
necessary to perform an iteration, in which all such series resistances are reset. 

Steady-state a-c excitation is used in the following examples of direct-analogy 
computing: 

1. Determining the normal-mode characteristics of dynamic elastic systems 

2. Determining the frequency response or transfer functions of systems 

3. Determining stress distributions or influence coefficients of static elastic systems. 
In many of these problems an audio oscillator and a voltage amplifier or current gen- 
erator (see Art. 9.2.7) will be adequate. In some instances, however, it is necessary 
to generate simultaneously a number of a-c excitations, each to be inserted at a differ- 
ent node in the passive-element network. In particular this form of excitation is 
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Fia. 9.2.17. Static current generator. (a) Basic circuit for generation of specified current 
at a fixed frequency. In supplying currents of under +5 ma, output impedance (deter- 
mined by setting of variable resistor) is over 100,000 ohms. In practice, one step-up 
transformer supplies six variable-resistor circuits, one voltage amplifier supplies four step-up 
transformers, and one oscillator supplies all required voltage amplifiers. (b) A refinement 
in which a one-to-one transformer subtracts out the analog-circuit node voltage. Thus the 
full 500 volts is across the variable resistor; so the effective output impedance is much 
greater than 100,000 ohms. 


frequently required in static-stress analyses, in which it is required to simulate dis- 
tributed, externally applied forces. 

Asimple circuit for an a-c generator is shown in Fig. 9.2.17a. This circuit consists 
essentially of a large a-c voltage source and a large series resistor. Figure 9.2.17) 
illustrates a refinement of this current generator in which the output impedance is 
increased to a more satisfactory value. In this circuit a cathode follower may be used 
for the amplifier with a gain of +1. A further refinement of the a-c generator is to 
construct the variable resistor of parallel-decade fixed resistors. By this means the 
current may be established by a decimal relation of the resistor setting switches, rather 
than by a reciprocal relation which is obtained with the usual series-decade resistors, 
In a typical computer installation 72 current generators make use of 72 variable series 
resistors, 12 step-up transformers, 3 voltage amplifiers, and a single oscillator. 

9.2.11. Metering. The metering system is naturally divided into the following 
functions: 

1. Element selection 

2. Function selection 

3. Display 

4. Recording 
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‘va, 9.2.18. Blement-selector circuit. (a) Two-digit address. (0) Four-digit address. 
The selector units shown as rotary switches are actually push-button assemblies. For the 
element selected in each circuit as shown, only the heavy lines are active. The diodes per- 
mit current to flow from vertical lines to horizontal lines at only the one element-metering 
rolay being selected, Not all the lines which exist are shown in (b), 
9-55 
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The operation of the metering system requires different display. and recording equip- 
ment for transient and steady-state operation, but the remainder of the metering 
system is applicable for both types of operation. Metering should affect computing 
voltages and currents as little as possible. 

Associated with each passive element and with each computer amplifier is a metering 
relay. The purpose of the element-selector circuit is to permit the operator to select an 
element and to energize only the metering relay of that element. A cross-wire circuit 
is most commonly used for element selection in direct-analogy computers. Figure 
9.2.18 gives a simple circuit for the selection of elements which are identified by a 
two-digit address. A more complicated circuit, utilizing multipole relays capable of 
handling the more usual requirement of a four-digit address system, is shown in Fig. 
9.2.18b. In the application of this circuit, the cross wires and metering relays are 
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Fig. 9.2.19. Metering of elements When an element is selected, its metering relay is 
energized. Without disturbing the element’s connection to the analog circuit, the relay 
makes available for measurement at the control desk the voltages and current associated 
with it. Only one element at a time is connected to the ayz metering busses. 


located adjacent to the corresponding computer elements. The power supply, selec- 
tor switches, and relays are located at the control desk. The selector switches are 
controlled by the operator by means of a push-button assembly. 

Figure 9.2.19 shows how the energizing of an element-metering relay makes available 
at the control desk the voltages which exist at the terminals of the element and the 
current flowing through it. The xz and y metering busses bring to the control desk 
the voltages which exist at the plus and minus terminals of the element, respectively. 
The current flowing out of the minus end of the element is routed through the y and z 
metering busses to the control desk, where a shunt is inserted for current measurement. 
[Although the two-terminal passive elements have no inherent polarity, they have plus 
and minus terminals when installed in the computer. The functions of this assign- 
ment of polarity are (1) to identify the terminals at the plugboard, (2) to specify ade- 
quately the sign of current measurements, and (3) in the case of transformers, to 
indicate the electrical polarity characteristics.] It is noted that only two-terminal 
clements conform to the circuitry shown on the metering relay. ‘Transformers are 
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accommodated in this system by having one metering relay for the primary winding, 
and a second metering relay for the secondary. A computer amplifier is a three-termi- 
nal element, but measurements are made only at the output terminal. 

Before the information on the z, y, and z metering busses is fed into the output 
devices, the operator performs a function selection as follows: 

1. To measure the voltage at the plus terminal of the element select x ground. 

2. To measure the voltage at the minus terminal of the element select y ground. 

3. To measure the voltage across the element select x-y. 

4. To measure the current flowing through the element select y-z. 
When current is being measured, the proper metering shunt resistance must be con- 
nected between the y and z busses. This connection is established at the control 
console. In addition to the simplified circuitry shown in Fig. 9.2.19, it is frequently 
necessary to interpose additional components between the element being metered and 
the output devices to avoid disturbing the analog circuit. These additional compo- 
nents include potential transformers, current transformers, and d-c amplifiers. 


Table 9.2.3. Output Devices 


Type of signals accommodated 


Steady-state 


Transient 
A-C D-C 
Display devices Cathode-ray  oscillo- | Vacuum-tube volt- Vacuum-tube volt- 
scope meter meter 
Strip-chart recorder* | Digital voltmeter} Digital voltmeter 
Cathode-ray  oscillo- 
scope 


Resolver 


Recording devices | Camera which photo- | Printer operated from Printer operated from 
graphs oscilloscope digital voltmeter digital voltmeter 
Strip-chart recorder* 


* Use is restricted to low-frequency computers. 
} Provision must be made for operating the digital voltmeter from a-c voltages. 


Table 9.2.3 summarizes various output devices employed in direct-analogy com- 
puters. Note that such machines do not admit a HOLD condition, because of the 
low-frequency characteristics of transformers and inductors. 

In the measurement of steady-state a-c quantities, it is often necessary to measure 
not only the amplitude of the quantity, but also its phase angle with respect to some 
reference. An accurate and convenient method of phase measurement is shown in 
Vig. 9.2.20. This circuit employs resolvers as devices which produce sinusoidal out- 
put with amplitude and frequency determined by the input supply, and with phase 
angle (relative to a reference) determined by the orientation of the rotor. 

When a mechanical printer is connected to record steady-state voltages and currents, 
the information concerning the magnitude of these quantities is supplied by the digital 
voltmeter. Simultaneously, information giving the identity of the element being 
metered is supplied by additional contacts on the element-selector switches, and infor- 
mation giving the type of quantity measured (voltage or current) is supplied to the 
printer from the function-selector switch. Each time the printer prints, a record is 
created showing what clement was measured, what type of electrical quantity was 
measured, and the magnitude of the measurement which was made, 
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Audio Two-phase{| _———]_|_—_rn a itatt 
= 
I © circuit 


Resolver 1 


Measurement 


Resolver 2 Oscilloscope 
Fig. 9.2.20. Use of resolver. The two-phase source supplies to the resolver stators a-c 
voltages 90 deg apart in phase. The resolver output is fixed in amplitude, and its phase 
depends on rotor orientation, which is read from a dial. Resolver 1 is set to 0 deg, and 
resolver 2 is adjusted until the oscilloscope indicates no phase difference between its inputs. 
Resolver 2 gives the phase shift of the analog circuit. Accuracy of 1 deg is obtainable 
without calibration from 100 to 1,000 eps. 


Table 9.2.4. Location of Direct-analogy Computer Components 


Location 
Class of element — 
Control console Analog circuit units 
Passive analog elements Transformers 
Inductors 
Resistors 
Capacitors 
Active analog* elements Amplifiers 
Multipliers 
Function generators 
Connections Control console plugboard Element plugboards 
Buses Buses 
Excitation Sawtooth wave generator A-C generators 


Slave switches 
Voltage amplifiers 


Synchronous switches 
Voltage amplifiers 
Audio oscillator 

D-C voltage source 


Metering relays 
Metering buses 


Metering Element-selector switch 
Shunt-selector switch 
Function-selector switch 
All output devices 


Power supplies for all excita- | Power supplies for active ana- 
tion and metering equipment | log elements 


Power supplies 


*In many installations the active analog elements are not segregated from the passive- 
element units. 


9.2.12. Control Console. The control console houses those components of the 
excitation and metering systems which should be readily accessible to the operator and 
which need not be located in close proximity to the passive and active analog elements, 
Table 9.2.4 summarizes this by tabulating the major components according to their 
location in the computer. 
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OPERATION 


9.2.13. Operating Features. The most striking characteristic about the operation 
of the direct-analogy computer is that the problems handled are large: another is speed 
of operation. It is not at all uncommon for a passive-element network involving over 
400 independent nodes to be set up in a direct-analogy-computer installation. In 
terms of a dynamic structural system, this corresponds to the representation of over 
100 different independent deflections. In comparison with electronic-analog-com- 
puter operation it must be realized that the different computers are best suited for 
different sorts of problems; a problem of the size described might easily call for 600 to 
800 operational amplifiers. 

In a typical analysis a period of preliminary computation, culminating in a com- 
plete set of circuit diagrams and initial element settings, occupies some 2 to 4 weeks, 
depending on the complexity of the system to be analyzed. A period of 2 to 4 days 
may be employed in setting up the circuit on the analog computer and in making those 
checks necessary to ensure that the desired system has been simulated. The period 
of obtaining problem solutions may last anywhere from several days to a month, 
depending on the amount of data required, in the case of an analysis, or on the amount 
of work necessary to obtain a satisfactory configuration, in the case of a design problem. 

9.2.14. Checking. The purpose of checking is to establish confidence that the 
simulation achieved by the computer corresponds to the desired system. Deviations 
from the desired behavior could come from several sources. ‘The first source, and the 
easiest to check, is the behavior of the individual passive elements themselves. It is easy 
to use plugboards which have been wired specifically for testing the passive elements 
and, by means of the computer metering system, ascertain that each inductor is behav- 
ing like an inductor, that each transformer obeys the ideal transformer equations, etc., 
within the applicable performance specifications. The passive elements are stable and 
inherently free of erratic troubles, and unless one is damaged by exceeding the rated 
voltage or current level, little difficulty is expected here. 

When the circuit for a given simulation is installed in the computer, the next check 
which is normally made is a topological one—a verification that each element is con- 
nected to the proper nodes. A direct check may be made on the connections at each 
node. All elements connected to a given node should have the same voltage at the 
proper terminal. A check can also be made of Kirchhoff’s law regarding the sum of 
all currents flowing into a given node; this guards against the connection of undesired 
extraneous elements to the node. 

A final check of the passive-element network is a functional one, and is generally 
based on the physical properties of the system being analyzed. For example, in a 
dynamic structural analysis, the following checks may be performed: 

1. A check of the rigid-body kinematics. By temporarily simulating the system in a 
rigid, free-body state, all geometrical relations may be verified by simple voltage meas- 
urements at all transformer connections. 

2. Rigid-body dynamic relations. The rigid-body inertia matrix characteristics may 
be verified directly by applying an a-c voltage, in turn, to each rigid-body degree of 
freedom, and measuring the currents which flow in the constraints imposed on other 
degrees of freedom. 

3. First vibration-mode frequency. Based on an assumed or measured shape of the 
first vibration mode, simple analytical methods lead to a calculation of the first vibra- 
tion-mode frequency. This may be checked against the frequency as measured on 
the computer. 

4. Orthogonality of normal modes. A verification of the orthogonality of different 
normal modes of vibration of an elastic structure will act as a check on the mass char- 
acteristics and the geometrical representation. 

The checking of amplifiers and other active elements, both as individual components 
und as portions of subsystems, is accomplished in a manner similar to that employed 
in electronic analog computers. 

9.2.15. Accuracy. The following effects are the source of the principal limitations 
on the accuracy of the solution of problems by the direct-analogy computer. 
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1. Inability to describe the system to be analyzed with complete accuracy 
2. Nonapplicability of the assumed laws governing the behavior of the system 
3. Lumping of continuous structures 
4. Roundoff error in setting decade elements or other elements with discrete settings 
5. Parasitic effects of the computer elements 
6. Parasitic effects of the metering system 
7. System errors of the metering circuitry 


The first two items are essentially outside the realm of a dihecthaigs on computers. 
The third item, lumping, is a major limitation on the accuracy of the solution of dis- 
tributed systems by most methods of computation (see also Sec. 9.1). The fourth 
source of inaccuracy, roundoff error, is insignificant if the deviations from the desired 
settings are random in nature. However, if the passive elements have a system error, 
or if the roundoff error is always in the same direction, the error may approach the 
same order of magnitude as the tolerance which exists in the specifications for passive- 
element accuracies. 


Table 9.2.5. Size of Direct-analogy Computer Installations 


Approx quantities 
Smallest Largest 
Number of passive elements: 
OP ONS OEIMOTS: aintvs taken’ bailed att ans bik sasronnts 40 200 
MORMON ste occas CA ah ca ae g AT Sb anes x08 Seassie 30 150 
PREECE cee alc aa. Sodtyhs:F5)enals sake tous x Shea 60 300 
WRDACLUOTEN echo Sole eae ete 50 160 
Number of active elements: 
Operational Gwiplifiers’? 5 8. SN 40 170 
IUSORMON EGHENADEIBT Mier, dol aoc hee ..4s lee ieee ta ee dae. 10 
INnaR GR erat een, Bee ei Seater, Ae aed, Bie AG foapits. ds. ss. ceidaa sane 10 
A-C generators for static-stress excitation.........| .........0.0008 90 
Leng of feommuteriktes at ote ac isi 3l: Lowekwhiy sok s 15 
Cost of complete installation...................+. Approx $100,000 | Over $500,000 


* fret be connected as integrators, summers, current generators, or as general operational 
amplifiers, 


The fifth and sixth items, limitations on accuracy due to element and metering 
parasites, play an important part in the design of the computer and also in the creation 
of analogies and selection of scale factors for a particular problem. These inaccura- 
cies, also considered in Sec. 9.1, are nominally held to 1 per cent. The actual maxi- 
mum values of the parasitic effects permitted in the computer installation are usually 
part of the performance specifications. Although the nominal 1 per cent figure is 
achieved when the operating range of the passive elements differs by a factor of 100 
from the associated parasitic values, it is still necessary to maintain vigilance in the 
design of analog circuits to avoid possible cumulative parasitic effects. The nominal 
accuracy of the seventh item, the metering system, is also 1 per cent, although this 


figure will vary in accordance with the specific output devices employed. Digital- . 


voltmeter accuracies exceed this specification, but most of the devices employed to 
record transient solutions are not quite capable of meeting the 1 per cent figure. 

9.2.16. Typical Installations. The chief use of the direct-analogy computer has 
been in the field of analysis and design of complex elastic structural systems. Com- 
puter installations for this purpose vary in size over a range of four or five to one, 
Table 9.2.5 gives approximate figures for the smallest and largest direct-analogy com- 
puter installations for this purpose. 


POWER-SYSTEM NETWORK ANALYZERS 9-61 


PART 3: POWER-SYSTEM NETWORK ANALYZERS 
By R. P, WasHBURN 


INTRODUCTION 


9.3.1. Power-system Network Analyzers. One of the oldest computer types still 
in production is the network analyzer used to study power-system networks. Hach 
circuit of the power system is represented by a corresponding circuit in the analyzer, 
with corresponding interconnections. The analyzer units are scaled exactly to the 
actual system. Instrumentation is provided to measure electrical quantities such as 
voltage at busses, currents in lines, power consumed by loads, and reactive flow at 
various points. 

9.3.2. D-C and Direct-analog A-C Network Analyzers. The first network ana- 
lyzers were d-c network analyzers operated from batteries. In order to represent 
quantities on the analyzer, the transmission network was assumed to contain only 
reactance elements. On systems where the ratio of resistance to reactance is approx- 
imately constant for all units, a resistance can represent total impedance, and very 
accurate solutions can be obtained. Even today, many utilities have a d-c board to 
obtain approximate solutions to their problems. The first a-c network analyzer was 
built in 1929 by a joint effort of the Massachusetts Institute of Technology and the Gen- 
eral Electric Company; it was a 60-cycle design operating directly from the power 
line. This analyzer is still in use in Puerto Rico and has been modernized several 
times. 

Because of the high cost of low-frequency reactors representing the inductive portion 
of the line and load impedances, the obvious conclusion is to use high audio frequen- 
cies; but metering problems, shielding, and stray capacitance effects limit the range of 
useful frequencies. General Electric adopted 480 cycles as an operating frequency ; 
this is the eighth harmonic of 60 cycles and is easily generated by a synchronous-motor- 
generator set. Westinghouse chose the 440-cycle A pitch as their standard frequency. 

A few boards have been made utilizing 10,000 cycles as the fundamental frequency 
to permit the use of modern high-Q audio-frequency inductors. The Iowa State Col- 
lege analyzer and the General Electric miniature network analyzer (1958) are examples 
of such ‘high-frequency’? network analyzers. 

9.3.3. Modified-analog Network Analyzers. The I.T.E. Circuit Breaker Company 
approached the reactor problem by using a 60-cycle frequency and the 5-deg phase- 
shift method of metering. 1.T.E. makes all their reactors with nominal losses and trims 
the losses by adding resistance until the phase angle between the applied voltage and 
the exciting current is exactly 85 deg. This allows the reactor designer to increase his 
copper and iron losses appreciably. If the metering circuits (wattmeter and varmeter) 
are offset by 5 deg, the I.T.E. reactors appear to have infinite Q, or no losses, thus 
facilitating problem setup and calculation. With such a metering circuit, a pure 
resistance load would read incorrectly: parallel capacitance must be incorporated to 

counter the 5-deg lag in the metering circuit. In order to represent pure capacitance, 
it is necessary to add special adjustments in each computer setup. 

Analyzers employing the conjugate-impedance method substitute inductors for capaci- 
tors, and vice versa; the metering circuits are reversed to correct the representation. 

The Portland General Electric Company has marketed a network analyzer which 
omploys separate circuits for in~phase and quadrature components. These components 
are added by conventional wattmeters. 

Modified-analog network analyzers sacrifice the direct-analog representation and 
may confuse the occasional user. Of the 75 analyzers known in 1958, 38 are Westing- 
house 440-cyele units and 11 are General Electric 480-cycle units, both using conven- 
tional metering and direct-analog circuits. 
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DESIGN OF NETWORK ANALYZERS 


9.3.4. Network-analyzer Components. Mo U 
: a - Most network calculators are d 
+ Sol a large variety of systems rather than to solve a specific Babi. Take 
9.3.1 lists the type and range of circuits furnished on the Westinghouse Corporation 
a-c network calculator located at East Pittsburgh. This is the largest analyzer pres- 


ently manufactured. The avera i 
y 4 ge problem involves 12 to i 
portional number of line and load units. : ECR Tar See 


Table 9.3.1. Type and Range of Circuits Furnished i 
; on the Westinghouse Electri 
Corporation A-C Network Calculator at East Pittsburgh, Pa. sf 


| 
No, Type of circuit Range of adjustment | § j 
quantities in per unit (Art. 9.3.5) | Steps of adjustment 
- | 
36 | Automatic generators | Voltage 0-3.4 Continuous (3 ranges) 
ioe Phase angle 0-360 Continuous ra 
Generator reactance | Reactance 0—0.998 0.002 
re Reactance 1.00-4.99 0.01. 
120 | Line impedance Resistance 0—0.998 0.002 
Resistance 1.00-3.99 0.01 
Reactance 0-0.996 0.002 
"y Reactance 1.00-4,99 0.01 
184 | Pi line Resistance and reactance, same as ‘ 
line unit 
Pe tert td 0.001—0.41 0.001 
, usceptance in each 1 i 
108 | Load impedance Watts 0.02-2.00 + ah Continuous 
Watts 2.0-200 Continuous 
Vars 0.01—100 Continuous 
Load adjuster 90-110% 1% 
La sd 0.6—1.20 Coniknatie. 
oltmeter 1.2 F i 
48 Capacitor (standard) | Susceptance i” Samet 
8 | Capacitor (large) Susceptance 0.25-8.10 phe 
72 | Autotransformer Voltage 0.80—1.245 
56 | Mutual transformer | 1:1 i ae 
16 | Jumpers ag 
2 | Instrument desks 
1 | Recording desk 


a 


The 60-cycle analyzers draw their power from the three-phase mains 
. m ; 4 3 
Eh systems require some form of motor-generator set to phew power to the comell 
requency and three-phase operation. Five to ten kilowatts of three-phase power are 
required at these frequencies to supply losses and circuit power. For ‘“high-fre- 
quency” analyzers it 1s more economical to use electronic-oscillator techniques and 
electronic phase-shifting methods. With appropriate scaling, only a few watts of audio 
power are required, so that a much more convenient generator package results 
bs 1948, the large analyzers have incorporated generator metering instruments 
he : ‘raise generator unit. These indicate the voltage, watts, and vars being delivered 
4 e unit and can greatly decrease the problem-sctup time, as the operators can 
adjust the voltage and phase angle without having to read the master instruments 
Line units and load unis represent the transmission lines and the larger loads on the 
ee Both use variable resistance and inductive-reactance units. Impedances 
pe ne Te 4 per-unit-impedance (Art. 9.3.5), and the value is selected by knobs on 
Fede Co) pe unit. Setting accuracy is within 1 per cent of the maximum setting, 
Modern analyzers usually have autotransformers associated with the loads to maintain 
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constant voltage on the load units as the bus voltage varies. A suppressed-zero volt- 
meter associated with each autotransformer permits one to reset the autotransformer 
to the previously calibrated voltage. . 

Stray capacitance to ground of transmission lines is represented by calibrated fixed 
capacitor elements. 

Generator reactance units are used in fault studies to represent transient reactances 
of the machines. Since the Q of modern machines is high, generator-reactance units 
require high-quality reactors. 

Long transmission lines may be represented by special long-line units composed of a 
standard capacitor unit, a standard line unit, and terminated in another capacitor unit. 

Mutual transformers are used with line units to represent impedances common to 
transmission lines located on the same tower or right of way. 

9.3.5. Base Quantities and Scaling. An easily obtainable set of interrelated elec- 
trical quantities are referred to as the analyzer base quantities. Once the nominal 
operating analyzer voltage is chosen together with a nominal current flow, all other 
quantities are established. Analyzer capacitance and inductance values can be calcu- 
lated when the operating frequency has been chosen. “Two commonly used sets of base 
values are 50 volts, 50 ma, 1,000 ohms impedance, 480 cps; and 100 volts, 1.0 amp, 100 
ohms impedance, 440 cps. 

To represent the power system on the analyzer, the rating of a large generator may 
be chosen as the system base kva. Commonly used base kva ratings are 10,000, 50,000, 
and 100,000 kva. The most commonly used system voltage is chosen as system base 
voltage. System base current and system base impedance are thus determined. 

All system quantities are expressed in per unit, or fractions and multiples, of the 
system base quantities. The system base quantities are represented on the analyzer by 
the analyzer base quantities. The following relationships are, thus, defined: 


Per unit watts (or vars) = ae (9.3.1) 


Z (ohms) X (base kva) 


(base kv)? X 108 (9.3.2) 


Per unit ohms = 


9.3.6. Design Details. Problems associated with producing good reactors for the 
various analyzer frequencies were discussed earlier. Constant inductance throughout 
the range of operating circuits is difficult to achieve in reactors. The large air gap 
required to avoid saturation necessitates larger magnetization forces and thus physi- 
cally larger inductors. Large wire sizes are required to keep the copper losses down, 
especially near the air-gap areas where magnetic fringing occurs and introduces losses 
in the wire strands. A typical value of Q for 400- to 500-cps reactors is about 30. 
Special reactors used to represent the synchronous impedance of the generators have 
been produced with Q values of 100. 

Each generator unit consists of a source of power and means for changing the voltage 
and its phase angle. Modern analyzers incorporate instruments to indicate the volt- 
age, current, watts, and vars delivered by each generator unit. Figure 9.3.1 shows a 
simplified diagram of a generator unit. A power selsyn shifts the phase angle of each 
of the generator outputs and converts the three-phase power to single-phase. By 
proper design, the voltage regulation can be maintained within 1 per cent of nominal 
value, and the phase angle can be set within }4 deg. When the base power is insuffi- 
cient to drive the generator instruments to the accuracy required, a current amplifier 
is used to amplify the voltage drop across a resistor in the current line. 

Automatic generator-load-setter units are generator units incorporating automatic 
means to maintain a constant output within about 1 per cent. An adjustable input 
command is set and the output of the generator unit is continuously compared with 
the command signal. Any deviation from the command signal causes a servomecha- 
niam to rotate the phase-angle selsyn, which adjusts the power output of the generator 
unit such that the error signal is reduced to zero. The General Electric system utilizes 
the Hall effect as a power-to-voltage sensor, The Westinghouse system uses the gen- 
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erator wattmeter as a se 


nsor, with an auxiliary coil to indicate the position of the watt- 
meter needle. 
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to the oscillator. These two output signals are 
cuit. The variable resistor and fixed ca 
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Fie. 9.3.1. Simplified circuit of 480-cycle generator unit showin 
and voltage control and the unit instrumentation. (General Electric Co.) 


Master instruments, which are used to read out answers, are similar to the generator 
instruments except that they are larger, more flexible, and are of Vg per cent accuracy 
compared with the nominal 1 per cent accuracy for the generator instruments. This 


instrumentation typically consists of a voltmeter, an ammeter, the watt-varmeter, or 
a wattmeter and a varmeter. 


On 60-cycle analyzers, a conventional laborator 


g the method of phase shift 
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0.01 
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80K 


+150 
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ide fast response. This requires driving 


power, which is obtained from a current and a voltage amplifier each employing 40- to 
60-db feedback. 


1K 
10> 
0.001 
10K 


al master instrumentation. Note ; 
e bottom of a large voltage-divider 


‘YY; so that the output of the amplifier 
has correct phase relationship to the voltage input to the divider. Also note that 


there are two outputs of the attenuator, one in phase, the other exactly 90 deg lagging. 
This is to provide the circuitry for measurement of vars, which are defined as 


EI sin a = vars (9.3.8) 
as compared with watts: 


ET cos a = watts (9.3.4) . 9-65 


(General Electric Co.) 


Generator amplifier 


Fre. 9.3.2. 10-ke oscillator and generator unit. 
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Fia. 9.3.3. Simplified circuit of the 480-cps master instrumentation and its connection toa 
line unit by means of the bus-sectionalizing and line-unit relays which are energized when 
this line unit is selected for metering. (General Electric Co.) 


Substitution of a capacitor for the bottom resistor yields a 90-deg phase shift. In 
order to maintain current through the voltage divider exactly the same as with & 
resistor, a reactor is placed ahead of the capacitor. This reactor is wound to have t 
same resistance and reactance as the dropping resistor to maintain the voltage-divid 
ratio. 

Circuit shielding introduces a shunting capacitance to ground and shifts the ph 
angle slightly. Thus the voltage-amplifier output is not exactly in phase with t 
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input voltage. In order to make the instrumentation read correctly, the current- 
source phase is shifted by the same amount. Thus, the current-measuring shunt is 
wound inductively, and provision is made to insert special iron in the core to tune its 
angle exactly with the voltage-amplifier output. Each of the various shunts is wound 
to exactly the same phase angle. 

In a power system, the wattmeters used are generally made to read correctly on cir- 
cuits having power factors of 90 per cent lagging to 90 per cent leading, since this is 
the range of loads generally encountered. On the analyzer the wattmeter is called 
upon to read any power-factor load from zero lagging to zero leading. Again, the 
same instrument is generally used as a varmeter and encounters a similar spread of 
phase angles. Thus special design and calibration are required to correct the instru- 
ment for other than normal power factors. 

9.3.7. Semiautomatic Programming and Read-out. The following features are 
desirable to reduce the time required for problem setup and read-out of answers: 

1. Keyboard-actuated relay interconnections and metering 

2. ‘Plotting tables” which show circuit diagrams with lights indicating the point 
being metered 

3. Automatic scale changing (see also Sec. 4.2) 

4. Reference-unit selsyns providing reference voltages of known voltage and phase 
for comparison purposes 

Digital read-out with automatic scanning would be another desirable feature. 
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9.3.8. Required Data. The given system interconnections and circuit values 
should include line-resistance and reactance values in ohms. The values of capaci- 
tnnce installed on the lines or available for switching at specified points must also be 
known. Autotransformer specifications should include taps available and desired tap 
soltings together with transformer impedances. If short-circuit studies are desired, 
one must specify generator transient and subtransient reactances. The expected 
range of loads must also be known. 

A copy of the system diagram is marked up with the appropriate values of react- 
‘neces, resistances, and power. The scheduled generation of each generator for the 
hourly, or minimum and maximum load conditions, must be given. The operator 
(hen selects line, load, and generator units according to the patching diagram and 
tarks the corresponding analyzer numbers on the diagram. This becomes the main 
working sheet for the analyzer studies. 

The analyzer operator and the customer engineers set the problem from this work 
sheet onto the analyzer by means of plugboards. The time required to set up a prob- 
lom on the analyzer depends on the size of the problem, the amount of previous work 
‘lone, and the familiarity of the customer with the analyzers, and may range from less 
(hun an hour to a number of hours. 

‘The next phase of the study is the balancing of generators and loads to yield a base- 
ruse solution such that each generator supplies the specified voltage and power, and 
each load draws its assigned power. The procedure for this is to set each generator 
i succession to the assigned load, noting that, as each generator is adjusted, the previ- 
oiwily adjusted generator flows will change. Automatic generator units provide auto- 
‘nutic setting and balancing of each generator. This allows the operator to concen- 
{rate on the setting of the loads to the correct megawatts and megavar flow, and to 
rowulate the associated load autotransformer so that the load being drawn is correct. 


Automatic load setters have been considered but are not in general use. 
‘The base case is chosen to represent a known configuration of actual power flow and 
*yetom performance so that the analyzer results may be compared with known data. 


After a rough check has been made to verify the analyzer results, a complete recording 
is made of the power flow. This base case will be the starting point for all future 
investigations and will be referred to again to isolate or verify future operation 
eonditions, 
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9.3.9. Types of Problems Solved. The following table illustrates the utilization 
of a typical analyzer in terms of the type of problem and the approximate fraction of 
total computer time used for different studies. 
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Approximate 
Problem Time 
seeOw Stadia: es O2) Wars Me Pep Se oe eee 24 
SP PMRtHECTICLIOS . VT yaety Pit ath. «ral MAURIE tal cider 1% 
Stability istudics:?: 2 -hascbseies Meee Semen teal.cos % 
Relay studies and loss-formula studies...............  O+ 


As a result of a load study, the following quantities relative to the system are found: 

1. Generator and bus voltages throughout the system. 

2. Kilowatt, kilovar, and kva flow in any line, or to any associated circuit. Ratings 
of transformers and voltage regulators to produce designated system voltages can be 
determined. 

3. Size of static or synchronous capacitors necessary for power-factor correction. 

4. Study of changes in transmission voltages. 

5. Effect of adding new loads to the existing system. 

6. Effect of outages of certain pieces of equipment on the voltage and current read- 
ings of the system. 

9.3.10. Fault Studies. Fault studies are conducted to determine fault currents 
and thus circuit-breaker ratings throughout the system. Since the fault current is 
many times the load-flow current, the analyzer voltage is generally reduced to one-half 
or one-quarter of that used for load-flow studies to permit metering the fault current. 

During most fault studies, the loads, autotransformers, and capacitors need not be 
plugged into the analyzer. Large synchronous and nonsynchronous machine loads 
should be represented as generators in a fault study, since they act as generators con- 
tributing to the fault current. The impedance of the system generator units must be 
considered, this was not done in the load-flow studies. The value of impedance 
inserted in series with each generator unit is determined by the transient or the sub- 
transient reactance of the generator. These are the reactances of the generators dur- 
ing the first few moments of fault conditions. 

Since the basic network analyzer is a steady-state analog, the analyzer does not 
provide direct answers for the study of transient problems. The use of an iterative 
method permits use of network analyzers to compute transient characteristics of power 
systems. Such a transient study would require two or three times the time of 
normal load-flow study, or from 2 to 3 hr compared with the 1 hr for an associate 
load-flow study. 
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PART 4: SPECIAL METHODS FOR 
THE SOLUTION OF FIELD PROBLEMS* 


By Waurter J. Karpius 


RESISTANCE NETWORKS 


9.4.1. The Resistance-network Analogy. Purely resistive networks are particu- 
larly useful for the solution of Laplace’s equation and Poisson’s equation in one, two, 
or three dimensions in all the important coordinate systems. Under certain conditions 
their use may be extended to the simulation of fields governed by the diffusion equa- 
tion, the wave equation, and the biharmonic equation as well. Although simple and 
straightforward in application, the use of resistance networks for the solution of field 
problems is a relatively recent development.*:** In general, the solution of field prob- 
loms by means of resistance networks proceeds as follows: 

1. The problem is formulated as a partial differential equation, and the field geom- 
otry, boundary conditions, initial conditions, internal excitations, and field parameters 
are specified. 

2. The partial differential equation is approximated by a set of finite-difference 
equations. In effect the continuous field is replaced by a discretized equivalent, and 
attention is focused upon an array of discretely spaced points (nodes) in this field. 
The distance between adjacent nodes (net spacing) is selected so that the truncation 
errors resulting from the finite-difference approximation are sufficiently small. 

3. A network of electrical resistors is now constructed such that each line segment 
of the finite-difference grid is replaced by an electrical resistor, and each node point 
hecomes a junction point in the electrical network. The magnitudes of the resistors 
are determined from the finite-difference equations. An alternate physical approach, 
hased upon the consideration of the field property represented by each resistor, leads 
to the correct resistance values without the use of finite-difference techniques.' 

4, Voltage and current sources simulating the excitations are applied to the network 
at its external boundaries and at interior nodes, as required. 

5. The voltage relative to an arbitrary reference point at each node of the network 
is noted and recorded. These voltages then correspond to the potentials existing at 
the corresponding points in the original field. 

(. Equipotential lines, and possibly streamlines, are sketched by interpolation 
hetween points of known potential. 

lty using precision resistors and high-quality measuring instruments, one can obtain 
relatively high accuracies with this method. Accuracies to within 1 part in 10,000 
“re not uncommon. 

9.4.2. Laplace’s Equation in Rectangular 
equation 


Cartesian Coordinates. Laplace’s 


vo =0 (9.4.1) 


iv oxpressed in cartesian coordinates in one, two, and three dimensions, respectively, as 


s od (9.4.2) 
““e = =0 (9.4.2b) 
H 93 5? foe 
2 
a> , d°> ae Ge 4 0 (9.4.2c) 


ax? Oy? --dz* 


* The material of this section is largely based on W. J. Karplus, Analog Simulation: 
Molution of Field Problema, McGraw-Hill Book-Company, Inc., New York, 1958, 
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The continuous field governed by these equations is now discretized as shown in Fig. 
9.4.1. A coordinate grid is superimposed upon the field and attention is limited to the 
node points of this grid. A typical node (denoted by subscript 0) is selected, while 
adjacent nodes are labeled with subscripts 1, 2, 3, 4, 5, and 6. In accordance with 


Ay 3 5. 
<a rusiae aaa 2 1 
~laxt— [ad ? thing 
ie is 
(a) (0) 


Fia. 9.4.1, Discretized one-, two-, three-dimensional fields with typical nodes. 


well-known finite-difference techniques! the second-order space derivatives in Eq. (2) 
are approximated by ‘‘second-order central-difference” expressions according to 


ae ms ae oo as (9.4.30) 
u a 
: i o " re “ 
“* wi #2 ee (9.4.30) 
Inserting these expressions in Eq. (2), 
one + os =0 (9.4.4a) 
a a 1% me 6 + So =0 (9.4.46) 
Tee 5 rae ae — a ss af ee = 0 (9.4.40 


Referring to Fig. 9.4.2, the sum of the currents into each typical node must equal zero. 
Therefore 


{ 


Vi = Vo J aed Vo TT 
Ri R. =0 (9.4.54) 
Vi — Vo Ve a2" Vo V; wes Vo Vu * Vo a 
Ale PEERY VE Eat aw = .4, 
R, a Rs at Rs i R, 0 (9.4.5b) 
Vi al Vo V2 ae Vo Vs _— Vo Va =_— Vo Vs =— Vo Ve . Vo ous a 
R, + Re + R, au R, “le R ate Re =0 (9.4.5¢) 


An exact analogy between field potential ¢ and electrical voltage V will exist if the 
resistors in Eq. (5) are proportional in magnitude to the squares of the corresponding 
net spacings in Eq. (4). To obtain convenient element values both sides of Eq. (5) may 
be multiplied by a scale factor Ro. Equations (4a), (4b), and (4c) can also be 
multiplied by Az?, Ax Ay, and Az Ay Az, respectively. Then 


Ri = Re = Ro 


Az Az 
Ri = Ro = R, — R; = R, = Ro — 
ie 2 Ay 3 4 Ay 


Ri = Ry = Ry As 


Ax Ay 


Az ; Ay 
R; = Rk, =R 
Ay Az ; : ” Ax Az 


Rs = Re = Ro 
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The magnitudes of resistors along streamline boundaries of the field or in the 
immediate vicinity of boundaries which do not coincide with the grid lines of the 
finite-difference grid must be calculated separately. In the case of cartesian coordi- 
nates, resistors along streamline boundaries are in general twice as large as the corre- 


ieee R, R, 
fap 
1 


i 
1 
| 
3 X4 Xs *6 


Mia. 9.4.2, One-, two-, and three-dimensional rectangular resistance networks and typical 


nodes. 
2R 2R 2R 
i eee | 
(a) 


Fig. 9.4.3. (a) Uniform two-dimensional field. 


(b) Resistance-network analog. 


sponding interior resistors. Figure 9.4.3 illustrates a resistance-network analog for a 
two-dimensional field having two equipotential and two streamline boundaries. In 
practice, of course, a much finer network spacing would be used. 

If the boundaries of the field do not coincide with the node points of the discretized 
analog cireuit, the resistors in the immediate vicinity of the boundaries are modified, 
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For example, in a field shown in Fig. 9.4.4a, three of the resistors terminating on typi- 
cal node 0, located at a distance a Az from the boundary, are calculated as described 
above. The magnitude of resistor Ri, however, is made a times the magnitude of a 
corresponding internal resistor (such as R2) where a is a number less than unity. 

It is sometimes expedient to employ a finer net spacing in those portions of the field 
in which more accurate solutions are required. A simple and direct method for effect- 
ing a variation in net spacing is to regard the ‘‘coarse” and “fine”’ regions of the analog 


approximation to Eq. (7) is 


Ar 1 


2ro — a 
(pr go) + oar? (¢2 — do) + ry Ad? (os go) 


1 = ae tae ee Cero 9.4.8 
+ FR (64 — $0) + rer (5 — do) + ie (6 «)| ( ) 


Multiplying through by the scale factor Ar A@ Az/Ry and comparing with Eq. (5c), it 


(a) (b) 


Fia. 9.4.4. (a2) Two-dimensional field with superimposed finite-difference grid. (b) Typi- 
cal node in vicinity of boundary. 


(b) (c) 
I'1a. 9.4.6. (a) Cylindrical field. (b) Node of finite-difference grid. (c) Typical node of 
analog network. 


2k 2R 2R 2R 


ate, | 2k 
is seen that the voltage distribution in a rectangular network, as described by Kirch- 
ve 2R hoff’s current law, will be governed by Eq. (8), provided that 


Ao 

R= Roar op, a RB, = Bro 0 
2k A@ Az(ro + Ar/2) Ar hz (9.4.9) 

saath Ry Ar _ Rohe 

gE A Py ee 

sae 2R Bpatngg Az(ro — Ar/2) ° 79 Ar AG 


Note that in this case the term ro is contained in each expression so that the magnitudes 
of all resistors are affected by their position within the network. One or two dimen- 
sional networks suffice to simulate a problem 7 

in cylindrical coordinates, provided that “oO ie 
potential symmetry permits one or more 


erie » 
2R 


of the space coordinates to be neglected. 
or example, if axial symmetry exists, only 7 4 Oil zone Zz 
(@) (6) (he r and z coordinates are significant; so 
Fra. 9.4.5. (a) Continuous field showing “fine” region in which greater accuracy is required, that a two-dimensional resistance network | 
(b) Analog for both portions of field (spacing ratio 1:2). in sufficient. In such fields, resistors located 
system as separate and distinct fields, and to treat the interface between these two long streamline boundaries may again be 


r 

wiven magnitudes twice those of the corre- Fic. 9.4.7. Oil well, partially penetrating 
xponding interior resistors. More sophisti- 4 horizontal oil zone bounded above and 
cated techniques for the determination of below by impermeable strata. 
ich boundary resistors are available.! f Mg dow 5 $ 

As an example, consider the flow of an incompressible fluid in the vicinity of an 2 
well, partially penetrating a horizontal permeable oil stratum bounded above an 
holow by impermeable formations as shown in Fig. 9.4.7. Provided that the well is 


regions as a streamline boundary. The two networks are then joined at the appro- 
priate nodes. Figure 9.4.5 illustrates how a spacing variation in the ratio of 1:2 may 
be obtained. Note that the interior resistors of both networks are identical since 
Az = Ay in both sections. : 

9.4.3. Laplace’s Equation in Curvilinear Coordinates. In cylindrical coordinates, — 
Laplace’s equation is expanded as 


il, i sti i i ial ¢». In problems of 
2 2 kept full of oil, it constitutes an equipotential surface of potential dw k n 
har, fh ; [2 (> ef) z, : e Kah se (9.4.7) this type, it is customary to define a drainage radius of r, at which the flow is essentially 


horizontal, and a vertical equipotential surface ¢, may be taken as a field vieesie eb 
The upper and lower surfaces of the oil zone are streamline boundaries. Since the flow 


The discretized equivalent consists of line segments extending in the r, z, @ directions; field is symmetrical about the well axis, the problem is best formulated in the rand ¢ 


A typical node is again the junction of six resistors (Fig. 9.4.6). The finite-differenee 


‘ 
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cylindrical coordinates as 


225-275 vregulated {+ 


22s Se eee > os oe Ss Bee junction 


vig at? (oe pee 


ror or az? (94,10) 


The potential function ¢ is termed the velocity potential and is defined by D’Arcy’s 18 
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where k = hydraulic permeability of porous medium ! A 
wu = viscosity 8 8 ry er = sah ° a 8 wo % 
p = density 7 7 rf ri 
P = pressure 14 feat 5 Asstenteatiedrofrodised iodo 
The boundary conditions are expressed as Mi & a PA ws my ah Al 
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Figure 9.4.8 illustrates a resistance-network analog of such a flow field. The well s = < a oO nN rs) ww “2 ¢ 
is assumed to have a radius of one-fourth unit, and a finer net spacing is employed in nee ieee ¥ Es 
the upper region of the flow space where larger potential gradients are to be expected. pak 16.6 ot 7.15 68.57 “te 4.55 spe3.85-8- 3.33 Ae 2.94-- 2.63 A 2.38 
Since a vertical equipotential surface is assumed to exist at the drainage radius, all 16.6 10 715 : 
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nodes at the right edge of the resistance network are connected to a common junction. 
Those nodes on the left side of the network, which correspond to the partially pene- 
trating well, are likewise connected to a common well junction. The penetration of 
the well can readily be varied or adjusted by suitable selection of the boundary nodes 
connected to the well junction. 

To simulate any given flow condition, it is then only necessary to employ a voltage 
supply to pass a current proportional to the oil-production rate between the well junc- 
tion and the drainage-radius junction. The voltages at the network nodes then corre- 
spond to the velocity potentials at the corresponding points in the prototype field. 

Laplace’s equation in spherical coordinates is given by 


L 206 s) 1 a4 
2 tains pees at 
acm ic a. or 5 sin 3 ag s, (sin 05 6 0B > sin? B da?_ (0.4 


whose finite-difference approximation is given by 
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Vio. 0.4.8. Resistance-network analog for field shown in Fig. 9.4.7, using a scale factor 
it) » 25,000 (numbers represent resistance values in kilohms). 


Ar? Ar? Aa? sin? Bo 
_o4 — Go tee sin [Bo + (A8/2)](¢5 — $0) he sin [Bo — (AB/2)](¢6 — om 
Aa? sin? Bo AB? sin Bo AB? sin Bo 
(9.4.14) 


The magnitudes of the analog-network resistors are seen to be 


of 


= Ro Ar Row Ro Aa sin Bo 
[ro + (Ar/2)]? Aw AB sin Bo Ar, AB 
Ro Ar Ry Aa sin Bo 
gy 7 7 9.4, 
[ro — (Ar/2)]? Ac AB sin Bo ire Ar, AB (9.4.1 
Ro AB Ro a a 


ap pai (a) | (b) 


ia, 0.4.9, (a) Spherical field, (b) Typical node of finite-difference grid. 
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Ar Aa sin [By + (AB/2)| Ar Aa sin [By — - (Ap/2)| 
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Again, all the magnitudes of the resistors are seen to depend upon their distance from 
the origin. Fields which are symmetrical about a point, so that the a and 8 coordi- 
nates can be neglected, may be represented by a one-dimensional resistance network 
with typical resistors Ri and Re. 

9.4.4. Asymmetrical Networks. A few investigators have preferred asymmetric 
meshes, formed by interconnecting irregularly spaced points in a two-dimensional 
field, to the more conventional rectangular grid. Following a method described by 
MacNeal,‘ the node points of the system are first selected. It is permissible in this 
connection to select arbitrarily a denser spacing of node points in regions of greater 
interest and to locate an appreciable number of node points on the boundary, which 
may have an irregular shape. The only restriction upon the number and location of 
node points is that all the interior angles of the triangles formed by interconnecting 
the node points be less than 90 deg. A typical grid meeting this requirement is shown 
in Fig. 9.4.10. 


(a) (6) 


Fre. 9.4.10. (a) Asymmetrical finite-difference grid. (b) Typical line segment of asym- 
metrical grid. 


To assign magnitudes to the resistors representing each grid line, the perpendicular 
bisectors are constructed for each line segment. Each node point is thereby sur- 
rounded by a polygon formed by the bisectors of the grid lines terminating on that 
point. For a typical grid line connecting points A and B, having a length l4z, and a 
perpendicular bisector (joining points 1 and 2) of length rio, the value of the resistor 
connecting A and B is given by 


Rap = uae (9.4.16) 


T12 
where Ry is again a scale factor. 
9.4.5. Analog for Equations of the Poisson Type. Field problems occurring in 
many areas of engineering and applied physics are governed by an equation of the type 


V2b = f(x,y,2,9) (9.4.17) 


In cartesian coordinates and three dimensions the finite-difference approximation of 
this equation is 
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Referring to the electric analog equation, Eq. (5c), it is seen that each term on the left 
side of these equations has the dimension of current. It appears, therefore, that the 
terms on the right side of Eq. (19) must likewise be represented by a current, so that 
the analog equation becomes 
Vi-—Vo Ve — Vo V3 — Vo Vi — Vo Vs — Vo Ve — Vo 
By et willga aro rgp gt aaa ie agp el iy 
kage 1(z,y,2,V0) (9.4.19) 


‘To simulate problems governed by Eq. (17), the Laplacian is simulated by a rectangu- 
lar resistance network exactly as described above. The term on the right side is then 
taken into account by introducing a current which may be a function of position 
and/or voltage at each node of the resistance network, as shown in Fig. 9.4.1la. To 
avoid the use of current sources, it is usually preferred to connect each node to a fixed 
voltage source Hy through a variable resistor Ry, as shown in Fig. 9.4.116. These 
variable feed-in resistors are then adjusted until the correct current flows into each 
node point. Since the current into each node affects, to some extent, the current into 


(6) 


Via. 9.4.11. (a) Typical node of resistance-network analog for Poisson-type field. (b) 
ltosistance-network analog for two-dimensional field using feed-in voltage sources. 


every other node, the adjustment of these feed-in resistors must proceed iteratively 
and may become very time-consuming. Analog-computor units! as well as various 
other automatic units have been designed to perform this iteration rapidly and 
accurately. 

9.4.6. Analog for the Diffusion Equation. The analog determination of the 
(ransient potentials in fields governed by the diffusion equation 


v4 = Ko¢ (9.4.20) 


in usually accomplished using networks containing resistors as well as capacitors. It 
in possible to determine these potentials using network analogs containing resistors 
only, by discretizing time as well as the space coordinates. That is, the time variable 
i, broken up into discrete intervals At in length. Equation (20) in one cartesian space 
‘limension is then approximated by 


1— do , ¢2 — d0 do — dost 
ia = : 9.4.21 
Az? + Ax? F At ( 


lhe symbol oa: represents the potential existing at node zero at a time At before the 
‘ime at which the calculation is currently being made. This equation is seen to be 
similar in form to Eq. (17) and has a resistance-network analog whose governing 
equation is 


£4 ead (ery & beats rE See. 9.4.22 
z +: ( ) 
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A typical node of the analog network is shown in Fig. 9.4.12a, while a complete one- 
dimensional system is illustrated in Fig. 9.4.12b. This network permits the prediction 
of the potentials at all nodes at a time ¢t = to + Atif the potentials at time ¢ = ty are 
known. To solve a typical problem, the resistors R; are made to correspond to a con- 
venient At, and the given initial voltages at time t = 0 are applied at their lower termi- 
nals. The potentials at time ¢ + At may then be obtained by measuring the voltages 
at the network nodes. The feed-in voltages to all feed-in resistors are then readjusted 
to correspond to the network voltages for time ¢ = t) + At. The voltages now appear- 
ing at the network nodes correspond to the potentials at time ¢ = ft) + 2A¢. The 
feed-in voltages are then again adjusted, and the process is continued until the poten- 
tials corresponding to the desired number of time intervals have been obtained. The 
finite-difference approximation equation (21) has the advantage over other numerical 
schemes in that there exists no danger of computational instability, regardless of how 
large the time spacing At is made. 
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Fig. 9.4.12. (a) Typical node of resistance-network analog for one-dimensional diffusion 


equation. (b) One-dimensional analog system using feed-in voltages. 

This method can be employed for linear and nonlinear problems in one, two, or three 
space dimensions and is capable of complete automation. In such an automatic sys- 
tem, the adjustments of the feed-in voltages and all read-outs are accomplished by 
servo units. It is then only necessary to apply the specified initial conditions and to 
specify the time increment, and the computer will print out the correct field potentials 
at discrete time and space intervals. 

9.4.7. Analog for the Wave Equation. Fields governed by the wave equation 
ae 


Vo = K 
be ot? 


(9.4.23) 


are frequently simulated by means of inductance-capacitance networks. It is possi« 
ble, however, to adapt the method described above for simulating fields governed by 
the diffusion equation to fields governed by the wave equation as well. Both the time 
and the space variables are again discretized and an implicit finite-difference schemeé 
is employed to avoid computational instability. In problems governed by Eq. (2%), 
two initial conditions, generally the potential as well as the first derivative with respect 
to time of the potential everywhere within the field, are given as part of the problem 
specification. In effect, therefore, one has available the potential function at time 
t = to and at time ¢ = é) + At; potentials for time t = t) + 2A¢ and subsequent tim 
increments are to be determined. Two voltages must therefore be applied as feed-itv 
sources to each network node. The solution over any given period of time is then 
obtained in an iterative manner by measuring the node potentials corresponding 1 
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cach time increment and by employing these potentials as ‘‘initial conditions” for the 
next time increment. 

If the boundaries of a field governed by the wave equation are kept at fixed poten- 
tials, and energy is present within the system at time ¢ = 0, the node potentials 
undergo simple harmonic variations, and a condition of periodic steady state exists. 
The potential at each node then has the form 


¢ = Asin ot 
x) 2 oi = 2 
so that my = —Aw?’ sin wl = —w*d (9.4.24) 
und Eq. (22) becomes under these conditions 
V27¢ = —Kw'¢ (9.4.25) 


lquation (25) has the same general form as Eq. (17); so that this problem can be 
treated just like field problems governed by equations of the Poisson type, discussed 
above. The analog model therefore con- 
(ains a rectangular resistance network with 
& current t = Kw%do introduced at each 
node. This method is particularly suitable 
for the determination of the normal-mode | 
values. I 
9.4.8. Analog for the Biharmonic Equa- | 
tion. Plane-stress problems governed by | 
the biharmonic equation in two dimensions | 
| 

I 


dtp | 2p _ “Mo 
9 heb sen eee -—=0 (9.4.26 
adie ¥ anrdy? | day! . ’ iE 


are generally treated by the direct analogy 
described in Sec. 9.1. Resistance-network 
methods can be applied to this equation, 
however, by fashioning two separate rec- 
(angular resistance networks and by inter- 
vonnecting them at each node as shown in 
Wig. 9.4.13. 

The potentials at the nodes of the upper 
network represent a stress function Y de- 
fined as 


@ 


2 
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I 
| 
I 
| 
| 
| 
| 
| 


(9.4.27) 
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Fig. 9.4.13. Basic arrangement of cas- 


caded resistance networks for solution of 
biharmonic equation. 


whose value must be given along the bound- 
aries of the field under study. The node 
voltages of the lower resistance network 
represent the desired stress function ¢. The current Jo’ through the resistor r con- 
ieoting the corresponding nodes of the two networks is then given by 


I! = Yo (9.4.28) 
i 

If the connecting resistors r are much larger than the resistors making up the rectangu- 
lar resistance networks, then for any particular pair of nodes 


I)! ae 


Yo > do and : 


(9.4.29) 
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The equation simulated by the lower network is therefore 
, Vi 
V4¥6 =k 77 (9.4.30) 


where & is a constant of proportionality; but since the voltage distribution Y satisfies 
Laplace’s equation, 
V2(V26) = Vid = 0 (9.4.31) 


The potentials of the lower network therefore represent the solution to the problem. 
Problems in which V‘¢ = k are solved with a similar resistance-network arrangement, 
by introducing a current proportional to k at each node of the upper network. 


CONDUCTIVE-SOLID ANALOGIES 


: 9.4.9. Principle of the Analogy. The electrical potential and current distribution 
in an electrical conductor are governed by Laplace’s equation, Kq. (1). Because they 
are convenient to construct and to use, electrically conductive sheets and solids are 
frequently used as simulators. The application of such analogs to Laplacian field 
problems then takes the following steps: 

_1. A conductive sheet or solid having the same geometrical shape as the two-dimen- 
sional field under study is devised. 

2. The boundary conditions of the original field are simulated in the electrical-ana- 
log system by means of suitable voltage and /or current sources. 

3. By means of suitable sensing equipment the voltage distribution within the con- 
ductive medium is measured and recorded. The voltages obtained in this manner can 
then be interpreted directly as the poten- 
tial distribution in the original system 
under study. 

A typical conductive-sheet analog system 
is shown in Fig. 9.4.14. Numerous engi- 
neering problems can be formulated ade- 
quately in two cartesian dimensions or in 
polar coordinates. For such problems, a 
two-dimensional electrical analog—a con- 
ductive sheet—is adequate. Problems 
which can be formulated only in three 

: cartesian dimensions require three-dimen- 
Teledeltos sional conductive analogs. A chief diffi- 
culty of the latter type of system is that it 
is generally impossible to measure the 
potential distribution at interior points of 
the analog. The use of conductive-solid analogs is therefore restricted to problems in 
which the potential distribution at the exterior surfaces of the physical system is 
required. The conductive-liquid analogs described in the following section do not 
suffer from this shortcoming. 

9.4.10. Resistance Paper—Teledeltos. By far the most widely used conductive- 
solid analog is a type of electrosensitive recording paper developed by the Western 
Union Telegraph Co. This material is now widely used as a recording medium for 
telegrams as well as for graphic-chart-recording instruments. Known by the trade 
name Teledeltos, this paper is formed by adding carbon black, a conductive material, 
to paper pulp in the pulp-beating stage of the paper-manufacturing process. The 
conductive paper is then coated on one side with a lacquer which acts as an electrical 
insulator and on the other side with a thin layer of aluminum paint. Two basic types 
of Teledeltos are available: type L, a low-resistivity paper ranging between 1,500 and 
4,000 ohms per square, and type H, the high-resistivity paper with a resistivity of 
approximately 20,000 ohms per square. No precise control of the shect resistivity is 
exercised during manufacture; so that there may be a wide variation in resistivity from 
roll to roll. Furthermore; uniformity tests have revealed that a variation in resistivity 
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Fig. 9.4.14. Simple conductive-shect ana- 
log system. 
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of approximately +10 per cent may be expected in any given sheet. The manufactur- 
ing process also introduces a definite anisotropicity, the resistivity measured along the 
long dimension of a roll generally being 10 per cent lower than the resistivity across 
the width of the roll. 

Teledeltos paper has a temperature coefficient of resistance of approximately —0.2 
per cent per °C so that it is relatively insensitive to changes in temperature. Rela- 
tively large changes of resistance, sometimes observed when the paper is heated (pos- 
sibly by the electric currents introduced during analog simulation), are generally due 
to changes in the moisture content of the paper. 

Notwithstanding its shortcomings as far as homogeneity and uniformity are con- 
cerned, Teledeltos paper has found great favor as a conductive-sheet analog for the 
solution of field problems in which accuracies to within approximately 10 per cent are 
sufficient. This popularity may largely be attributed to the convenience and sim- 
plicity inherent in the use of resistance paper. Teledeltos is readily available in rolls 
\p to 35 in. in width at a relatively low price. It is no harder to cut with scissors than 
ordinary paper and may readily be cemented to glass or plastic backing plates. Elec- 
trode boundaries are readily applied by means of conductive paint, such as Du Pont 
No. 4817 silver paint. Local changes in the resistivity of the conductive sheet as 
dictated by the problem to be solved may be attained by perforating the paper or by 
applying several layers of a graphite solution. 

9.4.11. Conductive Rubbers. Rubber sheets having an appreciable electrical con- 
ductivity are now manufactured for a number of industrial applications. Electrical 
conductivity is imparted to the material by adding specially processed carbon black 
to the rubber stock during the manufacturing process. From the point of view of 
homogeneity and uniformity, high-quality conductive rubbers compare favorably with 
Teledeltos paper. The resistivity of typical sheets of approximately 0.01 in. thickness 
varies between 400 and 2,000 ohms per square. A major advantage of conductive 
sheets of this type is that several layers can readily be pressed against each other and 
in many cases adhere under pressure. This permits the simulation of fields of variable 
resistivity and the study of the potential distribution at the external surfaces of three- 
dimensional fields. Most conductive rubbers display an anisotropicity of approxi- 
imately the same order of magnitude as Teledeltos paper. 

9.4.12. Miscellaneous Conductive Models. A wide variety of materials have been 
employed from time to time as conductive-solid analog simulators. Metallic sheets 
were used as early as 1845 for the simulation of Laplacian fields. The chief difficulty 
with this type of model is the obtaining of uniform resistivity. Since the local resis- 
livity of metallic sheets is strongly influenced by changes in thickness of the sheets, it 
jy difficult to reduce errors below 10 per cent. The very low resistivity of metallic 
sheets presents a further difficulty. Electrodes comprising the equipotential bound- 
aries must have a resistivity which is negligible compared with that of the conductive 
shoot. This requirement is very hard to satisfy when metallic sheets are employed. 

Ordinary writing paper has occasionally been used as a conductive-sheet analog. 
lapers made of cellulose or rags having a fiber structure are severely anisotropic, while 
(ransparent drawing paper does not suffer from this shortcoming. The conductivity 
of the paper appears to be due principally to absorbed water which with dissolved 
salts forms a uniform electrolyte. As a result the conductivity of untreated paper is 
strongly affected by the atmospheric humidity. Because of the extremely high resis- 
\ivity of such sheets, equipotential boundaries may be applied simply by drawing 
pencil lines on paper. The sensing device must have an extremely high input imped- 
anee, and electrometer tubes are ordinarily employed. 

A number of investigators have preferred to develop suitable conductive-sheet 
iwodels in the laboratory. These generally consist of a nonconducting base coated 
with a layer of conductive material.! 

9.4.18. Analog for Poisson’s Equation. In a number of areas of engineering, par- 
\ioularly in torsional-stress analysis, there arise equations of the type 


. OD 
oo a oe 9,.4,32 
v's Ox® + . 


¥ where 
€ potential function ¢ is replaced by 
k 
’ } =o + 7 (ety 
Equation (32) then becomes 4 y*) (9.4.33) 
ov | oy 
dx? T 5,2 = 0 
y (9.4.34) 
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Polarization effects in the immediate vicinity of the electrodes 
Even when the 


SPECIAL 
linear throughout. 
account for the principal source of error introduced by the electrolyte. 
exciting frequencies are in excess of several hundred cycles per second, nonlinear resist- 
ance and capacitive effects appear at the electrode surfaces. For maximum accuracy 
it is necessary to choose the combination of liquid and electrode material very care- 
fully. While platinum or platinized electrodes in combination with copper sulfate 
solutions appear to be optimum from this point of view, copper, brass, and graphite 
electrodes have been found adequate for many applications. The meniscus of the 
surface of the electrolyte may cause distortions of the potential field in the immediate 
vicinity of the electrodes as well as at the probe. Chemical additives to reduce sur- 
face tension are frequently included in the electrolyte to minimize errors from this 


source. 

The construction of the electrolytic tank is governed to a large extent by the geom- 
etry and the nature of the field problem under investigation. Most generally the 
main container is rectangular and fashioned of wood. The inside of the tank is care- 


fully coated with waterproofing lacquer and waxed to prevent leakage and to avoid 
warping and swelling. Detailed shaping of the tank walls, where required, is generally 
accomplished with wax. 


Power 
supply 


Null 


indicator 
Plotter 


Electrolyte 


Tank 


Electrodes 
Fie. 9.4.15. Electrolytic-tank analog system. 


lor two-dimensional problems in cartesian coordinates, the bottom of the tank is 
(lat, so that the depth of the electrolyte is constant. If the potential field is sym- 
metric about a line, so that the cylindrical coordinates 7 and z are appropriate, a 
sloping bottom may be employed. The conductive liquid then simulates a typi- 
cal wedge cut out of the original field. A flat-bottom shallow electrolytic tank may 
ho employed for the same purpose by tilting it in such a manner that the liquid-air 
interface intersects the bottom of the tank. In either case, errors may arise near the 
upex of the wedge because of the meniscus of the electrolyte-bottom interface. 
van be minimized by coating those portions of the tank bottom which are not to be 
covered by the electrolyte with a water-repellent substance. 
The electrical excitation of the electrolytic-tank system is nearly always in the form 

of nec voltages of constant frequency. Frequencies in the vicinity of 1,500 cps appear 
‘o be most satisfactory. The magnitude of the sinusoidal excitation must be large 
enough to ensure a satisfactory signal-to-noise ratio at the probes, but the current 
(lensity within the electrolyte must be restricted to obviate undesirable electrochemical 
effects and to prevent convection currents in the electrolyte resulting from the heating 
of the liquid. Square-wave excitations have been used on occasion. 
The electrical field within the tank is sensed by means of a suitable probe or an 
uray of probes. Most frequently the equipotential lines are to be mapped. In that 
cane & single-probe tip is immersed into the electrolyte and its voltage with respect to 
one of the electrodes or with respect to some arbitrary ground potential is recorded, 


ually by potentiometric methods. 


These 


The-direet determination of the field strength 
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and the plotting of streamlines require a more elaborate setup. Generally a four- 
probe array is employed for this purpose. Numerous and elaborate electronic units 
have been devised for the sensing and recording of the field potentials. These include 
automatic field plotters to produce complete families of equipotential lines rapidly and 
accurately.1 

Provided that all the sources of error are carefully minimized, accuracies within 
0.1 per cent may be obtained with electrolytic-tank analogs. Such accuracies are 
attainable only with extreme care and meticulous adjustment, however. Most con- 
ductive-liquid analog systems of the type used in industrial laboratories have accura- 
cies no better than within 2 per cent, which is adequate for many engineering purposes. 


STRETCHED-MEMBRANE ANALOGIES 


9.4.16. Membrane Analogies. A very important class of analog simulators for 
fields governed by Laplace’s and Poisson’s equations employ transverse deflections of 
elastic members as the dependent variable. It can be shown that, when a thin elastic 
sheet, located in the horizontal z, y plane, is placed under uniform tension and attached 
to a flat frame, the sheet adjusts itself to any vertical deformation in the frame by 
taking a shape governed by 


Oz [ 0z\? 072 0z\? Oz 02 4. 
Ox? oz oy? + oy Ox Oy Ox dy . (9.4.30) 
where z is the position of the membrane in vertical direction. If the vertical displace- 


ments of the sheet are kept small, so that the slope of the sheet is nearly horizontal 
everywhere, then 


dz 
oak, 
2 (9.4.37) 
a5 2 
and Eq. (37) becomes 
0%z dz 
az? + 9,2 = 9 (9.4.38) 


The vertical deflection of the membrane is therefore governed by Laplace’s equation 
in two dimensions. The analogy is exact only if the following conditions are satisfied: 
Pa iin tension (force in the horizontal direction) is uniform everywhere throughout 
e sheet. 
2. The tensile force everywhere within the sheet is large compared with the vertical 
pes eros to the weight of the sheet. This implies that the sheet must be very light 
in. 
3. The slope of the sheet is small at all points. If the slope is less than 6 deg, the 
error introduced by this will generally be less than +1 per cent. : 
If the stretched membrane discussed above is excited by a force acting in the z or 
transverse direction, and if this force is uniformly distributed throughout the sheet 
the deflection of the membrane is governed by 


LA gy 
Gabor! F (9.4.39) 
where q is the transverse force per unit area acting in the positive z direction, and 7 is 
the uniform tension per unit length of the boundary of the sheet. The transverse load 
therefore acts as a distributed internal excitation, and the system may be used to 
simulate two-dimensional fields governed by Poisson’s equation. 
Two types of stretched-membrane analog systems have found wide application, 
bt sheets are used primarily in electrostatic and electron optics-design problema, 
n these areas they offer the advantage that electron trajectories of interest can readily 
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be detected and mapped by means of small rolling balls. Soap-film analogs permit 
the convenient application of uniformly distributed transverse loads and are therefore 
very useful for the study of elastic-torsion problems governed by Poisson’s equation. 
If sufficient care is taken in the machine-shop construction of the frames and measur- 
ing devices, and if refined experimental techniques are employed, stretched-membrane 
analogs are capable of accuracies within 1 or 2 per cent and compare not unfavorably 
with the electric analog simulators.'2) A commonly used formula includes 30 cc of 
glycerin and 2 g of potassium oleate in 1 liter of water; useful film life may be as long 
as 20 hr, if the solution is kept free from impurities. 
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PART 5: HYDRODYNAMIC ANALOGIES 
By Wauter W. Soroka 


ANALOGIES FOR TWO-DIMENSIONAL POISSON AND LAPLACE FIELDS 


9.5.1. Introduction. The velocity potential in ideal (inviscid) two-dimensional 
(luid flow and the pressure distribution in viscous flow, both with distributed sources, 
watisfy the two-dimensional Poisson equation. In the absence of sources the fields 
satisfy the two-dimensional Laplace equation. Such fluid-flow fields may serve as 
unalogs for other field problems. Examples of such fields follow. 

9.5.2. Hydrodynamic Analogies for Prismatic Bars in Torsion. A representation 
due to Kelvin makes use of a flat tank of unit depth, with cross section shaped like 
(hat of the bar to be twisted.!. The tank is waxed inside, filled with darkened fluid 
(0.g., Water with india ink or potassium permanganate added), and the water surface 
sprinkled with aluminum particles. The tank is abruptly rotated about the “center 
of shear,’’ and a photograph of the water surface is taken by an overhead camera rotat- 
jig with the tank. The streaks in the photograph show the directions of the shear 
stresses, their lengths being proportional to shear-stress magnitudes. For quantita- 
live purposes, the observed streak lengths may be compared with those applicable to 
« circular bar twisted through the same angle, for which the shear stresses are known. 

9.5.3. Sandbed Mappers. Another representation? makes use of a high-flow- 
ovistance horizontal bed of fine nickel or copper shot, through which a real (viscous) 
(uid slowly percolates vertically to give the required uniform distribution of sources 
over the surface of the bed. This so-called ‘‘sandbed”’ is contained in a metal box 
liwving a cross section shaped like that of the bar to be twisted. It is supported by 
 fine-mesh screen over a fluid-supply chamber. The horizontal viscous-flow region 
watinfying the Poisson equation is contained in the thin space between the surface of 
the bed and a glass plate placed about 14, in. above it. Dye crystals in the flow field 
produce visible flow lines, which are photographed through the glass plate. Equal- 

sroamure contours are orthogonal to the flow lines and may be drawn on the photograph 
1y the method of curvilinear squares.* - Tangents to the equal-pressure contours give 
(he directions of the shear stresses, The relative spacings of the contours (propor 
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tional to pressure gradient) give the relative values of the shear stresses, the actual 
values for a given problem being determined either from a measurement of the flow 
quantity or from a determination of pressure gradients on a circular sandbed tested 
simultaneously (Fig. 9.5.1). 

The sandbed is immersed in a pan of the fluid (usually water to which a small amount 
of Methocel had been added to increase viscosity). The flow across the boundaries of 
the box and into or out of the sandbed (preferably into the sandbed to avoid dislodging 
the fine particles of shot at the surface) is caused by lowering or raising an auxiliary 
container of the fluid connected through rubber tubing to the plenum chamber under- 
neath the sandbed. Nickel shot, because of its roundness, smoothness, and uniform- 
ity, is preferred for sandbeds. Copper shot must be sifted to obtain size uniformity. 

In another form of the analogy, the sandbed is replaced by a solid plate, which is 
then moved slowly to either increase or decrease the separation between it and the 
glass plate above it. This relative movement produces flows over the model surface 
equivalent to those caused by a sandbed. 

It can be shown® that the equations for the laminar flow of a viscous fluid in the 
annular space between two cylindrical tubes eccentrically positioned are also those for 


Wire screen 


Fie. 9.5.1. Fluid mapper with sandbed to simulate distributed excitation. (From W. J. 
Karplus, Analog Simulation, McGraw-Hill Book Company, Inc., New York, 1958.) 


the torsion of a hollow prismatic bar having the same annular cross section. By means 
of this analogy the dual relationships of flow quantity in the hydrodynamic case and 
torsional stiffness in the elastic-solid case have been determined as functions of the 
eccentricity and the ratio of the inner and outer radii.® 

9.5.4. Hydrodynamic Analogy for Shear Stress in Bending. Neglecting Poisson- 
ratio effects (usually small), the shear-stress distribution over the cross section of a 
beam in bending is represented by the velocity distribution in an ideal (inviscid) liquid 
contained in a two-dimensional tank having the form of the beam section.6 The flow 
is developed by distributed positive sources on one side and negative sources on the 
other side of the neutral axis of the beam section. The strengths of the sources are 
proportional to their distances from the axis ; 80 that the flow into the negative sources 
exactly equals the flow out of the positive sources. 

9.5.5. Hydrodynamic Analogies for Other Field Problems. Laplacian and Pois- 
sonian fields of various types may be developed by using a hard-plaster (“dental 
stone ) lower slab in the fluid mapper.2. This slab may then be provided with one or 
more simple wells of any shape or size as plus or minus sources, or with a sandbed 
occupying a fraction of lower surface. Different rates of flow may be developed in 
the different wells. To represent variable permeability (as in magnetic fields or in oil 
fields) , variable dielectric constant (as in electric fields), variable thermal conductivity 
(as in heat-conduction studies), or variable diffusivity (as in diffusion studies), ete., 
the flat-cast lower slab may be machined to give the necessary variation in flow-space 
thickness. Impervious obstacles of metal, plaster, or rubber may be introduced jn 
the flow field. In magnetic-field studies permeability changes as high as 1,000: 1 have 
been represented in fluid mappers.? 


HYDRODYNAMIC REPRESENTATION OF CREEP AND RELAXATION 
IN COMPLEX MATERIALS 


9.5.6. Representation of Creep and Relaxation. Conventional viscoelastic repres 
sentation of creep and relaxation in materials is limited to exponential relations. Teal 


‘ 
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relations, such as those in prestressed concrete and other substances, may be simulated 
by the time-dependent forced motion of a piston in a fluid-filled cylinder forcing liquid 
into a standpipe whose cross-sectional area is a predetermined function of position.® 
The force on the piston is caused to vary with position, as in the case of a spring. 
Results from such hydraulic models have been found to agree with actual creep and 
relaxation tests on high-tensile steel wires.® 


A HYDRAULIC ANALOGY FOR TRANSONIC AERODYNAMICS 


9.5.7. A Hydraulic Analogy for Transonic Flow. A compressible-gas flow field 
with weak shock waves (e.g., in the transonic regime) may be simulated by a thin 
(optimally just under 0.25-in.) layer of water through which a model is towed.® The 
analogy applies to a hypothetical gas for which the specific-heat ratio is 2. However, 
the analogy is used to develop or to verify analytical procedures which may be used 
for real gases. In this analogy the squares of the relative depths of the thin water 
layer distributed by the passing of a towed model represent relative pressures in the 
‘‘hydraulic-gas’”’ flow at corresponding points in the two-dimensional field about a 
similar obstacle. Water depths are measured with resistance probes of 0.004-in.-diam- 
eter piano wire.}° 
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10.1. DEFINITION OF ELECTRICAL TERMS 


Pp ret bisa ree of electrical units in use throughout the world only one will 
Labi oeae re, his is the one in most general use which was established by an 
bp a8 poe Congress in 1893 at Chicago. i 

1.1. € Ohm. One ohm is the unit of resistance to th i 
e flow of elect 
ne - big reas ves by the resistance offered to a constant electric omens Gone a 
an oes aes 14.4521 grams in mass, of constant cross-sectional area and of 
ets atte diana agoner® The nog Q stands for one ohm. One kilohm equals 
01 ritten as . 1082; i 
Li iy 1M. Thus, 2.2 M = 2,200 ke rien oa ta ie 
igen: Bese Be ality One ampere of current is the equivalent of that constant 
Pt osm " File near es ving eye: in water in accordance with standard 
: ns, } ver a e rate of 0.001118 gram per second. 10-3 
written 1074 amp, is called one milliampere and written 1 ni 10-* am a sprite 
te pine 1 ya. Thus, 0.01 amp = 10 ma = 10 000 wa ne 
10.1.3. e Volt. One volt is that electrical potential hi i 
Bg Bs ie causes a current of one dikceus to flow nn eee 
-1.4. The Coulomb. One coulomb is th i strici 
i a had one ampere flowing for one rt, wey 
Pesta ? ay pew One farad is a unit of capacity. A condenser which can be 
ae ta ential of one volt by one coulomb of electricity has a capacity of one 
ae ee e a nomie eirenitey condensers usually range in size from about five micro- 
eee he oS ‘eae Pig A perhaps 1,000 microfarads (10~* farad) 
1.6. ° e. ne joule is the unit of work which is equivale ’ 
expended in one second by one ampere in a resistance of one shen: Be Pes 


‘ 
. 


ampere per second. 


depends upon the change in the rate of flow o 
relation: 
e(t) = LY) -7’@) 
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10.1.7. The Watt. One watt is a unit of power equal to the work done at the rate 


of one joule per second. A watthour is 3,600 joules. 


10.1.8. The Henry. One henry is a unit of induction which is the induction in a 


circuit across which a potential of one volt is developed by a change in current of one 


1 henry = 1,000 millihenrys = 10° microhenrys. 


10.2. RELATIONSHIPS BETWEEN CURRENT, VOLTAGE, RESISTANCE, 
CAPACITANCE, AND INDUCTANCE 


10.2.1. Ohm’s Law. If a potential is applied to a pure resistance current flows 


in the resistance in such a way as to satisfy Ohm’s law: 


e(t) = i(t) - r(@) 


where the units are volts = amperes - ohms, and as indicated in the equation the 
quantities may be functions of time. 


See Fig. 10.1. 
The potential across an inductance 


10.2.2. The Potential across an Inductance. 
f current according to the following 


where the prime denotes differentiation with respect to time and the units are 
volts = henrys - amperes per second 
See Fig. 10.2. 


i, i 3 ~ (t) 3 ai 
I Rit) “ Lit) os | C(t) 
| mas) 


Fia. 10.2 Fig. 10.3 


Fig. 10.1 
10.2.8. The Potential across a Condenser. The potential across a condenser 
depends upon the charge and is given by the following equation: 
£ i(t) 
e(t) = e(0) + fy Cw) dt 


the capacitance in farads, the current in 
d the 


where the potential is measured in volts, fara 
amperes, and time in seconds. In most applications the capacity is constant an 


above equation can be written 
Pipes 
e(t) = e(0) +f, z(t) dt 
The charge in coulombs is given by 


t 
QW) = C-et) =C-e0) + [,io at 


10.2.4. Kirchhoff’s Laws. Whenever circuit 
elements such as those described above are con- Fre. 10.4 
nected together to form a network the relations 
between currents and potentials in the branches of the network are described by 
Kirchhoff’s laws. See Fig. 10.4. 

1, The algebraic sum of the currents flowing toward any junction is zero, 

2, The algebraic sum of the voltages around any closed path is zero, 
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pe Se pga ate: red ng ey he represent unknown currents in the branches of 
e direction of the arrows may be assigned arbitraril i 
currents flow in directions opposite to that indi : en ce te 
t ¢ icated by the arrows. The si 
potentials on the various branches should be consistent with the directions any 


by the arrows. 
10.2.5. Series and Parallel Circuits. 
may be connected together to form networks. 


Ry 
R, R2 R; 
“WWW 0 
Fie. 10.5 ' Fia. 10.6 


ig. 10.6. For resistances and capacitances connected in series and parallel the total 


resistance and total capacitance are given by the following formulas: 


Series Parallel 


argv ae: a7 
Ro LR: 
1 
Ree coumeias = : c- Ya 
i a 


10.2.6. Simple RC Circuits. 
as indicated in Fig. 10.7. If the switch ha 
tively long time the potential e(é) will be z 


ero. If the switch is changed a current z(t) 
i(t) 


20vo——o 
R o——_ Onna 
c 
Cc 
" R e(t) sic, 
Ov 
o-=— 


Fia. 10.7. Si ircui x 
ag. 10.7. Simple RC circuit. Fie. 10.8. RC coupling circuit. 


flows through the resistance R an 


d ¥ : : ; 
peda sp octagei a: rid a charges the capacitance C. Applying Kirchhoff’s 


following equation: 


1 ft 
e(0) + ah z(t) dt + R-i(t) = 20 volts 


This equation may be differenti 

, I l tiated once to produce i(t)/C mY 
techniques give a solution of this equation of the ae ‘s : je 4 : ? 
is a constant determined by the boundar Mite 
initial current i(0+) = 20/R. 
e(0) = 0 gives 


= 0. Standard 
e | = —1/RC anda 
y condition in the problem, namely, that th 

y ce 
Integrating (20/R)e and taking into esbiak that 


1 £420 
O=G), zed =200 er) b= i 


Resistances, condensers, and inductances 


A onn t t Such elements may be con i 
series as indicated in Fig. 10.5 or they may be connected in Trait as petty e 


Suppose a resistance and a condenser are connected 
$ been in the illustrated position for a rela- 


RELATIONSHIPS 10-7 


Inspection of the quantity 1 — e shows that the way the potential approaches its 
final value depends upon the quantity 6 = —1 /RC. 1/RC is referred to as the time 
constant of the circuit. Percentage of final value in terms of time constant is given in 
Table 10.1. Thus, in one time constant the output voltage has reached 63 per cent 
of its final value and in three time constants it has reached 95 per cent of its final value. 


Table 10.1. Response Times 


2 1 —<¢? 
0.0 0.00 
0.5 0.39 
1.0 0.63 
1.5 0.78 
2.0 0.86 
2.5 0.92 
3.0 0.95 
3.5 0.97 
4.0 0.98 


10.2.7. RC Coupling Circuits. Arrangements such as that illustrated in Fig. 10.8 
are used to couple circuits where signals of short duration are developed at a different 
potential level from that at which they are to be used. By methods such as those 
illustrated above the response to a step voltage of 20 volts can be found to be 


Ly 
pe |6f=0 


e(t) = 20ce>t b= 


Thus, if the input signal is a 20-volt pulse whose width is one time constant it is seen 
that the output potential is only 37 per cent of the input signal at the end of the pulse. 
Inspection of Table 10.2 shows that even if the coupling time constant is ten times the 
longest pulse to be transmitted the “droop” may be as much as 10 per cent. 


Table 10.2. Coupling Constants 


a e* 
0.0 1.00 
0.1 0.90 
0.2 0.82 
0.3 0.74 
0.4 0.67 
0.5 0.61 
0.6 0.55 
Lies. 0.50 
0.8 0.45 
0.9 0.41 
1.0 0.37 


In practice the input capacity of the circuit that is driven by the coupling circuit of 
Wig. 10.8 may not be negligible compared with C. In this case there is a capacitive 
division of the signal and the initial value of e(¢) is something less than 100 per cent. 
Suppose that C; in Fig. 10.8 is 10 per cent of C, then the input potential, 20 volts, 
appears across the two condensers in series with the potential across each one propor- 
tional to the reciprocal of the capacity. Therefore, initially, approximately 18.2 volts 
will appear across C and 1,8 volts will appear across C;. All the other values of Table 
10.2 will be changed accordingly. 

If the output of the coupling circuit is the grid of a triode the capacity C; may not 
beconstant. ‘This effect becomes more important at-high frequencies and will produce 
variations from the figures given in Table 10.2. 

10.2.8. Differentiating Circuits. Very short time constants may be used in coupling 
olreuits such as those described in the previous section, Then the output signal 
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is a pulse at the beginning and at the end of the longer signal as shown in 
Fig. 10.9. 


10.2.9. RLC Circuits. Three components may be connected in a number of ways. 
Figure 10.10 shows one wa 


cur y of connecting a resistance, a condenser, and an inductance. 
This is an example of a ‘‘series-peaking” circuit used to improve the frequency response 
of amplifiers. 


Input . 2 ge ee 


Output —_,— 


Fig. 10.9 


i(t) 


Fig. 10.10. RLC circuit. 


The potentials and currents in this circuit 


: D may be represented by one of the follow- 
Ing equivalent equations: 


Ri(t) + Li'(t) a dt = 20 
or LCi’ (t) + RCi’(t) + it) = 0 
Solutions of this may be written in the form a - e where b is a solution of the equation 
LCb? + RCb +1 =0 
If the roots of this quadratic equation are complex the solutions are of the form 
—R?2 48 
U(t) = eWRt2L gin sf +7) 


10.3. RESISTORS 


Resistors, condensers, 
used in almost all compu 
the past but now are bei 

In digital computers a 
so the practice is to des 


and inductances or transformers are components which are 
ter circuitry. Vacuum tubes have been extensively used in 
ng replaced by transistors and magnetic amplifiers. 

single transient failure may void an extensive computation ; 
ign all circuits so as to operate with substantial margins. 
Most computers have means of checking that the circuits have not become marginal 
with age. Because of reliability requirements and the cost of maintenance most com- 
puter circuitry has been made with the best available components. 

; 10.3.1. Fixed-composition Resistors. Fixed-composition resistors are used exten- 
sively in computer circuitry because of their small physical size, and for their good 


Table 10.8. Resistor Color Code 
Digit Color 


Black 
Brown 
Red 
Orange 
Yellow 
Green 
Blue 
Violet 
Gray 
White 
20% No color 
10% Silver 
5% Gold 


CWONOQURwWNRO 
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high-frequency response. Their disadvantages are lack of stability and noise. In 
high-signal-level pulse circuitry the noise is no problem. Ki PR 
Power Dissipation and Tolerance. Composition resistors come in sizes of }4 hy : . 
5 watts but are not extensively used in sizes above 2 watts. Because of lack of sta- 
bility they are normally supplied with tolerances of 5 and 10 per cent. : 
Marking. A standard color code is used to mark composition resistors. en ary 
cent resistors are marked with three color bands, two specifying the value of the — 
wnce according to Table 10.3, and a third band specifying a multiplier as a ibe : ; 
lor example, a resistor of 270,000 ohms, or 270 kilohms, has three bands, w Np kee 
red, violet, and yellow in order. A fourth band of silver indicating 10 per cent toler- 
; resent. \ 
apres resistors are made in standard values, the difference between oo 
being approximately twice the tolerance. Thus any value that is Cage ina os 
may be found in the appropriate tolerance group. Table 10.4 gives the Pre = : 
values for 5, 10, and 20 per cent resistors. Other preferred values are these ie ip 
hy the appropriate power of 10. Resistors are regularly available in aed oe . 
ohms to 20 megohms. Many manufacturers sort their resistors 80 frequently a bate 1 
of 10 per cent resistors will not have many resistors within 5 per cent of the nomina 


value. 
pms Table 10.4. Resistor Values 


20% 10% 5% 
10 10 10 
11 

12 12 

13 

15 15 15 
16 

18 18 

20 

22 22 22 
24 

27 27 

30 

33 33 33 
36 

39 39 

43 

47 47 47 
51 

56 56 

62 

68 68 68 
75 

82 82 

91 

100 100 100 


Power Rating. The voltage across resistors is limited to that which will not — 
the dissipation rating or which will not exceed the dielectric strength of the ma pen 
‘he limits for most composition resistors are 350 volts for 44-watt resistors an 
volts for 1- and 2-watt resistors. For heat dissipation the formula 


EB? 
=—=[R 
P R 


i ve i ” istors should be 
‘lotermines the size of the resistor to use. In warm environments resis ¢ 
erated, For example, at 70°C they should be used at only 50 per cent of their rated 
load, Tor other temperatures the derating ourve is linear. 
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10.3.2. Wirewound Power Resistors. Wirewound resistors are available in sizes 
ranging up to about 100,000 ohms and are capable of dissipating up to 200 watts of 
power. A typical range of values is 5, 10, 20, 25, 50, 80, 100, 120, 160, and 200 watts. 
The heat dissipation depends upon the physical size of the resistor. The size of a set 
of typical resistors is given in Table 10.5. 


Table 10.5. Size of Wirewound Resistors 


Size, | Length, | Diam, 
watts in. in. 
5 I 46 
1G pve IvMbealibusdee 
20 2 Heo 
p? ah ina 4 
50 | 4.5 34 
80 |° 6.5 34 
100 6.5 11g 
160 8.5 1 
200 | 10.5 | 1% 


Wirewound resistors may have ferrule, stack, tab, screw, or axial mounting arrange- 
ments. Usually they are made by winding resistance wire on a cylinder and protect- 
ing it with a plastic material or baked-on enamel. These resistors are more rugged 
and more stable than the composition types. They all have considerable inductive 
and capacitive effects. Even in the “noninductive” types these effects are not negli- 
gible at high frequencies. The typical behavior of a 10-watt, 10,000-ohm resistor may 
be represented by an equivalent circuit of Fig. 10.10 in which the inductance is some- 
what more than 100 microhenrys (10-4 henrys) and the capacitance is less than 1 micro- 
microfarad (less than 10-!? farad). Thus, in some applications wirewound resistors 
may be used to advantage because of their series-peaking effect (see Art. 10.2.9). 

10.3.3. Precision Resistors. For applications where high accuracy and stability 
are required and power dissipation is very low, wirewound resistors may be used. 
Deposited-carbon and metallic-film resistors may also be used in these applications. 
Resistance tolerances of 0.5 per cent are standard. Wirewound resistors should not 
exceed 105°C in these applications. 

Metallic-film resistors are available in 1g-, 1-, 2-, and 5-watt sizes. Both radial and 
pigtail leads can be had. Resistance sizes range from 1 ohm to 5, 10, 20, and 30 meg- 
ohms (10° ohms). Deposited-carbon resistors are available in substantially the same 
styles and sizes as the metallic-film resistors. 


10.4. VACUUM TUBES 


Vacuum tubes come in a wide range of sizes which can best be characterized by 
wattage dissipation. Those tubes used in computer applications fall in the range 
from 1- to perhaps 50-watt size. Tubes used in computer applications may be classi- 
fied as diodes, triodes, tetrodes, pentodes, and heptodes. All these tubes have a heater 
and cathode structure and an anode. The cathode is covered with photoemissive 
material such as barium oxide. If the anode is relatively positive with respect to the- 
cathode the electrons emitted by the cathode are attracted to the anode, and anode 
current is said to flow. Diodes have only the heater-cathode and anode structures, 
Triodes have a third structure called the grid which can control the flow of current; 
tetrodes and pentodes have four and five active elements, respectively. 

10.4.1. Vacuum Diodes. Diodes behave like rectifiers in that they allow the 
current to flow in only one direction. If the anode is positive with respect to the 
cathode electrons are attracted to the anode from the cathode. If the anode is negi. 
tive relative to the cathode the electrons emitted by the cathode are repelled by the. 


™ . 
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anode. Figure 10.11 gives the relation be- 75 
(ween anode (or plate) voltage and anode 
ourrent. : ae 

10.4.2. Triodes. The triode is similar to 
the diode except that a small wire has been 
placed between the cathode and the anode. 
he structure is so arranged that, if this grid 
jv» sufficiently negative in potential, effec- 
lively no electrons will flow from the cathode 
lo the anode. If the grid is raised to the 
vathode potential then electrons do flow. In 0 
out tubes the grid cannot be raised above 
eathode potential except for extremely short 
jnlervals of time. The reason for ed : that 

) eri st be extremely fine so ; 
4 mt . piper hack of electrons from the cathode to the plate and ve scierd 
ollectively cover all the area between the cathode and anode in order aa a se 
sontrol the flow of electrons. Thus, since it is made of fine wire, it ae e — 
ahove cathode potential or the electrons will be attracted to it an e gener: 

“at w id structure. Le. 3 
P re id atte tee of plate current to grid potential in a triode i 
eonstant plate voltage. Usually circuits are arranged so that ar “eye VEN 
‘epends on the plate current, pre aa A is more ede 10.12, which g 

3 i late voltage at various grii : 

Petho size peak sate of the ainobeods structures determine how much heat they 
oan dissipate, and this determines the maximum potentials and currents at which the 
hes Brichieo the average plate characteristics of the GL6463 twin triode. 
Ourves are given for grid potentials as high as plus 20 volts. ae ine na Berke 
wiven in Fig. 10.12 indicates the area of interest in designing amplif 4! and o bin ck 
iluity-cyele circuits, whereas Fig. 10.14 gives a range of values whic ne are sacl 
pulne circuitry where the duty cycle is usually very low. Note ae ‘re re fe seg 
inoreases very fast with positive grid potentials, as indicated eye . e age 
Vi. 10.14. As long as the average grid and plate dissipation are below the max 


6AL5 
Each diode unit 


E, = 6.3 volts 


Qi 


25 


Plate milliamperes 


5.0 aS 10.0 
Plate volts, d-c 


Fra. 10.11. Diode characteristic. 


2.5 


E; = rated value 


Plate current, milliamperes 


300 


Plate voltage, volts 
Hie, 10,12, GL 6468 characteristion, Zp va. Bp. (Courtesy of General Electric Co.) 
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be ue will function properly. There are thermal time constants which limit the 

ee a hae. ae be de region of positive potential. Note that a circuit 
-ke pulse-repe t ing 14. 

cate gm pr petition rate and using }4-ysec pulses has a duty cycle of 


Ey = rated value 


Plate current, milliamperes 


Grid voltage, volts 
Fia. 10.13. GL 6463 characteristics, Ip vs. E,. (Courtesy of General Electric Co.) 


E; = rated value 


Plate current, J;,, milliamperes 
Grid current, J, , milliamperes 


400 


Plate voltage, volts 


Fie. 10.14. GL 6463 ¢ isti a : ' 
Blectric Co.) 63 characteristics for positive grid potentials. (Courtesy of General: 


The 5687 h i ircui isti i 
eee a ga used in computer circuits. Its characteristics are given in Figs, 
10.4.8. Pentodes. As was seen in Fi i 
ae g. 10.16 the plate current in a triode depends 
oat the plate potential. In the pentode this dependence has essentially been elimie 
re por ra for very low plate potentials. The pentode has five elements in the tube 
y, the cathode, grid, screen grid, suppressor grid, and plate. In normal operas 
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tion the screen is kept at a fixed high potential and the suppressor grid is at cathode 
potential. As the name suggests, the screen grid shields the plate from the grid and 
cathode, making the cathode current nearly independent of plate potential. On the 
other hand, there are sufficient openings in the screen grid so that most of the electrons 
pass through to the plate. 

When electrons strike a target secondary 5687 
electrons are created. The suppressor grid For each unit 
is held at ground potential in order to pre- E; =6.3 volts 
vent the exchange of such secondary elec- 
(rons between the screen and plate. Usu- 
ally it is a widely spaced structure that does 
not interfere with the flow of electrons from 
(he cathode to the plate. 

Figure 10.17 shows the plate current and 
screen current of a 6AN5 pentode as a func- 
lion of plate voltage and control-grid volt- 
age. Note that the curves are much flatter 
(han they are for triodes. The 6AN5 is a 
l\ih-current sharp-cutoff pentode devel- 
oped particularly for computer applica- Grid volts 
‘ions. In contrast to other high-current yg, 10.15. (Courtesy of Tungsol Lamp 
pentodes substantial currents are available Works, Inc.) 


in the 6ANS5 at low plate potentials and 
aereen potentials. For example, at 100 volts on the plate, 120 on the screen, zero bias 


wives more than 90 mils of plate current, and with the grid reduced to —10 volt this 
plate current is reduced 90 per cent. . 

A number of multiple-element tubes or so-called dual-control tubes have found 
oxtensive application in computer circuitry. Examples are the 6AS6, GL5915A, and 
the 7AK7. The usual transfer characteristic and plate-current characteristic of the 


Plate milliamperes 


20 15 10 5 0 


5687 
For each unit 
E, = 6.3 volts 


Plate milliamperes 


0 50 100 150 200 250 300 350 400 
Plate volts 
Fra. 10.16. (Courtesy of Tungsol Lamp Works, Inc.) 


(AS6 are given in Figs. 10.18 and 10.19. Note that this is a low-current tube and that 
(he sereen current is higher than in most pentodes. The feature of real interest, how- 
over, is the control exercised by the suppressor grid (see Fig. 10.20). When the sup- 
preaior voltage is reduced to —10 volt the plate current has been reduced almost to 
soro (the screen current has increased). Thus plate current can be reduced by reduc- 
ing the potential of the control grid or by reducing the potential of the suppressor grid, 
This makes this tube useful in the design of coincidence circuits, 
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The GL5915A is a heptode which is similar to the 6AS6 in performance. The 7AK7 
was developed particularly for computer pulse operation and is a higher-current tube. 
In most of these tubes the plate dissipation is higher than the screen dissipation; so 
circuit designers usually place the lower-duty-cycle signals on the control grid, and 


gating or switching signals on the suppressor grid. 


125 


6AN5S 
Pentode connection 
Es =6.3 volts 
E.2 = 120 volts 


N 
oa 


a 
Oo 


Plate milliamperes 


0 ea 50 75 100 125 150 175 200 
Plate volts 


Fic, 10.17. (Courtesy of Raytheon Co.) 


6AS6 
Pentode connection 
Ey =6.3 volts 
E,3 =0 volts 


I, 


-———1, 


Plate (1,,) or screen (2) milliamperes 


Control grid volts 
Fic. 10.18. (Courtesy of Tungsol Lamp Works, Inc.) 


10.4.4. Beam Power Tubes. A beam power tube has four electrodes, and the 
effect of the suppressor grid is achieved by the arrangement of the other electrodes, 
The screen grid is arranged so that it lies in the shadow of the control grid, with the 
effect that there is less screen current than would be expected on the basis of inter+ 
cepted area. The characteristics show. no secondary emission effects except at very 
low plate voltages. The plate current raises very rapidly with plate voltage and then 
flattens off very sharply. Thus a beam power tube has a much sharper “knee” in the 
characteristic curves than pentodes do. 


. 
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10.4.5. Tube Parameters. The tube parameters of most use in the computing field 


are the transconductance or gm, zero bias plate current, and cutoff current. In com- 
‘nication applications transconductance is the most important parameter, and in 
(Jligital-computer applications this parameter is of importance only in voltage-amplifier 
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_ omponents, In other pulse-circuit applications zero bias current and cutoff are of 


tore importance. d ine : indi 

In pulso-amplifier cireuitry or large-signal applications the zero bias current indi- 
eaten Whether or not the tube will produce a signal of adequate size. Cutoff current 
indicates the response of the circuit to noise, ‘Transconductance may be correlated 
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with the rise of the leading edge of the pulse, but frequently this is of little importance 
in computer circuitry. 


10.5. PULSE TRANSFORMERS 


Pulse circuits may be interconnected by means of pulse transformers as well as by 
RC circuits (see Art. 10.2.7). The advantages of pulse-transformer coupling are that 
it is possible to match or change imped- 

ances and that the signal may be inverted. 

-15y With more than two windings it is possible 
to connect together circuits that operate 
at three or more d-c levels. The disadvan- 
| tages in transformer coupling are no d-c 


B+ 


coupling, a possible change in base-line level 
of the pulses depending upon duty cycle, and 
frequency limitations due to recovery of the 
0.01 transformer. 

A pulse transformer suitable for 1-uysec 
pulses may be made by winding a primary 
of 150 turns of No. 40 wire on a form 3 
ee by 34 in., covering this with five turns of 
3-mil scotch tape, and then winding the 
secondary of such wire size and number of 
turns as necessary to cover the scotch tape. 
The core may consist of, say, 7 ft of 1-mil 
Fie. 10.21, Transformer test circuit. Hypersil threaded through the form. Ter 
(Courtesy. of Sprague Electric Co.) minals can be added and the whole protected 

by a casting resin. 

An easier method of fabrication involves using pot cores (such as Ferroxcube 3G 
type 7F154) and winding the primary and secondary on a bobbin to be placed inside 
the core material. The primary should be spaced from the secondary either by a par- 
tition on the bobbin or by other insulating material between the windings. 

Pulse transformers suitable for computer applications are available commercially for 
pulse widths from 0.02 to greater than 25 usec and have been made with turns 


Leading overshoot 


OF Nominal width 


Positive trailing 
overshoot 


Rise time . Fall time eases trailing 


overshoot 
Fia. 10,22. Pulse characteristics. (Courtesy of Sprague Electric Co.) 


ratios as high as 40:1. In some sizes, transformers with three and four windings are 
available. 

The nominal pulse width of a pulse transformer is measured by observing its per. 
formance in a blocking-oscillator circuit such as that shown in F. ig. 10.21, 

Figure 10.22 shows how the various characteristics of a pulse are specified, and 
Table 10.6 gives some characteristics of typical pulse transformers used in computers, 


. 
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Table 10.6. Typical Pulse-transformer Characteristics* 


Nominal Rise time, | Fall time, % 

pulse width, psec psec droop 
psec 
0.40 <0.05 <0.2 <10.0 
0.65 0.05 0.2 10.0 
1.25 0.05 0.2 | 10.0 
2.00 0.05 0.2) 4 10.0 
2.50 0.05 0.2 10.0 
0.5 |, SO206" | 0:36 ¥ <6.0 
0.8 0.05 OF8e Hf 6.0 
181 0.05 | O38 || 6.0 
1.5 0.05 0.3 6.0 
pre] 0.05 | 0.3 6.0 
2.2 0.05 | 0.3 6.0 
2.6 0.05 0.3 6.0 
2.0 <0.15 <0.6 <10.0 
2.6 0.15 0.6 10.0 
3.4 0.15 0.6 10.0 
4.2 0.15 0.6 10.0 
4.9 0.15 0.6 10.0 
5.5 0.15 | 0.6 10.0 
6.0 0.15 0.6 10.0 
6.4 0.15 | 0.6 10.0 
5.2 <0. 35 <1.5 <14.0 
7.6 0.35 1.5 14.0 
10.0 0.35 1.5 14.0 
12.3 0.35 1.5 14.0 
14.4 0.35 1 Wee 14.0 
15.8 0.35 i 14.0 
17.0 0.35 | 1.5 14.0 
17.6 0.35 | 1.5 14.0 


* Courtesy of the Sprague Electric Co. 


10.6. DELAY LINES 


A delay line is a device such that if a signal is applied to the input it appears at the 
oulput at a fixed time later. The input may be pulses, modulated radio-frequency 
signals, or d-c signal changes. In this section electrical delay lines will be discussed 
which can pass all three kinds of signals. Acoustic lines will also be considered, but 
in some cases there are limitations in the kind of signal which can be passed through 
such a delay line. . 

10.6.1. Electrical Delay Lines. Electrical delay lines are of two types, lumped 
eonstant or continuous. The lumped constant consists of several small inductances 
vonnected in series with a capacitor connected to ground at each junction. The con- 
\inuous line is the limiting case of the lumped-constant line in that there is one contin- 
ously wound inductance and the capacity is that between the windings of the induct- 
ance and a shield which is placed near the inductance. Some delay lines are of the 
uir-core type; others use a magnetic material to increase the delay obtainable in a 

iven physical dimension. ‘ = 
P ( Sentiivucts electrical delay lines are commercially available which range in imped- 
ance from 400 ohms to 4 kilohms, with delays of from 0.1 to 1 sec per ft, and in band- 
widths to 15 Me. The attenuation averages around 2 to 3 db per usec of delay. 
Table 10.7 gives the characteristics of typical lines, 
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(ho residual flux density, or magnetization, is very ora bes ~~ es ae be 
Table 10.7. Electrical Delay Lines* ‘ho squareness ratio B;/Bm, ee — “sg ne eee value, g 
: Si erally available and acceptable cores. as : pont 
Characteristic D-C 10.7.4, Bimage as Circuit Elements. Since bimags aa eae etme 
Length, | Delay, | Rise time, impedance, | resistance, | 4ttenuation, input or output windings, it is common practice to wind magni 
in. usec psec a PR, % J 
1.5 0.1 0.025 150 3 2 
1.5 0.25 0.06 500 4 1 
1,5 / 0.5 0.12 700 i 1 
1.5 | 1.0 0.24 1,400 45 3 
1.5 2.0 0.5 2,000 70 3 
nie) 3.0 0.75 3,000 100 3 
| 0.25 0.035 500 8 2 
3.0 0.5 0.065 | 200 6 4 
3.0 1.0 0.15 } 400 16 3 
3.0 2.0 0.28 1,400 90 6 
3.0 6.0 0.65 3,000 200 6 


* Courtesy of the Valor Electronics Co. 


10.7. MAGNETIC CORES* ‘/) histable magnetic cores. 

10.7.1. Types of Cores. Magnetic cores have been developed in two basic forms, 
the metal-strip types and the molded ferrites. 
number of wraps of a microthin alloy tape wound on a ceramic bobbin, spot-welded in 
place and annealed. They may be plastic-covered, or potted in resin to afford greater 
mechanical and chemical protection. Ranging in nominal sizes from about 1¢ to 1 in, 
diameter, metal cores are generally employed in manipulative or logical types of cir- 
cuits. Although considerably more expensive than ferrite cores, they are less affected 
by temperature change and require less power under comparable operating conditions, 

The ferrites are fabricated from various mixtures of pure metals, metallic oxides, 


B,/Bnor . 
squareness ratio 


Material: 4-79 Permalloy 


Tape thickness: % mil 
Tape width: % in. 
Mean diameter: 0.200 in. 


Number of wraps: 20 


0 0.2 0.4 0.6 08 


(6) 


Flux in microwebers 


0 0.2 0.4 0.6 0.8 
MMF in ampere turns 


application are those which appear when a core is subjected to a magnetic field that 
is periodically reversed in direction. After a few reversals of this nature, the sample 
enters a cyclical condition in which the induced flux density B is determined by the 
magnetizing field H and its sense of alteration, as illustrated in the closed curves of 


MMF in ampere turns 


17'S) 


3 45 1020 


10 15 2 
Switching time, microseconds 


* By Isaac L. Auerbach. , 
T While nonsquare cores are found in bistable ferroresonant combinations, they function 


‘ ] aleatrip magnetic core, 
FR ee ene ea bistable devices in themselves Via, 10,24, Characteristic curves fora typical metalestri, 


ty 0 4 O01 sociated wi most in at als, & 
| 10.23 Hy steresis | Ops associa d th (a) i} dustrial magnetic materl 1 nd 
20. 
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wire at circuit assembly* in conformity with design requirements. So fitted, the 
bimag becomes a circuit element in the more usual sense, but one which lends itself to 
flux-current considerations rather than voltage-resistance analysis. 

The usefulness of the bistable magnetic core derives from the fact that, once the 
material is magnetized in one sense by current flow through a winding, it will remain 
so until magnetized in the opposite senset by reversal of the current direction. The 


Material: 48% Ni-Fe 
Tape thickness: ¥2 mil 
Tape width: % in. 
Mean diameter: 0.5 in. 
Squareness ratio: 0.90 
Number of wraps: 2 


Hm=applied magnetizing force 
=1.0 oersted 


Material: 4-79 Permalloy 
Tape thickness: % mil 
Tape width: % in. 
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Squareness ratio: 0.91 
Number of wraps: 9 
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Cross-sectional area: 0.0026 sq in. 
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Squareness ratio: 0.95 
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PEACE 
WIN 


Switching voltages only for different 
values of applied magnetizing 
force H,,, core (b). 


I 1.0 oersted 
II 0.5 oersted 
III 0.25 oersted 


(d) 0.5 psec per div —> 


Via. 10.25. Switching and nonswitching voltages of various bistable magnetic cores, 


reapplication of magnetization in the same direction is accompanied by very little flux 
change, and hence negligible induced voltages in the various core windings. It is 
possible to distinguish between the two states of magnetization by applying an input 
current pulse and sensing the flux change by electrical means. 

10.7.3. Technical Data for Circuit Design. While the basic properties of magnetia 


cores are described by the hysteresis curves, of more practical importance are the rela«- 


tionships between magnetomotive force NJ and switching flux ®,, switching time 7',, 
and squareness ratio S. The curves are generally shown, in the case of ®, and 7’, aa 


* In certain applications, e.g., the coincident-current matrix memory, the smaller ferrite 
cores may simply be threaded upon the wires (see Art. 10.7.6). 

t The change from one stable state to the other in which the flux direction is rapidly 
reversed is referred to as ‘‘switching”’ (see Art. 12.3.1). 

t In this connection, the bimag may be treated as an ampere-turn transformer or, 
alternatively, as a bistable impedance, 


. 
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\ipper and lower limits over the recommended operating range. Squareness ratio S is 
important as a figure of merit relating to the electrical quality of the particular core. 
‘The curves of Fig. 10.24 are typical and apply to a metal-strip core appropriate for use 
manipulative-type circuits. ew 
3 10.7.4. Core Goaatante Two useful constants may be derived from the switching- 
(ime characteristic (Fig. 10.24c). The pulse-threshold magnetomotive force Fo, impor- 
(ant from the standpoint of noise immunity and corresponding to the intercept at 
1/7’, = 0, is defined as that value of magnetomotive force below which no switching 
in possible. Coefficient G, the slope of the curve referred to the 1/7's base, is constant 
over the useful operating range. With the aid of the upper and lower limits of ®,, Fo, 
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(5) Nonswitching voltage, f 

disturbed zero to zero (b) 
ia, 10.26. Determination.of minimum signal and maximum noise in the output of a ferrite 
sore for memory-matrix application. 


vnd @ it is possible to make quantitative calculations of a core’s performance under 
any conditions without resort to the complete characteristic curves. * , : 
10.7.5. Noise in Bistable Magnetic Cores. A source of noise inherent in magnetic 
vores may be traced to nonsquareness in the hysteresis characteristics. The amount 
of flux change produced when a core is driven from remanence to the corresponding 
point of saturation can be considered as false information. The squareness ratio S is 
siwnificant in this connection since the noise source theoretically would vanish, were 
‘he ideal value of 1.0 attainable in presently available square-loop magnetic materials. 
igure 10.25 illustrates noise voltages observed in the test of three representative 
listable cores. The information signals, present during switching of the cores from 
one stable state to the opposite state, are also shown for purposes of comparison. 
10.7.6. Ferrite Memory Cores. Ferrite cores of special-grade material are gener- 
ally required for coincident-current memory applications. Carefully manufactured 


* Hoo Art, 12.3.1. / : . : 
) Moo Arta, 12.3.1 and 12.3.8 for a détailed discussion of this topic, 
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and tested for uniform characteristics, these minute cores change state in response to 


a current pulse of specified waveform but are materially unaffected by pulses of one- 
half the amplitude. 


Figure 10.26 shows a current-pulse pattern which (1) 
sets a typical memory core in the positive state of magnetization, (2; .. . 2,) disturbs 
the state by a series of partial pulses that tend to reduce the magnitude of residual 


(41 . . . 4n) disturbs the negative state toward the positive, and (5) restores the core 

i i i In the case of a satis- 
the amount of flux change during disturbance is not a function of the 
provided the number of such pulses is greater than some 
The flux changes, moreover, should be as small 
as possible since the voltages induced during disturbance constitute additional noise in 


factory core, 


Signal-to-noise ratios in the outputs of individual cores accordingly are considerably 
less favorable, on a peak-amplitude basis, than might be expected in applications where 


improved by employing sampling methods in the matrix output equipment. 
10.7.7. Temperature Stability. 


negligible effect upon the characteristics of metal-strip cores. 


these systems usually requires control of core temperatures 
within a few degrees of a specified ambient value. 


10.8. SEMICONDUCTOR DIODES* 


10.8.1. Introduction, Semiconductor diodes are used in switching or computing 

applications to perform many functions. Diode gate circuits, for example, consist of 

an assemblage of diodes, operating as switches, 

whose states can be altered in a prescribed 

manner by the application of input signals to 

On provide an output signal. Diode switches are 

also used to limit the voltage swing of a given 

V_ circuit node, or to clip or reshape pulses. The 

usefulness of diodes as switches is attributed 

to the high degree of nonlinearity of their 
voltage-current characteristic. 

Both point-contact and junction diodes are 
used in computer applications. Point-contact 
diodes and small-area junction diodes are 
inherently fast and may be used in high-speed 
gate or logic circuits. Most of the present~ 
day computer applications for large-area junc- 
tion diodes are ag rectifiers, voltage limiters, low- or medium-speed gate elements, or 
voltage-reference devices, 

A typical semiconductor-diode characteristic is shown in Fig. 10.27. The on: con- 
dition of a diode switch corresponds to the diode being biased in the forward, low- 
impedance direction. The org condition corresponds to the diode being biased in 
the reverse, high-impedance direction. The important characteristics of a diode 
switch are the on impedance, the orr impedance, and the switching time from orr to 
ON and from on to ofr. 

The p-n-p-n'® + and Esaki36 types of diodes differ from the more conventional types 

* By J. J. Ebers and M. L, Embree, 

T Diode references are given in Art. 10.8.13. 
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Fie. 10.27, Semiconductor-diode char- 
acteristics, 
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* ne. ae Processes. Semiconductor junction diodes can be fabricated by 


i it is wi from the 
i to a crystal as it is w ithdrawn : 
wovers es. They can be grown into a cr a 
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ta er e and then enough p-type impurities are added to Sper ayn eetne bes 
a4 5 ni surities Junctions may also be obtained by alloying an ioe cee > ae 
A ™ ¥0.9 36) In surface-barrier transistors, ee misting nih _ ra y ae 
}. 10.9.26). : | . 
a semiconductor surface; these recti ying } } — 
ded in ieee junctions. With surface treatments which tend to give an invers 
reapects, ~ 
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Fie. 10.29. Diode structures. 


tio, 10.28. Comparison of point-contact and 
junetion diode characteristics. 


i i i In most 
juyor near the semiconductor surface, the semiconductor — Ping aie <4 _ 
point-contact germanium diodes a i ih hah PRR Rs rece aneae 
henoath the point by a process calle orming. r z ne ee 

i i t ductor and point. pos 
wtrical energy is used to heat the semicon ; ; oo 
thet mit is diffused into the — ene ze epee — — be 
<planation for the occurren ~ : 
ae sees: oe ev i the semiconductor material undergoes 
{ ) int is that during the forming process rairine ipo 
ony how which introduces imperfections which behave as p-type ape a 
He ‘use of the above and for purposes of understanding their . ay 
‘uctor diodes might be considered to be comprised of a p-n dp. tio at ee 
10.8.8. Rectification. Typical rectification characteristics of era rr 
eontact diodes are shown in Fig. 10.28. The theoretical relation betwee 
vollage and junction current is%?-25.26.52 
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Is (e®T — 1) (10.8.1) 
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The saturation current results when minority carriers in the semiconductor regions 
adjacent to the junction drift over and are collected by the reverse-biased junction. 

Equation (10.8.1) does not accurately express the current-voltage relationship in all 
diodes for several reasons. Many diodes, particularly point-contact diodes, frequently 
behave as if there were a leakage resistance in parallel with the junction which may 
range from thousands of ohms to many megohms. This leakage resistance is usually 
associated with the semiconductor surface. In some diodes an apparent leakage resist- 
ance can be attributed to avalanche multiplication of minority carriers. 

The forward current of the semiconductor diode usually does not follow the rectifi- 
cation equation because of resistance in the semiconductor body. ‘This resistance 
may be very significant in some point-contact-diode designs because of the spreading 
resistance under the point (see Fig. 10.29). This series resistance is also frequently a 
decreasing function of current because of an effect called conductivity modulation. 
Conductivity modulation results from the junction injecting minority carriers into 
the regions adjacent to the junction, for example, 
electrons into the p-type material. Additional 
holes in turn are required in order to maintain 
space-charge neutrality. Therefore, the conduc- 
tivity of the p-type material is increased. 

Because of leakage and series resistance, a suita- 

Ts Ideal diode ble d-c equivalent circuit for semiconductor diodes 

I= 1,1"? ~1) is as shown in Fig. 10.30. This circuit will quite 

: f accurately represent the d-c behavior of diodes 

Fra. 10,30. Low-frequency equiv- for reasonable values of current and voltage though 

pa circuit .of semiconductor the geries and shunt resistances may show varia- 
Mors tion with operating point. 

The slope of the forward characteristic, or the a-c resistance, is given by the follow- 
ing expression which results from differentiation of Eq. (10.8.1) and addition of r, 


Toh 


ae 
Zz = ql ge 


where r, is the series resistance and k7'/q ~ 0.026 volt at room temperature. 

As the reverse voltage on a junction diode is increased, a voltage is eventually 
reached at which the reverse current begins to increase quite rapidly (see Fig. 10.28), 
This voltage has been called the breakdown voltage and is usually caused by a process 
called avalanche multiplication,‘4? although Zener breakdown (internal-field emis- 
sion)*® may occur in some low-voltage junction diodes. The breakdown is normall 
nondestructive and may either occur within the body of the semiconductor junction 
on the surface around the periphery of the junction. In some diodes, the leakage 
current may be so large as to mask the avalanche breakdown voltage ; these diodow 
are said to have a ‘‘soft’’ reverse characteristic. Unless pulse-measurement tech» 
niques are used, point-contact diodes normally break down in a different manner, 
For these devices a reverse voltage is ultimately reached at which the reverse current 
is large enough to cause appreciable heating of the semiconductor beneath the point, 
This results in large numbers of available current carriers and the diode reverse cull 
rent increases. Under these conditions, the increased current results in greater 
heating which results in more current, etc. This process represents a thermally 
induced negative-resistance characteristic (see Fig. 10.28) which, under certain 
circuit conditions, can result in diode destruction. Because of this phenomenon, it 
has been customary to define a peak inverse voltage (PIV) for point-contact diodes. 
This rating is usually specified by the manufacturer and should not be approached 
in normal operation. 

The avalanche breakdown voltage (BV) of a junction diode has been found to 
increase with temperature.** This variation of breakdown voltage with temperat 
is less pronounced in low-voltage diodes (fabricated using low-resistivity material) 
The variation is approximately 0.08 per cent per °C for breakdown voltages of the 
order of 25 volts and 0.02 to 0.04 per cent for 6.8-volt diodes: 


. 
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10.8.4. Transient Behavior. The transient or switching behavior of semiconductor 
diodes is affected by at least three factors: junction capacitance, storage of minority 
carriers, and conductivity modulation. If a voltage step function is applied to the 
diode in the forward direction, the current does not immediately reach its steady-state 
value. This is because it takes a finite time for injected minority carriers to reach an 
equilibrium density in the semiconductor regions adjacent to the junction and cause 
(he decrease in semiconductor body resistance (conductivity modulation). Because 
of this conductivity modulation, the current will increase from some initial value to 
the steady-state value as shown in Fig. 10.31. ‘ 

If a reverse bias is suddenly applied to a semiconductor diode, after the diode has 
heen conducting forward current, a large reverse current will flow because of storage 
of minority carriers which were injected into the regions adjacent to the junction dur- 
ing the flow of forward current. Until the density of carriers at the junction essen- 
tially reaches zero, the junction retains a forward bias. After a period of time, called 
(he storage time, the density of carriers near the junction approaches zero since they 
‘ve being collected under the conditions of applied reverse bias and the reverse current 
rolurns toward its steady-state value. During the time that the current is decreasing 
(oward its steady-state value, the current is comprised of minority carriers which have 


Time 


I 
I; 
I, 
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Fie. 10.31. Diode transient behavior. 


hoon drifting toward the junction from the regions remote from the junction. Under 
some conditions, a significant portion of this current may also be that which is required 
(0 charge the junction capacitance. This effect is pronounced if the time constant of 
(he circuit resistance and junction capacitance is long compared with the time constant 
for the transit of the minority carriers to the junction. 

‘The storage time is dependent upon the design of the diode and upon the rate at 
which the minority carriers are withdrawn (see Fig. 10.31). One way in which diodes 
ean be designed to have low storage times is to limit the size of the regions in which the 
\ninority carriers can be stored. This is done by placing the ohmic contacts as close 
ft“ possible to the junction. Another method is to use semiconductor materials in 
which the minority carrier lifetime is low and hence many of the carriers die before 
they can be collected. Point-contact and other small-area diodes have low storage 
times because the current carriers injected under forward-bias conditions move away 
fyvom the junction and spread out in a hemispherical manner. Because these carriers 
inove largely by diffusion, only a small fraction can diffuse back to the junction under 
sonditions of applied reverse bias. ’ : 

10.8.6. Characterization and Test. The important characteristics of a diode switch 
are the on impedance, the orr impedance, and the switching times. The on and OFF 
impedances are directly related to the rectification characteristic of the diode, and for 
some purposes it may be advisable to obtain a point-by-point plot of this character- 
ello, The rectification curve may also be traced out on an oscilloscope. For this 
visual method it may be advisable to use different scales for the forward and reverse 
eharacteristies by switching from one measuring circuit to another during alternate 
lialf eyeles of the applied voltage. For acceptance or production testing, however, 


{he on and orr impedances are usually specified in terms of a small number of well- 


ehowen parameters (see Arts 10.8.6 and 10.8.7). ; 
‘The switching or transient behavior of a diode is expressed in terms of forwards 
i i i i 17, 60,20 
purrent rise time, forward-peak-voltage transient, and reverse recovery time,7%7%" 
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Whereas it is theoretically possible to relate these times to basic diode parameters?! 
(like alpha and alpha cutoff frequency in transistors), they are usually specified in 
terms of the diode behavior in a given circuit and under a given set of conditions. 

10.8.6. OFF Impedance. The reverse characteristic of semiconductor diodes is 
usually specified in terms of the current at one or two values of voltage. The break- 
down voltage of junction diodes is usually specified in terms of the voltage at a given 
current such as 10 or 100 wa. For some applications the slope of the reverse break- 
down characteristic of junction diodes is important. This can be measured quite 
easily by biasing the diode in the breakdown region and measuring the a-c imped- 
ance. The value of voltage at two different values of current may be a preferable 
characterization. 

Space-charge-layer capacitance®? may have an appreciable effect on the orr imped- 
ance of the diode switch, and since this capacitance is a function of the applied voltage, 
measurements are taken at a specified voltage. If some idea of the variation of capaci- 
tance with voltage is needed, one or more additional readings may be required. The 
capacitance will normally vary inversely as some power of the voltage, except for 
point-contact diodes in which the structural parts may contribute a large fraction of 
the total capacitance. 

10.8.7. ON Impedance. The forward characteristic of semiconductor diodes may 
be specified in terms of the voltage drop at one or more values of forward current. 
The small-signal impedance at a fixed value of forward-bias current is frequently 
important in switching circuits and is also a measure of the body resistance of the 
diode. It may be necessary to make this measurement at more than one value of 
forward current because of the effect of conductivity modulation which decreases the 
body resistance as the forward current is increased. Forward-peak-voltage transient 
occurs (see Art. 10.8.8) because a finite time is required for the injected minority 
carriers to reach equilibrium density. During this period the effective series resist- 
ance of the diode decreases because of conductivity modulation. 

10.8.8. Switching Times. The forward-current rise time is defined as the time 
required for the diode current to reach a given fraction, say 90 per cent, of its final 
value upon application of a step function of voltage. This time is largely independent 
of the value of reverse bias immediately before the application of the forward bias. 
The reverse recovery time of a diode is composed of two components, storage time 
and reverse-current fall time. One of the ways in which diode storage time and 
reverse-current fall time are defined can be explained by reference to Fig. 10.31. The 
diode is initially carrying a forward current J r. A reverse-bias voltage is suddenly 
applied through a series resistance to cause a reverse current I rto flow. For a period 
of time ¢, called the storage time, the junction remains forward-biased and Jp is 
essentially the applied voltage divided by the series resistance of the circuit. At the 
end of the period of time ¢,, the density of minority carriers at the junction approaches 
zero, and during t; (the reverse-current fall time) the remainder of the unrecombined 
minority carriers injected while the diode was forward-biased are withdrawn. (The 
end of the period ¢y is usually defined as the time when the reverse current reaches 
one-tenth of Zz.) The storage and fall times together are referred to as the diode 
recovery time. The storage and fall times are dependent upon the relative magni- 
tudes of Zr and Jp, decreasing as Ir/Ir decreases. 

The reverse recovery time of point-contact diodes is frequently of the order of nano- 
seconds. The shape of the recovery current wave is such as to make it difficult to 
distinguish the storage and fall times, and only the recovery time is normally meas- 
ured. It has also been found that this recovery time is dependent upon the length 
of time that forward-bias current was applied. This effect may be a result of local 
junction heating. 

The reverse recovery time may be defined as the time required for the reverse diode 
current to reach a given fraction of its initial value after the simultaneous removal of a 
given forward-bias current and the application of a given reverse-bias voltage through 
a given impedance. Another method of specifying reverse recovery time is in terms 
of the total extractable stored charge remaining in the diode after the removal of a 
forward bias. : 


: ent is shown in Fig. 10.32. itch ¢ 
ond ntaneodie that precautions have been taken to reduce stray circuit capacitance 
ista ; 


and series inductance, and that the cathode-ray oscilloscope behaves as an infinite 


\ynpedance-measuring device. 
liode given » penpionewenea 1 E eae 

‘ast an order of magnitude larger than /vs. ig to ) 
~ 1 the switch is closed and because of storage of minority carriers a reverse current 
' a 


of H./R2 flows until the density of carriers at the junction reaches zero. 
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llustrate the principle of reverse-recovery- 


i ircui i d toi 
A simple et ae It is assumed that the switch can be closed 


When the switch is open a forward current flows in the 
1/R,, since the diode has low resistance and Ry is at 
: Referring to the waveform of Fig. 10.32, 


At this time 


ty the reverse current begins to fall exponentially toward its d-c value. The storage 


' all times are indicated on the waveform. ‘s ie X. 
on ee to illustrate forward-recovery-time measurement is shown in Fig. 10.33. 


\{ » pulse of current is applied to the diode in the forward direction the initial voltage 


CRO 


Reverse recovery time 


Storage 


af time 


Fall time 


a Switch opened 
Switch closed 


Fra. 10.32. Measurement of reverse recovery time, storage time, and fall time. 


drop is high because of the semiconductor ev eee aa eee ete cae 
r . . . . a 

injected carriers diffuse into the semiconductor regions ad) vee re 

Canis ing in conductivity modulation. The shape of rains eb a ve 
i stic i p he prior reverse-bias ¢ 
curve is practically independent of t ae ee Nortocieaie Balen) 
contrast to storage time being greatly dependent on the pre 1 
oe venue a small but finite amount of current is required to discharge the capacitance 
of the reverse-biased diode. “a : 
. The-teabiientht R in Fig. 10.33 should be reser cé a 8 ot to meer’ 1a ae ep 
i itch i d. The voltage across 
rent through the diode after the switch is close a aye 
7 A reasonable way to define forwar' 

expected to have a waveshape as shown, ri ai sole ion ma hs asl ev Pe 
(ime is the time necessary for the voltage, after going throug ) ee 
to within 10 per cent of its final value. The peak forward voltage roe the dio 
during the switching on transient is the ‘‘forward-peak-voltage transient. 


i i i i have been 
int- i 5 nlike transistors, semiconductor diodes 
pers END The existance of the semiconductor, as 


known and studied for over eighty years. ( 

a was discovered in 1931. As rte rat in an ose bition d — pe 
' . . a , 

lirat semiconductor diodes were contacts between metals : readers 

vrite 900, it was found that point contacts on 
we galena and pyrites. Around 1¢ y! bea ree 
i \ “ hereas galena detectors > 

the most stable diode detector of radio waves w ; h sg ti 
itivi ; f “aise vat inerease of interest in point-contac 

wonaitivity, World War IL caused a great increase gh agp ee remnant oo 


diodes because of their usefulness as microwave detectors. 
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on very-low-resistivity silicon and hence could not stand high reverse voltage, which 
limited their usefulness in gating and clamping applications. The advent of the tran- 
sistor spurred the research and development effort needed to produce single-crystal 
high-resistivity germanium, which was immediately adopted as a material with which 
to make high-reverse-voltage point-contact diodes for computer applications. Studies 
of forming followed which made possible point-contact diodes with reasonably good 
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Fira. 10.33. Measurement of forward recovery characteristics. 


forward and reverse characteristics. These devices still hold a prominent position 
as computer elements because of their low cost and inherent high speed. Their high 
te results from a low capacitance as well as storage times in the millimicrosecond 

ge. 

10.8.10. Alloyed-junction Diodes.?"55 As computer elements, small-area alloyed- 
junction diodes are of considerable interest. To be useful in gating circuits the capaci- 
tance and storage times must be low. Storage time decreases rapidly with the radius 
of the alloyed junction.*! Gold-germanium 
alloy diodes are available in which the june- 
tion radius is a thousandth of an inch or less, 
which results in diodes with storage times as 
good as or better than point-contact germa- 
nium diodes. Larger-area germanium alloy 
diodes have been developed, primarily for 
rectifier application. 

; See aes alloyed-junction diodes*" 
a = a = _, of several designs have been developed for 
10 wi i 10 10°" low- and medium-speed switching appliea- 

urrent, amperes tions and for use as voltage-limiting and 

Fie. 10.34. Typical silicon diode char- clamping diodes. The capacitance is rel- 
bes ens, showing variation with tem- atively high and varies inversely as the 
peracures square root of the applied voltage. It is pos« 

sible to design silicon alloy diodes with a wide 
range of breakdown voltages including*the range of 3 to 200 volts. Probably the 
most important characteristic of alloy silicon diodes, however, is their extremely low 
reverse current at room temperature plus the fact that they can have a good rectifien= 
tion characteristic at temperatures as high as 200°C. Typical rectification charade 


. 
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(oristics®° are shown in Fig. 10.34 for several values of ambient temperature. More 
detail on variation of breakdown voltage with temperature®® is shown in Fig. 10.35. 
10.8.11. Diffused-junction Diodes. Silicon 


diodes can be fabricated by diffusion of impuri- ad 

ties into the solid semiconductor.‘® For ex- 37 

wmple, a rectifying junction is obtained by the 36 

diffusion of phosphorus into p-type silicon. A 

wood ohmic contact to the p-type silicon is 35 

obtained by diffusing boron into the opposite 34 

vide of a thin silicon wafer. If the distance 4 

hetween the phosphorus diffused junction and 33 

the boron diffusion is sufficiently small, com- 32 

plete conductivity modulation is obtained 31 

under forward-bias conditions resulting in low 

forward voltage drop. Large-area diffused 30 

silicon diodes are being used as rectifiers and 29 

voltage regulators. Computer diodes capable 28 

of operating at high speed can be fabricated 10729 10-8 10-° 10-4 
simply by limiting the area of the diffused junc- Current, amperes 


tion and suitably reducing the silicon lifetime. x0. 80068. "Ty pine! alicon diode break- 
10.8.12. Typical Characteristics. Beversl. Uuswnewhnracterstiges chowing -variae 

(housand diode codes are available commer- tion with temperature. 

vially. These include point-contact, alloy 

wormanium, alloy silicon, and diffused silicon diodes. The electrical characteristics of 

typical switching diodes from each of these classes of devices are given in Table 10.8. 


Table 10.8. Typical Limiting Characteristics of Various Diode Types 
RG ite a er RS a a ee 


Max 
Max Max Max reverse Max ner 
reverse forward forward recovery | capaci- Ba for 
Type of diode sat. current) voltage | current at | time with | tance at PIV 
at 10 volts,| at 10 ma, | 1.0 volts, | Iz = Ir | 5 volts, eats 
25°C, pa volts ma = 10 ma, ppt 
psec 
loint-contact Ge...... 10 2.0 5 0.05 2 80 
(old-bonded Ge....... 10 0.6 20 0.05 5 50 
BONO? CAB a Sasa BOSS: 10 0.3 100 5 20 80 
murused Go... ... 66a 5 0.5 10 0.02 4 40 
OE Cee Sere 0.02 0.8 30 0.05 10 70 
PUSOG Pls. 5 oie ane ss 0.005 1.0 10 0.005 4 50 
Diffused Si............ 0.02 0.6 250 0.05 25 120 


a a ore [ee te eee ee 
‘The higher forward voltage drop indicated for silicon diodes as compared with simi- 
jar germanium diodes results from an inherent property of silicon. (The energy gap 
of silicon is about 1.1 volts; the energy gap of germanium is about 0.7 volt.) Higher 
forward voltage drop is the price that has to be paid for lower reverse current and 
operability at higher temperatures. 
In addition to the devices. indicated in Table 10.8, silicon diodes are available with 
\ wide range of breakdown voltages. The slope of the breakdown characteristic may 
he as low as 10 ohms for currents of the order of 10 ma. 


10.9. TRANSISTORS* 


Transistors can be divided into two major classes depending upon whether their 
short-circuit emitter-to-collector current gain « is less than or greater than unity. 


* Dy J, J. Whera and M, L. Embree, 
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10.9.1. Types of Transistors. Grown-j i j i 

10.9. D ) F -junction, alloy-junction, surface-barri 
sie serdar ent and field-effect transistors are in the " < 1 class ge 
oint-contact - 2 - i i exhibi 
P inks act, hook-collector, double-base-diode, and avalanche transistors exhibit 
Transistors with a < 1 exhibit relatively stable d-c characteristics, low noise, and 

. . ? 

other characteristics which make them suita- 

ble for both analog and digital computers. 
Ring-shaped base Transistors with a > 1 exhibit a particu- 


contact larly desirable negative-impedance charac- 

Base layer I teristic which makes possible two stable 
Collector states with a single device. These transis- 

junction tors are useful in digital computers as regen- 


erative pulse amplifiers, flip-flops, and other 
astable, bistable, or monostable circuits. 

10.9.2. General Description. Transistors 

Care generally composed of three or more 

semiconductor regions.®°5 These regions 

are characterized as n or p type depending 

4 upon the impurity concentration in the 

Gallactse semiconductor. Inan n-type semiconductor 
region the current carriers are primarily electrons, 

while in a p-type semiconductor the majority 
carriers are holes. 

In a p-n-p junction transistor the emitter 
and collector regions are p type. These 
p-type regions are separated by, and are 

Fie. 10.36. Alloy-junction transistor Contiguous to, the base region which is of the 
structure. P sctigt el sap iat aed type, that is, n type. 

; issentially ohmic 
emitter, base, and collector regions. The bahndany saubcs Whe etiliier cegcn a 
the base region forms the emitter p-n junction, and the boundary between the collector 
region and the base region forms the collector p-n junction (see Fig. 10.36) 

10.9.3. Symbolic Representation. Triode transistors are usually represented 
symbolically as shown in Fig. 10.37. The arrow on the emitter terminal represent 
the direction of conventional current flow when the ~— 
emitter Junction is forward-biased. The plus and E c 
minus signs represent the polarity of the voltage on I 
the emitter and collector terminals relative to the base cal 
terminal for normal operation. The arrows at the 
extremities of the symbols indicate the assumed direc- 
tion of positive conventional current flow. 

10.9.4, Reverse Cutoff Currents. Theoretically the 
current in a semiconductor p-n junction varies ex- 
ponentially with applied voltage according to the 
relation ®2 
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av 
I = Ig (eT ~1) (10.9.1) 
where g is the charge on an electron, k is Bo ¥ BiG. 10.81: ae oe 
constant, I is the temperature in degrees ee (at ee Corwen): Ae 
25 C, kT'/q = 0.026 volt), V is the applied voltage, and 0 
¢ i one ih ordi 2 tens upon the geometry, the constants of the material, and the 
= ee sa ith reverse-junction voltages* greater than 149 volt, the exponential 
bade ae hack small and a reverse current Zs, called the saturation current, flows, 
or ent resu. ts when minority carriers in the regions adjacent to the junction 
diffuse over to the junction and are collected. In the case of conventional transistors 
it is convenient to define two reverse-bias cutoff n currents I cso and Ipzo for the col- 


‘s ; ; sche : 
Reverse bias on a p-n junction implies p material negative with respect to n material, - 
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lector and emitter junctions, respectively.18! Since the two junctions are coupled 
(hrough the base layer, it is necessary to define I¢zo as the reverse current of the 
collector junction with the emitter open-circuited and Izzo as the reverse current of 
the emitter junction with the collector open-circuited. 

In the ease of « < 1 transistors these currents are somewhat larger than the cur- 
rents that would flow if both junctions were simultaneously reverse-biased, since the 
{wo junctions compete for the minority carriers in the base region. 

10.9.5. Emission Efficiency y. Under conditions of forward bias (p-type semi- 
conductor positive with respect to n-type semiconductor) a p-n junction will emit 
ininority carriers into both the adjacent regions.® The ratio of hole current to elec- 
(von current will depend upon the conductivities of the two regions as well as the 
yoometry of the transistor. In the case of the emitter junction it is desired that 
practically all the emitter current be minority carrier current injected into the base 
vogion. A factor y (emission efficiency) is defined as the ratio of the minority carrier 
current to the total emitter current. Ideally y should be unity. 

10.9.6. Transport Factor 8. Most of the minority carriers injected by the emitter 
diffuse across the base region into the space-charge region of the collector junction 
and are collected. A fraction, however, recombine within the base region or at the 
semiconductor surface. A factor 6 is defined as the fraction of the minority carriers 
emitted into the base region which are collected by the collector junction. ®? 

10.9.7. Collection Factor «*. Emitted carriers which diffuse across the base layer 
and find themselves in the collector space-charge layer drift across the region of high 
olectrie field and enter the collector body where they are majority carriers. For 
‘alpha less than unity’’ transistors, the space-charge layer is thin, the carriers move 
with a high drift velocity, there is little chance for recombination, and the collection 
ofliciency is high. There exist means by which collected carriers may be multiplied, 
for example, by avalanche multiplication, by a drift field in the collector body which 
draws minority carriers to the collector junction, or by a “‘hook-collector’’ junction. 

Wor this reason a collection factor a* has been defined as the ratio of total collector 
current to incident minority carrier current. Thus the over-all current-transfer 


ratio a, emitter to collector, is given by 
a = yBa* (10.9.2) 


‘’his is the factor which should appear in transistor equivalent circuits. It should be 
distinguished from the short-circuit current-transfer ratio a. Since these two quanti- 
(ies are so nearly equal for practical purposes in conventional transistors, no attempt 
will be made to separate them in the treatment to follow. 

10.9.8. Frequency Cutoff of Alpha. Emitted carriers cross the base layer by a 
vombination of diffusion and drift processes. Since a dispersion in transit time is 
inherent in both processes, changes in both magnitude and phase of alpha with fre- 
quency are to be expected. For a junction transistor it can be shown that alpha varies 
approximately as 

ao 
© = TF iGMfe) ea 


where a is the low-frequency value of alpha and fa is the frequency at which the mag- 
nitude of alpha falls to 1/2 of its low-frequency value. 

10.9.9. Junction Capacitance. Even under conditions of zero applied p-n junction 
bins an electrostatic potential exists at the junction in order to prevent carriers from 
(diffusing in large numbers from the region where each type of carrier is in the majority 
to the region where it is in the minority. The electric field terminates on donor and 
aveoptor ions resulting in a charge dipole at the junction.” The region of electric field 
ix called the depletion layer since mobile charge has been swept out. There is a deple- 
lion-layer capacitance associated with the junction whose value is a function of the 


{ In some transistor designs the emitter efficiency may also affect the frequency behavior 
of the device. For point-contact transistors, the a usually falls off somewhat faster (at 7 to 
0 db per octave) with frequeney than Bq. (10.9.8) indicates, 
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sei sn the applied junction voltage is varied, more or fewer donor and 
en PI ic must e exposed in order to terminate the electric field, and h ‘a 
ot ue ‘ i, of the capacitor varies.* In the case of step j unctions ‘thos a 
seen. hapa type changes abruptly), the depletion-layer capacitance vari 
> gdm quare root of the applied voltage. Alloyed-junction transistors : 
oo: °p sun In graded or gradual junctions, typical of prowacionetille 
aati oho °p oni capacitance varies inversely as the cube fete of the 
- Junctions obtai i i iffusi 
See ned by an impurity-diffusion process usually lie 
In addition to the depletion-la i j 
\ ¢ layer capacitance a junction diffusion i 
pena rene oe Wet the minority carriers that are injected into the ire adjoin 
: -biased junction.!3 Thi 3] i : 
behavior of ci 1S capacitance can affect the high-frequeney 
ae Me 5 of the width of the depletion layer (alternatively called the space- 
ein oe eee effect te the transistor parameters. As the tevetee bal 
‘ r Junction 1s increased the collector j i i 
be Pee ha tse Seb ru both alpha and its cutoff beat iawn Coe 
-9.10. Base Resistance. The base resi nsi is i 
— or mutual resistance (see Fig. Thane Maerpiprenece Ee mmehint 
Ries Paid Neerpnince past ny some of the emitted carriers recombine in the base re ion 
per egi — paar = bag ht carrier current. Since the siniiconaaai 
istivity, a resis i i ich i j 
component erik Bon compat y, a resistance to this flow exists which is a major 
Prone aici ee Ae —. component of base resistance, there is an emitter shieldin: 
hers ector | eld which adds to the base resistance. This effect is parti : 
a : ye ant in point-contact transistors where the collector field can ode f colt 
i fe Mone at high collector voltages. This condition is somewhat ee oul 
po 4 Meni ge Hct ell thar in alloy- and grown-junction transistors aah P 
sae - “d ‘ i ‘ : 
nbc wecsinedmars 1s noted in these devices as the “reach-through”’ con- 
At high frequencies, it is diffi 
‘ r s difficult to define a sing] i 
j gle base resist, 
pris ad a network of resistances and capacitances has been Beeteaaré eal 
e ps of Pn resistance at higher frequencies i an 
_ 4n general, for a given type of transistor : 
tenannn the base resistance will also be maweree daide Ss8) ods a 
Her oes yeeen'o ar Collector Body Resistance. The emitter and collector regions 
aun Ivities, particularly in grown-junction transistors and it is nece: 
ns as ae . specify emitter and collector body resistances. !8 , a 
aa : 9 ie ror Multiplication. The junction-rectification equation indicates 
vulpes 2 iases greater than about 149 volt the current should remain constant 
erved In junctions which are free of leakage currents. However, it is to ba 


anol nee Minos nie with the atoms of the crystal lattice in the 
: Junction to produce additional hol i 
amount of multiplication de f the junction sade cae 
pends upon the character of j i i 
Brey I a 1 er of the junction and th 2 
ay tone ce psa ie 2 abated shes the multiplication becotie fail 
: rolt eretore called the breakdown vol i is i 
a j ca voltage. Sine 
avalanche or multiplicative process, it is referred to as pits te teal ‘aa 


For step junctions ith iplicati 
a as been shown that the multiplication can be em pirically expressed 


1 
Misi en ee 
1 — (E/BVp (10.9.4) 
* The variation of the width of sleti 
‘s f of the depletion layer (alternativel lle 20-0 
yer) has a material effect on the transistor parameters. 18 tere sary en aa 


c d as € ctor june loser to the emitter 
“ , 
ollector unction is increased, the ‘ollector inction effectively Moves ¢ 

which increases both alpha and cutoff frequeney 14 5 
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where E is the applied voltage, BV is the breakdown voltage, and n is a number 
dependent upon the characteristics of the junction. 

iSmitted carriers which diffuse across the base layer and into the collector-depletion 
layer are similarly multiplied.* The magnitude of this effect is dependent upon the 
\ransistor design. Frequently breakdown occurs near the surface and practically no 
wultiplication of emitter current occurs. 

10.9.13. Characterization. The characterization of an electronic device is the 
specification and determination of sufficient information to enable the prediction of 
the behavior of the device in a given class of applications. Usually transistors are 
sharacterized in a manner appropriate to the use for which they are designed, for 
example, for small-signal (linear) applications or for large-signal (nonlinear) applica- 
‘ions. It is preferable and generally possible to characterize electronic devices in 
lorms of parametric quantities such that the measurements depend only upon the 
jntornal parameters of the device. 

Since transistor characterization necessarily depends directly on measuring tech- 
uiques, additional characterization information on measurement and test methods will 
he in Arts. 10.9.17 to 10.9.21. 

In switching or computing applications the transistor operates essentially as a 
switch.!® The switch may normally be in the orr condition (transistor in a low-current 
vondition) and then switched to the on condition (transistor in a high-current condi- 
\ion) by application of a pulse or step. Alternatively, the switch can be normally on 
and then turned orr by application of a pulse. A switch which changes state only 
‘luring the application of an input pulse is said to be nonregenerative. Switches can 
of course be built which are regenerative in the sense that the application of a pulse 

‘\riggers” the switch to another state. In characterizing junction transistors for 
switching applications particular emphasis is placed on the nonregenerative type of 
»peration,. but the results are, in general, applicable to regenerative operation. 

In the consideration of a transistor as a switch the important characteristics, as in 
all switches, are the orr impedance, the on impedance, trigger sensitivity, and the 
witching time. These switch characteristics are related to basic transistor param- 
ters which are measurable at the transistor terminals and are independent of the cir- 
sult environment in which the transistor is placed.t{ To a good approximation the 
ow and orr impedances can be obtained from the static characteristics or by making 
(le measurements at several operating points. For a <1 transistors, the switch 
eharacteristics can also be related to the transistor reverse saturation currents and the 
forward and reverse alphas.{ The switching, or pulse rise and fall times, can be 
related to the normal and inverse alphas and the normal and inverse alpha cutoff fre- 
quencies.18-45.8 Collector capacitance, emitter impedance, and base impedance may 
luo contribute to rise and fall times under some operating conditions. 

10.9.14. Large-signal Static Characterization. ‘Transistors may be operated com- 
non (or grounded) base, common-emitter, or common-collector.”* ‘Transistors are 
sometimes characterized in the common-base connection, and from these data operation 
in the other modes can be derived. Common-base characterization has the advantage 
that the measured parameters are closely related to the physics of the device. The 
preponderance of switching circuits, however, use transistors in the common-emitter 
vonnection, and it is convenient to have available the common-emitter static charac- 
\oristics as well as parameters relating to the transient behavior of the common-emitter 
(ransistor switch, 

(a) Static Characteristics.28 Electron tubes operated in the negative-grid region have 
omsentially an infinite input impedance at low frequencies when operated common- 

* This effect is the basic phenomenon of the avalanche transistor (cf. Art. 10.9.26). 

| An exception is the case of operate times for transistors where characteristics, such as 
{requeney response and capacity, are major functions of the instantaneous operating point. 
Under these circumstances, it may be found easier to make nonparametric tests of operate 


(imes in an appropriate circuit. 
t When a transistor is manufactured, one terminal is marked the collector and another 


the emitter, For example, some transigtors are symmetrical and the manufacturer can 
exorcise choice in designating the collector, The inverse alpha a; is the short-circuit cur 
rent gain when the emitter is used asthe collector and the collector is used as the emitter, 
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Output characteristics 
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Fie. 10.38a. Common-base transistor static characteristics. 


(c) 


Fie. 10.38b. Common-emitter transistor static characteristics. 
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eathode. As a result, a single family of curves, usually the plate characteristics, is 
sufficient to determine completely the d-c or low-frequency behavior. 

‘Transistors differ from vacuum tubes in this respect, and it is necessary to construct 
two families of curves. Since there are two currents and two voltages to be specified, 
four families of curves could be obtained but only two are necessary, and the sets which 
ure normally chosen are the input and output characteristics. The most frequently 
used characteristics are 
|, Common-base connection (see Fig. 10.38a) 

a. Input characteristics obtained by holding the collector-to-base voltage constant 
and plotting emitter-to-base voltage against emitter current 

b. Output characteristics obtained by holding the emitter current constant and 

plotting collector-to-base voltage against collector current 
. Common-emitter connection (see Fig. 10.38) 
a. Input characteristics obtained by holding the collector-to-emitter voltage con- 
stant and plotting base-to-emitter voltage against base current 
». Output characteristics obtained by holding the base current constant and plot- 
ting collector-to-emitter voltage against collector current 
(b) Regions of Operation. There exists a large region of operation in the output 
characteristics in which the curves are essentially parallel and relatively equal in spac- 
ing. This region has been called the active region since a transistor biased in this 
region can exhibit gain when connected as an amplifier. 

The active region, denoted as region II, is simply characterized by forward emitter- 
junction bias and reverse collector-junction bias. The collector current in the active 
region can be expressed as* 


te 


I,= —aslz + Icpo (10.9.5) 


where a is the large-signal or d-c value of the short-circuit forward current-transfer 
ratio of a transistor operated in the normal manner; that is, with emitter forward- 
hinsed and collector reverse-biased. The quantity a, usually shows significant varia- 
tion with both collector voltage and emitter current. Since a junction transistor is 
vomposed of two junction diodes contiguous to the same base layer, it can also be 
operated in the reverse manner; that is, with the collector forward-biased and the emit- 
(or reverse-biased. Under these conditions it is possible to write 


Ip = —ailco + Izzo (10.9.6) 


where a is the large-signal value of the short-circuit forward current-transfer ratio of 
4 transistor operated in the inverse manner. 

In switching or pulse applications the operating point may completely traverse the 
output characteristics along a load line such as that shown in Fig. 10.38a. Thus it is 
necessary to be able to specify the behavior of the transistor outside the active region. 
Region I has been defined as the region of the characteristics in which the transistor is 
in a low-current state, i.e., the switch is in the orr condition (see Fig. 10.382). This 
rogion has been called the current-cutoff region, and both emitter and collector junc- 
(ions are reverse-biased. 

(c) Representation for D-C Behavior. It has been shown that a single equivalent 
cireuit can be used to predict the d-c behavior’ of a junction transistor in regions I and 
il. The circuit, shown in Fig. 10.39a, will in fact trace out the common-base static 
characteristics to a good engineering approximation. For greater accuracy the varia- 
tions of @ and a; must be considered as well as junction leakage currents and emitter 
and collector body resistances. In the circuit of Fig. 10.39a, ®z is the d-c voltage 
aeross the emitter junction. 

At the other extreme of the load line the collector current is limited by the external 
circuit, resulting in a condition which has been termed collector-current saturation 
since an increase in emitter current does not further increase the collector current. 


* Because of the assumed positive sense for 1p and Ig as shown in Fig. 10.37, Zeno and I 80 
are positive quantition for n-p-n transistors and negative quantities for p-n-p transistors. 
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Thus this region, region III, is characterized by 
a;Tp forward bias on the emitter and external-cir- 
cuit-limited collector current. For the case of 
a <1 transistors, both emitter and collector 
are forward-biased, since the collector junction 
must obtain a forward bias in order to reject 
the excess current injected into the base layer 
by the emitter. 

An equivalent circuit for region III which 
holds for a <1 transistors is shown in Fig. 
10.396. Since the emitter and collector cur- 
rents are the independent variables in region 
III, the junction voltages Sg and &¢ appear as 
dependent variables. It is observed that dif- 
ferent symbols are used for base resistance in 
the equivalent circuits of Fig. 10.39. This is 
because the base current flows in different 
paths and the region III base resistance may 
be significantly smaller than the region II 
base resistance. 

The equivalent circuit shown in Fig. 10.40 
will generate the common-emitter static char- 
acteristics for a < 1 transistors shown in Fig. 
10.38). These are significantly different from 

a Taian | the common-base characteristics in many re- 
bey Ue spects. 


Tzo (o EAT 
I= aya, 


-14+%) 


The curve corresponding to Ip = 0 
corresponds to a variable forward bias on the 
emitter. The transistor is in the active region, 
and the collector current is approximately 
Tco/(1 — ay). In order to provide a switch 
Fra. 10.394. Transistor equivalent with a low orF current it is necessary to apply 
circuit for regions I and II, common  q bias on the base terminal in such a direction 
base. “ 2 : as to reverse-bias the emitter junction. The 
Fra. 10.39). Transistor equivalent cir- tect t than BE a; 
cuit for region III, common base. gO ues AAS ey €n be tess vnan Lom 

In region III it is observed that the voltage 
drop from collector to emitter is very small. It is given by the equation 


kD), Gell — (o/Ta)(1 = ay)/ayl 
q 1 + ([c/Iz)(1 — &,) 
where the (+) sign applies to p-n-p transistors and the (—) sign to n-p-n transistors. 


Tz0 


Verwaty = + 


(10.9.7) 


f Posk 
eT ine 
l~a, 


Fia. 10.40. Transistor equivalent circuit, common emitter, 


. 
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drop across the switch in 
tine = 0.026 volt at room temperature, the voltage 
cempelele connection may be only a few millivolts for small values of I¢/Iz. 


(d) Negative-resistance Characteristics. eae with . ae einai: 
i i istics in low-impedance circuits.’ 1 zativ 
negative-resistance characteris : pee Vero tabdane ot Une 
haracteristics are particularly use ul not only e ng 
ne cae a of device but also for the pppmacteriaalagn of the hin ee then 
ircuits i i sed. e emitter negative- 
: class of circuits in which they are commonly used. 
harectenee will be used as an example since it is the most common of the three. 


-Ig,ma 
500405 30: (20° 10). 20 


Valley 


(b) on 
i istics (point-contact transistor). 
. 10.41a. Common-base static characteris 28 ( ¢ 1 
wane 41b. Emitter negative-resistance characteristics (point-contact transistor). 


igure 10.41b shows a typical negative-resistance emitter pe Spade ; a hese 
i ircui i ternal base and collector resistances of 1, } A 
Hck aeibutad™ “ei autre itchi ircuits utilizing the negative-resist- 
have been selected. The operation of switching cire util Saeed 
isti i hat the ‘‘trigger on” voltage is g 
.e characteristics of a > 1 transistors is such th ‘ 
— PV, and the “trigger off’’ or valley voltage is given by VVz. Te 
PVg is related to d-c transistor measurements and circuit values by the z 


formula:* : 
‘ PVp = Veale = 50 pa, Ve) + Ice = 0, Vo)Re (10.9.8) 


VVz can be related 


: sale 5 qiets nes 2 ae 
By making certain simplifying assumptions the valley voltag Aff Breet eor 


to the circuit values and the large-signal alpha of the transistor. 
are as follows: 


' 1) OF TE 
Rp > rai OY TH2W3 or ros and Rp K<ree EL 


itter ¢ , o sollector 
* Te(1e, Ve) means collector current Te measured at an emitter current J and a coll 
Tn, ; 1 
voltage Ve : 
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where* Ry = external base resistance 


rpi,2,3 = internal base resistance in regions 1,2,3, respectively 
re1,2,3 = internal emitter resistance in regions 1,2,3, respectively 
7c2,3 = internal collector resistance in regions 2,3, respectively 


With the above assumptions, the emitter voltage is given by the following rela- 
tionships: 


Region I: 
Var = PVE — rrlp (10.9.9) 
Ve 
i = —___ 10.9.10 
where TR Ps ee EZ ( ) 
Region II: 


Ves =PVe+ Rall — ap)I zp (10.9.11) 
where a» = large-signal common-base forward short-circuit transistor current gain 
Region III: 


Ves & VecRe Repke : 
~Re+Re  Re+Re ~ 


(10.9.12) 


where Re = external collector load resistance 
Vee = collector supply voltage 


Solving the last two of the above equations simultaneously, the valley voltage (turn- 
off voltage) point VV x is found to be 


VV ~ PVrke — Vecka(1 — ays) 
~~ Re — (l — &@p) (Re + Re) 


A more general treatment of negative-resistance characteristics can be found in the 
literature. 

10.9.15. Small-signal Transient Charac- 
terization. The transient behavior of tran- 
sistors can be approximated in terms of small- 
signal parameters. It is possible to obtain 
better accuracy in some cases using large- 
signal pulse measurements, but on the other 
hand, the only linear analysis possible is in 
terms of small-signal parameters. In order 
to make a linear analysis, it is assumed that 
these parameters remain constant within any 
one of the three regions of operation. 

Historically, the first small-signal parame- 
ters to be measured were open-circuit im- 
pedance measurements whose low-frequency 
values are the slopes of the two families of 
curves shown in Fig. 10.38a@ and the other 
two families of this set which are related to 
Fie. 10.42a. Transistor as a ‘‘black box.” the transfer impedances.6.761.56 The small- 
Fig. 10.42b. Transistor small-signal ‘ignal parameters which are now in common 
equivalent circuit. use for a < 1 transistors are the hybrid, or 


h, parameters defined by the following equate 
tions for the transistor considered as a black box as shown in Fig. 10.42a:28 


Ve hivie + hyve 
a = hyvte + howe 


(10.9.13) 


(10.9.14) 


* For additional explanation of these small-signal parameters see Art. 10.9.15 and 
References 76, 28, 1, 37, 56, 22, and 51. : 


. 
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ion, i i . The 
‘he second subscript refers to the mode of operation, in this case common base 
/}, parameters are thus defined as 


h, =<  whene, <0 INPUT IMPEDANCE WITH OUTPUT TERMINALS A-C SHORT- 
aaa - . CIRCUITED % 
Ve hen i, <0 VOLTAGE FEEDBACK RATIO WITH INPUT TERMINALS A 
me Ve Pawn be OPEN-CIRCUITED ase 
_ te then v, <0 CURRENT FORWARD-TRANSFER RATIO WITH OUTPUT TE 
an = 7. tate MINALS A-C SHORT-CIRCUITED 
be hen i, <Q OUTPUT ADMITTANCE WITH INPUT TERMINALS A-C OPEN- 
Ao = irae ade CIRCUITED 


i i ircuit shown in Fig. 10.42b. At low fre- 
The above equations lead to the equivalent circul c : 
Aandi this is equivalent to the circuit shown in Fig. 10.43a, the r’s and h’s being 


related by the equations a 
hn =re+(1 —a)ry (10.9.15) 
hy =o (10.9.16) 
cask (10.9.17) 
ho = a 7 n= (10.9.18) 
\‘or computational convenience, the value of mo Ji 


y, in Eq. (10.9.15) may be calculated from 
the relation 
REPL 
re qn l+a 


which neglects any emitter body resistance 
which may exist. Thus 7, is about 13 ohms 
for an emitter-bias current of 1 ma at room 
temperature (25°C). ‘ : 

The circuit of Fig. 10.43a, modified as in 
lig. 10.436 to take into account the frequency 
hehavior of alpha, collector capacitance, and (b) 
(he frequency behavior of the emitter im- eget ey sehen se heh gg aw 
pedance, has been used to derive expressions Badass a - 
for pulse rise and fall times for a a . serge Fie. 10.436. Transistor equivalent circuit 
tors.45 Since Y, is a large epneanepes oi for pulse-rise-time analysis. 
effect on the output waveform wi sas ieee ; , 
negligible if the eandiohat is driven by a high-impedance err : eee “A 
must be considered if it is desired to roars the oh pied and voltage. 

pr Cgaea mitter storage or diffusion capacitance. 
ae Pv aeaeeuat steel Characterization.'6:452%6 ae of a wee ae 
used transistor Lngieere vag oe is ntipe a pinsid oe sy = on mies 
mon-emitter pulse amplifier with a resistiv ud. di pelts Stereo 
source. In order to obtain a short pulse delay and rise time, the pened rsh 
from current cutoff completely into current saturation. A vahatener ae racic 
carriers are injected into the base region* (and also into the co r ? — sath ogee 
junction and diffused-base transistors). The actual density of m x A Dye a 

’ »gion may be a factor of ten or a hundred times its value when 
letovion sat fi If the base current is now returned to zero or reversed, the 


(10.9.19) 


BS ¥, & P+ jaCjec 


C; 


00 She teas 


i i , e ell 
* This situation is aggravated in the case of a <1 transistors, since the pager a 
ae emitter junetion is forward-biased and therefore emits minority carrie 
rowion, : 
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density of injected carriers in the ba 
reduced to zero before the collector ju 
in the load remains essentially const 
since it is attributable to the storage 
density of carriers near the collector 
to decrease. The pulse fall or deca 


tics of the transist: i 
ating gas ety and the magnitude of the base drive. 


pena Both base and collector currents are s 


In ch erizing the vio 
aract pulse beha ior of tra 
to measure the operating times (ta, ty, t 
8) 


sncounte: d J c . 
enco red in the particular class of circuits for which the transistor 1s characterized 


Fra. 10.44, FE ulse behav of junction t mmon-emitter connection), 
ve NAaVIOr june ransistor (co I ) 
ements a e ¥ TIC & are difficult to apply to cir cuits 
These measure S are gen rall nonparamet 
Cc nd 
other than those of the particular class for Ww hich they are designed 7 


The delay, rise, storage and fall swit hin time a ti ally ependent upon the 
? ge, d ] 
wW1te g S are critic d 


ape he viaces ; i uit, the drive and upo ni 
ye pai ip eis differences in transient response arise denne a mg otal 
cae hc y a constant current or constant voltage source at 
Pome 2 apo that has been used to calculate rise and fall times fora <1 
pp at ee connection is shown in Fig. 10.436. Using thi 
i ~ tesa per 4 itable for predicting behavior in regions I and III dela * tall 
a ca i nic ities been calculated45.47.67 for a common-emitter amplifan 
} ad driven from a high-i i 
ib er tat rari m. a high-impedance source. These results, algebrai- 


2 Co + Cr 
Th Tage [Oe a a ose (10.9.20) 
1 — 0.1 Iss/In a 
t, = 7, In 1 — O.1 Las/Ini 
1 — 0.9 Tas/Tm (10.9.21) 
=, pice 
te = 7,In fod oy 1 = Is/Ine 
L — dapliwe bee 7 (10.9.22) 
ty = ren L— 9-9 Los/Ios 
1 — 0.1 Tps/Tns (10.9.28) 


Se region near the collector j i 
nction can become ecishuiiineis “beeen 
ant for a period of time called the storage inl 
of minority carriers in the base region. When the 
Junction approaches zero, the load current begi: j 
y time is determined by the frequency chafaotestil 
The chain of events is 
hown on the same time 


nsistors, it is often advanta: i 
La geous simpl 
and ¢;) under conditions similar to thoal 


. 
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where w= Lt 2afar Ro Co _ yise time constant (10.9.24) 
2nfas(1 — ay) 
Jat + fai . 
= ——_' _ +" __ = st t ntant 10.9.25 
Ts Qnfafai(l — yas) storage time conta: ( ) 
Ips = seins Ch gle = minimum saturation base current (10.9.26) 
a;/(1 — &;) 


I'he currents have the significance shown in Fig. 10.44. The quantities fas and fai 
ave the frequency cutoffs of the short-circuit current gain in the normal and inverse 
connections. Cg and Cx are the collector and emitter depletion capacitances, respec- 
lively. These equations may be used to predict the switching times with an accuracy 
yonorally sufficient for engineering analysis. ; 

10.9.17. Methods of Measurement and Test. Standardization of methods of test 
js « problem which has been considered by governmental agencies, both civilian and 
jnilitary, as well as by industrial and professional organizations. Proposed standards 
juve appeared in the literature.2*> Because of the complexity of the entire problem, a 
Aivision has been made between small-signal and large-signal tests. As stated previ- 
awily, transistors may be designed particularly for either large-signal or small-signal 
«pplications, which further justifies the separation. 

10.9.18. Large-signal Measurements. Large-signal measurements are particularly 
valuable in the characterization of transistors for switching applications such as digital- 
somputer circuitry. The large-signal measurements can be conveniently divided 
into three classes: static characteristic curves, d-c measurements, and transient 
/jeasurements. 

Mtatie characteristic curves are particularly valuable since they provide a picture 
af the behavior of the transistors over wide ranges of operating conditions. 

(a) Point-by-point Measurements of Static Characteristic Curves. The static char- 
etoristie curves of a transistor in the common-base connection may be obtained 
sing the circuit shown in Fig. 10.45a.* One of the parameters, e.g., Iz, is held con- 
stunt while another, possibly Vc, is varied, and readings are taken of the other two 
parameters. 

(b) Swept Static Characteristic Curves. In many cases it is advantageous to display 
‘he characteristic curves on an oscilloscope. The circuit shown in Fig. 10.45b can be 
‘eed to view the collector characteristic curves for a given value of emitter current. 
'\o sinusoidal supply varies the collector voltage, and a collector current vs. collector 
voltage trace is obtained on the oscilloscope. 

in switching or pulse applications, the collector characteristics may be of interest in 
\vens of the active region where they cannot be obtained by d-c or sinusoidal means 
since the power-dissipation ability of the transistor may be exceeded. In this case 
juilue data must be obtained. 

(c) Negative-resistance Static Characteristic Curves. Negative-resistance charac- 
lovistic curves (see Fig. 10.41b) for a > 1 transistors can be measured by using the 
same methods indicated above except that a circuit including a transistor is measured 
jnutead of a transistor alone. Precautions outlined in the preceding footnote also 
apply for these measurements. 

10.9.19. D-C Measurements. D-C “point-type measurements” t are quite con- 
venient and relatively simple. They are particularly desirable for use in the produc- 
(jon and specification of transistors in order to control the necessary characteristics 
(0 assure proper operation in the class of circuit for which the transistor is designed. 
I'he relative simplicity of this type of measurement also makes them desirable from 
(he standpoint of the circuit designer since correlations between device characteristics 
and cireuit operations are simplified. 

* When measuring the characteristics of a > 1 transistors, regions of instability and/or 
yeolllation may be encountered which result from the short-cireuit or open-circuit instability 
characteristics of such transistors. Generally the use of low-shunt-capacity noninductive 
roalators in series with each of the leads at the emitter and a small shunting capacitance 
between collector and base will prevent instability. 

1 Point-type theasurements” are those taken at particular operating point, 
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(a) Current Gain. The large-signal forward common-base current gain @y, and the 


large-signal forward common-emitter current gain @;. are defined by the following 
relations ; 


a Ic(In,Vcx) — Ic(0,Vcr) 

af = ay 
To(In,Ver) — Io(0,V, 

ag, = Ot a. oO Fen) (10.9.28) 


(10.9.27) 


The static value of the forward common-base current gain hrg and the static value 
of the forward common-emitter current gain hry are defined by Eqs. (10.9.27) and 
(10.9.28) above if Ic(0, Veg) and Ic(0, Vex) are respectively equal to zero. As indicated 
in the above formulas, the only measurements required in order to evaluate large-signal 
and static-value current gains are the collector current for zero emitter or base cur- 
rent, as the case may be; the collector current for the desired emitter or base current; 
and, of course, the emitter or base current. Inthe case ofa <1 transistors, the large- 
signal inverse-current gain is also of importance. Both the common-base and 
common-emitter inverse-current gains (a and @;,) can be obtained by utilizing for- 
mulas similar to those given above except that the functions of collector and emitter 
are interchanged. 

The circuit of Fig. 10.45¢ can be used to make both the forward and the inverse 
static value and approximate large-signal current-gain measurements for a < 1 tran- 
sistors. At room temperature or below, Ico and Igo are usually sufficiently low in 
comparison with the input current that they may be neglected. To a good approxi- 
mation the meter (Jz) will read (1 — &s)Tz or (1 — &»)Ic, and the large-signal 
current gains are approximately equal to the static-value gains. 

For a> 1 transistors, a convenient approximation to the large-signal common-base 
forward current gain ay, can be obtained by measuring the collector current at a 
relatively low collector voltage and a high emitter current. Under these conditions 


the circuit of Fig. 10.45a may be used and the effect of Iczo may be neglected an 
arp =~ hrs. 


(b) Cutoff Currents (orr Currents). 
are Ingo and Iczo. 


Two of the most important d-c paramet 
They can be measured by applying a voltage emitter to base, 
collector to base with polarity appropriate for reverse bias, and recording the resulti 
current. It is usually desirable to provide some method of limiting the current from 
the constant-voltage source in case of faulty transistors. Usually Igo and Ico are 
measured at a voltage about one-half the maximum recommended emitter and col 
lector voltages, respectively. The complete voltage-current curve of the collector and 
emitter may also be traced out on an oscilloscope. For many transistor types, cuto 
currents are measured at a temperature comparable with the maximum temperature 
the transistor is expected to experience in operation. 

(c) Breakdown Voltage. As the reverse bias on a junction is increased, a voltage 
eventually reached at which the reverse current increases very rapidly.4042.39 Ty 
well-behaved junctions the breakdown is relatively sharp and is due to avalanche 
breakdown in the body of the semiconductor or in the vicinity of the surface. Break+ 
down voltage is normally specified as the reverse junction voltage for a given current, 
such as 50 or 100 ua. The test can be instrumented by biasing the junction from @ 
high-impedance constant-current source or by tracing out the reverse characteristics 
on an oscilloscope and noting the voltage at which the current attains the specified 
value. The breakdown voltages have been denoted as BV cso and BV zzo for the’ 
collector-to-base and emitter-to-base breakdown voltages, with open emitter and 
collector, respectively. 

In point-contact transistors, breakdown voltages are usually not observed, since the 


maximum power dissipation of the device is usually exceeded before the breakdown 
voltage can be reached. 


(d) Reach-through Voltage (Punch-through Voltage). 
charge-layer widening of the collector (or emitter) junct: 
bias, is significant; and the space-charge region exten 


Tn many transistors the space: 
ion, under conditions of reverse: 
ds across the base layer to the: 


. 


Horizontal © 


O Vertical 


(d) oo 


Cesc; 


lke 
capacitance 
bridge 


(hk) +& 


“1a. 10.45a. Cireuit for measurement of static characteristics. , 

Via, joa, Circuit for viewing output characteristics on an oscilloscope " meee 
lio, 10.45¢. Circuit for measurement of static value of current gain (@j) ~ hr 
abidiece Fra. 10.45d. Circuit for measurement of reach-through voltage. 

bra, 10.45¢. Cirenit for measurement of collector-to-emitter ser rane heen. ' 
Ira, 10.45f. Circuit for measurement of collector body resis ne - 
Ira. 10.459. Cireuit for measurement of small-signal output tape om ole 
Via, 10.46h. Cireuit for méasurement of output capacitance Con, 
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—— = —— eee Under these conditions, a low resistance is observed 
itter and collector. This phenomenom has b i 

reach-through (punch-through). In most t i evict serene 

% ransistors the reach-through i 

greater than the breakdown voltage and hence is not observed. Reh three a 

pit ond A play the circuit of Fig. 10.45d. D-C meters may be used to 

t ne the reach-through voltage (if it exists); however, th i 

ticularly desirable under certain circumst: f fine ee ve 
e . The same value f 

through voltage) is generall i ts theo tech ae 

y obtained in th i i 
= collet ee e case of a < 1 transistors whether emitter 
nother convenient method of obtaini i 
; ‘aining an appropriate measure of th - 
pare aia a “ Famers ee soe breakdown voltage of the uncer 
I rted together. In this case the measured value is ei 

emitter breakdown or reach-throug! i tia oe 
: gh voltage, whichever is ll 

through voltage is a maj imitation i i (oe allege 

: jor limitation in t - j i 
apse because of the thin base peeing Tay Wppmeees aa bee 
e) Sustaining Voltage. Because of avalanche multiplicati 
¢ ultiplication as, and ai 
psa a a than unity for voltages below the breakdown tur ce: Fig i voll 
ge at which a; becomes unity has been called the sustaining voltage Vezus). This 


voltage can be measured by observin i 
I g the collector-to-emitt i 
open) at which the current increases without limit since ides 
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* Atco} 
lL — GoM 
Under these conditions and as soon as the multiplication M times the low-voltage 


fi > sus. 
current Zan &yy becomes unity, Ic increases w ithout limit The volta: ev CE ma, 
g (sus) he 


Ic 


(10.9.29) 


ient method of measuring the sustaini fi bya aed casure til 
L che ng voltage Vexus) is me ° 
common-emitter collector breakdown voltage with an ake base rah 10 eee 


(f) Saturation Voltage (on Volta i 
d ge). Fora <1 transistors, Eq. (10.9.7) m i 
peakica basi Mo ie the collector-to-emitter saturation v hepe Fae 
S since &j and &» vary appreciably with current.!817 FF his i 
) r 28, or this rea: 
we pages S28 ree Ver in — III at current levels Apprycinatinc 
ered ina i icati i i 
dee of hie eae Specific application. This can be done by using the 
pee a = Fryer sic both the region III collector-to-emitter saturation voltage 
A accamear - - collector-to-base saturation voltage Vega) are found to be useful 
-¢ measurement techniques can be used to evaluate th 
) U ese parameters, 
fe ae 2 : Sh ig. gee Tn aoe pulse applications the d-c ners resistanii 
I » TBs, ular importance.18 Neglecting bod d i 
resistance that may exist in the collect d emi had Yay be Clot 
tter region: F b 
from a measurement of the fo Ra TPO cadens, The aaa 
s rward emitter-to-base characteristi Th 

may be obtained by measuring the volta i ae i 
é : ; ge drop at a given current and i 
the junction voltage drop, which may be obtained from the eae, oe 


_ kt nz + Izo 


V; 1 
2 q Tzo 


(10.9.30) 
and calculating the desired resistance by the equation 


pe, wae ey 
Tp (10.9.31) — 
If only a qualitative result is required itter-to- i 
bait ay be used directly aa controlot the roche iit ieee _— 
Pe i ion reuchineican ome junction transistors, particularly grown-junction tran- 
oe cok doagl os - Sonat or emitter body resistance.'8 The collector body 
pi sok f° Be may be measured using the circuit of Fig. 10.45/. When the 
is operated in this manner (open-collector), the emitter obtains a forward 


. 
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jinn almost equal to the collector forward bias, and the collector body resistance is 
wiven by 
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(10.9.32) 


10.9.20. Transient Measurements. In Fig. 10.44 a common transistor pulse cir- 
suit is shown. In addition, the waveforms obtained with this pulse circuit are 
jndicated. On this waveform the four components of operating time are indicated. 
! hose components are the delay time ta, the rise time t,, the storage time ts, and the 
fall time t;.* 

In the wae of « < 1 transistors, analytical expressions are available to relate the 
operating times of the transistors to the large-signal alphas, their frequency responses, 
and various circuit currents. However, in the case of a > 1 transistors such analyti- 
sal relations are not available, and it has been found expedient to make direct measure- 
vents of the turn-on, or delay plus rise time, and the turn-off, or total of storage and 
fall times. The direct-measurement method is also commonly used for the charac- 
lorlyation of w < 1 switching transistors which are intended for use in a particular 
olans of switching circuits. 

(a) Transient Measurements for a < 1 Transistors. As indicated by Eqs. (10.9.20) 
i (10.9.23), the pulse switching times are intimately related to a, &i, fas, far fora < 1 
\yansistors. ‘The d-c values ay and & may be used to calculate switching time with 
fairly good accuracy.*® The parameters fas and fai, measured by small-signal methods, 
‘wy be used in the calculations. However, all these parameters vary with operating 
jwint, and since the operating point traverses such a large range of the characteris- 
(ion in pulse circuits, it is frequently preferable to obtain measurements of these impor- 
‘unt parameters by pulse methods. as, 

The four switching times can be directly measured using circuits similar to that 
shown in Fig. 10.44. For the measurement of delay time (¢z), the base-to-emitter 
vollage prior to turn-on (Vgzo), the collector supply voltage (Vcc), the collector load 
yealutance (Rc), and the turn-on base-drive current (Ip1) must be given. For rise 
lime (t,), only Voc, Re, and Ip: are required. For storage time (t.), Vee, Re, Ini, and 
‘he turn-off base current Jg2 are needed. Finally, for the measurement of fall time 
)), Veo, Re, Ini, and Ip: are needed in order to establish the measurement conditions. 

Mwitching transistors can be characterized in terms of the rise and storage time 
vonstants tp and rs. These time constants can be measured by measuring é, or ty 
snd d, and calculating the desired time constants using Eq. (10.9.21) or (10.9.23) and 
‘\0.9.22), When transistors are characterized using these time constants, the collector 
load resistance Rc should be chosen such that 2afarRcCc K 1in order to make the rise 
‘inne constant 7, as parametric as possible. 

(b) Transient Measurements for a > 1 Transistors..9 The turn-on time (sum of 
delay and rise times) and the turn-off time (sum of the storage and fall times) of a > 1 
transistors can be measured using a grounded emitter circuit such as that shown in 
Viv. 10.44. A square-wave generator is applied through a capacitor and a resistor in 
series to the base of the transistor. The square wave periodically turns the transistor 
ow and orr. The turn-on and turn-off times are then measured directly by using a 
\viggered oscilloscope to observe the collector waveform. The base-current drive, 
volleetor load resistance, and collector supply voltage are specified in accordance with 
‘ho class of circuits for which the transistor is designed. , 

10.9.21. Small-signal Measurements.** The low-frequency t values of small-signal 
parameters may be obtained by measuring the slopes of the static characteristics. 

* Definitions of delay time, rise time, storage time, and fall time are as follows: Delay 
‘ime ty is the time between the start of the input pulse and the time when the output 
pulse has increased to 10 per cent of its maximum amplitude; rise time ¢, is the time dura- 
‘ion during which the output pulse is increasing from 10 to 90 per cent of its maximum 
wimplitude; storage time ¢, is the time between the end of the input pulse and the time 
when the output pulse has decreased to 90 per cent of its maximum amplitude; and fall 
lime ty is the time duration during which. the output pulse is decreasing from 90 to 10 per 
cont of ita maximum amplitude, 

11,000 epa-ia the standard for low-frequency measurements, 
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Usually, however, standard a-c meth 

} nd ~ ods are used b 

obtained and the possibility of direct measurement. : 
(a) Hybrid Parameters. The a-c measurement of small-signal parameters is per- 


formed as dictated by the parametri i i i 
work ipoe En ERD IST aye pig aa > ai which describe the four-terminal net- 


cause of the greater accuracy 


ho» = 
ob = = when 7, = 0 (10.9.33) 


To perform the measurement, bias i i 
: r , bias is applied to the transistor to establish th 
ing point. Then a small a-c signal is applied to the output terminals dad the reeulting 


See ; i The circuit is shown in Fig, 
5g. By varying the amplitude of the applied signal and shakes the ll ‘of 
2 d vice at the chose ing 
ertber Seg or not a true small-signal measurement is being obteinel, “ti 
oe arhhe slag aegis can re be varied to determine the frequency behavior 
easured. i i 
fi measared Paiuaiiines eae my phase angle of the parameter in question can 
i ‘ eee hae. The collector capacitance may be measured using the circuit of 
oh Aa ees e c capacitance Ce is the difference between the capacitance bridge 
Prssps e transistor in, and with the transistor out of the circuit. 1 ke, 100k 
f st He are commonly used test frequencies. é "4 
aan Hien ater apie and Rating Systems. Ratings are limiting environmental 
pinion ate , ips es mechanical, etc.) which, if exceeded, may result in 
znanel nt of device performance. Lach rating is inde e 
Pojpce nee ed condition which results in the exceeding of ca one sl nay Seal 
ei itis ae to the device. In general, ratings are established by extensive 
peice 2a ert gic i roe for ~ purpose of protecting the device from 
D onditions under the control of th 
i a‘ : i of the user. 
wee ha es rear rating system tis particularly suitable for those semicondue- 
poet ese Ss ~ which rapid degradation occurs when a particular environmental 
facie ede te sg ed; e.g., when the breakdown voltage of a transistor is exceeded 
ne Hight cones may result. In addition, with this system, the device manufacturel 
fave eke e necessary limit values by life and environmental testing of the 
as finde u seeceaetie cireuit in which the device will eventually be used 
wat fadiece i seria ace a 7 ht Smee by the device manufacturer, the 
¢ uit sue i 
is pidge any possible sbrectenmanaltl =o te snipureoe 7 De 
ae — eating mide recommended-maximum ratings, { has been devised to cover 
pie vert re it is unusual to reach the absolute-maximum value for a particular 
ie eiey iged Me absolute-maximum value for another condition is normally 
Ha crn 8. as * collector voltage of a point-contact transistor is increased, the 
m collector power dissipation will normally be reached before an 


* When s si 
Fes fh ly mee reeset of a > 1 transistors are required, the open-circuit 
instability when atasepaine Eat phe Liab linee since this type of transistor may exhibit 
Abaslutec : ; = measurements such as Aip and App. 
wrotieteae Of the vox etch aes iy defined as the limiting values Beyond which the 
aatikfactory Astininae? Poo device may be impaired from the viewpoint of life and 
that initially and she jak he equipment designer must establish the circuit design 80 
maximum value is exc we Sa the semiconductor device and equipment life, no absolute= 
cupily.atoltage eepesnor e under the worst probable operating conditions with respect to 
load variation, signal a mera i ry: variation, equipment-control adjustment, 
a BHAA LeeuCE: , nace conditions, and variations in semiconductor+ 
A recom ¥ i . 
limiting si ea Sp rating for a particular parameter may be defined as the 
ich the absolute-maximum value for some other parameter would 


pec 
e expecte exceeded h a . 
b ted to be eeded when normal-device character istic variations and cust MARY 
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oxoogsive collector voltage can be reached. The recommended-maximum values are 
intonded to prevent the circuit designer from being misled by the quotation of unat- 
‘ainable maximum values. They are normally used to supplement the absolute- 
maximum ratings. 

10.9.23. Thermal or Power Ratings. The thermal or power ratings of a semi- 
sonductor device may be stated in two different ways: The absolute-maximum internal 
(omperature (usually at the junction) of the device may be quoted along with infor- 
‘ation concerning the internal temperature rise of the device as a function of power 
Aimipation at particular positions in the device under certain environmental conditions 
‘ambient temperature, coolant velocity, heat-sink attachment, etc.). Alternatively, 
‘oe absolute-maximum continuous power dissipation at a particular position in the 
Joviee under certain environmental conditions may be quoted. 

‘he former method is more definitive and thereby more generally useful, while the 
second method is more explicit and therefore more directly useful if the expected 
environmental conditions match those for which the maximum power dissipation is 
quoted. 

When power dissipation is not continuous (pulse applications), the maximum power 
Aimipation as determined for continuous operation may normally be safely exceeded. 
‘ho continuous rating may be simply divided by the duty cycle to obtain the pulse 
rating, provided the period of operation is much shorter than the internal thermal 
‘imo constant of the semiconductor device and provided other absolute-maximum 
ratings [e.g., Icqnax) OF Vox(max)] are not exceeded. 

If the period of operation is not much shorter than the internal thermal time con- 
stant but 2s much shorter than the external (case and heat sink) thermal time constant, 
ihe following formula can be used to obtain the corrected pulse power rating: 


i PLAT); to A 
~ (AT)s to w+ EAT) B04 
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(10.9.34) * 


Py 


where P, = pulse power rating 
P. = continuous power rating 
& = duty cycle 
(AT); 1 a = temperature difference between the internal point and the ambient for a 
constant power 
\\T)y tw 2 = temperature difference between the internal point and an external point 
for a constant power 
= temperature difference between the external point and the ambient for a 
constant power 
Caution must be exercised when designing pulse circuits to assure operation at all times 
within appropriate maximum ratings. In many cases, electrical ratings rather than 
(hormal ratings will be the determining factors. 

10.9.24. Electrical Ratings. Electrical ratings of semiconductor devices include 
yvaximum terminal-to-terminal voltages and terminal currents. 

Junction breakdown voltages in semiconductor devices are commonly very sharp 
and the device often exhibits negative-resistance effects in the breakdown region. As 
4 result, if the breakdown voltage is exceeded without a series current-limiting resist- 
nce, permanent damage to the device usually results. Generally, absolute-maximum 
volleetor and emitter reverse voltages are based on the minimum expected collector 
and emitter junction breakdown voltages, respectively. 

The absolute-maximum collector-to-emitter voltage is determined by the minimum 
expected reach-through (punch-through) voltage, or the minimum expected collector 
hyveakdown voltage, whichever is lower, for the type of device being considered. 

The absolute-maximum terminal currents are generally determined by the fuse char- 
aeteristics of the internal lead wire and should be supplemented by recommended- 
iuximum ratings which indicate the limiting terminal currents at which some other 
iaximum rating, sueh as power dissipation or junction temperature, may be exceeded. 


(AT) z to A 


© It should be noted that this formula is useful only for the case when the period of pulse 
operation ia between the internal and external device thermal time constants. 
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10.9.25. Mechanical Ratings. The mechanical ratings of semiconductor device 
include constant acceleration (centrifuge), vibration, vibration fatigue, shock, an 
other environmental conditions such as salt atmosphere and high humidity. 
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Vibration ratings normally include a frequency range with a constant acceleration 
at high frequencies and a constant displacement at low frequencies. 

Vibration-fatigue ratings indicate the ability of the device to withstand long periods 
of constant-frequency vibration. 

Shock ratings normally include shock duration and shape as well as amplitude and 
may include information concerning the maximum microphonism of the device for a 
certain mechanical shock. 


(a) Grown Junction.*.75 Grown- 
Junction transistors are made from single-crystal germanium which has been grown in 
such a way that the junctions are “built-in.’’ Small bars are cut from the parent 
The conductivities of the three 
regions and the thickness of the center are desired characteristics. The principal 
advantage of grown-junction transistors lies in the low collector capacitance, which 
is attributable to the grading of the collector junction. This also results in high 
collector breakdown voltage and low avalanche multiplication. The alpha may 
exceed unity by a slight amount at high temperature and high current because of 
drift fields set up in the collector region which allow additional minority carriers in 
the collector body to diffuse to the collector junction. Grown-junction transistors 
have two principal disadvantages in switching circuits: first, the emitter and collector 
regions may have appreciable resistance which is essentially in series with the closed 
switch; second, in region III the collector junction injects minority carriers into the 
collector region which can result in extremely long storage times. The only grown- 
junction transistors made in significant numbers have been n-p-n transistors. The 
geometry of a grown-junction transistor is shown in Fig. 10.46a. 

(b) Tetrode.77 To reduce the extrinsic base resistance of grown-junction transistors 
a second base lead may be added as shown in Fig. 10.46). This results in a device 
which has been called the junction tetrode. A bias current between the two base leads 
effectively biases off a large part of the emitter junction, and hence the active part of 
the transistor is restricted to a small area in the vicinity of one of the base leads. 
These devices are principally used in common-base circuits and have not found wide 
application in switching. : 

(c) Alloy Junction.27.57,33.29 Alloyed-junction transistors are fabricated by alloying 
two metallic contacts on opposite sides of a thin wafer which comprises the base (see 
Figs. 10.46c and 10.36). This contact contains the appropriate donor or acceptor 
impurity to produce either n-p-n or p-n-p transistors. Since the emitter and collector 
regions are essentially metallic, alloyed-junction transistors can have extremely low 
voltage drop collector to emitter in region III. Minority carriers can be stored only 
in the base region and as a consequence the storage time is reasonably short. ‘The 
junctions are step junctions ir that the resistivity changes rapidly from, say, 0.5 to 
5 ohm-cem in the base region to 0.01 to 0.001 ohm-cm in the collector and emitter 
regions. These step junctions are characterized by a greater capacitance per unit 
area than graded junctions and by greater avalanche multiplication at the same volt. 


¢ 
TRANSISTORS 10-49 
ice it i -j ion transistors can be made with lower 
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ise baw than grown-junction transistors, which compensates to some extent 
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or the collector capacitance in linear app sls é d 
Ape Barrier.© Surface-barrier transistors are similar to alloyed-junction 


ivansistors in that the emitter and collector regions are gine rsnee win een 

hese devices are fabricated by etching the base Mer! a sere a reemcrge os 
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' and frequency cutoff reasons and then p 

Pi nLowmgeubannelty base material is used to prevent punch-through. 


Th Bo 


The contacts 
facts. 


Fie. 10.46a. Grown-junction transistor. 
Fic. 10.46b. Grown-junction tetrode transistor. 
Fie. 10.46c. Alloy-junction transistor. 
Fic. 10.46d. Surface-barrier transistor. 
Fic. 10.46e. Diffused-junction (mesa) transistor. ’ 
Fra. 10.46f. Intrinsic-barrier diffused-junction transistor. 


i The junctions 
are small to give low junction reverse current and low capacitance. J 


i : tacts. 
rowult from an inversion layer near the semiconductor surface anette) male 
Che principal disadvantages are aie aoe parker ead ei Chane 
livity and low power-dissipating ability due to the ling tr a 
miptrogisehal aakaidars behave similarly to rg beer tag ipbeaeping Chee 4-4 
quency cutoffs of alpha are best pete dN 10 higher becaus 3 

) hich results in higher switching speec . { ; : 

r TO Diffueed Junction.s» 7234 The diffused-junction (mesa) ena _—- 
Wig. 10.46e makes use of a thin high-conduetivity base layer to pete ce 5 a 
and fast awitching response. In this device the thin base pth te wth Mi 
diffusion of the appropriate impurity atoms, The use of eg Pe Mar aati 4 
material for the collector region results in a low collector body resistance 
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makes this transistor appropriate for many switching applications. Furthermore, 
the frequency cutoff of alpha remains high for low collector voltages and the device 
may be switched from current cutoff to current saturation at high speeds. Values 
of alpha cutoff frequency in excess of 1,000 Me per sec are obtainable. 

(f) Intrinsic Barrier..5 To reduce the collector body resistance and collector 
capacitance and to increase the possible collector operating voltage, a transistor, 
called the intrinsic-barrier transistor, has been developed. The intrinsic or high- 
resistivity layer is sandwiched between the base layer and the collector body. As 
conceived, the device also uses a thin high-conductivity base layer which results in 
high-frequency cutoff and low base resistance (see Fig. 10.46f). As a result of the 


Fia. 10.47a. Point-contact transistor. 
Fia. 10.47b. Unijunction or double-base-diode transistor. 
Fia. 10.47¢c. p-n-p-n or hook-collector transistor (grown-junction type). 
Fie. 10.47d. p-n-p-n or hook-collector transistor (diffused-junction type). 


‘ high operating voltage possible, the power rating of this device may be significantly 
higher than either a grown- or alloyed-junction transistor. 

(g) Field Effect.°12 A field-effect transistor operates in a manner somewhat similar 
to that of a vacuum tube. The input voltage provides an internal electric field which 
controls the output current by pinching off the majority-carrier current path through 
the high-resistivity semiconductor material. The switching speed of the field-effect 
transistor is limited by transit time and capacitance effects. 

10.9.28. “Alpha Greater Than Unity” Transistors. Alpha greater than unity 
transistors are of particular interest because, with a single transistor, it is possible to 
design monostable, bistable, and astable pulse circuits with a minimum of additional 
components. 

(a) Point Contact.*3 Point-contact transistors (see Fig. 10.47a) are characterized 
by an alpha or current gain, emitter to collector, greater than unity. This results 
from a current-multiplying mechanism at the collector contact. Several multiplying 


mechanisms have been proposed, one of the most likely being that the collector multi-_ 


plication is a result of conductivity modulation (see Art. 10.8.3) in the collector region, 
It has also been proposed that the collector region (including the collector-point semi-+ 
conductor contact) is in effeet a double junction or “‘hook.’’ Possibly, the true mecha« 
nism is a combination of these two. In order to obtain multiplication of emitted 
current it is necessary to “form” the collector point, which means to pulse the collector 
with a high current. Even though the exact mechanism of operation of the pointe 
contact transistor is not completely understood, it has been possible to design them to 
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oot the requirements of several applications and to fabricate them with reproducible 
ehuracteristics and with good life and reliability. By fabricating units with close 
polnt spacing, point-contact transistors have been produced in quantity to operate in 
(\igital-computer circuits at as high as 3 Mc pulse rates. 8:56 

(b) Unijunction or Double-base Diode.**.64 An additional type of semiconductor 
‘levice which is characterized by an alpha greater than unity is the unijunction or 
double-base diode or filamentary transistor. This device is shown in Fig. 10.470. 
{| in composed of two ohmic contacts on the ends of a semiconductor filament and an 
emitter of minority carriers along the bar. Such a device may be used as an amplifier 
ov as the active element in a bistable circuit. The speed is limited by transit-time 
affects. 

(ec) p-n-p-n or Hook Collector.%164641 The p-n-p-n or hook-collector transistor 
structures shown in Figs. 10.47c and d represent grown-junction and diffused-junction 


Vog: volts 


l’'1a, 10.48. Common-base collector characteristic of an avalanche transistor. 


(oclhnologies, respectively. The electron current emitted by the n-emitter (En) 
(lilTuses across the adjacent p region and is collected at the central p-n junction. This 
vurrent forward-biases the p-emitter (Z,) where holes are injected into the middle 
# region; they diffuse across this region and are collected at the central p-n junction. 
I'hin collected current causes additional electron emission from the n-emitter which is 
vollected, and results in increased hole emission from the p-emitter, etc. The process 
js regenerative and represents a transistor current gain which is greater than unity. 
I'he transistor is triggered from orr to oN state by applying a gate current to forward- 
fine the n-emitter. It is turned orr by reducing the emitter-to-emitter (H, — Ey) 
vurrent below the holding current where the effective current gain is less than unity. 
jtepen or hook-collector transistors are available in a wide variety of types operable 
il currents ranging from less than 1 ma to more than 50 amp with switching times 
loon Chan 100 nsec. 

() Avalanche.*°42 Transistors have been made which emphasize avalanche 
Wultiplication to give an alpha greater than unity. These avalanche transistors are 
of the alloy type and have static collector characteristics as shown in Fig. 10.48. Ata 
voltage 


Vercuy = BV" V/1 — ao (10.9.35) 


ealled the sustaining voltage, the alpha of such a device becomes equal to unity, a 
belong the alpha at low voltage and BV being the junction breakdown voltage, The 
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variation of alpha with voltage is given by the relation 


sted &o 

ae (Ve/BV)" (10.9.36) 
a approaches infinity as the collector voltage approaches BV. For alloyed-junc- 
tion p-n-p germanium transistors the parameter n is approximately 3. Hence for 
& = 0.96, the alpha is greater than unity for voltages greater than about one-third 
the breakdown voltage. Whereas these devices have not been exploited to any great 
extent, they are capable of switching at megacycle rates. They may be used in asta- 
ble, bistable, or monostable switching or pulse circuits. Their main disadvantage 
is a relatively high on state voltage drop. 

10.9.29. Typical Transistor Characteristics. More than one thousand transistor 
codes are commercially available. These include germanium point-contact and both 
germanium and silicon grown-junction, alloy-junction, and diffused-junction types. 
The electrical characteristics of typical switching transistors from each of these classes 
of devices are given in Table 10.9. The parameter values given in the table are 
representative of the indicated transistor 
class and are considered to be conservative. 
By designing devices specifically for a given 
application, improvements may be possible 
in certain critical parameters. 

10.9.30. Variation of Parameters. (a) 
Parameter Distributions. Electronic de- 
vices manufactured by a given process can 
be expected to have different electrical 
characteristics. The width of the range for 
a given parameter depends upon the accu- 
racy with which the various process varia- 
bles are controlled. If the density of units 
is plotted against a given parameter for a 

(0) 20 40 60 80 100 120 large number of units, it would be expected 

Current gain, App that aa gvewpines chs pi vou 

Fic. 10.49. Distribution of current gain 'S°™ sda SNIP MBNPLONG ality curve. wae 

(hrez) for a typical universe of diffused- actual p ractice the SUEY RA be skewed 

silicon n-p-n transistors. (see Fig. 10.49) or even exhibit two peaks 

(bimodal). In order to indicate the typical 

distribution the device manufacturer may give the median value and two other values 
to indicate the range; for example, the 5 and 95 percentiles. 

(b) Variation with Operating Point and Temperature. ‘Transistor parameters vary 
with operating point and temperature. Junction reverse currents usually double 
every 8 to 10°C; however, if a considerable portion of the reverse current represents 
leakage current, it may double only every 15°C. Because of space-charge-layer 
widening, alpha and alpha cutoff frequency tend to increase with collector voltage 
in junction transistors. These parameters also vary with emitter current because 
of drift fields in the base region, variation of emitter efficiency, and difference in flow 
paths. Typical variation of current gain with emitter current?? and temperature is 
shown in Fig. 10.50 for a diffused silicon n-p-n transistor. The extent to which 
parameter variation with operating conditions must be studied and specified depends, 
of course, on the type of application. 3 

(c) Manufacturer, Data Sheet, and Circuit Limits. Frequently, not all the devices 
are marketable and it is necessary to establish test limits to limit the distribution, 
For some parameters, such as Ico, only an upper limit is necessary (see Fig. 10.51), 
In order to assure that units-do not drift out of manufacturer’s limits, which appear 
on the data sheets, manufacturer’s limits may be established inside the data-sheet 
requirements. To assure that devices with acceptable characteristics are used in A 
given application and to allow for parameter aging, circuit-requirement limits should 
be outside the data-sheet limits. Finally, end-of-life limits are determined to specify 
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Table 10.9. Typical Limiting Characteristics of Various Transistor Types 
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t Intrinsic barrier (epitaxial) design should reduce this 7, by about a factor of ten. 


7 Not applicable. 


* Pulse. 
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the end of the useful life in the 
device is listed as’a failure if it is no longer o 
and to be expected, environmental conditions. 


10.9.31. Reliability. A device is con 
function for a satisfactory length of time. 
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given application since it is recognized that most all 
electronic devices may deteriorate because of chemical and physical changes. A 


perable in the circuit under all reasonable, 


sidered to be reliable if it performs its intended 
Thus, a given type of electronic device 
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Fie. 10.50, Variation of current 
typical low power diffused-silicon n-p-n transistor, 
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Fia. 10.51. Distribution of cutoff 
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may prove completely reliable in one application and at the same time exhibit totally 


inadequate life performance in another application. 


Much can be accomplished by the circuit and system designer to improve tolerance 
to existing device failure rates. Circuits can be designed with large safety margin 


gain (hrz) with emitter current and temperature for a 


Circuit design 
maximum or end-of- 
life limit 


current (Jcgo) for a universe of transistors, showing 
t or specification limit, and the design maximum or 


to permit major device degradation before circuit failure occurs, and periodic marginal 
checking can be performed to catch potential degradation-type device failures and 
thereby prevent possible system failures. In addition, circuit redundancy can be 
used to prevent system failure when catastrophic-type device failures occur, It 
must be recognized that these circuit and system design procedures normally degrade 
circuit and system performance and increase system cost. Asa result, when evolving 


a system design having satisfactory life performance, 


a 


the circuit and system engineer 
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unt balance the cost of these procedures against the cost of devices having the 
a) pee of Pal, Cleon, Dayoan Feiere Ret, Deis ray 
panei ior any ae Tastes of eletronie sohue ve pc an Bn 
ented hon, bn oan wr emerenr ah ue 
snd complete failure, previous to which t Ce ee 
ing breakdown. Certain types of transistors have shown om” i algae tong tir 
own voltage. Gradual deterioration and subsequent failure, on a isso 
are a slow degradation of a parameter or parameters with "ie Eph chem pied 
eet roenl cis Lleva an oe. Sich parameter changes may be 
(omperature-dependent. Both types of aging are shown in Fig. 10.52. 


! 
9, i 
a 1 Catastrophic 
v] failure Degradation 
: dog _failure 
Dasiinegiterte wrt > Ws ese rer = 
maximum 
95% 
Med. 
5% 
10° 10° 104 10° 10° 
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Fic. 10.52. Exemplary aging behavior of a group of electronic devices. 


i) this figure indicate the aging of the median of the group me = fe pease” 
of the range (note spreading of the 5 and 95 percentiles.) ‘ vet perperrrrer 
sudden or catastrophic failure is indicated oats preny! es os “a che aoa 
A also § m. which indicates that the average life is about 50,00U hr : 

“ Sine ‘oomateaaae A preferable way of reckoning device ve is to determine the 
failure rate. The failure rate in per cent per 1,000 hr is given by 


_ _ no. of failures X 105 (10.9.37) 
al total transistor socket hr 


(hus, if in a system containing 200 transistors there are two failures in 10,000 hr, the 
allure rate is 0.1 per cent per 1,000 hr. A : : sie 
” b) Device Reliability (Failure-rate) Requirements. The rind se Bee ae 
sate for a given circuit and system. spate pci aisle 4g Re ce 
\ system-reliability study. This is commonly ach 1 ve 
tuilure ne for an device type, in proportion to the number i ceria a bgp sds 
with the expected failure rates of other Pa linge oe ee eee —- 
‘lolormine the expected over-all system failure rate. _ pea 
i manasa with the required system failure rate to determine macpngse! hr a 
procedure can be used to determine reasonable gehen device fa 
imi Ss. 

‘nts to optimize system cost and performance actor : pesiais ee 
mr Reliability Measurement and Specification. Device aan 4 a 
only measured by conducting life tests ee? pia t pais Ape ke eat ee 
lomperature, current voltage, or power, which ar J ; : :; AU “ 
soatenarek in expected applications. Tho relationship betivean acon a 
level and device failure rate is normally very close to log vigte pan bp re | 
failure mechanism is chemical in nature, a better log-linear fit will usually 
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to the reciprocal of absolute temperature rather than directly to temperature. Figure 
10.53 shows a typical transistor failure-rate characteristic as a function of tempera- 
ture. The required device reliability may be assured by specifying suitable maximum 
failure rates for device life tests which are performed on adequate samples which 
represent the devices to be used in the system being considered. These tests are 
normally performed by the device manufacturer since large numbers of devices are 


usually required and he can use the results of each life test to certify the reliability 
of devices for many system applications. 
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Fia. 10.53. Typical transistor failure-rate characteristic as a function of temperature. 
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During the preparation of this section there has been a complete change from vac- 


\uum-tube circuitry to transistor circuitry in digital computers. 


Magnetic amplifiers 


lave been used to some extent, but now transistors are being used most extensively. 


11.1. AMPLIFIER RESPONSE IN COMPUTER APPLICATIONS 


igure 11.1 shows the idealized response of a large-signal-computer amplifier stage. 


With signals of less amplitude than B (noise), there is no output. 


With signals greater 


than C, there is full standard output. Ideally, the difference in level between B and C 
iva small as possible, Then substantial variations in input signal cause no change in 
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output. Such idealized requirements can very nearly be met by the use of cutoff 
characteristics of vacuum-tube circuits and their saturation properties. It may be 
necessary to use ‘‘clamping”’ circuits such as those of Fig. 11.6 to keep the signal in 

the range from —20 volts to 0 volt, or in the case 

—20v of pulse circuitry to limit the maximum signal to, 
say, 20 volts. 

Some computer designers have discussed the 
possibility of designing a circuit which detects 
the presence of any signals falling in the interval 
between Band C. The more interesting designs 
would interpret such signals as 1’s but would set 
<~20v alarm indicators so that those units could be 

replaced at the end of the computation. The 
choice of 1’s is due to the fact that signals gen- 
erally decrease in size with aging of tubes, but 
Fa. 11.1. Ideal response. noise does not increase. So far, such designs 
appear to be too complicated and the success 
of marginal checking techniques has limited further development of these ideas. 

Generally, pulse amplifiers must restore the size of the pulse or increase the power. 

Circuits which do these things will be discussed in the following sections. 


Output level 


B 


Input level 


11.2. CATHODE FOLLOWERS AND EMITTER FOLLOWERS 


The characteristics of the cathode-follower circuit which are of most interest in 
digital computer applications are the following: 

1. High input impedance 

2. Low output impedance 

3. No inversion of signal 

The features present in cathode followers and less attractive to the computer circuit 
designer are (1) less than unity gain, and (2) the change of d-c level between the input 
and output. Thus, in computer circuits cathode followers are used for power ampli- 
fication and in some instances for logical purposes. 

In the discussion of cathode followers the following symbols will be used (see also 
the discussion of cathode followers in Art. 11.7.5 on direct-coupled amplifiers): 

Cx = static grid-to-cathode capacitance 

Ci» = static grid-to-plate capacitance 
cathode-follower input capacity 


in 


gm = transconductance of the tube 
R, = output impedance 
Ry = cathode load resistance 


amplification factor 


ML 
If Rx is the cathode resistor, then the equations for the gain and the output imped- 
ance are respectively 


‘ Ymle j, 
= —— 11.1 
aan es AE SP, he 
Ri 
a 11.2) 
1 + gmRi(u + 1/p) f 
For the case » > 1, the following equations are used to good approximation: 
é Ry 
Gain ce Sea 11.3 
7S Seige Cm 
R, = Re(1 — gain) (11.4) 
The input capacitance for a triode cathode follower is 
Cin = Cop + (1 —gain)Cy,  . (11,5) 


. 
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wnd for a pentode with the screen bypassed to cathode is 
Cin & (1 — gain)(Cos + Cox) (11.6) 


where Cop = statie grid-to-plate capacitance 
Cx = static grid-to-cathode capacitance 
Cy; = static grid-to-screen capacitance f fe 
When < cathode follower is used to drive a capacitance load C, the rise time can be 
valeulated by using Eq. (11.4), namely, 


Rise time = 2.2 RoC (7) 


ll 


i itude, Eq. ’ ill not apply for the 
l\lowever, for fast input pulse of large amplitude, Eq. (11 7) wi } 
Dculation of fall time of the output pulse. The fast fall time of the input pulse 


+110 +110 


Type 5670 Type 5670 
+20 +20 ] 
a atk -10 
44K -1000 
—300 
(a). (6)  -300 


Fig, 11.2. Cathode followers. 


onuses the tube to cut off and the fall time must be calculated by the cathode network 
one . . 
3 * computer applications, frequently many cathode followers are connected in series 
with logical circuits between stages. If these circuits are direct-coupled, measures 
iiust be taken to take care of the cathode- been aaa 
hing rise, which can be considerable if the z 
voltage swing is large. One way to mini- 
mive the cathode rise is to replace the 
vathode resistance by a constant-current 
source. This may be done by using a large Type 6463 
rathode resistance returned to an appro- +10 
priate voltage source (Fig. 11.2a) or by | | 
sing a constant-current tube in the cath- a 
ode circuit (Fig. 11.20). 

When a d-c-coupled driver is required to 
ilrive a large-capacitance load, instead of 
sing cathode followers in parallel, em- 
ploying feedback in the cathode circuit of Type 6463 
« cathode follower sometimes is used to 
uwlvantage. Figure 11.3 shows such a 
cireuit. 

‘The frequency response of the transistor 
muy cause signal overshoot in circuits such The neons are aged and selected 
aw that shown in Fig. 11.4. at 60 volts drop per neon. 

Like the cathode follower, the emitter Fia. 11.3. Cathode follower with feedback. 
ollower provides power gain, no inversion , avi 
on dian: and nde attenuation and change in d-c level. | Tf the output vy ce ee 
made wmall the gain is nearly unity and the shift in level is small. Figure 11.5 shows 
in arrangement for the restoration of dee level, 


- 150 —300 


*Five Ne-2 neons in series. 
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Usually it is desirable to prevent saturation. This can be accomplished by making 
sure that the supply voltage is more negative than the negative excursions of the sig- 
nals. Since in these circuits the transistor is in the active region, attention should be 
given to the power dissipated in the transistor. 


Ey 


utpat Output 


Input 


E, 


Fie, 11.4. Emitter follower. Fig. 11.5, Emitter follower with d-c level 


change. 


11.3. D-C LEVEL RESTORATION 


Many signals present in digital computer circuits must exist for long periods of time. 
For example, they must control the flow of pulses for hundreds of pulse times. This 
section considers the restoration of signal levels for such signals, whether they are 
actual d-c signals (maintaining their levels if the computer is halted) or whether they 
last for only a few pulse times. Loss of level may occur in d-c coupling networks, in 
logical gating circuitry, or in cathode followers. 

11.3.1. An Example of D-C Level Arrangement in a Computer. Suppose that a 
computer is designed to use binary logic, that is, each circuit is to be either orF or ON. 
The on condition can be represented by a binary digit of 1 and the orr condition by a 
binary 0. Suppose further that the orr condition is represented by a signal level of 
—20 volts and that the on condition is represented by a signal level of 0 volt. 

After such signals have passed through a chain of logical circuits an on signal may 
have deteriorated to, say, —3 volts; or an orr signal may be only —16 volts. Sup- 
pose, ideally, that a restoration circuit is available which with an input greater than 
—10 volts gives an output of 0, and for an input of less than —10 volts gives an output 
of —20 volts. Suppose, further, that a rule of design is that chains of logic may be 
used until an on signal has deteriorated to —5 volts and an orr signal has increased to 
—15 volts, then a restoration circuit must be used. Such a rule provides what may 
be called a two-to-one safety factor. 

In some arrangements of circuitry the upper limit of the on signal and the lower 
limit of the orr signal may not be important. In other cases (for example, to control 
the back voltage on crystal diodes) it may be necessary to limit the voltage swings so 
that no signal is above 0 or below —20 volts. 

Figure 11.6 illustrates the use of crystal diodes to “clamp” the signal level. In 
order for this to work successfully it is necessary that the —20-volt power supply be 
of very low impedance. Such low impedance may be obtained by having a heavy- 
duty supply or, preferably, by using regulation. Requirements of uniformity of per- 
formance with change of emission in the tubes used may lead to the use of clamping. 

11.3.2. The Requirements of a D-C Level Restorer. From the discussion of the 
preceding section the ideal characteristics of a d-c level restorer may be established. 
For inputs greater than —10 volts the output is greater than 0, for inputs less than — 
—10 volts the output is less than —20 volts, and if the input is —10 volts the output 
may be indeterminant. 

In practice it is necessary to approximate the above characteristics, using tubes 
available from the manufactyrer (some selection may be permissible); the characters 
istics should be substantially the same for aged tubes (whose emission has fallen off by, 
say, 50 per cent). These last requirements mean that there is an area in the vicinity 
of —10 volts where the performance of the circuit is indeterminant, 


. 
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Vacuum tubes have the characteristic that the output is ata substantially i 
ee level than the input. For example, consider Fig. Lh iG; where the input " _ 
the output of the tube is 01, which may quite possibly be 100 volts higher : * we 
(ec level may be returned to the input level by use of ad-c coupling circuit (Fig. 11. : , 
Huch @ coupling circuit requires a large negative voltage B in order not to give bi? 
much attenuation of the signal at Oi. In the following discussion it will be nex dr 
\hat there is a loss of 50 per cent of the d-c signal at this attenuator. The high-fre- 
\ueney response is controlled by the capacitor C. 


—20v 
Cc R, 
Signal 0, 
R, 
B 
Ov (6) 


Fra. 11.6. Clamp circuit. Fira, 11.7. Amplifier. 


The disadvantage of the circuit of Fig. 11.7 is that the final output is at, high imped- 
ance, and if the circuit is to drive several other circuits without loss in eee 
/esponse it will be necessary to use a cathode follower after Os (cf. Fig. 11.2). : - id 
factor which may be a disadvantage in some circumstances is that the circuit of Fig. 


11.7 inverts the signal. 


11.4. BUFFER INVERTERS 


The circuit of Fig. 11.7 is frequently ce : ee inverter, since there is signal 
ersion and the input is isolated from the output. ’ : 
Btn the following dineaniat it is assumed that the tube is one-half of ner _ 
\riode, that the input J varies from —20 to 0 volt, that the output O» is clampe 
between —20 and ground by a circuit such as that of Pre” 

Wig. 11.6, and that the attenuation between O; and 02 : 
in 50 per cent. Ans 5 
Inspection of the plate characteristics of Fig. 10.15 
shows that as J changes from —20 to ground the 
plate current changes from 0 to 40 mils. If the plate 
resistor R is 2.2K, then O; changes from 200 to 112 
volts. If the tube has aged so that the emission has 
fallen to 50 per cent of its initial value, then O1 swings 
only from 200 to 140 volts. Suppose that the resistors 
Kt, and Ry (Fig. 11.7b) have been chosen so that a 
potential of 175 volts at O, produces a signal of —10 —_- 
volts at Oo; under these circumstances the response of Amplitude of input signal, 
« new tube in the circuit of Fig. 11.7 is shown by the yg. 11.8. Amplifier response. 
curve ABCDEF of Fig. 11.8 (cf. Fig. 11.1). If the is 
emission of the tube is reduced by 50 per cent, the response curve changes to ABGHEF. 
With a new tube, unity gain occurs at point C or with an input amplitude of about 
12 volts. With an old tube this point has pS to H. te signals less than 16 volts in 
amplitude will tend to die out in a chain of such circuits. . 
the coat of Fig. 11.7 can be made more like the ideal (Fig. 11.1) by an a 
drive” technique illustrated in Fig. 11.9, in which the network & and FR’ has vo 
chosen so as to raise the level of the input signal by about 5 volts. The condenser ( 
helps the high-frequency response: 


np 
o 


Amplitude of output signal, O- 
a 
5. 
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For d-c applications, and this is particularly true of the 5687, it may not be possible 
to maintain the grid at near zero bias for substantial periods of time. In this case the 


-l6v 


Fia, 11.9. Overdriven amplifier. 


+6v 


R, 
Output 


(drives up to 15 inputs) 
Re 


Input 


-l6v 
Fia. 11.11. An inverter-driver circuit. 


overdrive technique is not practical. All the above discussion is valid for pulse sig- 
nals, but for d-c signals the range of operation would have to be shifted. ‘This shift 
in range may be accomplished by networks in the 
grid circuit or by putting current-limiting resis- 
tors in the cathode circuit. 

For another approach to the problem of restor- 
ation of d-c levels see the section on Schmidt 
trigger circuits. 

11.4.1. A Transistor Buffer Inverter. A typi- 
cal transistor inverter circuit is shown in Fig. 
11.10. The load resistor R (2.7 kilohms) may 
not be present but may represent the output load. 
The transistor characteristics and the load line 
for the circuit shown may be as illustrated in Fig. 
11.12. Assume that the input swings from 0 to 
—2.5 volts and that the current to the base of 
the transistor can be neglected (on the order of 
0.05 ma), then the base of the transistor changes 
from about 1 volt to —2 volts. At plus 1 volt 
mo transistor is cut off and the output is at —6 
Fie. 11.12. Col vo. Volts. With the base at —2 the transistor con- 
ene gered. Gobegto: serraph-yolt ducts and the output rises to about —0.1 volt, 
, Even with an input of —0.2 volt the base will 
be 0.9 volt and the transistor will be safely cut off. The reverse bias of 0.9 volt on 
the base allows operation at junction temperatures above room temperature, 
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The condenser on the input network momentarily overdrives the transistor and 
improves the rise time of the output signal. This condenser should not be too large 
or the transistor will be driven into saturation and recovery will be slower. 

A circuit such as that of Fig. 11.10 may be designed to drive as many as five other 
circuits of the same type. This means that the load on the collector may vary, 
depending upon the number of circuits driven. The lower level of the collector volt- 
age may be fixed by adding a clamp diode to the appropriate potential. This improves 
the fall time of the circuit. 


Fig. 11.13. 200-ma driver. (Courtesy of University of Illinois.) 


If it is desired to drive more than five circuits the arrangement shown in Fig. 11.11 
may be used. This can be designed so as to drive as many as 15 similar circuits. 

High-current drivers may be designed by paralleling the output transistors. Figure 
11.13 shows a 200-ma driver which will drive a load of 100 mmfd with rise and fall 


times of less than 20 mysec (20 X 107° sec). 
11.5. RELAY DRIVERS 


Relay drivers are commercially available which drive 400-ma relays with an input 


signal of 50 pa. 

The unit uses 4 ma at +12 volts and 20-30 ma at —12 volts, and depending upon 
the relay capabilities, can operate at 1 ke. Note that the output transistor must be 
protected against reverse surges by placing a clamping diode across the relay. 


11.6. SIGNAL-MODIFYING CIRCUITS 


Signal-modifying circuits accept a signal of one shape and put out a signal of a dif- 
foront shape, Amplifiers will not.be considered here, although they may satisfy the 
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pooh prvengtnet n= na signal-modifying circuits play no role in the logic of the 
c ay be an exception). Such circuit i 
the difference between the in i a atheey Hetiman tine sph 
¢ put and the output signals of gati ifyi i 
cuits. For example, d-c levels must be r imi eobarocseantiea 
y estored, timing m 

ino in terms of levels or timing (or both) must be "cob eg ‘alan 6 e a 
bi ima Clipping Circuits. In vacuum-tube circuitry it is necessary to prevent 
. — bai ein sapien in the circuitry from being amplified to the point where 

allunctioning of the equipment. Since in most ircuits si 
are at two levels, high and low, it is onl Die deuce ace sone 
y necessary to consider noise at th 
At the low levels vacuum tubes are o i npc d alee 
I perating below cutoff where the gain i 
Thus, in most vacuum-tube circui i Reathls eaupirvc iueaial 
; - cultry, noise on low-level signals cause i 
: snod 

sy be oh MA tubes are operating at zero bias and their gain is a Sac 

Be nev mga aggre become very important. With grids slightly above cathode 
potentials the effect of grid current (and the consequent lower impedance of the grid 


Fie, 11.14. Clipping circuits, Fie. 11.15. Attenuation 


aid ne = to limit noise. If this is not enough, then a circuit such as that of 
Fn M mee ad sees The bleeder resistors R, and R, establish a potential D at 
‘ enote the backward resistance of the crystal X (this may be 1 M) 

, 


and let XF denote the forward resist i 
eg tua <e . (100 ohms, say). If Eg is the potential at 


Eg = : 
g Rs B Dior D>0 
and Waa, es Rs 
g =S ——___ . 
Ra + XP Dfor D <0 


if oe ae then Eg = D/100 for D > 0, and Ey = 0.99D for D =O: 
Pe ret . mace In digital computer circuitry it is usually unnecessary to 
paren a als just to reduce their size, However, in vacuum-tube circuitry it is 
pig Ainaeyah thet od Saeed d-c level. The most economical way to do this is 

(“ ider, an e signal is attenuated wheth ikes i 

Tt somaeuacdieatn fh ated whether one likes it or not. 
eid tle : - a “pies S necessary to d-c-couple the anodes back to the opposite 
aity Pep produces such a change in d-c level is illustrated in Fig. 11.15. Usu- 
pei Penne eau, of no consequence. The d-c response must be correct 

] ‘ igh-Irequency response. If A and Bd i 
the respective points, then th is gi B. R/(, eo Te 

J i e d-c level at Bis given by B = A-Rs/(R R 
se ay ¢ I 
one on ere are sufficiently large the high-frequency eae O al Fe 
po a ty he. ae en least loss of signal occurs if R» is large and Cy 
- atively) requires that B— be al i id 
owed! ceeds ( ‘ive 4 e a large negative potential, 
practical limit to the potential B 

~ potential B— of a few hundred volt: 

priotitrie! pk tone ed EP cena +e altogether, the distributed capacity of ‘ae 
it. is chosen relatively | th i i 
able overshoot on the output si l in fs of 6 {ekperianen aaa 
; 2 dag ; 
with reed to cae put Taree g Usually this is of no importance except 
6.3. ging Circuits.. Sometimes it is desi i 

Pr iss S ] esired to generate a string of pulses 
a square wave. This can be done with a ringing circuit such as that chown i 
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lig. 11.16. The output here is actually a sine wave, but if it is sent to a tube biased 
below cutoff the output will be a train of pulses. Tube 7’, and the associated induct- 
anee are an oscillator. The tube 7’, switches the oscillator on and off. When the 
potential at A falls, the oscillator begins to oscillate, and when A rises again the current 
in tube 7, damps out the oscillations. 
The variable resistor R provides gain con- 
(rol in the oscillator circuit. 

11.6.4. Pulse-train Generator. Figure 
11.17 shows another way of generating a 
train of pulses. If a positive pulse is 
applied to point A this pulse passes down 
the delay lines Lo, Lz, Ls, and Ly. The 
pulse appears at the crystals at different 
times and there is an output at B for each 
one of these. The resistance Re is the 
characteristic resistance of the delay line 
(o prevent reflections. The real design 
problem is to prevent reflections at the 
points where the crystals are connected to the delay lines. 

Since there is attenuation in the delay lines, the signal at X, will be larger than that 
at X; Gn a total of 8 usec of delay this attenuation may be 2:1). Therefore, it is 
necessary that the large signal at X; does not see the low forward impedance of the 
wrid when the grid is driven positive with respect to the cathode, and the signal at X5 
inust still be large enough to drive the grid up to ground safely. 

Note that the spacing between the pulses can vary here, whereas in the ringing cir- 
wuit given above it had to be constant. Another important difference is that the 
delay-line circuit does not depend upon any continuous parameters, and there is rela~ 
lively little restriction on the input signal. In the case of the ringing circuit the input 


pg ng tg 


—15v 
Fig. 11.17. Pulse-train generator. 


Frag. 11.16. Ringing circuit. 


or R, 
o-15v 


signal must be of precise length, and at higher frequencies where the capacity in the 
oscillator-tank circuit is comparable to the circuit and tube capacities, the frequency 
may change when tubes are changed. Thus, for many applications in digital com- 
puters the delay-line circuit is to be preferred. 

11.6.5. Delay Circuits. Circuits such as those shown in Figs. 11.18 and 11.19 can 
he used to delay pulses a fixed amount. In Fig. 11.18 a pulse at A causes the anode 
cireuit to ring. The damping resistor R: must be of such size that the first positive 
«wing will operate the following circuit but the second positive swing willnot. Clearly 
it is very difficult to design such a circuit so that it will operate with a tube-emission 
change of 50 per cent. Thus, the circuit of Fig 11.19 is to be preferred. A positive 
pulse at A causes a negative pulse # to enter the delay line. This is reflected from 
the shorted end of the delay line and appears at C as a positive pulse F’ at a time (units 
lator, With a 2:1 attenuation between signals 2 and F, delays of 8 to 10 psec are easy 


to attain in this way, 


Bs 


Fig. 11.18. Delay circuit I. Fre. 11.19, Delay circuit II 


+150v 


0 
—25 ' Input 
0 
-— Sync 
0 
— Clamp 
0 
-25 4 Output 


(8) 
Fig. 11.20. (a) Delay circuit III. (b) Signals for delay circuit III. 


Pit sone such as that described in Art. 11.6.4 can be used to obtain two over- 

ie tees at F and consequently to broaden the output pulse. 
pe an we pee! Le riea with the delay circuit of Fig. 11.18 was at Cambridge 
e AC "project in 1947. More recently, a version of this circuit, 


shown in Fig. 11.20a, has been used i i 
s . 11.20a, in th h 
input and output signals are shown in Fig, 11,208. HT ee 


= 
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11.6.6. Schmidt Triggers. In connecting electronic equipment with mechanical 
equipment it is often necessary to use long time constants in the circuits to eliminate 
the effects of contact bounce or chatter. On the other hand, steep signal fronts may 
he needed to operate pulse circuitry properly. The Schmidt trigger serves such & pur- 
pose. If aslowly rising signal is applied to point A in Fig. 11.21a nothing happens to 
outputs B and C until a certain potential is reached. At this point tube 7’; begins to 
conduct, and the positive feedback in the flip-flop-type circuit causes tube 7’; to be cut 


—25v —25v 


-Ay, 


Out 2 


+25v +25v +25v +25v 4+25v +25v 


Diodes: D1->Q5-250 
D2+> Q10-600 
Resistors: Tolerance, + 3% 
¥, watt unless otherwise 
specified 
Power supplies: Tolerance, +3% 
on voltages 
ia. 11.21. (a) Schmidt trigger. (0) Transistor Schmidt trigger. (Courtesy of University 
of Illinois.) / 


Transistors: GF-45011; 0.93 ag, 1.0 
Operation time: 11 to 12 mysec, average 


(b) 


off, As the potential at A lowers there is again a point (not necessarily the same) at 
which the flipping action takes place. Thus the output levels of B and C are deter- 
mined by the d-c level at A, and any transition takes place at rates independent of the 
input signal (the transition depends only upon the frequency response of the feedback 
loop). Note that B and C are complementary in nature, that is, if B is high C is low, 
and vice versa. 

Figure 11.21b shows a high-speed transistor Schmidt trigger. The circuit provides 
complementary outputs and introduces a delay of only 11 to 12 millimicroseconds, 

11.6.7. Pulse-broadening Circuits. One-shot multivibrators (ig. 11.22a and b) may 
he used to transform a pulse into'a gate signal, The length of the resulting signal 
depends only upon the internal time constants of the circuit and may range from a 
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few microseconds up to seconds. Since the d i 
On ; elay time depends upon the internal ti 
constants this is not a good way to get precise delays. Delays of short yee 
microseconds) can be obtained with the circuit of Fig. 11.22b. ay 
Fae Lapin fy - the aye multivibrator is as follows. The normal state is with 
1 conducting, since the resistor R, returns the grid i 
1. grid to ground. A y 
pa vil A turns this tube off, and the positive feedback causes a flip-flop fh rires:. 
bs: e oh of 7, even more negative. The condenser C2 (and C,) recharges with 
ier ee ants, depending upon Fy and Rs, and the moment that 7’, begins to con- 
uct the circuit flips back to its initial state. Thus the length of the signal depend 
upon the condensers C; and C2 and upon the resistors R; and R;. ae 


Input 


(negative pulses) 
4 


(6) 


Fig. 11.22. (a) One-shot multivibrator. (b) Transistor one-shot multivibrator. 


Figure 11.226 shows an exam i 
2 v ple of a transistor one-shot multivibrator. A negative 
pues . ie pt will cut off transistor 72. The rise in potential at the oplingten will 
pi pest ‘ had — Shs cs Nee ea eo in this state until the circuits recharge, 
t wh h » Wi p” back. e unbalance required to make a one-shot 
sagt may “sy inserted into the basic multivibrator circuit in many ways (resistor R,), 
ge ridentoane nie rik oe a more precise delay (pulse width), and operates in 
sofam i i 

ip an ees hap par “Sb A ty to several microseconds (depending upon 
2 sexSe yt the tube of Fig. 11.23a is conducting. A negative pulse at A, via diode 
A . oe 3 negatively and cuts the tube off. This negative pulse passes down the 
ee dine ‘ is reflected, and appears at C sometime later as a positive pulse. ‘This 

P Spo pu se causes diode X2 to conduct and charge the condenser C; positively 
3 we eane are shown in Fig. 11.236 for a delay line of length ¢/2. 
ote that the forward currents through the two diodes must be able to charge or 
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discharge condenser C3, whereas the back currents must change its charge very little. 
In practice vacuum diodes work best, and then it may be necessary to add a very large 
resistor from the grid of the triode to ground so that it will remain in the conductive 
state in the absence of input pulses. 

11.6.8. Pulse-generating Circuits. The circuits discussed in Art. 11.6.7 transform 
pulses into gate signals (i.e., a pulse of much longer duration). This article considers 
circuits which accomplish the complementary function, which is that the circuits trans- 
form gate signals (long pulses) into pulses (short pulses). 

When current flows in the tube of Fig. 11.24, the low forward resistance of the 
diode X prevents any oscillation. Whenever the potential at A goes negative (suffi- 
ciently fast), the tuned circuit consisting of L and the associated capacity begins to 


Fia. 11.23. Pulse-broadening circuit. 


+V 


L x | | 


erage ny 
Fig. 11.24. End-pulse circuit. 


ring. However, on the second half of the first cycle as the potential at B falls below 
the power supply voltage V the low forward resistance of X quickly damps out the 
oscillation. Thus, the output is one-half cycle of a sine wave at the resonant frequency 
of the anode circuit. When A swings positive there is almost no output signal due to 
the low forward resistance of the diode X. 

Note that the input signal at A must fall fast enough or the tube acts as a dampening 
resistance to the tuned circuit. Such a circuit is operating at zero bias and is extremely 
sensitive to noise, so it may be necessary to include the network of Fig. 11.14 in the 


wrid circuit. 
11.7. AMPLIFIERS* 


11.7.1. Introduction. In an amplifier, energy obtained from a local source is 
directed to a load under the control of an input signal. In most cases input variations 
will be supposed to cause simultaneous variations at the load, but a certain amount of 
delay between input and output may be present. This delay may be either an essen- 
‘ial characteristic of the amplifier mechanism, it may be intentionally introduced by 


* Ty Bram J. Loopatra, 
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the choice of circuit parameters, or it may be just an undesirable effect that should be 
minimized in order to obtain best results. 


The purpose of electronic amplifiers will usuall 
voltage, current, or power at the output with respect to the input. 
source is often called an “active” element 
assumed that it is realized by m 
active elements, such as transistors, will be considered elsewhere. 

It should be noted that the definition of an amplifier given here means that to be an 
amplifier the device must be able in principle to give power amplification (though this 
may not always be actually obtained). Passive elements such as transformers can 
give voltage or current amplification but no power gain, and are therefore not ampli- 
fiers in the strict sense. 

The output impedance of an amplifier may be made to have almost any desired 
value independent of the impedance of the input. This gives rise to an extensive use 
of some types of amplifiers as impedance-matching elements. In many cases where 
pulse-type input signals must be handled, the purpose of the amplifier may be to 
amplify only one range of frequencies contained in the input signal so as to modify its 
shape; this kind of shaping amplifier will be treated in the next article. The most 
important characteristics of an amplifier are its (complex) gain (voltage, current, or 
power) and the range of frequencies over which substantially constant gain may be 
expected (the bandwidth). Bandwidth can be defined as the range of frequency 
between the two points on the frequency scale where the gain is some predetermined 
fraction of the gain in the middle of this range. This definition holds if a lower and 


upper limit are really present ; in the case of d-c amplifiers the lower limit is always 
zero frequency. 


Amplifiers can be classified accor 
quency scale. 

1. Direct-coupled amplifiers. Passband from direct curr 
may be anywhere between 5 ke and 5 me, 

2. Audio amplifiers. The frequency ranges from 20 cycles to 20 ke or less. 


3. Video amplifiers. Wide-band amplifiers with a frequency range from below 
100 ke to 5-20 me. 


4, Tuned amplifiers. 
a. Narrow band 
b. Wide band (bandpass amplifiers) 
The terms wide and narrow with respect to fre 
than an absolute meaning. If f,d 


ding to the position of their passband on the fre- 


ent to an upper limit that 


quency bands have a relative rather 
enotes the center frequency of the band and fi; and 


1. D-c coupled amplifier, 
2. Audio amplifier. 

3. Video amplifier, 

4. Narrow-band amplifier. 
5. Band-pass amplifier, 


Amplification 


Logarithmic frequency scale 
Fra, 11.25. Some typical examples of frequency-response curves. 


fu the lower and upper frequency limits respectively, then if (f. — fi)/ ‘fm “K 1 the band 
is called narrow. Thus an amplifier with a range from 1-50 ke is a wide-band amjli- 
fier; whereas with a range from 1,001-1,050 ke a narrow-band amplifier is obtained, 
though the bandwidth is the same in both cases. Figure 11.25 gives an impression of 
the form of the frequency characteristics in the different cases. 

A second classification of amplifiers can be given according to the purpose for which 
they are used. Thus, there are voltage, current, power, and shaping amplifiers. In 
an amplifier consisting of several stages the function of different stages may not be the 
same; the arrangement where several stages of voltage amplification are followed by 
& power-amplifying stage is a typical example, 5 : 


. 
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\'inally, a classification can be given based on the adjustment of the tubes in the 
? 
ey cine A amplifiers. Here the grid bias and the near ie re be aati. 
t will never be zero during the electrical cycle. 
linve been so chosen that the anode curren ¢ fee: . 
during a small part of the cycle. 
2. Class AB. The anode current is zero c ; 
3. id bias i toff value. In the absence o 
3. C B. The grid bias is about equal to the cu \ l ie 
. pesos - the ee current is fk RI xis If a signal voltage is applied 
jurre ill flow during the positive half of the cycle. 
rn ree = ov The arid bias is substantially larger than the cutoff value. : ee 
flows dusians part of the positive half of the cycle if the amplitude of the input sign 
° i ‘i 2 e: . . . 
ee 2 is sometimes added to the letters ret ae , to Praitracbe be = 
ere. gri during any part of the cycle (suffix 1), fro se 
where grid current does not flow c aa anianeetc csics CE 
re gri rrent does flow because the input amplitu v : 
ee to the cathode during part of the cycle (suffix 2). ae pr as 
sification applies to amplifiers handling input signals that gta pent 
sinusoidal) character. It is little wn pea sen ey meee ne ” — 
Kefore discussing the properties of ampli ers 0 f nds, ie 
i i f signal which they may be c¢ 
4 account of the different categories 0 ‘ 

. ee pines as the amplifier specification = * pani miele he ba a 
i i ignal is useful only to the exten : 
features of the input signals. A signa ] ‘ t tie faa 

i i ting the ‘‘message’’ mus \ 
ination; the elements of the signal represen ts of the lene 
i d to handle it, whereas other fea, ures e sig) 
REE pee mt i i A signal can contain information in many 
hw allowed to get lost or suffer distortion. sig eee 
i i d-c signal and to consider nplituc 
ways. The simplest method is to use a + are 
tative of the message. an a-c c 
yvollage or current to be represen . Soe) to dake up the safer 
A use litude, phase, and frequency can e varie f 
gine can be aad and the information given in the form of pulse width, pulse 
ae of ‘tee types of signals mentioned here is rage eens a pee a 
; i »y) the process is called modulation, ; 
(mually of a much higher frequency) titids ba voltage’ frequeaa 
signal is the carrier. In the case where such quantities : A ‘ 
eet or are continuously variable, the information is eortes RMN Re 
other hand these quantities have only a py ning hai 8 values 
salues + usually of interest) it is a coded or digi e ; 
. Can heh ee Fareed one can distinguish the following types of signals 
|, Pure sine waves and other periodic signals 
2. Modulated sine waves 
4. D-C signals a senate 
. Pulse signals (of a nonperiodic ck ‘ . A : z 
The aitoeees between the categories 3 and 4 is sr series pene oe te 
applications. Type 3 signals can have two values, both of which ¢ 
indefinite period of time. This means 
that they cannot be handled by amplifiers J l J L a 
where the d-e level will go back to some 
no-signal value after a sufficient lapse of 
(ime; this is the case in all a-c-coupled j l J l | l | l | l 
amplifiers. In type 4 signals the signal can Pulse signal 
also have two levels, but only one of these 
van last for a long time. Therefore, if some 
precautions are taken, these signals can be 
liandled by a-c-coupled a aang eee ‘a 
.26 shows some examples illustrating these cases. ‘ hr: 
A 11.7.2. Distortion. In a perfect amplifier the output signal would be exactly poser 
(o the input signal, the only difference being a different amplitude of Merbonc a te 
or both, In actual amplifiers this relation does not hold, and this p i nt 
gonerally called distortion, Its effects may be objectionable or not, as , Nyt! 
he, Any waveform applied to:the input can be resolved, by means of 


Fic. 11.26. Examples illustrating the 
difference between d-c and pulse-type 
signals, 
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analysis, into a finite or infinite number of purely sinusoidal components with proper 
relative amplitudes. It will be clear, therefore, that undistorted output can be 
expected only if 

1. All frequencies present in the input signal are also present in the output signal 
with the same relative amplitude 

2. The output contains no frequencies not present in the input signal 

3. The phase shift is either zero, or 180 deg, or proportional to frequency 

The different kinds of distortion resulting from the fact that none of these conditions 
is satisfied in an actual computer are the following: 

1. Nonlinear distortion, also called amplitude distortion. This is caused by the 
curvature of the dynamic tube characteristics. Asa result condition 2 is not satisfied, 
and harmonic and intermodulation frequencies will 
be present in the output. Extreme cases of non- 
linear distortion result when the amplitude of the 
input signal is such that the normal (approximately 
linear) part of the transfer characteristic is exceeded. 
Figure 11.27 gives an example of this situation. 

2. Frequency distortion is caused by the variation 
of gain with frequency beyond the limits of the 
passband. It is the result of the frequency depend- 
ence of tubes (interelectrode capacitances, lead 
inductances) and associated circuitry (bypass and 
coupling condensers, wiring capacitance). The rela- 
tive frequency amplitudes in the output will differ 
from those at the input and condition 1 is violated. 

3. Phase distortion has the same causes as fre= 
quency distortion and results in a phase shift that is 
not in accordance with condition 3. 

Frequency and phase distortion will often be 
negligible for those frequencies which lie in the pass- 
band of the amplifier. 

11.7.3. Noise. A fundamental limit to the amount 
of amplification that can be used in an amplifier is 
set by the presence of noise. Noise consists of ran= 
dom voltage and current variations with frequency 

eg (0) components extending over a wide range of fre- 

quencies. They originate both in the signal source 

Fig. 11.27. Nonlinear distortion, #24 in the tubes and components of the amplifier, 

Any input signals smaller than the input-noise volt- 

ages cannot be successfully amplified. Signals whose amplitude is somewhat in 

excess of the noise can be amplified and detected in the output with a certain proba- 

bility of error. In systems having no redundancy in their coding and using no error- 

correcting or error-detecting codes, they are still useless, since uncertainty about the 

information, even if very small, cannot be tolerated. The signals used in computer 

applications will usually satisfy the condition that they be much larger than the noise 

present so that they can be amplified with negligible risk of being masked by noise 
signals in the output. 


Thermal agitation noise is the result of the motion of free electrons in a conductor, 
Its magnitude can be expressed as 


E? = 4kTRf (11.8) 


where E = effective value of noise voltage 
k = Boltzmann’s constant = 1.374 X 10723 joule/°K 
R = resistive component of the impedance across which the noise is measured 
f = the frequency range considered 
In some resistors the noise level is found to be much higher than it should be according 
to Eq. (11.8). This is especially true for solid-carbon resistors, and the reason is that 


. 
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(hese have a granular character; the variation in contact resistance between the parti- 
wles gives rise to noise in excess of the thermal agitation noise. This type of resistor 
should therefore not be used in the signal Rese low-level amplifier stages. Wire- 
istors are probably best for these applications. ; 

ape oe ice eee varieties. The best known of these is shot noise caused 
hy small variations in the emission of the cathode which give rise to anode-current 
variations. Another important noise effect in multielectrode tubes is partition noise. 
\{ the cathode current of a pentode could be held absolutely constant the fraction 
yoing to the screen would still show small variations, and noise would appear in the out- 
put. In triodes this effect is absent. ‘ : oF 

The phenomena called static and atmospherics are sometimes also considere en 
hoise sources. They cause troubles only if the amplifier is designed to receive signals 
(nansmitted through space. In other applications good shielding is a means of elimi- 
nuting these spurious disturbances originating from thunderstorms, etc. ; 

A cause of trouble that is somewhat related to noise is interference of different kinds, 
such as hum, microphonic effect, and pickup from other signal leads. In these me 
ihe disturbances have not a random but a well-defined character and can be reduce 
io sufficiently safe values, or even completely eliminated by proper effort. Hum is 
the result of the introduction into the circuit of an amplifier of power-line frequency 
voltages, or currents by tube heaters, insufficiently filtered power mon ot — 
Magnetic and electrostatic fields from power transformers. If the amp ifier a no 
discriminate against low frequencies even small amounts of hum in bears arate 
will be very troublesome, since the hum voltage will be amplified as well as the signa 
voltage. If low-frequency response is not needed, it is therefore advisable to attenu- 
to these frequencies as much as possible. Reduction of low-frequency a 8 is 
also a very good method to deal with microphonic effects. This effect results from 
ihe variations of the characteristics in tubes and components under the influence 
of mechanical vibrations and shocks. The frequency components of the es 
siwnals usually lie in the low-frequency range, and if this is outside the onspie 0 
ihe amplifier little trouble will be experienced. In other cases ee 
(he only remedy. Pickup of signals from insufficiently shielded leads in the vicinity 
of an amplifier can only be avoided by removing 
the leads to a safe distance or by better shielding. — 
interference of this kind often occurs when ground 
sonnections are not made the right way and coup- 
ling between circuits via the ground (chassis) is 
introduced. ; 

11.7.4. Feedback. Both distortion and noise fye, 11.28. Block diagram of a 
ean be partly eliminated, at the cost of gain, by feedback amplifier. 

(the use of negative or inverse feedback. In a : one 
nogative-feedback amplifier, part of the output is fed back to the input so that it sub- 
iracts from the input signal; Fig. 11.28 shows the block diagram for this arrangement. 

If A is the gain of the amplifier without feedback and B the gain of the feedback loop, 

{1 is called the feedback factor. The gain with feedback is 


Output 


Aree! (11.9) 
Mir 4-2 AB 


Normally the feedback factor is much larger than unity and G; = 1/s. This means 
that the gain is now only dependent on the characteristics of the feedback weer 
which will probably consist only of passive elements. The sensitivity of the ampli- 
fier to changes in the A circuit is reduced by a factor 1/(1 — AB). cece 
Nquation (11.9) also means that the gain will be independent, of the load, if the loa 
iw not part of the 6 circuit. Frequency and phase distortion are both dependent on 
‘ube characteristics and load impedance, and the use of negative feedback will give 
\nmprovement in this respect. Furthermore, it can be shown that nonlinear eo 
iw reduced by the factor 1/(1 = 48), compared with an amplifier of the same gain with- 
out feedback, ; : 
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ype the feedback improves the signal-to-noise ratio by a 
, that no improvement can be obtained in 
the signal-to-noise ratio due to noise at the 
input of the amplifier, Feedback is useful, 
therefore, to reduce the effects of badly 
filtered power supplies, but does not help 
very much against the thermal agitation 
and tube-noise effects in low-level amplifier 
stages. 


Fig. 11.29, Feedback amplifier with 
noise source, 


The difficulties of small-signal amplification arise from the fact that in such an 
amplifier there are no means of distinguishing between the desired signal and the slow 
variations in tube and circuit characteristics and supply voltages, usually called 
“drift,” which also causes changes in the d-c levels in the circuit. For this reason 
some kind of zero adjustment will be necessary in this kind of amplifier. 

Another problem is connected with the difference between d-c plate and grid poten- 
tials; in most cases the use of batteries to overcome this situation is not attractive, and 
voltage dividers, with their inherent loss in gain, have to be used. 


+E pp LE, 
R, ie 


ot 


Ey 


Ry, 


Fie. 11.30. D-C-coupled triode amplifier, Fi@. 11.31, D-C-coupled triode amplifier 


with a cathode resistor, 


Referring to Fig. 11.30, there are the following formulas for the plate current and 
the output voltage: 


i, = Epp +E, 
"tp + Rp 
ea (Feels ile 
o = (—te eh hg 
Li ¥5/ iy 


where is the amplification factor and ry the plate resistance of the tube. The voltage 
gain is 


Therefore, voltage gain > wif Ry > ry. 

In using these formulas it should not be forgotten, however, that r, is approximately 
inversely proportional to plate current for small values of 7, and that » decreases with 
reduction of 7,. Beyond a certain limit the amplification can therefore not be increased 


by using a higher value of Ry. To obtain more gain in that case, a higher value of Epp 
should be used. + : ; 


i ig. 11.31. ; 
ee eee is therefore reduced. The corresponding formulas are 
Hoc 
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i i i into the circuit of Fig. 11.30 gives the arrange- 
The ae erpieordee = 2 pepe cathode resistor is to introduce negative 


“" (Epp + vEs) 
itp + Rp + we + DRal 
if + (a+ 1)Rx] Epp/Rp =: Ey 


RS Ray oe Teil B, 
—n 
—* Tp + (wu + 1)Re 
hia ae a 
P 


‘he t impedance (plate) is 
(he output imp a oan. 
Pp 


~ Re tte t+tt+DR ” 


If is large and pRi > rp + Rp, the formula for gain reduces to 
wis 


u e g' g' g 
his ill strates the fact that a lar e amount of negative feedback can make the ain 


stic i t of tube characteristics. baths dist 
a io tee is used instead of a triode and fixed screen ese Keine’ © 
ra mait of Fig. 11.32 is obtained. Since the » of are yf aA y vie ete 
“ Sa tite it is better to use the transconductance gm in the fo , 
I t fi > 


now found to be 


Gis —gmkp 
1+ R,/rp 
m is roughly pro- 
», in a pentode is normally very large, so G@ = —gnlp. In general, gm i g 


wortio al O tp Or 8 pc toff nto S th ain 18 therefore propor tional to the 
n t f har UL pe de > and he £ 
por ‘Pp 


voltage drop across the anode load register Rp. 
¢ + Ep 


Q + Epp 


nd amplifier 
-C-cou entode am lifier Fic. .33. D-C coupled entode 
Via, 11,82, D. pled p Dp. . : il ‘ Ae 


ircui i i ined. The 

ircuit of Fig. 11.33 is obtained. “ 
ee that the cathode current divides 
y constant ratio a = ig2/tp and that 
Then the gain can be written as 


When a screen-grid paren ee 

‘ . . . . s 

lysis of this circuit is based on the a [ 

Cobereadl screen grid and anode in the Sara eg. 
loth dy: and zp are independent of plate voltage. 


—R7Gm 


G = TF aknti,/ole 
i i i It problem 
Coupling between successive stages. a Bigeye nee ae] passe. Doki ei 
» anode of one stage © ! “ag 2 ne 
eee rr eh seme ‘a number of voltage-supply levels is present, the 
tinuially ¥ 
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arrangement of Fig. 11.34 can sometimes be used. If only one supply voltage is avail- 
able the second stage can be provided with a rather large cathode resistor; this will 
reduce the gain but will give a much more stable arrangement. This method of cou- 
pling should always be used, if circumstances permit, in the first stages of a low-level 
amplifier. At higher levels the drift introduced by coupling elements is less serious. 

The best way of coupling (in theory) would be to use batteries (Fig. 11.35). How- 
ever, these would have to be floating, with resulting high cost and bulk. Also, poor 
high-frequency response may be expected, since the ground capacitance of this cou- 
pling element is high. This method, therefore, is not much used. 


am by, 


Fig. 11.34. Coupling of two d-c amplifier Fie. 11.35. D-C coupling between stages 
stages if a separate cathode supply voltage is _ using batteries. 
available. 


© E,0 
a 
Fig. 11.36. D-C coupling between stages ia. 11.37. Balanced arrangement used to 

using resistors. eliminate power-supply variations. 


A common method of coupling employs a voltage divider between the anode and 
the grid of the next stage (Fig. 11.36). This will always cause a loss of gain, but in’ 
cases where a negative supply voltage is available, it can be kept to a value below 
3-6 db. 

The zero drift in d-c-coupled amplifiers is mainly caused by three factors: tube aging, 
heater-voltage variations, and power-supply variations. The use of similar tubes that 
show the same variations as the amplifying tubes and can give a canceling effect is the 
best way of obtaining improvements. 

Elimination of power-supply variations can be done by using some kind of diffeten- 
tial arrangement, such as the one shown in Fig. 11.37. If absolutely identical tubes 
and heater voltages are assumed and the input signal is applied to the tubes in opposite 
polarity, the output between the two anodes will be independent of power-supply vari« 
ations, since these have the same polarity on both sides. Negative resistive feedback 
can be very useful to obtain high linearity and good stability of gain, but it is of rela« 
tively little use in overcoming zero-drift troubles. 

The effects of shunt capacitances in the circuits discussed have not been considered 
because this type of amplifier is not usually expected to handle high frequencies. ‘The 


* 


— 
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wy high reactance of the shunt capacitance may, therefore, be assumed to have negli- 
ae on the operation of the amplifier. D-C-coupled low-level amplifiers 
ure relatively infrequently used in computer applications. They are found in vacuum- 
(ube voltmeters, regulator equipment, servo amplifiers, etc. : : 

lligh-level d-c amplifiers, on the other hand, are widely used in computers. hey 
are necessary for the manipulation of d-c signals, which cannot be handled by “eaeea 
pled amplifiers. The formulas for the low-level case still apply in principle ei 4 he 
\nput signals of the amplifier have values in the order of 1-10 volts or more, but in 
inost cases the tube characteristics (rp, gm, m) Occurring In them can no longer be 
iyoated as constants. They are, therefore, of relatively little use in determining the 
exact behavior of the circuit under these conditions, and normal practice is to refer to 
ihe manufacturer’s data and curves to obtain the desired information. — ne 

Voltage-divider coupling between stages is generally used, as the loss in gain is not 
serious in most cases. Nevertheless, the use of 1 or 2 per cent high-stability resistors 
in the divider networks may be advisable to keep margins as large as possible. The 
\youbles encountered as a result of drift in the low-level case are practically absent 
jwre. Tubes are very often either cut off or drawing a current that must satisfy bie 
vondition of being in excess of some specified value to obtain correct operation of the 
vireuit. On the other hand high-frequency response is often of great importance. 


oO +150v 


6 -150v 


fio, 11.38. D-C-coupled amplifier with Fic. 11.39. The use of a current source to 
spooding-up condenser for improved high- obtain a constant voltage drop. 
frequency response, 


l‘igure 11.38 shows how a capacitor across the upper resistor of the voltage divider 
van be used to compensate for the effect of the input capacitance of the next stage. 
('o obtain exact compensation, the reactances of the capacitors Ci and C2 should be in 
‘he same ratio as the values of the resistors Ri and R2. The effect of the anode capaci- 
(unee remains uncompensated; improvement can be obtained by using a peaking 
jnductance in series with Rp. This method is discussed in more detail in the section 
on RC-coupled amplifiers. ~ ; 
' | ' anak the loss in gain resulting from the use of a voltage divider would still 
lw objectionable, the upper resistor may be replaced by a neon glow tube hee i 
\ capacitor). Excessive noise introduced by the glow tube limits this possibility to 
the high-level case. , ye 
A note solution that gives the same result is shown in Fig. 11.39. Here the resistor 

i’, of Fig. 11.38 has been replaced by the triode SN which acts essentially as a cur- 
rent source, Maintaining a constant voltage across fi. whl ; Nay: 

tt is intereatian to hate that two such circuits as the one in Fig. 11.38 with mer 
wnd outputs cross-connected constitute the circuit of the well-known Hccles-Jordan 
\viqwer. For this reason this amplifier has been used in some large-scale computers a 
(he element from which all necessary amplifiers and memory circuits were constructec 
‘onthode-followers being used to give a low-impedance output). Figure 11.40 gives 
wactical example, of this type of circuit. ; , ; ; : 
The satheds follower (Fig. 11.41) is an amplifier with a relatively large resistor be 
‘he cathode lead and output taken from the cathode. Figure 11.41 also shows the 
shunt capacitances which influence the high frequency response of this amplifier, 
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Figure 11.42 shows the equivalent circuit on which the analysis can be based; 2 is 
the total load impedance, including the cathode resistor (if present). It is assumed 
that one side of the heater is grounded, so Cz and Cz; may be considered to be in 
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Fia. 11.40. Practical example of a high-level d-c-coupled amplifier. 


parallel. The gain at frequency f = w/2z is given by 


(pte (joC ox + u)zo 
jo(Cor + Con + Crx)rpe + rp + (un + 1m 


At sufficiently low frequencies this reduces to 


Ga 
Tp + (uw + 1)a 


Apparently G will always be smaller than unity. If 2 > rp, @— u/(u + 1). I 
practice, values > 0.9 are obtained with loads in the range from 500 ohms-10 kilohms 


Fig. 11.42. Equivalent circuit of a cathode 
follower. 


Fia. 11.41. Cathode-follower circuit showing 
interelectrode capacitances. 


The input capacitance is found to be C; = Cyp + (1 — G@)Cox, or in practical cases, 
C; = CH + OL cE 

If Czy is small (pentode tube), this means that very low values of input capacitance 
can be obtained. The output admittance consists of several terms: 

1. The admittance of 2 

2. The admittance of Cpr + Cre 

3. The admittance of C,; in series with Cj, in parallel with the internal impedance 
of the source 

4. The admittance of the tube 

The tube admittance can be found by calculating the current that flows as a result 0 
an alternating voltage V impressed on the output terminals Y = V + wXyx/rpVy 
which reduces to Y = 1 + p/rp as the gain is approximately unity. For large values 


i - 


q 
j F 4 —— 
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of » this may be further reduced to Y = g,,. If the other terms in the output admit- 
{unce can be neglected we have output impedance 
Zo = e 
Ym 


In practical cases this may be as low as a few hundred ohms. Because of its low input 
eapacitance and output impedance the cathode-follower amplifier is widely used for 
power amplification and impedance matching. Practically flat frequency response 
oun be obtained from direct current to about 1 mc. Because of the inherent negative 


+150v 


+10v +10v Input 
-l0v Ze 

Output 

: arcometes decay 

= to ground level 


Via, 11.48. Cathode follower with a large- 
amplitude input signal. 


Fig. 11.44. Input and output signals for the 
circuit of Fig, 11.43. 


feedback, stability and linearity are also excellent. It should be stressed, however, 
(hat these remarks apply only for low-level input signals at frequencies that are not 
foo high. 

If high-level signals are used as input to cathode followers some difficulties may 
vrivo; Fig. 11.48 gives an illustration of the situation. When the square wave is 
applied to the grid of the cathode follower, this will result in the tube being cut off 
‘luring the negative half of the cycle. Then the output impedance will of course be 
equal to Ry. Moreover, as a result of the presence of capacitance in the load circuit, 
(he tube will be cut off almost as soon as the input signal goes negative. If the change 
from the +10-volt to the —10-volt level is fast enough the cathode will not be able to 
fyllow, and the response will be an exponentially decreasing signal that tends to ground 


+150v 
Input 
+10v +10v | | | | | 
E Output ; 
R, x \ \ \ 
\ \ \ \ 
-50v SEO sc a Neiquensies ane 


Nia, 11.45. Cathode follower. with a large 
iemative cathode return voltage. 


Fia. 11.46. Input and output signals for the 
circuit of Fig. 11.45. 


potential with a time constant equal to R.C;, where C;, is the total shunt capacitance 
at the load. Figure 11.44 shows the input and output signals for this case. 

An improvement can be obtained when the circuit of Fig. 11.45 is used. The tube 
in no longer cut off during the negative part of the cycle, and the output impedance is 
‘uch better. Cutoff will still occur at the moment the input signal changes suddenly 
frour +10 to —10 volts; the exponential at the output has the same time constant as 
hofore but now goes to the asymptotic value of —50 volts. The —10-volt level will, 
(herefore, be reached relatively soon, since it is situated on a steep part of the exponen- 
(ial curve. Figure 11.46 gives an illustration of these facts. 

Vurther improvement can be obtained by reducing the load capacitance, which is 
normally impossible, or by reducing the resistive component of the load. This can be 


11-24 SINGLE-INPUT COMPONENT CIRCUITS 


accomplished by using a smaller value of Rx, resulting in higher values of tube current, 
and perhaps by the use of a more powerful tube. 

11.7.6. Cathode-coupled Amplifiers. The cathode of an amplifier tube can be 
used as the input electrode instead of the grid, and this may have some advantages. 
The fact that there is no phase reversal in the circuit is important in many cases. A 
disadvantage of this connection is the low value of input impedance 


(eS rp + Rp 
(eam | 
For this reason a cathode follower is very often used as an impedance-matching ele- 


ment, providing low input capacitance at the same time (cf. Fig. 11.47). If the tubes 
are identical (equal y’s and 7,’s) the expression for the gain (EZ, used as the input termi- 


nal, Ee fixed) is 
2r. Tp(tp + Rp) 
a fee p\Tp P 
. «/( 2, tRaees 


Sometimes the same circuit is used with EZ, as the input terminal and EF, fixed. The 
reason may be that a phase reversal is not objectionable, while the average d-c level 


0+ Epp 


Ee Ee 
Fie. 11.47. D-C-coupled amplifier with in- 


put at the cathode applied by means of a 
cathode follower. 


Fre. 11.48. Differential amplifier. 


of #2 is such that a higher value of cathode-supply voltage is needed than norma 
available. Also, the H; terminal may now be used to insert positive or negative feed 
back or to introduce a switching signal. 

A somewhat different arrangement is shown in Fig. 11.48. If identical tubes and 
anode resistors are assumed, it can be shown that in this differential amplifier the g, 
from one input (Z; for example) to the output between the two anodes (E,) is exactl 
the same as it would be for a single-triode amplifier without a cathode resistor. 
will be the same whether the input signal is applied at E, or inverted to E. or push-pu 
one-half to each grid. The only difference is that in the last case the outputs Zo 
F.2 will be exactly push-pull, whereas in the other cases they will differ by a facto: 
1 + [Rp + rp/(u + 1)Ril, which is usually very near unity. If push-pull driving 
not attractive, a nearly push-pull output will still be obtained if one of the grids is he 
fixed, and compensation for the small deviation can be obtained by using slightly dif 
ferent anode resistors. 

11.7.7. Regulator Amplifiers. An example of a regulator amplifier to be used 
stabilized power supplies is shown in Fig. 11.49. It is a d-c-coupled amplifier wi 
resistive feedback. Some reference voltage will be needed in this application, and t 
is provided by a neon glow tube 7'3._ It is used: to determine the voltage level of t 
cathode of 72. This tube amplifies the difference between its cathode potential 
the grid voltage resulting from the setting of potentiometer Ry. The anode is co 
nected to the grid of the tube 7), which controls the flow of current through the 
lator into the load. As can be seen from the diagram, the polarities are such that a 
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alteration in the amplitude of the output voltage Ey is opposed by the action of the 
sogulator; this means that the regulation is operative independent of the cause of the 
variation of the output. These causes may be either input-voltage variations caused 
hy variations in the a-c supply to the rectifier or load variations. 


Unstabilized input 
Stabilized output 


Fig. 11.49. Regulator amplifier. 


‘The factors controlling the stability of Z, are the stability of the voltage across 7's, 
(ho constancy of the grid voltage of 72 from the potentiometer formed by Ri, R, and 
ty (the use of high-stability resistors is indicated), and a high gain in the amplifier 
tube Zs. 7 should be a high-current-capacity tube with high gm and low Tp (triode 
sonnection for pentode tubes). If the total amount of load current desired is larger 
(un can be handled by one tube, several can be connected in parallel. For optimum 
viliciency in this case it may be necessary to 
operate them with a small amount of grid 0 +£ np 
surrent. It is then advisable to insert a 
vuthode follower between the anode of 7's 
wad the grid of 7; to give a low-impedance 
wurce for this grid current. Currents of 
‘he order of 2 amp or higher can easily be 
sontrolled by such an arrangement, and out- 
pul impedances of the order of a few ohms 
ran be obtained. The high-frequency re- 
sponse of the regulator is often not too good, 
aud a large condenser across the output 
forminals is therefore rather useful. 

11.7.8. RC-coupled Amplifiers. Audio 
\mplifiers. Figure 11.50 shows a diagram 
of « simple two-stage RC-coupled audio 
amplifier. The case where all bypassing fia. 11.50. Two-stage RC-coupled audio 
‘oathode and screen) is fully effective will be amplifier. 
oonsidered. 

igure 11.51 gives a simplified equivalent circuit (one stage) for the range of fre- 
‘juencies, called the midband range, where the coupling condensers can be considered 
«short circuits and the shunt capacitances as open circuits. As the equivalent circuit 
wow shows no frequency-dependent elements the gain in the midband range is practi- 
eully constant and is given by 


Gm = —gnRnr 
: bea a TpltpR, 
— "Th rely + rok, + BR, 
Tp Ry \ Ry 


that is the oquivalont of rp», Ry, and 7, all in parallel, 
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Figure 11.52 gives the equivalent circuit for frequencies above the midband range. 
C, is the total shunt capacitance and consists of the output capacitance of the tube, 
stray wiring capacitance of the interstage coupling network, and the effective input 


where Ri = Ry +1/(1/rp + 1/Rp), or the series combination of R, and the parallel 
sombination of R, and rp. 


gobo tg 
(: i cs) 


phase = a = arctan 


|G = Gm COs a 


Bale Em E, 


fia. 11,51. Midband equivalent circuit for Fig. 11,52. High-frequency equivalent cir- 
audio-amplifier stage. cuit. 


1 
wll Co 


Vivure 11.55 is the equivalent of Fig. 11.53 for low frequencies. 
Compensation. The most common method 

io improve the high- or low-frequency response 

yolutive to the midband response is to make 

{ie load impedance dependent on the frequency. 

If this impedance is higher at low (or high) fre- % R; 

jency than it is in the midband range, more 

yuin at low (or high) frequency will be obtained; 

Viv. 11.56 shows some possible arrangements. pryg. 14.54, Low-frequency equivalent 

In lig. 11.56 the coupling impedance will be circuit. 

\\wher at low frequencies, and the low-frequency 

fonponse is enhanced. In Fig. 11.56b a voltage-dividing action occurs for frequencies 

i) the midband range, and high-frequency response is improved. 


capacitance of the next stage. This last quantity is not C,» + Cx for the tube of the 
next stage, but as a result of the so-called Miller effect can be expressed as 


Ce = Cox + Cop(1 — G) 


where G is the gain of the next stage. 
A small value of C5, is, therefore, very important if a good high-frequency response 
is desired. (C,» in pentodes is much smaller than it is in triodes, and pentodes are thu 
invariably used in high-frequency applications. 
The gain is now found to be 
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Fig. 11.53. Generic curve of relative amplification and relative phase shift of an RC-coupled 
stage at high frequencies. 1 


itself shows a phase shift of 180 deg compared with the input.) Figure 11.53 shows & 
picture of the relative amplitude and phase shift at high frequencies. 
The equivalent circuit at low frequency is shown in Fig. 11.54. The gain is 


1 
"1 = Wye, 


(c) - 


Mia, 11,56, Some circuits for low. and high-frequency compensation, 


G = G 


11-28 SINGLE-INPUT COMPONENT CIRCUITS 


The best circuit for high-frequency compensation uses an inductance in series with 
R, and is shown in Fig. 11.56c. If the value of this inductance is so chosen that it 
resonates with the effective shunt capacitance C; at the frequency where serious loss of 
amplification would otherwise begin, a marked improvement can be obtained. Thi 
“‘peaking’”’ inductance method will be treated in some more detail in the section on 
video amplifiers. 

Table 11.1 gives a survey of the effect of circuit parameters on the low-, midband 
and high-frequency response. A zero in the table means no influence, a + sign an 
improvement and a — sign a deterioration of the characteristic in each column. 


Table 11.1. Effect of Circuit Parameters on Frequency Response* 


Increase | Low-frequency limit, | Mid-band | High-frequency limit, 
of midband gain midband 
Im 0 ot 0 
BL 0 + 0 
Tp a = ie 
Ce + 0 0 
Rp + + 7 
Ry ate a po 
Cs 0 0 & 


* From Reich, Theory and Applications of Electron Tubes.® 


It is seen from the table that the best way of obtaining good high-frequency respon 
(apart from compensation) is to reduce R, and R,. This will result in a decrease 0} 
amplification per stage, and more stages will be needed. By the use of pentodes, @, 
can be reduced as well. In calculating equipment this type of amplifier is often used 
for such purposes as magnetic tape or drum amplifiers. Low-frequency response if 
not very important in most cases and is often artificially reduced to minimize troub 
from hum and microphonic effects. 

Video Amplifiers. This type of amplifier is usually a pulse amplifier. For thi 
reason, the normal approach used in deriving the characteristics of audio amplifie! 
(amplitude and phase characteristics) is not so useful here, and the response to ste) 
functions of input voltage and rectangular pulses will be used for their analysis. 
most important property of a video amplifier for many purposes is its time-delay di 
tortion. If the input voltage is suddenly changed the output will show a response, 
indicated in Fig. 11.57. The time the output needs to go from the 10 to the 90 per cen 
point of its final value is called the rise time. The change in the output may be fo! 
lowed by a certain amount of overshoot that can be expressed in volts or as a percen 
age of the pulse amplitude. After the first overshoot the waveform sometimes sho 
some more negative and positive overshoots; these damped oscillations are called over 
shoot oscillations. Their existence depends on the character of the interstage couplin 
network; they may be absent altogether. 

In most applications the output pulse will be useful only when it has reached a cer 
tain amplitude. As a result of the finite rise time, this means that a useful output j 
obtained after a certain time delay. Asa pulse may pass many stages of video amp 
fication before being used, the total amount of time delay is a factor that must b 
incorporated in the design of logical switching circuits from the beginning. In map 
cases extra time delay is introduced into amplifiers to bring the total delay to som 
predetermined value, thereby simplifying the design problems arising when time dela 
are not exactly known. 

Another property that is important in some video (and audio) amplifiers is the 
ability to handle signals that are very vastly different in amplitude. Such a situatio’ 
may arise for instance in the case of a reading amplifier for a magnetic-drum system 
if the same head is used for reading and writing. The input signal to the amplifies 
when writing pulses are produced may have an amplitude that is one thousand time 


. 
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larger than that produced at normal playback. As a result of overshoots this may 
«nuse the amplifier to be inoperative for quite a long time after the occurrence of such 
lurge signals, making the whole system useless during that time. 

High-speed pentodes will be normally used in video amplifiers, since the high effec- 
live input capacitance of triodes makes them unsuitable, in most cases. The circuit 
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Overshoot 
Rise time \ saree 
of pulse oscillations 
lia, 11.57. Response of amplifier to rec- Fia. 11.58. Basic video-amplifier stage. 


tangular pulses. 


of Pig. 11.58 shows a basic amplifier stage with the total shunt capacitance C, in dotted 
lines. Also shown is a decoupling network in the anode lead that is often incorporated 
(o prevent coupling between stages through the power supply, and may also help to 
reduce hum. At very high frequencies the use of an r-f choke is advisable instead of, 
or in series with, Ra. 
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0.80 
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Fic. 11.60. Response to a step function of 
the amplifier of Fig. 11.58. 


Iie. 11.59. Equivalent circuit 
of the amplifier of Fig. 11.58. 


As a pentode tube is used, its plate resistance r, may be taken as infinite. The 
equivalent circuit then reduces to a current generator driving the parallel combination 
of the load resistor R (R, and R, in parallel) and Cs, as indicated in Fig. 11.59. 

‘The rise time of the output when a step function of voltage is applied at the input 
(orminals of the amplifier is found to be 


Rise time = 2.2 RC; 


he factor 2.2 in this formula ‘is a result of the definition of rise time given above. The 
values that would result from other definitions, which may be more to the point in 
special cases, can be found from Fig. 11.60. 

As suggested in the article on audio amplifiers, the high-frequency response, and 
(horefore the rise time, can be improved by inserting an inductance in series with Rp. 
The equivalent circuit for this case is shown in Fig. 11.61... This arrangement is called 
i sbunt-peaking circuit, and it ean be analyzed in terms of the parameter m = L/R*C. 
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Response curves for various values of m Gneluding m = 0, which was shown in Fig. 
11.60) can be found in Fig. 11.62. It is seen that for m = 0.5 an improvement in rise 
time of a factor of 1.9 occurs in combination with an 
overshoot of 6.7 per cent. 

More improvement can be realized by the use of 

more complicated, usually four-terminal, networks. 
They make use of the fact that C, can be divided into 
an output capacitance and an input capacitance. Fig- 
ure 11.63 gives an example of a circuit of this type for 
a ratio of 1:2. It gives an advantage of a factor 2.5 
over simple RC coupling and an overshoot of only 1 
per cent. 
Fie, 11.61. Equivalent cir- If several stages of video amplification are cascaded, 
cuit of shunt-peaked am- the rise time of the output is worse than it is for a 
plifier. single stage. In an amplifier with n stages, having 
individual rise times é1, é, . . . , én, the final rise time is 


t= Vir tet: + a2 
In the case of identical stages, this reduces to 
t=tVn 


This formula holds when no overshoot is present. If there is overshoot, the increase 
in rise time is somewhat less. The overshoot itself also increases approximately as the 


t/RC 
Fig, 11.62, Response of shunt-peaked circuit to a step function of current. 


Voltage output 


Fie. 11.63. Four-terminal compensation net- Fia. 11.64. Response of coupling network 
work, to rectangular pulse. 


square root of the number of stages. In the case of very small overshoot (< 2 per 


cent), it does not increase appreciably with the number of stages. 


Because RC-coupled amplifiers do not pass the d-c component of the input signal 
the pulses will not preserve their flat tops as they pass through the amplifier, The 


. 
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effect of the coupling circuit on the pulse top is illustrated in Fig. 11.64. R, and R, 
are the coupling and grid-leak resistor respectively. Ifa current pulse (a pentode tube 
hwing assumed) is applied at A the potential at A and B will rise instantaneously to 
(he potential #, determined by the parallel combination of R, and R,. Then, during 
(he flat top of the current, pulse C,, initially uncharged, will begin to charge through 
(he series combination of R, and R,, the associated time constant being equal to 
(ht, + R,)Cs. Ifthe pulse duration is very long compared with this time constant the 
vondenser will charge completely, and B returns exponentially to ground potential. 
At the trailing edge of the pulse exactly the same thing will happen with the polarity 
reversed. ‘‘ Differentiating’ action has been obtained. 

If the duration of the pulse is very short compared with the time constant, the con- 
denser will not charge noticeably in the short time available during the flat top of the 
julse and would thus act as a perfect short circuit to the pulse, introducing no distor- 
tion at all. 

The most common case, in practice (unless differentiating action is desired, of 
eourse), is where the width of the pulse is fairly short compared with the time constant. 
Now some charging will occur, giving rise to a certain amount of “sag.’”’ At the trail- 
iin edge the pulse at B will go somewhat below ground potential and an overshoot will 
lw the result. Similar phenomena are observed when the condenser in question is not 
(he coupling condenser but a screen, cathode, or anode bypass condenser. 


Input C Output 


a 


Input 
R 


Output va 


Fia. 11.65. Distortion of pulse train by RC coupling network. 


A case that is often encountered in digital computer applications is that of a train 
of pulses separated from the next train by an interval that is long compared with both 
the pulse width and the RC time constant of the network. The resulting waveform 
is illustrated in Fig. 11.65. The condenser has completely discharged during the long 
interval preceding the pulse train. If a continuous train of pulses is applied at the 
input, each output pulse will be exactly centered around ground potential, and Fig. 
| 1.65 shows how this situation is gradually being reestablished after the ‘‘dead”’ inter- 
yal. In general, this behavior is very undesirable because the result probably will be 
(hut the first few pulses of the train, where the output has a higher average d-c poten- 
(inl, will be better amplified by the succeeding stage than those that come later, intro- 
ducing extra distortion. 

‘To prevent this happening some means of d-c restoration must be employed. This 
van be done by making the RC time constant during the top flat portion of the pulse 
high, and during the negative overshoot small. The best way to accomplish this is 
(0 use some kind of limiter, usually a diode or germanium crystal. The circuit, 
(ogether with the associated waveforms, is shown in Fig. 11.66. Some overshoot will 
still be present, since the forward resistance of the diode is not zero, but the time con- 
slant will be so small that the equilibrium situation will be restored long before the 
arrival of the next pulse; therefore, all pulses are now treated in the same way, inde- 
pendent of the length of the preceding interval. A disadvantage of this circuit is that 
il may pass pulses of one polarity (positive in the circuit of Fig. 11.66) only. The 
name given to circuits of this type is ‘‘clamping”’ circuits. 

A somewhat similar circuit, called a ‘‘clipping”’ circuit, can be used to provide pulses 
with a better flat top at the cost of amplitude. Figure 11.67 shows this arrangement, 
together with input and output waveforms. To obtain good clipping, the resistor R, 
must be large compared with the forward resistance of the diode. 

As a result of the unsharpness of the knee in the voltage-current characteristics of 
diodes in the vicinity of zero voltage, both clamping and clipping circuits will be 
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effective only for signal amplitudes of the order of some volts or more. 
amplitudes, diodes behave more or less as linear resistors. 
Overshoots can become very troublesome when tubes are driven into the grid-cur- 
rent region by positive pulses of appreciable amplitude. When this happens, the 
grid-leak resistor becomes effectively zero, and as a result of the clipping action of the 
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Tia. 11.66. D-C restoration and associated waveforms. 
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Fie, 11.67. Clipping with a diode and input and output waveforms. 


tube, a nice flat pulse is obtained at the output. The coupling condenser is charged 
by grid current with the very short time constant provided by the low value of grid- 
cathode resistance. At the trailing edge of the pulse a severe negative overshoot 
occurs that decays with the normal time constant of the coupling circuit, as the tub: 
is now probably cut off. This means that the amplifier will be insensitive to small 
signals following the large pulse as long as the cutoff condition lasts. 


0 +E pp 


Fia. 11.68. Circuit to reduce dead time of 
amplifier by elimination of coupling con- 
densers and negative feedback. 


Fig. 11.69. A transformer-coupled audio«= 
amplifier stage. 


To obtain fast recovery one can either try to prevent overshoots altogether or {0 
make their time constants so small that they do not matter. The first possibility 
means that very long time constants must be used throughout the amplifier, the second 
that very short time constants are indicated everywhere. It should not be concluded 
that the best procedure is to choose some intermediate value for the time constants, 
because this will give the worst possible results. : 

Overshoots produced by long time constants can usually be sufficiently attenuated 
by having a short time constant somewhere farther on; the most important thing is 
to prevent any stage from being overdriven, since this will result in a change of amplis 


. 
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\\ontion that cannot be compensated by succeeding time constants. The use of direct 
oupling between stages is sometimes possible; the elimination of the condenser makes 
overshoots impossible. Inverse feedback also helps in preventing overshoot. Figure 
11.68 shows a possible circuit arrangement. 

11.7.9. Transformer-coupled Amplifiers. Figure 11.69 shows a diagram of a 
(ransformer-coupled audio amplifier. A stepup or stepdown transformer (turns ratio 
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= Mutual inductance between windings 

R2 = Secondary resistance 

Cz = Secondary distributed capacitance 

Cj» = Distributed capacitance between 
primary and secondary 

1, = Primary stray inductance 

1, ‘= Secondary stray inductance 


Tp = Plate resistance M 
Cp; = Output capacitance 

1 = Primary distributed capacitance 
Ri = Primary resistance 
R; = Loss resistance of the core 
Ly = Primary inductance 
L2 = Secondary inductance 


re. 11.70. Exact equivalent circuit of transformer-coupled audio-amplifier stage. 


») is used as the coupling element. The exact equivalent circuit is quite complicated, 
ws shown in Fig. 11.70. For many purposes the simplified version shown in Fig. 11.71 
‘ay be used. The gain is found to be 


Linpk 


Gas jae Bea ee ences 
, : ‘ 1 k?L Low? | 
Ceq(Ry + joln) [ “4 (ols =a) st ENP 


(11.10) 


where & is the coefficient of coupling: k = M/~/ LiL. At low frequencies 1/wCeq is 
vory large and, since k& is approximately unity in a well-designed transformer, Eq. 
(11,10) reduces to 

jwL, 


G pp Ey ee 
BR, + jols 


When w is increased, this can be further reduced to an expression that does not contain 
{requency-dependent elements. The midband gain is 


Gn = Nb 
(/) may now be rewritten as 
jolt 
G i a 7 greet ae F 
: Ry + joka 
wh, 
|@| = = Gin COS Y 


Gm REE (oli) 


, 


phase = y = arctan — 
ol 


iu the phase shift at low frequency relative to the midband phase. The midband out- 
put may be either in phase with the input or 180 deg out of phase. | 

At high frequencies (R, & wl) the leakage inductances must be taken into account. 
They can be replaced by an equivalent leakage inductance referred to the secondary: 
ly @ nly, + Ly. When the resistance on the primary side is also referred to the 
secondary, it becomes Ry = Ry +-n'Ri, - 
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Then we find 


ny 


dO [ Bee ay (Cz 2 : )] 
@ eq. 


This expression has a maximum value when oliegq = 1 /wCeq, that is, at the frequency 


om = 1/V LeqCeq, Where the equivalent leakage inductance resonates with the equiva- 
lent distributed capacitance. Introducing this quantity into Eq. (11.11), 


Gi 


(11.11) 


Gai 
7 eel 


: w \? 
——= — { — 1 
: wm Q =} ts 
where Q = 1/Reg V Leq/Ceq: 


At the frequency » = wm, G, = —jG,Q. The amplitude at w = wm is Q times the 
midband value and the phase is lagging by 90 deg. A value of Q in the vicinity of 1 is 
usually best in practice. 


Voltage amplification, A 
iY) 
(s) 


Ri=Ri +r, 10 
Ce ad Co+C,' 0 
Cy= Cy, Rak (+ or — depending 10 100 1,000 10,000 


on the phase) Frequency, cps 


Fia. 11.71. Simplified equivalent circuit for Fra. 11.72. Frequency-response curve of 


transformer-coupled audio-amplifier stage at transformer-coupled audio-frequency am 
midband and low frequencies. plifier. 


Figure 11.72 shows a typical amplitude-response curve. If a step-up transformer is 
used as a coupling element the step-up ratio is normally not more than 1:3, because 
very large turns ratio combined with a high primary inductance (necessary for good 
low-frequency response) will lead to very many turns, high distributed capacitance 
and poor high-frequency response. The total voltage amplification that can be 
obtained with triode transformer-coupled stages is, therefore, limited to about 50 per 
stage compared with a value of 100 for pentode resistance-capacitance-coupled stages. 
Hence, they are only used for special applications—obtaining push-pull output by 
using a center tap on the secondary, or matching of very low impedance loads. 

11.7.10. Tuned Amplifiers. In tuned amplifiers the load impedance has the form 
of a resonant circuit. Tuned amplifiers can be divided in narrow band amplifiers, 
used when the required bandwidth is a small fraction of the carrier frequency, and 
bandpass (usually double tuned) amplifiers where the bandwidth is of the same order 
of magnitude as the carrier frequency. The diagram of a single tuned amplifier is 
shown in Fig. 11.73. (D-C connections have been omitted.) The tubes used in this 
type of amplifier are of the same type as those used in video amplifiers, that is, high+ 
speed pentodes. 


The resonant frequency of the load circuit fo = 1/2" VLC. The gain is given by 
G = gnZ 


where Z is the impedance of the load circuit. Since gn is @ constant, the amplitude 
characteristic of the amplifier is similar to the resonance curve of the load cireult 
(Fig. 11.74). : : 


- 
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F ; x Sule ; tafe 
The gain at frequency fo is G, = gmR, where F is the total circuit resistance, con 

ing the combimananaais of the plate reaistatice, the load resistor, and the shunt losses of 

Land C. The bandwidth of the circuit (3 db or 70.7 per cent points) is B = 1/2rRC. 

1) in seen from the formulas that a large value of bandwidth goes together with a small 


Amplification 


ie Frequency 


Via, 11.73. Single-tuned amplifier stage with Fic. 11.74. Amplitude-response curve of 
all d-c connections omitted. single-tuned amplifier. 


yalue of gain; bandwidth may be improved at the cost of gain. The gain-bandwidth 
product can therefore be taken as a figure of merit: a = gm/2rC. The bandwidth of 
wn amplifier consisting of a number of single-tuned stages, all tuned to the same reso- 
junt frequency, can be shown to be approximately 1/1.2 Vn, where n is the number 
of stages. This factor can be improved, in fact reduced to il by tuning some of the 
stages to a slightly different frequency (staggering), but a discussion of these methods 
jy outside the scope of this book. 


Fie. 11.75, Double-tuned amplifier stage with d-c connections omitted. 


Migure 11.75 is the equivalent of Fig. 11.73 for a double-tuned circuit. The gain 


an be written as 
Ym V RR, 8 


GS 
Je +-.83)2 = 2(s -5 Dat 02 
where s = k-~V/Q:Q: 
K = ae the coupling coefficient 
VIL: 
p= 2 4 
Q. Qi 
v= VQiQ2 (< — °°) the modified frequency variable 
wo w 


and Q» are the Q’s of the primary and secondary tuned circuits w = 27f, and 
wo, Dafe omen sniiie 
‘The expression for midband gain is 


‘dm V Rika s 


SN oe 


Gn = 
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Maximum midband gain is obtained when s = 1; 
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max = 469m V Ris 


In this case k = V/V Q:Q2, and this is called critical coupling. If the conditions 
for maximal flatness of the response curve are solved we find s? = 1b and 


ye) “a 

V0:0: V2 
Now the so-called transitional coupling is obtained. This name is derived from the 
fact that for this value of K the response curve shows only one peak, whereas for larger 
values of K two peaks are present. If the primary and secondary circuits have equal 


Q’s, b = 2 and transitional and critical coupling are the same thing. 
The bandwidth with transitional coupling is 


LL kilt 
2r V CC, V/RiR2 


For n transitionally coupled double-tuned stages the bandwidth is ¥/2/" — 1 times 
that of a single stage. It should be noted that the formulas given here apply strictly 
to the case of high Q’s. The low-Q case is much more difficult, but the high-Q formula: 
can be used as useful approximations and furnish a starting point for experimental 
methods. 

Tuned amplifiers have limited applications in computer equipment. They can 
used to amplify acoustic delay-line signals using 10-20-me carrier frequencies. Large 
bandwidth is necessary in high pulse-frequency applications, and relatively low Q 
values will have to be used. An important characteristic in this case is the rise tim: 
of the output on the application of a stepfunction of carrier-frequency signal at th 
input. As a general rule it can be said that quite independent of the type of circui: 
used in the interstage-coupling network (single-tuned or transitionally coupled doubl 
tuned), the rise time (10 to 90 per cent points) can be taken as 0.7 times the reciproe 
of the 3-db bandwidth. 

11.7.11. Transformer-coupled Drivers. Pulse amplifiers using transformers in the 
anode circuit are extensively used in computer circuits. Some of the advantages 0 
this circuit are 

1. Reshaping, power amplification, and impedance matching can be realized by th 
use of only one tube and transformer. 

2. Pulses of both polarities can be obtained from the transformer output. 

3. By using a pentode tube with the load line in a very low position (bottoming), 
very stable operation can be obtained independent of the tube characteristics. 

4. If necessary the backswing of the transformer, when the current pulse through 
the tube has died out, can be used as a convenient means of obtaining a pulse delay a 
the same time. 


5. No anode current (or a very small amount) flows when no pulses are applied to 
the input. 

Among the desirable properties for tubes used in these amplifiers are high transcon- 
ductance, low input and output capacitances, high current-carrying capacity and high 
dissipation. Small power pentodes are therefore normally used. The transformers 
employed usually have ferrite cores, and correct operation at frequencies in excess 0 
1 me can be obtained. 

Figure 11.76 shows a basic circuit diagram. If high secondary current is wanted, 
a high turns ratio must be used. On the other hand, this means that a high primary 
voltage will be needed, and then the plate capacitance must be charged to a cor 
spondingly high potential. When the desired secondary amplitude and rise time w 
known, the best value for the turns ratio can be computed. The analysis shows t 


should be so chosen that during the rise time of the pulse half the average current 
used to charge the anode capacitance. ; 


. 
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The grid of the tube should be driven positive if dissipation ratings allow this, 
locause the secondary current during the rise will be proportional to the square of the 
lute current; therefore any increase in plate current is very useful. j 

To obtain a flat-topped output pulse the change of B in the transformer per unit of 
‘ime must be constant. This means that during the pulse more and more magnetiz- 
ing current will be needed, and the tube must be able to supply this while the operating 
point must not move beyond the knee of the ep — 7p characteristics (cf. Fig. 11.76). 
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Load line 


ep 


io, 11.76. Basie circuit of transformer-coupled driver and load-line position on ep-tp 
eharacteristics. 


The damping introduced by the load at the secondary must be sufficient to prevent 
(he occurrence of more than one overshoot at the termination of the tube pulse. Any 
further overshoots would interfere with the operation of the circuit during the next 

jilse time. ; 

: Although the switching mechanism of rectangular hysteresis cores is quite different 
from the operation of normal transformer materials, similar reasonings apply to the 
julse amplifiers used to drive them. Here too, constant voltage output from the tubes 
hy the use of the bottoming characteristics of a pentode is often useful to obtain con- 
»\unt currents in the secondary windings, which are essential for the operation of half- 
surrent, coincident-type memories. Higher values of primary current (200 ma) are 
allen desired, and powerful output pentodes have to be used. 


11.8. PARAMETRIC OSCILLATORS 


Parametric subharmonic phase-locked oscillators can be used to store binary infor- 
‘ation in terms of its two possible phases of oscillation. The physical appearance of 
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Via, 11.77. Microwave subharmonic phase-locked oscillator. (Courtesy of RCA.) 


such an oscillator operating at microwave frequencies is shown in Wig. 11.77, The 
tank cireuit, pump frequency, and output signals are shown in the various parts of 
Wig, 11.78, . 4 ; 
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If the pump frequency is interrupted, then relatively little energy is needed to 
establish one particular phase when the pump frequency again starts. 

Parametric oscillators using a nonlinear inductance have been used in computers in 
Japan.' A junction p-n diode whose capacity is a function of back voltage can be 
used making possible circuits operating at kilomegacycles instead of megacycles. 


The reason for the build-up of oscillations at half the pump frequency can be explained , Onyshkevych, L. 8., W. F. Kosonocky, and A. W. Lo: Parametric Phase-Locked Oscilla- 
as follows: At the time of maximum charge on the condenser the capacity is reduced by pase: or ee preeen mos Systems, IRE Trans. on Electronic Com 
i i i * . . puters, -8 — eptember, 
ea lemon potential dus to: theipamy voltage. The capacity is restored to its 7. Raymond, G. A.: A Transistor-circuit Chassis for High Reliability in Missile-guidance 
Pump (2f) Systems, Proc. Eastern Joint Computer Conf., Washington, D.C.: 132-135. Dec. 9-13, 
Output (f) age 


&. Reich, H. J.: Theory and Applications of Electron Tubes, McGraw-Hill Book Company, 
; Inc., New York, 1944. 
0, Rosenberger, G. B.: A Cryogenic Oscillator, JBM J. Research Development, 3(2): 189- 
: 190 (April, 1959). 
10, Valley, G. E., and H. Wallman (eds.): Vacuum Tube Amplifiers, MIT Radiation 
= Laboratory Series, vol. 18, McGraw-Hill Book Company, Inc., New York, 1948. 


(a) Tank circuit with nonlinear capacitance 


VARA AAAAAT 


(6) Waveform of pump source 


(d) Waveform of output signal 
Fia. 11.78. Principle of parametric phase-locked oscillator. (Courtesy of RCA.) 


original value when its charge is zero. The work required to reduce the capacity 
increases the energy in the condenser, and this happens for each half cycle of the oseil- 
lation. If this addition exceeds or equals the losses of the circuit the oscillation will 
be maintained. Upper limits on the amplitude of the oscillation may be caused by 
detuning or by conductance in the diode. 

The addition of energy occurs once each half cycle and thus can maintain an oscilla- 
tion in either of two phases which are “‘locked”’ to the phases of the pump frequency, 
These two phases can denote a binary 0 or 1. 
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12.1. INTRODUCTION 


The first high-speed electronic computer to be put into operation was the ENIAG 
(electronic numerical integrator and computer). It made use of flip-flop circuits to 
store information. A flip-flop is a bistable electronic circuit capable of storing one 
binary digit (bit) of information. The early circuits used vacuum tubes; more recently 
transistors and magnetic cores have been used (cf. Sec. 12.3). Before the ENIAC was 
put into Operation the builders realized that a large low-cost-per-bit memory wag 
required in digital computers. They hit upon the use of acoustic delay lines to store 
long trains of pulses. The delay lines had been developed for range-measurement 
purposes in radar systems. Another radar device, the moving-target indicator, led to 
the Williams-tube memory. The perfection of magnetic materials with square hys« 
teresis loops led to the development of magnetic-core memories. A similar square= 
hysteresis-loop phenomenon was discovered in ferroelectric materials, and considerable 
effort has been spent in trying to perfect condenser-type memories. Fach of these 
techniques of storing information will be discussed in the sections of this chapter. 
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12.2. FLIP-FLOPS 


A flip-flop is any circuit which has two stable states. If the two states are referred 
(o as the “‘set”’ and ‘‘reset’’ states, then it is conventional to say that when in the set 
slate the flip-flop stores a ‘‘1’” and when in the reset state it stores a “‘0.’’ There may 
he three kinds of input to a flip-flop: (1) a set input which is such that if the proper 
signal appears on it the flip-flop remains in, or is changed to, the set state; (2) a reset 
input capable of placing the flip-flop in the reset state; and (3) a change input by 
imeans of which it is possible to change the state of the flip-flop from reset to set or 
from set to reset. A flip-flop with a change input is sometimes referred to as a binary 
nit counter. 

12.2.1. The Vacuum-tube Flip-flop. Figure 12.1 shows a circuit of a vacuum- 
lube flip-flop. Note that it consists of two d-c-coupled amplifiers (cf. Fig. 11.38) 
with the output of the second connected to the input of the first. The two stable 
slates consist of one tube fully conducting and the other cut off, or vice versa. During 
(he transition state it is a two-stage amplifier with positive feedback. 


62K 


62K 


" Fia@. 12.3. 10-Me flip-flop. 


Another way to consider the circuit is as follows: Assume that tube 7'1 is conducting. 
Then P1 is at a low potential forcing G2 to be low (below cutoff). Thus tube 72 is 
nol conducting and plate P2 is at a high potential. This in turn holds G1 high, caus- 
ing tube 71 to conduct. A negative pulse on G1 or a positive pulse on G2 will cause 
the cireuit to- change its state to where 72 is conducting and 7'L is cut off, 
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Without the plate-to-grid coupling condensers the circuit still has two stable states. 
With the coupling condensers the high-frequency response of the feedback loop is much 
better and the circuit changes its state much more quickly. That is, shorter pulses 
are suflicient to set or reset the circuit. 

Consider now what happens if a short positive pulse is applied to the cathode or if a 
negative pulse is applied to both grids simultaneously. The effect is to cut off both 
tubes. Start with the assumption that 71 is conducting; then the potential across 
the condenser from plate P1 to G2 is less than that from P2 to G1. When the cathode, 
or grid pulses, are applied, anode P1 rises 
toward the supply voltage (that is, Pl 
approaches the same level as P2). Thus, 
when the input pulse ceases, grid G2 is 
higher than G1, and 72 begins to conduct 
before 71. Note that for reliable opera- 
tions the input pulse must be of the correct 
shape. If it is too long the coupling con- 
densers change their charge so that G1 and 
G2 are the same potential and it becomes 
indeterminate which tube will conduct when 
the input pulse ceases. If the input pulse 
is of insufficient size or duration to cut off 
T1, no triggering action occurs. 

The stability of the flip-flop depends upon 
lia, 12.4. Eccles-Jordan transistor flip- how insensitive the circuit is to small grid 
flop. signals. Stability can be increased by mak- 

ing the grid of the nonconducting diode go 
farther below cutoff. Stability can also be attained by holding the grid against a 
clamp even though the tube is still conducting, 

Transition speed depends upon the size of the plate resistors and the current drawn 
in the tubes. The discussion for d-c-coupled amplifiers (cf. Sec. 11.7) applies here. 

Resolution is measured as to how close two pulses may be and still have the circuit 
respond to each pulse. Resolution is improved by reducing the coupling condensers 
and/or reducing the size of the resistors in the coupling networks. 

The two factors which require most attention from the circuit designer are stability 
and resolution time. Usually improvement of resolution time decreases stability. 


13 vnormal | 
—35 v for gating 


Ita. 12.5, Emitter-base cross-coupled flip-flop with Zener diode gates. 


Figures 12.1, 12.2, and 12.3 show three flip-flop circuits designed to operate at 
100 ke, 1 Me, and 10 Me, respectively. The speed in the circuit of Fig. 12.3 has been 
obtained by reducing the coupling capacitors (using pentodes with no miller capacity 
to make this possible) and by charging and discharging the coupling capacitors by the 
clamping diodes. 

Examples of transistor flip-flops are shown in Figs. 12.4 and 12.5. 


. 
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12.3. FERROMAGNETIC SHIFT REGISTERS* 


12.3.1. Basic Operation. Introduction. A shifting register is, in general, a storage 
(levice which records the individual digits of a number in a serial arrangement of 
inemory elements and provides additionally a mechanism for transfer to adjacent 
jositions in the register. Adaptable to both serial or parallel insertion and delivery 
of data, this versatile logical element finds extensive use in computer organization. 

Of the various bistable components used in the design of this type of register, mag- 
elie cores are among the most recent to become successful, and it is with them that 
(hoe shortest access times are possible. Circuits in which the cores are employed are 
characterized by compactness, low power require- 
ments, and long life with consistently reliable 
operation. 

Switching Concepis. Magnetic cores suited to 
the application exhibit a rectangular hysteresis 
characteristic, illustrated in the idealized loop of 
Fig. 12.6. The positive residual state B, is des- 
ignated binary 1, the negative state —B, binary 0. 


Current 
pulse 


Output 
voltage 


Fie. 12.7. Core transformer. 


lta, 12.6. Hysteresis loop. 


\pplication of a pulsed magnetizing force H,, of sufficient amplitude and duration will 
sot the core in a desired binary state where it will remain until pulsed in the opposite 
sense. Reapplication of magnetization in the same sense results in relatively little 
flix change, e.g., from point B, to B, and back to B,. } 

‘The core may be used as a controllable transformer (Fig. 12.7) with output coupled 
{o the input of another core or device. Conventional dot notation indicates winding 


Input current 
pulses 


Induced output 
voltages 


Flux variation 


Core switching time 


Fic, 12.8. Typical waveforms. 


polarity with the added definition that current into a por terminal will set the core 
‘o the 0 state. Typical waveforms of voltages induced in the output winding are 
illustrated in Fig. 12.8 together with total flux variations within the core material. 
Mignal-to-noise voltage ratios are generally greater than 20:1 with commercially 
available cores, 7 


* ty Teane-L, Auerbach, 
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The core may also be regarded as a variable impedance (Fig. 12.9). If the core 
is in the 1 state when J is applied, the core will switch, a relatively large counter emf e 
will be generated in the winding, and a high impedance will be presented to the driving 
source during the period of switching. If in the 0 state, the emf and presented 

impedance will be small. This bistable impedance characteristic 
ll tem B is the basis for a number of circuits. 
° Logical Representation. A simplified functional representation 
e C) is helpful in understanding the operation of magnetic-core sys- 
3 tems and as a basis for circuit design. A core is represented by 
a circle. A line with an arrow pointing to the circle (Fig. 12.10) 
denotes an input to the core; the numeral within the circle indi- 
cates the state to which the core is set by the input. Open arrows 
indicate pulses, closed arrows d-c signals. Two opposed signals applied simultaneously 
cancel, leaving the core in the original state. Double arrows indicate overriding 
inputs that determine the state of the core regardless of opposing inputs. 

A line originating at the circle denotes an output from the core. It will later be 
seen that output signals are generally limited to a single polarity by the use of uni- 
lateral elements; thus the numeral within the circle at the origin of the line indicates 
the state éo which the core must be switched from the other state to produce the output. 
If an output is produced by only one of several transfer inputs, the signal output is 
said to be conditional, indicated by an “eyebrow” drawn within the circle. Symbols 
along lines identify signals and often include the times at which the data appear. 


Fia. 12.9. Variable 
impedance. 


Information signal applied in 
irregular sequence 


, Occurs at time 2 or coincident 
yP with P, provided core is in state ONE 
immediately beforehand 


Time signals applied in 
recurrent sequence } 


Conditional output occuring only 
P(t) at t,, provided core is in state 
ONE immediately beforehand 


(a) tz 


Overriding pulse input @ >D 


(6) 


Fie. 12.10. Logical representation. 


6 D-C signal input 


Fundamental Equations. Since the dependence of flux density B upon magnetic= 
field intensity H in magnetic materials cannot be reduced to a satisfactory equation, 
this relationship is ordinarily shown graphically, as in the generalized hysteresis 
characteristic where 


NI 


CL ad 
an L 


(AMPERE-TURNS PER UNIT LENGTH OF MAGNETIC PATH) (12.3.2) 


In the case of specific magnetic cores, where the physical dimensions are known oF 
assumed, the derived relation of total flux ® and applied magnetomotive force / = NI 
is of practical importance,- When several windings are involved, NJ represents the 


. 


(MAGNETIC FLUX PER UNIT SECTIONAL ARBA) (12.3.1) 
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algebraic sum of the ampere-turns of the several windings. The symbol fo = (NI)o, 
frequently encountered, is defined as the threshold force, or the value below which no 
switching is possible from a stable state. 

The following relation holds during the switching of cores, in which e is the instan- 
(uneous voltage induced across a winding of N turns, and d®/dt the time rate of 
change of flux. 


e=N= (12.3.3) 
Ew =N ioe X 107 volt (12.3.4) 


in which g and ¢ are expressed in maxwells and microseconds, respectively. 

The switching time of a core is defined as the time required for a core to be driven 
{rom a residual state to the point Bs (Fig. 12.6) of opposite polarity. If F is plotted 
us a function of the reciprocal of the observed switching time for a given core, the 
‘\urve is approximately linear for the limits considered and can be written 


F=Fy)+ ¢ (12.3.5) 


where G is a constant and intercept F'» corresponds to an infinite switching time. 
If the applied NJ reach a constant maximum value F after a time rise 7, assuming a 
\rapezoidal driving current, it has been found experimentally that the following 
relation holds, provided 7; is short with respect to ¢. 


Lz G 
F=F,) +3 —¥T, (12.3.6) 


l\quation (12.3.5) is a particular case of the above where 7’, is zero. 

12.3.2. Transfer Loops. Transfer loops are networks connecting two or more cores 
for the purpose of information transfer. First suggested by Professor Howard Aiken 
of the Harvard Computation Laboratory in an early version of a magnetic shifting 
rogister, the original circuit arrangement has undergone a number of changes, result- 
ing in types of improved performance. 


Typical values 


Cores: % mil, 4-79 
Permalloy (% in. wide) 
10 wraps, 3¥, in. diam 


Diode: T6 


Windings: N, —21 turns 
N2—5 turns 
No—15 turns 


Current waveforms: Trapezoidal 
Rise times, current pulse: 1 wsec 
p=I(ti): 70 ma 


t,;: 190ma 

Core switching times: 
M,-—8.0 usec 
M,-3.5 usec 


Fra, 12.11, Single-diode transfer loop. 


Single-diode Transfer Loop. This is the simplest form of loop, illustrated schemati- 
vally in Fig. 12.11, together with the logical representation. The diode isolates core 
M, when a 1 is being set into Mg. A turns ratio Ni/N» of about 4:1 and the nonlinear 
characteristic of the diode, discriminating against the smaller signals, prevent an 
undesired backward flow of information at time fy, 
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The use of this type of loop in logical circuits is limited, as additional windin, 
similar to No likewise effect transfer of information. In this instance the transfe 
are said to be unconditional. 

Split-winding Transfer Loop. This type of loop, one form of which is shown i 
Fig. 12.12, provides for conditional transfer of information while permitting isola 


| 


Transfer 


Typical values 


Cores: % mil, 4-79 
Permalloy (% in. wide) 
10 wraps, 3% in. diam 


Diodes: T6 
Windings: N, — 31 turns 
N2 — 6 turns 
t Coil resistance, N, —8 ohms 
Current waveforms: Trapezoidal 
Rise times, current pulse: 1 usec 
t,: 125ma 
I: 8ma 
Zz: 117 ma 
Core switching times: 
M,: 10.4 usec 
M,: 4.0 usec 


Fig, 12.12. Split-winding transfer loop. 


q | Transfer r Typical values 
loop 
Cores: Ferrite $3, 
General Ceramics 


Diodes: T25G 


Windings: No — 23 turns 
N, — 20 turns 
N2 — 8 turns 


I(t,) =100 ma 
=09 


Core switching times: 
M,=3, M,=2ysec 


Fig. 12.13. Karnaugh switch. 


operations on either the transmitting or the receiving core. Unlike the single-diode 
loop, it is immune to the backward flow of information, making practicable t 
simultaneous switching of as many as five or six receiving cores. By proper desi; 
the impedance of N, will be large relative to the other impedances in the transfer loop 
(cf. Fig. 12.9), and branch current J; will be smaller than J;, The resultant ampere» 


. 
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(urns difference is sufficient to switch M,to 1. Branch current J, clears M, to the 0 
alate. 

Karnaugh Magnetic Switch. The conditional transfer loop of Fig. 12.13 makes use 
of a basic arrangement known as the Karnaugh magnetic switch. As in the case 
of the split-winding loop, the two diodes insure immunity to the backward flow of 
information, permitting isolated operations upon either core. The function of 
conditional transfer from M, to M,; in response to I(t), while analogous to that of 
(he preceding circuit, is accomplished in a somewhat different manner. In the 
properly designed circuit, current pulse J(¢;) is steered through either the upper or 
the lower branch of the loop, depending upon the state of core M, immediately 
prior to 4. If in the 0 state, except for effects traceable to a nonideal core, all the 
applied current will flow through the high-conductance diode D2, by-passing N2 and 
lonving core M;, in the 0 state. When MM, previously has been set to 1, [(t:) acting 
\hrough No switches the transmitting core toward 0. The changing flux induces a 
voltage in the output loop such that nearly all the current flows through D; and N2, 
switching M, to 1. In practical circuits, parameters are generally so chosen that 
\pproximately 10 per cent of the current flows through the lower loop during transfer 
\o stabilize the switching action of core Mq.* 


Design Equations 


/ NIo Where NI» is the magnetomotive force in ampere-turns cor- 
Ni = al (t1) responding to the selected switching time of the driven core, 
obtained from constant-current response characteristics for the 
core 
‘ al (ti) Z3 Where Vo is equal to the average volts per turn generated in wind- 
G Vi ing N, during switching of core M,and Zz is the impedance of 
the load path 
: Va Where V4q is the voltage drop across diode D;. Applicable in the 
Nim Ne + Vo case of identical cores 
V Nie Ni(t) min’ Where Ni(t) min is the minimum ampere-turns required to main- 
a » a 1 pee Fs 


T(t) tain Vo, obtained from constant-voltage response characteristics 


Nore: To ensure a complete forward transfer of data, the switching time of the driving 
sore must be longer than that of the driven core. 


Condenser Delay. In certain data-handling systems it is often desirable to transfer 
information both to and from the same core by application of a single timing pulse. 
Much operation is possible if provision is made in the transfer loop to delay the input 
to the core until READ ouT has been accomplished. Assuming the cores of Fig. 12.14 
vontain 1’s, both are switched to 0 at times ¢t. The delayed output of M, then resets 
M, to 1 before arrival of the next timing pulse. 


Fie. 12.14. Delay transfer. 


"igure 12,15 illustrates a practical method for accomplishing the above.‘? If 
the forward resistance of the diode is small compared with R, the capacitor charges 
to nearly the peak value of the induced voltage as Mq is switched by ¢, and sufficient 
charge is present to switch M, to 1 after termination of t. These loops have been 
operated at frequencies as high as 100 ke in cascades up to 50 stages with high stability, 
and provide added flexibility in the use of magnetic-core circuits. 


*'Thia means effectively that the current signal generated in the loop does not com- 
pletely eancel 7(4) in the lower branch of the loop. 
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Transistor—Magnetic-core Loop. This is a magnetic-core transfer loop that includes 
a transistor as a power-supplying element. Generally a grounded-emitter configura- 
tion is employed with at least one core winding in the collector branch. Because of 
the element of gain, input signals need only trigger the transistor to effect switching 
of the cores, and possible speeds of operation exceed those attainable with passive 
loops. Power consumption is characteristically low, and wide tolerances in com- 
ponent values and transistor parameters ensure good reliability of operation. 

A basic loop, applied successfully in circuits operating in the neighborhood of 
100 to 150 ke,?4 is shown in Fig. 12.16. The transistor is biased at cutoff and is 


lh j 
ey atak 
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Approximate circuit requirements 
ps a Ug 


Core switching times: 
M,*t 
M,=1.75RC 
e Turns ratio: 


S 2 Re Fe 
oe Nz 1.62C 


where Z equals average impedance 
of N2 during read-in of ONE, and 
m is ratio of average drop across 
diode during charge to E, (max) 


t Maximum operating frequency: 


| ie 
I ™ T7425. RC 


Fia. 12.15. Condenser delay transfer. 


Fia. 12.16. Transistor transfer loop. 


normally nonconducting. Because of coupling through the core a fractional-micro- 
second current pulse ¢; is sufficient to initiate a regenerative switching process, pro= 
vided M, contains a 1. When switching of the cores is completed the feedback-loop 
gain falls below unity and the transistor again ceases to conduct. Reset of Ma to 
1 results in the appearance of a positive voltage at the base, tending to drive the 
transistor further into cutoff. The buffering action of the transistor eliminates 
backward flow of information in the loop (noise) and permits multiple branching 
between cores without difficulty. j 
_ The transistor-core loop of Fig. 12.17 illustrates an alternate arrangement of 
improved stability that employs condenser delay (ef. Fig. 12.15) to enable read-out and 
read-in of core Mz by means of a single timing pulse. Current pulse ¢ switches both 
cores (if previously in state 1) to 0, while the time-coincident inhibit pulse maintains 
transistor cutoff. At the termination of the pulses, the voltage across the capacitor 
is sufficient to initiate switching of M, to 1. Operational frequencies up to 500 ke — 
are possible by the use of fast surface-barrier transistors and very low flux cores. 


* 
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12.8.8. Noise Generation. The presence of spurious information signals, or noise, 
inay be traced in some instances to properties of the cores themselves, or to charac- 
loristics of the circuits in which they are employed. In practical circuits, levels are 
limited, by proper design, to values that can be tolerated without sacrifice of opera- 
tional stability. 

Forward Noise in Single-diode Loops. One of the basic sources of noise in magnetic- 
vore circuits is the nonsquareness of the hysteresis characteristic of the core. The 
amount of flux change produced when the core is driven from a residual state to the 
saturation point of the same polarity can be considered as false information.* The 
mount of energy involved may be small; however, the rate at which the flux changes 
oan be high, resulting in peak voltage amplitudes approaching that of the true infor- 
mation pulse. 
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ure 220 ma— 1.0 usec 


pg —5v —1.0 psec 
+1.5v +6.0V 
= GE-2N78(n-p-n) 
Circuit values — 200 kc operation 
N, — 5turns Nz — 10 turns C —0.001 yf 
N, — 15 turns N, — 30 turns R-47K 


Fra. 12.17. Transistor with condenser delay. 


Back Noise in Single-diode Loops. In general, where loops provide for unidirec- 
\ional transfer of information, induced voltages tending to effect transfer in an 
opposing sense must be considered as a potential noise source. The limiting of noise 
currents of this origin is of particular importance in the case of single-diode loops and 
lias been included in the discussion of Art. 12.3.2. 

Noise Due to Circuit Ringing. Distributed capacitances associated with core 
windings usually are small and may be neglected. However, dependent upon the 
wumber of turns, the shunt capacity may assume such values that energy storage 
during switching of a core and subsequent return to the circuit can result in partial 
roset of the core. 

Transient Forward Noise in Split-winding Loops. In the case of 0 transfer where 
hoth cores of the basic circuit (Fig. 12.12) initially are in the 0 state when é; is applied, 
\t has been assumed that the diode characteristics are identical, the coil resistance 
of Ny is equally divided, and the impedance of coil Ni is negligible. Under these 
vonditions, the branch currents are equal and the net ampere-turns applied to My 
vanish, 

However, nonsquareness of the hysteresis characteristic results in a small but 
undesirable inductance in N; and a transient inequality in the branch currents that 
tonds to switch M;, to 1. This forward noise often is reduced by adding a balancing 
induetance to the lower branch. 

Branch-resistance imbalance similarly may result in both transient and steady- 
(ate inequalities conducive to noise. Although undesirable from a power standpoint, 
branch resistances frequently are augmented by the use of resistance wire in the split 
winding as a means of minimizing noise levels. 


* Refer to Figs, 12.6 and 12.8. The squareness of a core is defined by the ratio By/Bym, 
which approaches unity as the ideal-value, . 
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Potential Noise Sources in Systems. In many register systems,* the data are shifted 
along the core array by application of “advance” pulses which furnish the total 
energy required in the operation by the individual transfer loops. The number of 
advance lines is dependent upon the core configuration and coupling employed; how- 
ever, each line usually consists of excitation windings of selected register stages joined 


Data storage cores 


Schematic diagram Delay cores 
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Cores per bit, register capacity: 2 
No. of timing pulses per cycle: 2 


Direction of shift: Right 
Data insertion: One bit between t, pulses 
Fra, 12.18. Shift register, serial input and output. 


Similar to Fig. 12.18 with addition of conditional transfer loops. 


Parallel read-out accomplished by fp applied as required at times 
other than ¢, , t2, or during input. 


Fia. 12.19. Shift register with parallel read-out. 


in series with a separate constant-current driver. When many cores are assigned @ 
single advance line, the series inductance and resistance of the equivalent networ 

during switching, together with the shunt wiring capacities, may result in circuit 
behavior typical of pulsed delay lines. In addition to a progressive delaying effect 
upon switching, the current rise time normally increases as the current passes through 
successive cores. This rise-time deterioration, when present, may cause erratié 


*See Art. 12.3.5. Although not necessarily periodic, the advance pulses are referred 


to as timing pulses in the reference, principally for convenience in emphasizing normal 
sequence or time order of application, ‘ 
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operation toward the end of the register because of the increased effective resistance 
of the diodes* present in the coupling networks. 

Upon the application of a rectangular or a very fast-rising current pulse to a core- 
drivent stage, leakage inductance associated with the magnetic coupling initially 
tends to isolate both the forward and reverse transfer loops from the transmitting 
vore. As a consequence, the driving core tends to switch quickly, while the receiving 
wore starts to switch quite slowly. If the leakage is appreciable, the transfer of data 
through the forward loop actually may be prevented. Increasing the rise time of 
the advance pulse reduces bucking voltages of this origin; however, the previously 
considered effects of increased diode resistance are apt to become troublesome. In 
practice, the rise time usually is chosen as a matter of compromise. 1 i 

12.3.4. Typical Magnetic Shifting Registers. Shift registers for handling binary 
data are synthesized by means of magnetic cores and transfer loops. By suitable 


ty 


Cores required: 3 for each 2 bits of 
register capacity 


No. of timing pulses per cycle: 3 
Direction of Shift: Right 


ef NJ 
Input Output 


The use of n + 1 cores and drivers 
for each n bits of register capacity 
may be extended indefinitely. 


Fia. 12.20. Serial shift register, reduced core complement. 


Cores per bit, register capacity: 1 
No. of timing pulses per cycle: 1 
Direction of shift: Right 


Input Output 


Cores per bit, register capacity: 2 


No. of timing pulses per cycle, 
each direction: 2 


Direction of shift: Right or left 
Fia. 12.22. Reversible serial shift register. 


(lesign and choice of coupling determined from preliminary logical diagrams, registers 
inay be constructed that accept information serially or in parallel, step the recorded 
woquence along the register in either direction, and furnish a serial or parallel output. 
\ complete timing cycle (41, . . . , tn) accomplishes a shift by one binary place, for 
example, 100100 to 010010 in a 6-bit register. ° ‘ 
Ping-pong Register. Since, in general, output delivery is accompanied by clearing 
of the register, means must be provided to restore the information to the register if 


* See Diode Characteristics, Art. 12.3.6. : , 

{ Transfer loops, in general, may be classified as core-driven or directly driven types, 
depending upon whether a separate winding is specified for the advance function. The 
dietinetion may be seen by reference to the circuits of Figs, 12.11 and 12,12, 
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From read-in drivers 


Advance pulse 


To output destinations 
Fia, 12,23. Shift register, parallel input and output. 


From read-in drivers 


Rewrite pulse (t2) 


Clear 


Advance pulse (t,) 


To output destinations 


Fia, 12.24. Ping-pong register. 


nondestructive read-out i i i i 
“ping-pong”’ circuits, as Oey gd Rr 24, oT “pap peet ees apes 
ay R g. 12.24, which is a modification of a 3-b 
12.3.5. Magnetic-core Characteristi i 
V i stics. Bistable magnetic cores h 
pea a Ah be ATE, both of which are normally toroidal. The aoa 
pe, ing of wraps of microthin metallic strip, is I 1 i 
shifting registers, while molded ferrit Paton dowd fot leeeacne a 
ers, rrites are more often found in large-scale stati 
memory applications. Marked differences between the two are mane 


Table 12.1. A variety of ing in di 
ES pe ee Ped Pie y of cores of both types, varying in diameter from 14 in. 


Table 12.1 
US a 


Wound-tape Ferrite 


~ 


Construction........| Insulated cold-rolled metal strip | Mixture of finely ground iron 
wound on ceramic bobbin and} oxides, pure metals, organid 
spot-welded in place. Heat-| binder, pressed and. fired at 
treated in dry hydrogen. Some-| high temperatures in reducing 


times packaged 
Tape thickness 0.125 to 1 mil 
Tape width 0.125 to 0.25 in. 
Core diam 0.125 to 1.00 in. 


atmosphere 
Outside diam 0.050 in. 
Inside diam 0.030 in. 


Typical dimensions. . 


Resistivity...... PS An Pore 

Flux density. .......|Mediumtohigh = 

ae Pete ee +c RESELL 
ppropriate applica- | Mani ive- ireui i i | 
A pp anipulative-type circuitry re- | Magnetic memories where wind+ 


quiring numerous turns of cop- 


ig rou: ings may consist of singl 
per wire in windings ads 


through center 
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Characteristic Curves. The d-ce hysteresis loop (cf. Fig. 12.6), with which the 
operating characteristics of a core are most easily interpreted, is obtained by varying 
‘he current in a winding slowly so that, for each instantaneous value of current, the 
‘nngnetic field within the core material has sufficient time to reach an equilibrium 
value. If the variations of current are very rapid, as under pulse conditions, the 
values of B show an additional dependence in which time is involved. 

|'rom experimental results obtained in high-speed operation, it appears that com- 
Jote switching is possible even though complete saturation is not reached and that 
wundary lines of the d-c loop are replaced by boundary zones. However, the widths 
of the zones are small enough to justify general reference to the d-c loop. 

Some experimental curves applicable to metallic strip of specified material, 
thickness, and width are shown in Fig. 12.25. The tolerance limits of switching 
‘ime, median flux change from one stable state to the other, and squareness ratio 
,/Bp are plotted against magnetic-field intensity H. The latter two parameters, 
sonstant by d-c loop interpretation, exhibit slight variations in keeping with the high- 
speed switching concept. Maximum and minimum values of G and Fo, defined in 
Art. 12.3.1, are indicated as simple functions of mean core diameter. 
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+50 

P26 Peak 
3 inverse 
of voltage 
& (e) 
sg 
= 

—25 


Volts 
Fie. 12.26. D-C characteristic. 


Iya, 12.25. Experimental curves for metallic 
material. 


12.3.6. Diode Characteristics. The use of series diodes has been indicated in 
‘Aincussion of the various transfer loops associated with magnetic shifting registers. 
In general, commercially available germanium crystals prove to be satisfactory, 
provided due consideration is given manufacturers’ ratings and operating charac- 
(oristics for the type selected. 

Steady-state Characteristics. A typical d-c characteristic is shown in Fig. 12.26. 
I'he theory of the crystal rectifier is not yet complete, but it may be seen that the rise 
of current approximates a positive exponential rising from a negative current value 
and passing through the origin. The deviations that are always present in physical 
\inits may be represented by a resistance in series with a truly exponential element. 

In the range of inverse voltages encountered in the loop circuits (of the order of 

40 volt), the back resistance varies considerably with temperature and humidity. 
‘The resistance value generally is unimportant, provided it exceeds a few thousand 
ohms. The forward resistance, of more critical importance, is relatively insensitive 
to ambient factors. / ‘ 

Transient Forward Characteristics. Figure 12.27 illustrates a typical diode forward 
voltage developed by application of current pulses of fractional-microsecond rise 
‘imo, During current rise, the resistance of the diode, characteristically high to 
emall currents, is augmented by the limited ability of the semiconductor to produce 
holow at an accelerated rate, As a result, the voltage curve exhibits an initial peak 
and gradual reduction to the steady-state value, 
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The average diode forward voltage, frequently employed in design computation 
may be approximated from the presentation. * 

Recovery Times. Although often regarded as negligible for the types of circuits 
and components being considered, an additional transient effect is of interest in a 
gencral discussion of crystal diodes. If the time between the termination of a fo: 
ward current pulse and the rise of an inverse 
voltage is zero, a small but finite interval, 
referred to as active recovery time, is neces- 
sary for the diode to begin development of 
back resistance. 

The minimum delay that must follow the 
termination of the forward pulse for coined 
dent initiation of inverse voltage rise and 
resistance development is known as passive 
recovery time. 

12.3.7. Drivers for Magnetic-core Circuits. While the introduction of bistable 
magnetic cores has led to considerable advances in reliability and miniaturization of 
data-processing systems, more conventional elements and techniques are still often 
to be found in auxiliary power equipment. Except for the more recently developed 
transfer loops containing active elements, ¢ pulse power from an external source i 
required to drive the magnetic networks and is commonly derived from electron- 
tube-type generators. Vacuum and gas tubes, transistors, and magnetic amplifie 
all play a part in the continuing development and improvement of drivers; however, 
it is upon the latter two that the greatest interest is focused. The description of this 
type of circuitry, in detail, lies outside the scope of the present chapter. 

Waveforms most commonly suited to the application are most easily obtained from 
constant-current sources. The pulses sometimes may be nearly rectangular but more 
often are approximated by trapezoidal functions. Stability in the output is, of course 
highly desirable—particularly with respect to amplitude over the range of impedance 
presented by the variable load conditions. 

Vacuum-tube pentodes triggered by appropriate pulses, blocking-oscillator-typ 
circuits, and self-extinguishing thyratron circuits serve effectively as drivers for 
magnetic-core circuits. 
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ww 


o 


0.5 volt per division 


1 wssec per division 
Fie. 12.27. Typical diode forward 
voltage. 


A 
72 amp 
amplitude—an output sufficient for driving fifteen 5-wrap 0.033-microweber cores. 


12.4. MERCURY AND QUARTZ DELAY LINES 


The velocity of sound in mercury is about 5 ft per msec. A number of computers 
were built in both this country and England using mercury for the memory. In 
some cases the mercury was placed in steel or glass tubes with quartz-crystal trans 
ducers on each end. A carrier frequency of from 7 to 30 Mc was used and the infor 
mation was stored in the lines as a modulation pattern on the carrier. The circuits 


€ 
* Average voltage over the interval 7 is defined as (1 mf va dr, where va is the instan« 


taneous diode voltage. 


{ The transistor bistable magnetic-core combination of Fig. 12.17 is a practical example 
of this type of network. 


t The regenerative principle employed in this driver is that applicable to the cireuit of 
Fig. 12.17. . ; 


- 


. 
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were arranged so that the information recirculated and hence given information was 
available on a cyclic basis. Magnetic cores are replacing mercury memory ae 
in this country in new equipment. In applications where delay storage is still use 

quartz has replaced the mercury. Typical characteristics of such a quartz memory 


line are: 


Delay: 20 to 1,100 usec with accuracy of 0.1 usec 
Input: on 

Information: 8-volt positive pulses at 1 Me , 

Clock input: 10-volt positive pulses 0.5 usec wide at 1 Me 
Output: 12-volt positive pulses 0.4 usec wide 


8 i be about }4 cu ft in volume and use less than 60 watts of power. 

Balt of that Kiron may be teed to control the temperature of the quartz line in order 
ri i elays. , aye: 

o The Lessin ena are obtainable only with a relatively complex circuit, 
since there is substantial loss in the quartz memory system. An example of such a 
vircuit is shown in Fig. 12.28. This circuit uses four 6AN5 tubes. Long delay fe 
tay be obtained by reflection inside quartz blocks (see Fig. 12.29). The intersection 
of such paths gives no difficulty. 


+2v nr, * 
+4v I 
I 
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Reshape gate 


-8yv 


Power 
oscillator 


Regenerative 
pulse 
amplifier 


1002 


Acoustic 
delay line 
(Ty, delay) 


Gain adjust 
Fia. 12.28. Acoustic memory system. 


Crystal transducer 


20M . 
input signal Output signal 
Input facet Output facet 
Fuzed-quartz Audio beam path 
uzed-qua 
block 


Fie; 12.29. Quartz acoustic memory. 


12.5. MAGNETIC MEMORY SYSTEMS* 


Magnetic recording as a method of providing the function of memory bes. syieiee 
major position in the field of digital data storage, appearing to date most extensively 


* By Albert 8. Hongland, 
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in the form of magnetic-drum, magnetic-tape, and magnetic-disk memory units. An 
entire class of electronic calculators, the so-called intermediate-speed computers are 
designed around the magnetic drum as their working memory; and these machines 
represent the bulk of the electronic computers in existence today. Magnetic tape 
and disk devices are exclusively used for on-line mass storage. Inthe file-¢naintenaalll 
operations of data processing magnetic tape is now a vital systems component 
although random-access disk storage is assuming an increasingly significant role, 
This later trend reflects a growing awareness that the potential of technological advances 
im magnetic recording offers a means to maintain effectively up-to-date records and 
to achieve current status control in business operations. New advances based on 
magnetic recording as a storage mechanism will tremendously extend the range of 
application and degree of utilization of magnetic data recording. Reasons for this 
wide exploitation of magnetic recording are based upon its reusability, flexibility of 
mechanical structure, economy in terms of cost per bit, compactness for large capaci- 
ties, and ruggedness. The advantages of magnetic recording for data storage stem 
from the high storage densities obtainable, the simplicity of the components necessary, 
and the use of mechanical motion to reduce effectively the complexity in access at the 
cost of time. 

Although it is only in recent years that magnetic recording has come into general 

use, its invention by the Danish engineer Valdemar Poulsen dates back to 1898 
The first apparatus used a steel wire for the recording medium, while today a thin 
magnetic layer is used exclusively for this purpose in the computer field. The first 
application for this process was the recording and reproduction of sound, However, 
it was not until 1941, when significant improvements in components and recording 
techniques were combined, that this art began to receive the attention that was to 
result in its rapidly expanding growth, which is still continuing. 
. The actual work which marked the beginning of the application of magnetic record- 
ing to data storage was undertaken in 1947. The first practical units were magnetic 
drums. In common with all semipermanent memory devices for digital data, a 
bistable phenomenon is exploited. Thus, information is stored in binary form 
and for this purpose two opposite senses of saturation of the recording medium are 
employed. In special cases where a pre-erase before write operation is practical 
it is feasible to consider using two opposite senses of magnetization which may not 
be those of saturation. However, the practice to date is all predicated upon satura- 
tion of the recording medium. Thus, for data recording the signal current assumes 
only two values; the writing current may consist of either positive or negative 
saturation-current pulses, or levels. Read-back of such information essentially 
involves only the discrimination between two values of some attribute of the recovered 
waveform. 

_ The various types of units in which magnetic recording provides the data storage 
differ between themselves essentially only in the mechanical structure used to provide 
relative motion between the surface and from one to many magnetic transducers, 
These devices will be described in some detail later, but attention is now called to the 
most common arrangements employed. 

A rotating drum whose surface possesses a magnetic-recording film serves the 
function of a high-speed memory for intermediate-sized computers. Magnetic heads 
are located along the axis of the drum, slightly out of contact with the surface. Drum 
Speeds are in the range of thousands of rpm, and in the customary size of drum 
hundreds of thousands of binary digits can be stored with an access time to any bit 
in the order of milliseconds. Another application for which magnetic recording i# 
well suited is that of providing recirculating storage loops with capacities ranging 
from several tens of bits to several hundred bits of information. This type of memory 
is a special form of drum usage where a surface location passes first a write station 
and then a read station, from which the information is regenerated and rerecorded at 
the write station. Depending upon the form of recording, there may be an erase 
station following the reading point. Extreme flexibility is available here; the length 
of the storage loop may be varied by simply moving the location of the reading station, 
The benefits from the elimination of attenuation problems, common to delay-line 
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devices, for this type of storage are obvious. This magnetic-recording application 
forms the basis for a class of machines known as electronic digital differential analyzers. 

lor high-speed computers it is desirable to provide a large-capacity buffer memory 
(o back up the high-speed working memory. In this area magnetic-tape units are 
without peer. By providing several tape units and the facility for changing tape reels, 
(he computer has at its disposal an extremely large intermediate-speed memory from 
which blocks of data may be transferred to the short-access memory when needed. 
In processing of business record files tape units provide the link to the computer 
proper. Further, the magnetic-tape units provide a means to match the computer 
proper to the terminal input-output equipment, whose speeds are orders of magnitude 
slower. Thus magnetic-tape units are found with nearly every high-speed computer 
and to find as many as twenty such units with an installation is not unusual. The 
reols of tape are in the neighborhood of 2,000 ft in length, and data organization is 
(herefore essential. 

In many data-processing applications, particularly those in business, a very large 
volume of information must be available on short notice. This need has placed 
emphasis on the concept of a large-capacity random-access memory. Two different 
iwagnetic devices, announced in 1956, are designed to fill this function. One tech- 
nique uses short sections of tape in a binlike arrangement with mechanical selection 
of the tape strip. The other basic concept is similar to that of a jukebox. Here 
an array of magnetic disks provides the memory while the random-access feature is 
incorporated through mechanical positioning of the magnetic-head unit. The latter 
(levice is capable of a capacity of hundreds of millions of bits with an access time to 
any bit, or group of bits, of less than 1 sec. 

Variations in storage possibilities with magnetic recording result from having two 
or more magnetic heads servicing the same track. A recirculating loop is obtained 
simply by assigning a write function to the leading magnetic head and using the 
(railing unit for read-back. The length of this delay line is established by the physi- 
val displacement between these transducers. Regeneration of the recorded informa- 
(ion coupled with selective alteration provides a means to realize a small-capacity 
short-access storage on one to several of the recording tracks. As mentioned previ- 
ously, the delay-line concept of magnetic recording is the heart of the electronic digital 
differential analyzer. 

Important aspects of magnetic recording with respect to its use for data storage are 
(he following: saturation recording is used and, therefore, new information may be 
written over that previously contained, erasing being unnecessary; the memory is 
nonvolatile, i.e, the information is not lost in the event of a power failure; there is no 
apparent deterioration of the recorded information with time; and the storage film 
van tolerate considerable physical abuse with no deleterious effects and is insensitive 
(o wide variations in environmental conditions. 

The advantages of these features of the magnetic-recording process contribute 
enormously to its attractiveness as a storage mechanism. 

12.6.1. The Magnetic-recording Process. Magnetic recording, using the conven- 
(ional magnetic transducer, relies on relative motion between a permanent magnetic- 
slorage surface and a magnetic head. The magnetic head couples magnetically with 
« wmall region of the surface adjacent to it, magnetizing the surface on writing and 
providing an induced voltage due to the time variation of this surface magnetization 
on read-back. The path on the surface delimited by the read-write operations, 
hocause of relative motion between a transducer and the storage layer, is a recording 
(rack or simply a track. Recording is thus time-sequential with respect to a track. 
Murface storage is achieved by recording tracks parallel to one another; all these tracks 
are likewise parallel to the direction of relative motion. Mechanical considerations 
have resulted in the relative motion being provided almost exclusively by a moving 
surface and a stationary magnetic head. 

The bit density per unit surface area is composed of the bit density per unit track 
length times the track density per unit distance normal to the direction of relative 
motion, Cost considerations stress the importance of exploiting bit density relative 
to track density to realize a given capacity; since this approach minimizes the number 
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of magnetic heads and the complexity of the mechanical assembly. Representative 
values for these recording densities are 200 bits per inch and 20 tracks per inch, 
corresponding to 4,000 bits of memory for every square inch of recording-surface 
area. Wide extremes are found in both these density figures. 

A memory unit in relation to its external environment may be described in term 
of capacity (number of binary digits that can be stored), mean access time (averagi 
waiting time for a given memory location to be accessible to its associated read-wri 
station), and bit or data rate (scanning rate of a given transducer in bits per second), 
These factors are interrelated. For a given recording track, let bpi stand for storag 
density in bits per inch and let the relative velocity of the storage surface with respect 
to the magnetic head be designated as v. Then 

bpi X v = bps (12.5.1) 
where bps = bits per second flow rate. The access time bears an inverse relation to 0. 
Further, bpi is directly proportional to memory capacity. The relation existin 
between these quantities is important, since it accounts for two fundamentally diffe 
ent types of mechanical-recording arrangements that are found in practice. Thes 
two categories may be essentially defined by the terms “contact recording” am 
“noncontact recording.’’ In contact recording it is desired to achieve as intimate 
physical (and hence magnetic) contact between the recording surface and the mag 
netic head as possible. For lack of a better definition, contact operation is considere 
here to imply that there is a finite rate of wear of one or both of the contacting surface 
Contact operation offers the highest recording resolution or density potential. J 
audio and video magnetic-tape recorders use contact recording to obtain the broade 
wavelength spectrum. However, to keep wear down to an acceptable rate in contact 
recording the maximum surface speed is severely limited. In data recording, whe 
there is a premium on reliability, maintenance considerations are very importan’ 
At present, contact recording of binary information is normally limited to velocitie 
in the neighborhood of 100 in. per sec in order to obtain satisfactory life character 
tics. This limitation on surface velocity, likewise limits the available bit rate. 
working memory should match the speed of the processing unit in data flow if th 
memory is not to handicap machine performance severely. The limitation of 
relatively low bit rate with contact operation may be overcome in magnetic recordin 
by providing a slight separation or spacing between the magnetic heads and th 
recording surface. This type of arrangement results in noncontact magnetic record 
ing and allows an enormous extension in the range of applications of magnetic record 
ing for data storage. The attendent loss in resolution with small values of spacing 
not so severe as to be damaging, and the possible increase in relative motion (or surfac 
speed) is in orders of magnitude, being limited only by the mechanical-drive problem: 
The net result is that a greatly increased bit rate is possible. For comparative p 
pores, consider contact recording along a track at 200 bits per inch (bpi) and a surfs 
speed of 100 in. per sec contrasted with noncontact recording at 100 bpi with a surfs 
speed of 1,000 in. per sec. The bit rate for the contact recording case is 20,000 bp 
while for the noncontact situation the bit rate is 100,000 bps. For primarily larg 
capacity storage it is advantageous to utilize the additional capacity afforded by 
contact operation; hence, magnetic-tape units use contact operation if at all feasib 

A fairly consistent terminology has developed with regard to the organization 
of data in magnetic-recording devices. Each magnetic head records on a track, 
Addressable locations around the circumference of rotating memory devices arg 
called sections. All tracks simultaneously utilized in a parallel mode of data transfer, 
taken as a unit, may be referred to as achannel. A track recorded to provide timin 
information is referred to asa clock track. A recirculating magnetic loop, as described 
earlier, is commonly called a revolver. 

12.5.2. The Magnetic-recording Theory. Magnetic recording involves writing 
information on a suitable recording medium and reading back the information 40 
written. In writing, the magnetic head is energized by means of a coil and a suitable 
signal current, providing a sufficient magnetomotive force to produce an intense, local» 


. 
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vod, magnetic field at the storage surface. Each succeeding region of the track is 
!vought into a definite magnetized state as it passes by the magnetic head. The sur- 
face retains or “‘remembers”’ essentially this magnetic state because of its permanent 
iugnetic character. This memory feature of the surface arises from the phenome- 
ion of remanence, which is exhibited by ferromagnetic materials of which the surface 
\s constituted. The recorded pattern of remanent magnetization along the storage 
surface is then related to the time variation of signal current. The connection 
lolween time and space is established by the surface velocity. 

‘The external magnetic field along the surface, resulting from its remanent magneti- 
sation, couples magnetically with a reading head, which is almost always the same 
Niugnetic head used for writing. An output voltage is developed across a coil on the 
‘ingnetic head because of the time variation of flux linkages. 

In the writing and reading of digital (binary) information, this output voltage need 
ol be a replica of the writing-current signal. It is sufficient that the value of a 
stored bit (0 or 1) be reliably recognized at any given location on the track. The 
vver-all input-output storage-transfer process may be indicated in the following 
tanner (neglecting frequency effects) : 


it) + M@) - #(2) > ee: = e(0t) 


where z(¢) 
n(x) 


writing-signal current 

reading-coil flux as a function of the surface location relative to the 
magnetic head 

open-circuit read-back output voltage 

number of turns on the reading coil 

surface coordinate : 

coordinate indicating the position of M(z) relative to the magnetic head 
Note that ¢, is the average flux per turn. 

With the conventional induction-type transducer the fundamental transfer property 
in « derivative-type relation between input current and output voltage. Hence, 
when two senses of surface saturation are used exclusively, pulselike signals result on 
teud-back, corresponding to the changes in writing current from one sense of satura- 
tion to the other. The output signal is inherently alternating in character. This 
hasic nature of the read-back waveform may be obscured if the over-all system is 
“perating under conditions where a change in current effects the change in mag- 
jielization produced by the previous switching of the current, or if time-dependent 
ollects are important. 

‘lhe magnetic properties desired for the recording surface are quite different from 
\hhose necessary for the magnetic head. Consider first the recording layer. The 
value of the maximum-energy product for the surface medium (BH)max should be 
large. is the magnetic-field intensity, while B is the induction-field intensity. Now 
the product (BH) max is an indication of the energy which may be stored in a unit 
volume of material. The induced voltage in the magnetic head on read-back is 
proportional to B,, the residual induction, and hence a large value of B, is desirable. 
lor writing definition, a large coercive force H, is beneficial (compatible with the 
‘nouns available for magnetization of the surface). This property enables a given 
fegion of the medium to be magnetized with less influence upon adjacent surface 
rogions, A relatively large ratio of H./B; is desirable for stability, as this will tend 
(o counteract the influence of stray and self-demagnetizing fields. 

The magnetie properties of magnetic-head materials should be similar in many 
reapects to those of communication-type transformers. The initial permeability 
should be large for reading, this process involving weak fields. From the standpoint 
of writing they require a high saturation flux density in order to assure that the 
recording surface will always saturate first. The residual induction should be small 
wo that the magnetic head is essentially in a demagnetized state when not energized. 

In mks units B = »(H + M), where M is the magnetic moment per unit volume 
of the material being considered. In the emu system 


B= H + 4nM 


ae Zo 


(12.5.2) 
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where M is called the intensity of magnetization. Since the magnetic propertie 
of materials are most commonly given in the latter system of units this system will 
be used. Here, B is measured in gauss and H in oersteds. When 


M =kH (12.5.3) 


over a range of values of H(k = susceptibility), the expression for B may be modified 
to 


B=B,+ nH 
or AB = np AH 


The last expression defines the differential permeability of the medium. 
permeability is regularly used in describing magnetic materials, and henceforth th 
symbol u or the word ‘permeability ” will be used in this context. 

The surface is a “hard” or high-coercive-force material while the head materi 
is classified as a “‘soft”’ or low-coercive-force magnetic material. For the latter typ 
of material the relation between B and H is reasonably linear over a wide range, an 
these factors are related by a very large value for x. For hard materials the perme 
bility near saturation is of the order of 1.0. These distinctive magnetic propertic 
of the magnetic materials used permit a unique and in some ways qualitatively simp! 
model of the magnetic-recording process. 

The most common recording surfaces are made of magnetite (Fe;0,, black iron 
oxide), the synthetic red iron oxide (6-Fe:O3), or an electrodeposited cobalt-nick 
plating. These oxides are available in suspensions with an average particle si , 
less than 1 micron in diameter. Typical magnetic characteristics for the 3M (Min- 
nesota Mining « Manufacturing) red oxide suspension are H, = 250 oersteds, 
B, = 500 gauss. The base surface may be coated with this material by spraying, 
dipping, etc., after mixing with appropriate solvents. Coating thicknesses rang 
from about 0.4 to 3 mils. For cobalt-nickel-plated surfaces H, is around 
oersteds and B, is of the order of 10,000 gauss. However, their greater self-demag- 
netization (from a lower ratio of H./B,) and possible eddy-current effects (from thei} 
high conductivity) tend to limit the thickness of a plated surface if comparabli 
resolution is to be obtained. Fortunately, very thin films can be plated with excel 
lent uniformity. Metallic tapes with plated surfaces less than 100 yin. in thickness 
are used. However, as indicated in the design section, the output voltage is roughl 
proportional to surface thickness, and hence the potential increase in output offerer 
by the cobalt-nickel material cannot be realized. 

The magnetic oxides have proved to bé the most satisfactory surfaces to date. i 
one advantage of a plated surface is in the fact that it is physically harder than th 
oxide layers that have been developed; thus the plated surface is more resistant 
accidental impact. One of the major problems in producing satisfactory oxide tap 
is to overcome oxide build-up resulting from the constant abrasion of the surface 
contact operation. 

Alloys such as 4-79 Permalloy, Hymu 80, and Mumetal are representative of lam 
nated metallic-head materials. For high-frequency response thin laminations are 
needed and the thickness normally ranges from 2 to 7 mils. 

Ferrites are achieving an increasingly important position as a head material. , 
laminated structure is not required because of their enormous resistivity. Ferrite is 
much less subject to wear but suffers from the fact that it is a ceramic material and 
cannot now be finished to provide as well-defined surfaces and edges as metallic alloys. 
The saturation flux density and permeability of the available ferrites are far lower 
than the values obtained with high-permeability metallic magnetic materials. 

12.5.3. Magnetic-recording Theory; Head Design. While transducers based on 
flux-sensitive means are used for magnetic recording, almost all transducers in Use 
today are conventional magnetic heads. With respect to the direction of relati 
motion between the magnetic head and the recording surface there are three prima 
modes of recording that can be defined, based upon the principal direction of satura. 
tion. These are: 


. 
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1, Longitudinal or horizontal recording 

2, Perpendicular or vertical recording 

4. Transverse recordin Sx r 
Longitudinal recording an to recording in which the principal magnetic-field 
somponent of surface magnetization is in the plane of the surface and parallel to the 
direction of surface motion. Occasionally this type of recording is called horizontal 
secording. In vertical recording the principal orientation of the writing field is 
jormal to the plane of the surface. In transverse recording, the medium would be 
‘wugnetized in the plane of its surface but normal to the direction of surface motion. 
Those three modes of recording and the magnetic-head structures to produce them 
aro illustrated in Fig. 12.30. The almost 
niversal mode of recording today is longi- 
‘idinal, using a ring-type magnetic head as 
shown in Fig. 12.30. The sketches indicate 
joncontact operation merely for the sake of 
tlarity. ; 

The objectives in magnetic-head design §=~———>_ 
are the same irrespective of the mode of 
fowording; hence only design features perti- 
nent to a ring-type head structure will be 
eonsidered in any detail. The discussion 
will reveal several inherent advantages of 
this device. The ring-type magnetic head 


Longitudinal recording 


Vertical recording 


tontially comprises a low-reluctance mag- erg ee 
folic path having a small nonmagnetic gap 
which is located next to the surface with the 
up aligned normal to the direction of sur- 
fave motion. This structure permits an 


‘ Transverse recording 
julense localized magnetic field to be pro- 


‘wed at the surface when a coil on this 
‘ing is energized. The writing field is actu- 
ally the fringing field of the gap. On read- 
jug, this head effectively shunts the surface 
flix (due to the remanent surface magneti- 
sition), which otherwise would traverse the } : : : 
fop region, through the magnetic-head path. This flux thereby links a coil on this 
jad and so induces a voltage proportional to the time rate of flux change. ! 
lor writing a coil must be able to provide a positive and negative magnetomotive 
force sufficient to develop a saturating-field intensity through the recording film in 
the region in proximity to the gap. In noncontact operation, this condition may 
hequire a magnetomotive force (mmf) in the neighborhood of 25 ampere-turns. It 
inuy be stated that for optimum recording performance the gap size should be nomi- 
nally equal to the head-to-surface spacing in noncontact operation. This point will 
hw clarified somewhat in the remainder of this subsection. In contact recording 
‘lirected toward the highest possible storage density the gap size should be as small 
av possible, consistent with recording surface thickness. Fabrication problems have 
limited the production of contact heads to gap dimensions of a few tenths of a mil to 
date. The width of the magnetic head in the direction normal to the direction of 
surface motion establishes the width of the recording track, which is effectively equal 
\o the dimension of the magnetic head. The track width should be small if a high 
track density, and thereby a high density per unit surface area, is to be achieved. 
llowever, the reading-output signal is proportional to track width. Further, the 
wreater the track width, the less significant are small surface irregularities on the 
road-back-voltage signal. Head widths generally fall in a range from 7 to 100 mils 
(1 mil is equal to one-thousandth of an inch). Track densities correspondingly are 
of the order of 20 per inch. *. as , ‘ 
The design of the magnetic head for high definition on writing and high resolution 


Fia. 12.30. Modes of recording. 


on rending is strongly influenced by the thickness of the recording medium, and in the 
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peer rare oa eee, the spacing between the magnetic head and 
s : . Contact recording is merely a special case of noncontact . 
in which the spacing has been reduced to zero in so far donahial 
concerned. Hence writing definition refers to the size Se sag Sok emer 
a saturation change in magnetization can be effected. This factar nay: aa 
defined in terms of the length along the track occupied by the magnetic ‘dipole, 
produced by a positive current impulse, applied to a negatively saturated track ay 
better the writing definition, the shorter the surface magnetization ‘calpain é Rea | 
ing resolution refers to the zone extending on either side of the magnetic head wil 
which a steplike change in recorded magnetization causes a perceptible signal volt : 
(with the surface in motion). The playback signal obtained will be reduced i ih 
width as the reading resolution is increased. For a magnetic head serving f 7 0 
writing and reading, the nonlinear magnetic property of the methine aetile 
storage—results in an appreciably higher writing definition than reading resolelll 
Since reading and writing should be compatible when using a single magnetic he 
for both these functions, the design of the structure should be irected rima i; 
toward improving reading resolution wherever opposing considerations adits 
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= Gap dimension 

= Head-to-surface spacing 
= Recording layer thickness 
= Number of turns 

= Write current magnitude 

vp = Surface velocity 


Magnetic field lines 
Fia. 12.31. Ring-head structure. 


The ring-type head with several indi i 

Th \ parameters indicated is shown in Fig. 12.3 
fringing field of the gap is the writing field that magnetizes the pabtite ts heal 
sequence. The gap size, saturation flux density, and writing mmf of the magnet 


po a ae from the head than the top section. Though the fringing field 
airly | road in extent, its actual influence on the recording surface extends only 0 
the cere wherein the saturation threshold field is exceeded. This distenll 
pr nie y ev etiad by the hysteresis phenomena exhibited by the surface. Since th 
ie ya oor id the gap, the only region of concern with step-current changes 
beetle a ing ep EH tip. This is the last field a surface point pa 
4 Pa gece vy the magnetic head. While the ring-head record is primaril) 
phe rons i a hee! ace region is subjected to an appreciable vertical magnetish 
drank entering and leaving the vicinity of the magnetic-head gap so that som 
rtical magnetization can be expected. The basic objective in the design of a hi 


. 


12-25 


‘onsity magnetic-recording head is to obtain a high reading resolution. This resolu- 
‘on factor is the distance about the gap center line, measured in both directions along 
‘ho track, over which a recorded step change in magnetization would produce an out- 
pul signal with surface motion. The guiding concepts in head design for reading 
stom from a consideration of the gap fringing field. This fact arises from the applica- 
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‘ion of the principle of reciprocity to the recording process. This approach is ideally 
suited to data recording where the input is composed of step or impulselike current 
shanges. According to the principle of reciprocity, the fringing field at a surface 
joint, established by weakly energizing the reading coil (to produce flux densities in 


‘ho head of the order of those arising on read-back), gives a measure of the sensitivity 
of the magnetic head to recorded magnetization at that point. Further, the vector 
somponents of the fringing field at such a point give the relative sensitivity of the 
head to the different directions of magnetization. The horizontal component of the 
\yinging field along the surface indicates the head sensitivity to longitudinal mag- 
yolization, ete. Thus, for high reading resolution, the fringing field, arising from the 
above method of energization, must attenuate rapidly on either side of the gap. 
Yhen adjacent bits—changes in magnetization—can be placed closer before any 
‘wutual interference effects on read-back will occur. On read-back the fields arising 
‘vom the surface remanent magnetization are very weak, and therefore the head acts, 
io « close approximation, as a linear element. Since the surface is saturated in one 
senso or the other and is therefore of low relative permeability, the principle of super- 
josition can be utilized to obtain the net flux linking the head. Each region of the 
surface in the neighborhood of the gap then contributes to the total head flux an 
mount proportional to the corresponding fringing field at that point times the inten- 
sily of magnetization found there. The net flux would be calculated by integration. 
‘Tho output signal is then obtained by differentiation. By such a procedure it can be 
shown that for a step change in magnetization, the output-voltage waveform is closely 
proportional to the distribution of the horizontal component of the fringing-field 


sonsitivity function (for a ring head). A typical read-back waveform resulting from 
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Fig. 12.32. Output-voltage curves. 


4 steplike reversal in saturation current is shown in Fig. 12.32a. Estimates of per- 
formance may be made from this waveform by application of the principle of super- 
position, since reading is predominant in the over-all system characterization. If, 
for example, the characteristic output signal from a recorded reversal of saturation 
ourrent has a base width of 4, then the maximum bit density, where no interference 
{vom adjacent signals is allowed, would be 1/d bpi. On the other hand, if the pulse 
i» symmetrical and the restriction on density is only that no signal-peak variation 
jn to be tolerated, the limiting bit density would be 2/a. 

‘The above considerations show that the surface magnetic layer, spacing, and the 
wotual magnetic-head design (pole tip shape, coil location, etc.) are very important 
{actors with respect to storage density. This subject: will be elaborated upon briefly 
after noting the fairly direct relation among signal-amplitude reading turns and 
‘agnetic-head width. The voltage-output amplitude is directly proportional to the 
vumber of turns on the reading coil and the width of the magnetic head. This latter 
sondition arises from the fact that the width of the magnetic head is much greater 
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than the gap, and hence the fringing flux is oriented almost entirely parallel to th 
track. Each unit width of the head thus acts itself as a recording member and eag! 
contributes proportionally to the total magnetic-head flux linking the encircling read 
ing coil. Since the fringing field about the gap of the magnetic head is not math 
matically describable in terms of an elementary functional dependence upon the sp 
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fairly closely only by recourse to graphical, numerical, or simulation techniques. I 
is not too difficult, however, to outline qualitatively the influence of the geometric 


? 


a measure of the degree of coupling of the magnetization on this strip with the ma 


amplitude and broader in width. The latter fact gives rise to conflicting aims in th 
choice of the thickness of the surface layer. High resolution requires a thin film t 
avoid a loss in over-all resolution. However, as the storage-layer depth is reduced 
there is also a loss in playback-voltage amplitude. For values of d (surface-laye 
depth) less than the spacing 64, the output voltage is closely proportional to d. 

Self-demagnetization, which tends to lower both writing definition and output-sig 
amplitude, is reduced by a reduction in surface-layer thickness. This result 
apparent if the surface, after magnetization, is viewed as being composed of a sequene 
of horizontal bar magnets. Self-demagnetization is of major significance in a cobalt. 
nickel surface where a relatively large ratio of B,/H, exists. Hence, for equivalen 
density conditions it is necessary to use a much thinner layer of cobalt nickel thai 
iron oxide. The large value of B, for cobalt-nickel compensates for the reduction 
thickness in an amplitude-output comparison with an iron oxide surface. 

In general, an optimum value for d exists. For layers less than this value there j 


an insignificant improvement in resolution, but a proportional reduction in output 
voltage amplitude. 


the factors described. A typical range for d for a magnetic-oxide tape is from 0, 
On the other hand, with metallic recording surfaces, the best results a 
obtained with layer depths of the order of one-tenth those of corresponding oxid 
layers. 

It is obvious that signal amplitude and resolution decrease as the spacing between 
the magnetic head and the recording medium is increased. This follows directly 
from a recognition of the attenuation and diffusion of the fringing field with distance 
from the gap, using the recording-evaluation concepts described earlier for data 
storage. Hence it is necessary in order to obtain useful storage densities to make § 
as small as is mechanically feasible in noncontact operation. Toward this end, 
magnetic drums are customarily turned (machined) in their own bearings. 6 ranges 
in noncontact recording from a tenth of a mil up to 2 mils. The closer spacings are 
achieved by the use of air bearings in which the head is supported by the air film 
between the surface and the magnetic element. 

For the idealized magnetic head shown in Fig. 12.33 relations may be written indi- 
cating the influence of y, 6, and d on the output signal produced by a recorded change 
in saturation magnetization without actually solving for the fringing field. This out« 
put is a pulselike signal, and the features to be considered here are the peak amplitude 
and the pulse width of this signal. 


The following series of equations may be written, assuming the magnetization is 
entirely longitudinal: . 


e(Z) = d+ H,(2) (12.5.6) 
where //, is the average value of H, (horizontal fringing-field component) through 
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the surface film. Now where d is not too large a reasonable approximation is to set 
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Hz = H(0,0) 
H(0,0) = b-»- Hy, 


(12.5.7) 


Vurther, (12.5.8) 
6+ d/2 
Y 
= field intensity in ga ' 

“ = aeccleey of anes field as a function of 5, y, and d (see Fig. 12.33) 
4 is a monotonically decreasing function and b(0) is somewhat less than 1.0. The 
parameters 6 and y appear in the manner 
shown only for this idealized magnetic-head 
iiodel in which the pole faces and opposing 
wirface are assumed to extend to infinity. 
Now, if the permeability of the magnetic 
ead is assumed infinite, the total mmf will 
\ppear across the gap and hence for the same + 
excitation of the reading coil (reciprocity con- | 
wept) H,isinversely proportional toy. Thus : 
(0) may finally be expressed in the follow- 
ii manner, where d is relatively small: 


e(0) « d-b- 8/72 (12.5.9) 


The peak signal is eer cere & 
io when 6 >d/2. en, using this ; } 
ag if ek the gap and spacing are halved, the output signal is doubled. 
Mince in this case 6/y appears as a ratio which is preserved, this change in 6 and y 
simply amounts to rescaling the field plot using a factor of one-half. The aan 
pulse width will be then halved. It is observed that the voltage-time area o 2 
juulse remains constant. This would be expected since this pulse area is equal to the 
iol change in flux linkages, which would be the same. The effects of other some 
ji the geometrical parameters may be anticipated in a like manner. The fact t “ 
\! in possible to consider improving the resolution by a factor of two (and hence _ wi 
(he bit density) every time the spacing can be halved has resulted in hit ¢ or 
{wing placed on improved spacing using air-bearing principles. Nominally ee — 
(jos range from 100 to in excess of 1,000 bits per in. as the corresponding hardware 
ses spacings from 1 mil to 100 pin. ; 
, Normally, a component of vertical magnetization might be expected when Li 
ing with a ring head. The voltage due to this component is esate ne its 
inagnitude and the vertical fringing-field component. This component of t . ring- 
ing field is considerably broader than a horizontal one, although it is zero at the gap 
center. Thus e(0) would not be eee ee aegncent degree of vertical magneti- 
ition ¢ radically increase the observed pulse width. : 
opments ates concern only spatial considerations. Time-dependent ae 
wre also significant. The frequency bandwidth is established by the sa eer in em 
imation and the velocity of relative motion between the head and surface. In order 
(o place the resonant frequency of the magnetic-head coil beyond the “gegen 
frequency range there is a limitation to the number of turns that can be = e “id 
(he resonant point the head impedance is essentially inductive, and again to re 
(he inductive time constant of the head the fewer turns used the better. In i 
operating range the head impedance will be somewhat linear with a = e 
head is a relatively low impedance device with a d-c resistance of only a few 2 ee 
and an inductance of the order of microhenrys in most cases in which the pass por 
oxtends to several hundred kilocycles. Typically, the number of turns used is wen 
range of 100. The required writing current is inversely proportional to yd son 
recording techniques in which the operating band is shifted away penn Y po 
frequency end, transformers may be usefully employed to match the a 8 nr 
magnetic-head coil(s), Without transformers and with noncontact recording on o 


Where 7 


Fia, 12.33. Idealized magnetic ring head. 
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surfaces, the write current may be as large as 200 ma. The rapid switching of thi 
fairly large current makes the transient response of the magnetic-head coil quite 
important since it is not so easy to overdrive and clamp the current to speed up action 
In many applications a group of magnetic heads are placed in a stack where very clos 
spacing between them is necessary. This type of use makes interhead shielding 
necessary to reduce or effectively limit cross talk. Cross talk is the coupling of fl 


Mechanical precision and tolerances are particularly acute with regard to consisten 
performance. In noncontact recording, the sensitivity of signal amplitude to spacin 
has been mentioned, and the effects from spacing variation are enhanced as densit. 
is increased. On a recorded wavelength basis the function e~278/A gives the relati 
signal loss as a function of spacing. (Here, \ = wavelength.) This variation in 
Spacing appears as an amplitude-modulation envelope upon the read-back signal fron 
a track. The degree of modulation acceptable sets the runout that can be tolerated 
Nominally, magnetic drums with fixed heads are machined to hold the spacing varia 
tion within 20 per cent. This means that a magnetic drum storing 100 bpi with ¢ 
nominal spacing of 1 mil will have a total runout of less than 0.2 mil. Since the signal 
amplitude is quite sensitive to the spacing 8, the read-back waveform itself provide 
& sensitive measure of the variation in this parameter. In tape storage, informatio 


tape edge when passing by the head block. The tape is referenced against one ed 
when traveling by the head array and must ride accurately along this edge. T 
problem of skew is aggravated when it is necessary that tapes be interchangeable, 
which is generally the case. On the IBM 727 tape unit, the bit density is set 
200 bpi. At this density and for parallel tracks across 1g-in. tape, the alignmen| 
between the inside and outside tracks must be held to better than 5 mils offset ir 
250 mils (}4in.). The maximum amount of skew between the tape and head assemb 
is thus less than 0.02 radian. In the Ramac disk array the magnetic element is sup» 
ported by an air bearing so that the head assembly “follows” the disk runout and 
holds a spacing of approximately 1 mil. The advantages of such a head support 4 
obvious. In fact, where disk runout may be as great as 50 mils, it would be impossib 
to consider this type of storage without the use of such a spacing-control mechanism, 
There are, in this file, only two magnetic heads, one for each side of the selected dis 
which are mechanically positioned to the desired track pair. Here, high mechanic i 
accuracy 1s necessary on track location. This problem is compounded when several 
accesses are provided for the same disk file. This positioning requirement is alleviated 
on this machine by providing a wide erase element associated with a narrower read+ 
write magnetic head. 

12.5.4. Recording Techniques. Recording techniques broadly refer to the methods 
of writing and reading binary data. Writing involves the translation of a binary 
sequence into a unique writing-current pattern and reading involves the detection and 
conversion of the reading waveform into the corresponding binary information, 
Data-recording techniques can be divided into two categories, external clocking and 
self-clocking. External clocking implies a clock track is provided to furnish cell 
location and writing is synchronized by these timing pulses. These pulses likewise 
define the sampling interval for each bit period on read-back. Self-clocking, on th 
other hand, describes recording methods in which clocking information is derived 
from the recorded data, no external clock track being used. — 

Subdivisions under these main categories would be the following two basic modes 
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of storage: (1) techniques that provide a useful output signal for every bit, (2) tech- 
iiques that provide a useful output signal only for a change in binary sequence or for 
only one of the two possible values of the binary variable. The first group of codes 
iy in a sense redundant in that the original binary sequence could be reconstructed 
knowing only the first digit in addition to the changes in digit sequence. This 
reconstruction requires a timing source closely locked in with the speed of relative 
motion since the correct number of bits must be inserted in the intervals during which 
ho signal is received from the data track. In situations where the possible variations 
in binary sequence are limited, this latter group of codes may be applied with a self- 
vlocking mode of operation (using a continuously rephased oscillator). 

The output waveform for a given input-current code depends significantly upon the 
characteristics of the recording unit. It is often possible to use discrete pulses rather 
than a continuous-current waveform on writing and achieve an equivalent surface- 
inagnetization state due to the fringing of the writing field about the gap. 

As mentioned earlier, a knowledge of the basic step, or impulse response of the 
ocording system, allows the read-back waveform to be synthesized for any given 
hinary sequence by employing the principle of superposition. This allows a distinc- 
lion to be made between the basic resolution merit of the recording unit and the 
value of a particular recording technique. 

The various recording techniques have their own advantages and disadvantages 
with regard to: the circuits required, sensitivity to sources of noise, reliability, and 
density considerations. Therefore, the most popular recording techniques will be 
briefly described and compared with respect to their most salient features. 

(a) NRZ Recording. The conventional NRZ (non-return-to-zero) scheme uses a 
vontinuous-current waveform when writing with one direction of saturation current 
\hroughout a bit period to represent a binary 1, and the reverse sense of saturation 
vurrent throughout a bit period to represent a binary 0. With this scheme only 
changes in binary sequence are detected because of the differentiating nature of the 
roading process. In Fig. 12.34 are shown the input-output waveforms for the binary 
sequence 110100 at a recording density sufficiently low such that no interference 
arises between the responses from adjacent current changes. The inherent differ- 
entiation process between input current and output voltage is evident. The 
roading circuit concept illustrated here involves the shaping of the output pulses, 
the positive pulses setting a flip-flop in the 
| state and the negative pulses resetting 
(his flip-flop. The flip-flop then gates the 
vlock strobes. A gated strobe indicates 
ihe presence of a 1 and the absence of such 
4 gated output at clock time denotes a 0. 

This type of recording requires the 
lowest-frequency response for a given bit 
density and surface velocity. The writ- 
ing current will almost always have a d-c 
component. Other observations from an 
inspection of Fig. 12.34 are the nonsuita- 


bility in general to self-clocking and a mini- pes 
ium of crowding between adjacent step- Bet LJ LJ Lael wae LJ L 
current responses for a given bit density. 
Normally, an actual read-back waveform ed nsasal Acabdl Uphasnahsind ideiteiebahina! 
will exhibit a base-line ripple due to sur- Strobes 
face noise as well as amplitude modulation 
due to a variation in spacing between the 
imagnetic head and surface. 

It may be noted that an inherent characteristic of this read-back waveform is the 
{net that it is alternating in character. This fundamental feature provides the possi- 
bility of using logical principles in reading to extend density or increase reliability. 


With NRZ recording if a single pulse-is missed which, for example, indicates the 
hoginning of a train of 1’s, all the following bits included in the gated block will be 


1 1 0 1 0 0 
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Fig. 12.34. NRZ waveforms. 
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erroneously read. This feature can be avoided by designating each change in curren 
as a given binary digit, e.g., a 1. This coding method is the so-called NRZI scheme 
Here, if a pulse is missed, only that single bit will be misread. 

(b) Pulse Recording. A second common recording technique is to use a continuo 
negative saturation current for 0’s, and when it is desired to record a 1, a positivi 
saturation current pulse is applied during the selected bit interval. Figure 12. 
indicates a typical current-input waveform and the corresponding output-volta; 
waveform. It is seen that a double polarity pulse results from a recorded curren 
pulse and, hence, the recording circuits can directly use zero cross-over detectio’ 
The voltage response typifies a signal from a recorded “dipole’’ where the magnetiz 
tion changes from negative to positive saturation and then back again to negativ 
saturation. A well-known version of the above technique is the so-called RZ (return: 
to-zero) recording in which a 1 is represented by a positive pulse and a 0 by a negativ 
current pulse. In this case a signal is obtained for every bit and therefore lends its 
to self-clocking. With pulse recording, where each dipole is to be sensed, ever 
recorded pulse involves two changes in magnetization in contrast to the NRZ sche 
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where only a single magnetization change is used to represent a bit of information. 
Thus, for the same storage density the surface “packing” density is only one-half 
great with NRZ recording. Pulse-response interference effects occur at lower valu 
of storage density with a RZ type of recording, although the possible use of ze 
cross-over detection is a favorable advantage with this method. One applicati 
relying on the pulse-recording method using a negative saturation current for 0)! 
is a single-pass read-write type of operation. The leading pulse of the bipolar pu 
response can provide an indication of the state of a cell at a small cyclic time before 
the information was actually written. This occurs because of the fringing of t 
writing field forward of the gap. This signal can be used to act logically on this bi 
of information and based upon this action either rewrite, or not rewrite, a “1” at the 
time the center of the cell passes by the gap. A short write pulse would, or would 
not, be applied to the head at this time. 

(c) Phase-modulation Recording. A third recording technique will be referred 
to here as phase-modulation recording since there exists no universally accepted 
designation for the method. Whereas in NRZ recording the square-wave recording» 
current bandwidth extends from one-half the bit rate down toward zero, in the phase+ 
modulation techniques the bandwidth extends from one-half the bit rate up to a figure 
equal to this rate. This latter method then encompasses only one frequency octave 
while the NRZ scheme involves a bandwidth extending over several octaves. This 
feature of phase-modulation recording is a distinct advantage from a circuit point of 
view, and further, since no d-c component exists in the writing current, this method ia 
well suited to transformer coupling between the magnetic head and associated circuits, 
Figure 12.36 illustrates the waveforms obtained from one particular coding scheme 
using this principle. A satisfactory signal is available for each bit at the low 
density illustrated, where no overlapping occurs, and hence the method can be used 
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on a self-clocking basis. At higher densities the half-bit period current envelope 
jay be replaced by a pulse producing essentially the same read-back signal. This 
arises from the fact that, because of the spread of the fringing field, adjacent pulses 
of the same polarity will effectively produce a continuous surface magnetization. 
While the circuits are required to operate at a higher rate here than with NRZ record- 
jing, this in general will be no great disadvantage. The individual pulse responses 
on read-back at reasonable densities are more well-defined timewise, as there are only 
wo possible separations between them. The alternating character of the reading 
waveform has the effect of canceling out the base-line signals of the individual pulses. 

(d) Reading. In practice, many sensing techniques are used, e.g., amplitude, slope, 
or peak sensing, each characterized by the waveform attribute used. The choice of 
(he particular manipulations to be performed on the read-back waveform is greatly 
influenced by the over-all system characteristics. ; f 

Note the behavior of the roll-off curve (Fig. 12.326) which gives the voltage response 
ai a function of recorded cycles per inch. As a general observation, frequency 
equalization is applicable as a means of improving the bandwidth character of the 
‘magnetic recording channel’? where the original signal-to-noise ratio is more than 
adequate. Since wavelength response is being compensated by frequency networks, 
wny possible changes in velocity must be anticipated. ; ; 

Amplitude detection is simple and relatively immune to base-line noise. eae 
it is very adversely affected by spacing variations due to the recording amplitude 
sonsitivity to spacing, and is limited with respect to high-density recording due to the 

oll-off characteristic. ' 

by vote signal sensing based on a change in waveform slope (peak sensing) 
will not be sensitive to amplitude fluctuations. Therefore peak sensing is advanta- 
yoous when large changes in spacing must be tolerated and for high-density recording, 
since the limitation of the method arises from peak shift affecting timing require- 
ments. Significant peak shift occurs only after considerable pulse crowding. ‘ How- 
ever, this method is more susceptible to base-line noise than is amplitude sensing. 

Another reading technique is “‘energy’”’ sensing in which each vulse amplitude-time 
area must fall within predetermined limits to be “read.’’ This method gives excellent 
discrimination against impulse-like noise. There are many other detection techniques 
of equal or greater merit, depending on the system and its requirements. = it is 
only possible to cite the features * inherently different approaches to provide some 

iderstanding for comparative evaluations. : 

. In hei prt 6 noise of various sorts is always present, although “ae 
distortion in the read-back waveform due to overlapping is in itself highly detrimental, 
ii is common to speak of the desired-signal-to-undesired-signal ratio as the os 
noise ratio. Depending upon the noise effects, one or the other of the describe 
lection systems may be advantageous. 

+ 19.6, Head Guinean and euiecuioe. Magnetic drums most generally have a 
single read-write unit servicing a multiplicity of magnetic heads. To minimize the 
number of components, switching is usually done directly at the heads. This thal 
low-level switching on reading and relatively high current switching on wri ae 
Also, the switching time between the two operations of writing and reading ae e 
ininimized. The reading amplifier requires special precautions to minimize switc ag 
and writing transients. These transients will be much larger than the reading — 
und could paralyze the reading circuit for an intolerable time. Voltage clamping a 

(he input of the reading amplifier is often used, coupled with a design for as te 
recovery time consistent with satisfactory preservation of reading waveform. rs a 
diodes are a quite popular means to handle the switching and selection pe em. 
‘The diodes employed in writing selection must handle in the neighborhood 0 ~* 

In completely parallel operation such as used on magnetic-tape units, wert? selec 1 
foatures are not present, although switching between the writing and reading mode 
alill exists. Performance requirements (including cost) of a magnetic mass-storage 
device will dictate the approach to serial versus parallel information flow. 

12.6.6. System Descriptions. (a) Magnetic Drum. As mentioned earlier, ae 
notic drum iy extremely well suited for service as a working memory for medium- 
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speed machines. Currently, magnetic drums are predominantly used for this fune- 
tion. While core storage is making some impact, it appears here that high-density 
drums will find indefinite usage for program storage. 

A representative magnetic-drum memory is the unit serving as the internal working 
store for the California digital computer (Caldic) at the University of California. 
An aluminum tube slightly greater than 8 in. in diameter and 20 in. in length provides 
the basic drum. This drum is machined in its own bearings. A 3-mil red oxide 
magnetic coating (3 M) was put on the drum surface by turning the drum at several 
hundred rpm and spraying the magnetic paint upon it by repeated passes with a 
conventional spray gun. The surface was allowed to dry and was lightly buffed 
between passes. The drum was vertically mounted and directly coupled to a 3,600- 
rpm single-phase induction motor. This drive gives a revolution time of about 
17 msec. Two hundred magnetic heads were mounted in a set of four offset vertical 
brackets, giving a track density of 10 perinch. A fifth bracket was also located along 
the drum axis with five heads: one clock track, three spare clock tracks, and an origin 
or angular reference pulse. All the magnetic heads were set mechanically to a nominal 
1.5-mil spacing and then adjusted by signal for equal response through a differential 
screw adjustment. The bit density is 90 and with a surface speed of closely 1,600 in, 
per sec, information transfer to and from a memory track occurs at a bit rate of 
144 ke. The drum capacity is about one-half million bits with an average access 
time of 8.5 msec. 

Numbers are 10 decimal digits plus sign and are stored in a parallel-by-bit serial- 
by-digit fashion in the 1-2-4-8 binary-coded decimal scheme. Hence, there are 
50 bands of four magnetic heads each. All 50 heads handling a given weighted binary 
digit (a channel) are serviced by a single writing and reading unit. Switching involves 
a 1 out of 50 selection. The drum circumference is divided into 2,400 sectors, each 
corresponding to one word (number or order). The output voltage for the 50-mil- 
wide magnetic heads is 1 my per turn and 25 ampere-turns are used for writing. The 
approximate cost per bit for a magnetic-drum memory such as the one described here 
is 2 cents. The drum memory is quite rugged and conservative design permits very 
high reliabilities to be attained. 

(b) Magnetic-tape Storage. Magnetic-tape units are used as auxiliary large- 
capacity storage units for all high-speed digital computers and are an available option 
for most medium-speed machines. In the area of input-output equipment they a: 
classified as high-speed units. One special function they can usefully fulfill is to act 
as a buffer between very-high-speed internal memories and the slow electromechanical 
input and output devices. Tape interchangeability is an essential systems feature, 
To update a set of records on a tape it is conventional practice to create a new tape, 
Large tape libraries and inherent tape replacement are consequent results. 

A typical tape system reads information on six to eight parallel tracks on a 4-in« 
wide magnetic tape at a bit density of about 200 bits per inch. The tape speed may 
be 100 in. per sec. In order to handle short lengths of information efficiently the 
tape can be brought up to speed or stopped in less than 5 msec. The tape may be 
reversed in less than 10 msec. t 

The highest-quality magnetic tape consists of a Mylar base (1.5 mils thick) which 
is coated with a red iron oxide layer 0.5 mil thick. Mylar as a base material is par 
ticularly attractive from the point of view of long-term permanent records. The 
pulleys and capstans are conventional components of the tape-drive system. A 
moving-coil-operated mechanism starts and stops only a relatively short length of 
tape near the magnetic-head assembly. Vacuum columns are provided to serve as & 
tape buffer storage between the drive mechanism and the relatively sluggish tape 
reels. Uniform tape tension is maintained by storing short tape loops in these 
columns. The bulk of the tape is thus handled in a fairly leisurely manner. The 
total tape length may range from 1,400 to 2,400 ft. In the vacuum columns a vacuum 
is maintained below the short tape loop and atmospheric pressure above it. The 
columns are divided into three regions and vacuum control switches are used to maine 
tain the tape loops in the center region through control of the tape reel drives. These 
switches are actuated by the pressure difference maintained across the tape loop. 


. 
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Skew is the angular measure of the departure of the head-assembly orientation 
from the normal to tape travel. Skew must be kept below a specified maximum 
value so that all the seven bits of one character may be read in unison. One edge of 
the tape is held against a reference plane to maintain this alignment. A full-tape- 
width erase head is an integral part of the head assembly along with the seven-channel 
read-write magnetic heads. Mumetal shields are placed between the recording heads 
(o reduce cross talk. A contact pressure of about 6 oz is used between the recording 
heads and the magnetic tape. Care must be taken to avoid the accumulation of iron 
oxide particles and dust in and around the region of the recording-head gaps which 
otherwise would seriously affect tape positioning and head-to-tape spacing. Further, 
with contact recording in magnetic-tape units, head and tape surface wear will occur. 
‘Tape wear can be reduced by avoiding continuous data transfer to and from a limited 
section of tape. The head-wear problem is handled by a regular replacement schedule. 
‘wo techniques which are advantageous in the handling and employment of long 
lengths of tapes are high-speed block search and tape marking. In the former the 
information is grouped in blocks with a block-identification symbol preceding each 
block. Block search is carried out with the head and tape out of contact so that a 
greatly increased tape velocity is practical. When the desired block is located, con- 
(act is reestablished so that the information itself may be stored at the higher densities 
possible with no spacing. The second technique is to scan the tape initially and insert 
marks preceding and following all tape defects. These marks will automatically 
cause the unit to skip over tape defects during operation. By this means, it is not 
essential that a tape be 100 per cent free of defects in order to be acceptable. a 

(c) Magnetic Disk File. A relatively new form of magnetic memory is the magnetic 
disk file. This unit was designed particularly to meet the requirements of business- 
data processing. The objectives here are to provide a random-access memory with 
wn extremely large capacity and an access time to any stored record of less than 1 sec. 
‘here are disk files with a capacity of 20 million 100-character records with an average 
uccess time to any given record of approximately 0.4 sec. 

Physically, this disk file consists of 50 disks which are mounted upon a central 
vertical shaft. Each disk has a 0.7-mil iron oxide recording layer on each disk side. 
The disks have a 24-in. outside diameter with a recording ‘‘band”’ of approximately 
f in. on each side, giving about a 2:1 ratio between the outer and inner recording- 
track radii. A 2:1 ratio of outer to inner track radius optimizes disk capacity. A 
constant information rate is used so that the bit density varies inversely with the track 
radius, the maximum density (approximately 200 bpi) occurring at the inner track. 
‘here are 200 tracks on each disk side, recorded at a track density of 40 tracks per 
inch. The disks rotate at 1,200 rpm. , ; 

The access mechanism drives a pair of magnetic heads, one serving the upper disk 
sides and the other head the lower disk sides. Somewhat similar to some “jukebox 
inechanisms the arm carrying the magnetic heads is first driven vertically along the 
disk column in the selection of the desired disk, then moved horizontally between 
(he disks to locate the desired pair out of the 200 track pairs available. The given 
‘rack is then established by head selection. In going to a new address on another 
disk, the arm is, of course, first retracted from between the disks. Hence the access 
motion is composed of basically three movements. Mechanical referencing is estab- 
lished by fixed detents. Several such access units can be mounted around the periph- 
ory of the disk array, allowing independent references to the file. ' ' 

"The disks invariably have some runout, and for this unit the maximum runout is 
held to less than 50 mils. It is immediately obvious that mechanical establishment 
of spacing is impossible and contact operation is prohibited by the high surface speeds 
involved. Hence, it is of special interest to note that the magnetic heads have their 
spacing distance from the disk surfaces held to less than a mil by an air bearing. Each 
magnetic-head capsule is provided with several small.nozzles through which a flow 7 
air is provided to produce an air “cushion’’ between the head and surface. The hea 
in preloaded against the disk and is prevented from coming into contact by the air 
cushion, For these reasons a small air-compressor unit is an integral part of the file. 
If air pressure should be lost the head unit is designed to snap back automatically, 
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In order that the head-arm unit may enter between a pair of disks, 
heads are not brought against the disk surfaces until track location ha 


mechanical structures for magnetic memories. 


with the recording surface with the air film between them h 


and the surface finish and contour of the opposing surfaces. 


The magnetic unit on the Ramac consists of a wide-erase element followed by a 


s for precision upon track 
location. The erase unit is energized only at writing time in order to eradicate all 


previously recorded information. All information to and from the disk file is trans- 


narrow read-write element in order to relax the requirement 


mitted through a core buffer for synchronization purposes. 


(d) Future Trends. Other magnetic devices are being worked upon to capitalize 
upon the advantages of magnetic recording for data storage. Among recently 
announced equipment, bit-density specifications range up to 1,500 bits per in. The 
important role played by magnetic recording in the development of electronic data- 
processing systems now appears to be only a beginning in the expanding future of 


this form of mass storage. 


12.6. WILLIAMS-TUBE MEMORY SYSTEM* 


12.6.1. Basic Arrangement. In this type of memory, digits are represented by 
charge distributions which exist on small areas of a cathode-ray-tubescreen. The digit 
areas, or bits, are usually arranged in a 32- by 32-bit square to give a storage capacity 


made of metal sheet or gauze, 
is attached externally to the face of the tube as shown schematically in Fig. 12.37, 


of 1,024 bits per tube. A ‘‘signal” or “pickup” plate, 


Pickup plate \ 


“O” Brilliance waveform 
“1” Brilliance waveform 


© O 
Amplifier Timing 
output pulse 
Fia. 12.37. Regenerative storage system. 


Thus each digit area is capacitance-coupled into a common channel. A suitable 
amplifier enables signal voltages, developed across a resistance r between the pickup 
plate and ground, to be observed. ; 

The amplified signals are fed to a gate circuit which, under the control of basie 
timing waveforms, delivers to the cathode-ray-tube grid waveforms designed to write 
either a “1” or a “0,” 

12.6.2. Technological Theory. The secondary emission ratio of the screen material 
used in commercial cathode-ray tubes is greater than unity if the tube is operated 
in the normal range of, say, 1,000 to 3,000 volts. It follows that if, operating under 
such conditions, the electron beam is switched on to a single spot on the cathode-ray- 
tube screen, the number of secondary electrons leaving the spot and moving toward 
the internal conductive coating will exceed the number of primary electrons arriving 

* By Frederic C. Williams. ; 


. 


the magnetic 


s been accom- 
plished. The use of a film of air to maintain a specified noncontact separation between 


a magnetic head and a recording surface greatly extends the number of feasible 
An even more promising develop- 
ment in this area is the use of a so-called “gliding shoe”’ to support the magnetic head 
and hold spacing. The principle here is that of the Kingsbury bearing, relying on the 
boundary layer of air carried along by a moving surface. The head forms a wedge 
olding the spacing against 
a positively applied load on the shoe directed toward the surface. The successful 
operation of a gliding shoe is critically dependent upon the mounting of the shoe 
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at the spot. The net loss of a sane er Ltetinro a we onebalh 
me positive with respect to the remainde ; 

af ithe jars oe all emitted electrons tending to direct pampering the mig - 

quilibrium is established with the spot about 2.5 volts positive wi : Sie a ate 

somainder of the sereen, such that the net secondary current —_- fn “apaee 

vurrent, ie., the effective secondary emission ratio is oe, vie e cap 

of the spot is very small, this equilibrium is reached in less than 1 psec. 


A second equilibrium of negligible importance to the practical operation of the 


storage system occurs over a period of many seconds tes te initial re — 

yr i i i irtually no secondary : 
heam current, as low-velocity secondaries, causing v 10 
Strike the screen surface remote from the spot, causing the whole screen to stabilize 
ut about —15 volt with respect to the internal conductive coating. 


The above discussion is summarized in Fig. 12.38a, the important a pore 
(hat the area of screen under the spot shown shaded at q) is ries ewe — 0 
(he mean screen potential. Increasing positive potential is plotted in the direction 


of the arrow, so that, using the analogy of gravitational field, electrons may be said to 
{ull toward regions of positive potential. 


This potential distribution is called a “well.” 1 fa) sso vet 
If two spots shown at (1) and (2) in Fig. 
12.38) are bombarded alternately two inde- 
pendent wells are formed with little or no Neon 
mutual interference provided that the cen- ; screen | 
(ors of the spots are separated by more than 2.5 y | potential + 
about 1.5 spot diameters. If, however, the | critical separation 
spot separation is less than this critical value, : ¥ 
4s shown atc, then considerable mutual inter- y 2 (b) viblis aeimcnttaan 
ference occurs as follows: If the spot is ini- BZ GZ erica seperation 


tially in position 1, a well of normal type is 
‘dug’ in this position, but on moving to 


position 2 some of the electrons emitted dur- | # 
ing the digging of a well there are attracted 


hy the positive potential of well i. Thus ihe 

well 1 is partially refilled, as indicated by 2 Q Seen wa 
the continuous line in position 1 of Fig. 

12.38¢ (i). When spot 1 is again bombarded | 

the reverse situation occurs, a full well being © +4 

loft in position 1 and a partially filled well ‘ bi, 

in position 2, as shown at c (ii). This proc- 

oss of digging one well and partially fillmg — | 

the other can be repeated indefinitely, and if (iz) ‘ } 3 

ihe system is symmetrical the charge ejected Ne a Se 

from one well is equal in magnitude to that yg, 12.38. Potential distributions—the 
deposited in the other, since the charge ‘well.’ 


ejected was deposited during the previous — F 
half cycle of does Indeed, if the digging of one well and os of a pena 
had the same time scale, this process would produce no signal at t : pickup p 
since there would be no net rate of change of charge on the screen sur we -- 
However, the refilling of a well, which may take about 4 usec, is muc ee 4 
the digging of a well since less than half of the secondary —— e need 
component of velocity in the direction of the well being refilled, = many ee 
have velocities too great to be attracted to that well or any part of the ee 
signals are received at the pickup plate, and these will now be ee foe 
In‘ Fig. 12.89 the grid-modulating signal is shown at a and the ri are imi 
necessary to produce the two spots | and 2atb. Digginga well estab o es . — 
positive charge on the screen surface and causes conventional current to oa C0) “ <a 
through the resistance r of Fig. 12.37, producing the positive pulses s a en ns 
Vig. 12.39. Filling a well reduces the positive chargé on the — sur cto pr 
nogative pulse is obtained as shown at d; The areas under the waveforms at ¢ 
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are the same, because the charges involved are equal, but d has a longer time scale 
and smaller amplitude. 

/ A further effect, not yet considered, is caused each time the beam current in the tube 
is changed. When the beam is switched on a cloud of electrons in the secondary 
current, and in the beam itself, is introduced in the vicinity of the pickup plate, and a 
transient current must therefore flow to the plate to supply the required induced 
positive charge. A negative pulse is thus obtained at the pickup plate, to be followed 
by a similar positive pulse when the beam current in the tube is switched off and the 
electron cloud is dispersed. These pulses, whose shape and time scale are ultimately 
defined by the transient response of the amplifier, are shown at e in Fig. 12.39. 


4 psec 


Beam on (a) Brilliance waveform 
Beam off 
Position 1 (b) Shift waveform 
Position 2 
1 MSEC | 


(c) Output pulse due to “digging” 


(d) Output pulse due to “filling” 


(e) Output pulse due to “electron cloud” 


en he 
(f) Amplifier output voltage 


Fia, 12.39. Double-dot signals. 


When, therefore, the partially filled well is bombarded the net output voltage is the 
sum of the waveforms c due to digging the well, d due to filling the adjacent well, and 
e due to the electron cloud, giving the waveform shown at f. The important feature 
of this waveform is the net positive pulse z immediately following the instant at which 
the beam is switched on. 

_ This positive pulse contrasts with the negative pulse obtained at this instant if an 
isolated well is rebombarded, since the waveforms ¢ and d do not exist in this case, and 
the output is solely due to the electron-cloud effect e. 

From the phenomena described the following statements can be made: 

1. Either of two states of charge may be left at will at a given spot on the cathode 
ray-tube screen. These states are 

a. A well of full depth, by bombarding the storage spot, and not subsequently 

bombarding any other spot within interfering distance (see Fig. 12.38a) 

b. A partially filled well, by bombarding first a storage spot, and then another 

spot within interfering distance [Fig. 12.38c(i)] 
2, Renewed bombardment of the storage spot will give at the instant of recommencing 
bombardment a negative signal from the pickup plate in case la (see Fig. 12.39¢),. 

or a positive signal in case 1b (see Fig. 12.39f at x). 

Item 1 above indicated the mechanism of writing a digit and item 2 the mechanism 
of reading it. It has been assumed throughout that no leakage of charge has occurred 
between successive bombardments of a storage spot, though charge distributions will 
be maintained for only a short time—a few tenths of a second—depending upon 
surface leakage. In practice this is overcome by arranging for each stored digit to be 
read and rewritten well within the inherent storage time, thus giving a new start to 
the stored charge, with all leakage compensated—a process called “regeneration,” 
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Many systems of operation based on these phenomena are possible, the ones which 
will now be described being selected because they are the most extensively used. 
The systems differ fundamentally only in the displays used to represent ‘‘0” and “1,” 
the regeneration process being common to all. 

12.6.3. Practical Systems. (a) System 1—Double-dot Display. With the shift 
waveform shown in Fig. 12.40a either a dot or a double dot can be displayed on the 
cathode-ray-tube screen as at Fig. 12.40f and h using the brilliance or write input 
waveforms b and c, respectively. Corresponding with f the negative pulse g occurs 
immediately after time ¢ = 0, whereas corresponding with h the positive pulse 7 occurs 
as explained in the preceding section. These pulses are selected from the amplifier 
waveforms by the gate e and are used to provide the read output. 


t=o0 tty 
t=t, yo ; 
tre tail (j) 
Spot 2 or focus 
(a) Spot 1 or defocus 
Beam on (k) 
(b) Beam off 
On | 
(c) Off 
On (1) 
(d) Off 
(e) mE 
e 
() OD 
(n) 
(g) 
(a) Shift waveform (h) Double-dot display “1” 
(A) (|) (|) (b) “O” brilliance waveform (i) Amplifier output “1” 
(c) “1” brilliance waveform (j) Dash display ‘'1"’ 
(d) Alternative “1” brilliance (k) Amplifier output ‘'1’” 
(i) waveform (I) Defocus display ““O"” 
(e) Gate (m) Defocus-focus display ‘1”” 


(f) Dot display ‘‘O”” 
(g) Amplifier output ‘‘O"" 


(n) Defocus-dash display “1” 


Fig. 12.40. Alternative practical storage systems. 


To make the system regenerative, it is necessary to cause dots or 0’s to be rewritten 
whenever dots are read, and double dots or 1’s to be rewritten whenever double dots 
are read. That this procedure is possible may be seen from Fig. 12.40, because 
reading is complete during the gate time, but the decision to write “0” or “1” need 
not be taken until ¢ = ta, since the “0” and “1” brilliance waveforms are identical 
until this time. Hence, if the cathode-ray-tube brilliance waveform is fed through a 
wate circuit which is controlled by the gated amplifier output in such a way that beam 
current is turned on again at ¢a (see Fig. 12.40c) if the control signal is positive, but 
not (see Fig. 12.40b) if the control signal is negative, the system will be regenerative 
in that it will immediately rewrite everything it reads. This is shown schematically 
in Fig. 12.37. 

The double-dot system was used in the 40-digit parallel stores of the Institute for 
Advanced Study computer and other computers derived from it. 

(b) System 2—Dot-dash Display. In the double-dot system the crucial positive 
pulse in the.amplifier output corresponding with a 1 is the sum of three pulses. Hf, 
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in particular, the negative contribution due to filling the adjacent well (see Fig. 12.39d) 
is eliminated, then a correspondingly greater positive-signal output is obtained. 

This is achieved by replacing the double dot by the dash display shown in Fig. 
12.40), which is produced by the ramp function shown dotted at a. The representa- 
tion of 0 remains a single dot, but 1 is represented by a dash, filling of the initial stor- 
age well taking place as the spot moves along the dash. A fully dug well is left at 
the end of the dash, but this is made to be outside the critical distance, and sub- 
stantially no filling of this well occurs when the initial storage well is rebombarded. 

The amplifier output signals are shown at g and k on Fig. 12.40. 

(c) System 3—Defocus-focus Display. In this system 0 is represented by a defocused 
spot, and 1 by a defocused spot followed by a focused spot in the same position as 
shown in Fig. 12.40] and m, in this case the waveform a being applied to the focus 
electrode. Thus a large well is dug initially, and the annulus shown shaded at m is 
filled only if a 1 is required. 

The negative-signal amplitude g is the same as in the previous systems, and the 
positive-signal amplitude k, which is proportional to the area of the annulus, will be 
the same as that for the dot-dash system if the ratio of the radii of the defocused and 
focused spots is \/2:1. 

The main advantage of this system is that filling of the annulus occurs from all 
directions round the focused spot, whereas in the previous systems unidirectional 
filling occurred—from right to left in Fig. 12.40h and j. Hence the method offers 
greater protection against screen blemishes. These impurities or pinholes, which 
acquire large negative potentials, act as barriers to the refilling process and thus 
reduce the positive-signal amplitude. In a typical comparison of systems, a screen 
imperfection which was sufficient to reduce to zero the useful positive-signal amplitude 
in the dot-dash system only reduced the corresponding signal amplitude in the 
defocus-focus system by 10 per cent. 

A secondary advantage of this system and those to be described is that less precision 
is required of the deflection circuits in returning to a given spot since initially the 
spot size is greater than the focused spot of the initial dot in the previous systems. 

(d) System 4—Circle-dot Display. The main disadvantage of the defocus-focus 
system is that there is a tendency at storage areas near the edge of the raster for the 
focused spot to be displaced from the center of the defocused spot by deflection 
defocusing, so that filling of the remoter parts of the defocused well presents some 
difficulty. Two methods of removing this defect are in common use. 

In the first a circle is drawn, using a focused spot, by imposing high-frequency 
sinusoids 90 deg apart on the vertical and horizontal deflection plates. This circle 
replaces the annulus in Fig. 12.40m. The annular well can be filled or not, as desired, 
by a focused spot so that reinspection with a subsequent circle will produce either a 
positive or negative pulse as before. 

This system is used in the BESK computer in Sweden in a 40-digit parallel store 
with 256 digits per tube. 

(e) System 5—Defocus-dash Display. The second method of removing the effect 
of the off-center focused spot is to make the spot contract from the defocused to the 
focused state relatively slowly by applying the ramp function shown dotted at a in 
Fig. 12.40 to the focus electrode. If, during the contraction, the spot is also moved, 
say vertically, the defocus-dash display shown at n is obtained to represent 1, 0 still 
being represented by a defocused spot. For a 1, the defocused well is now filled over 
its entire area, and a small (focused) well is left outside the confines of the original 


well. With suitable dimensions, this small well can be left within interfering distance’ 


of the large well, and in the case where a 0 must be written over a previously stored 1 
it assists the operation by allowing a negative going ‘‘fill” pulse to occur during the 
subsequent regeneration of the 0. 

12.6.4. Operating Factors. (a) Speed. Though laboratory tests have obtained 
storage, for example, with the double-dot system at 500 ke per sec, the present prac= 
tical operating speed of all the systems is about 100 ke per sec. Typical figures for 
the widths of the dig and fill pulses of Fig. 12.40c are 1 and 4 usec for the dot-double 


dot system, and 1.8 and 4 usec for the defocus-dash system.’ Since a further interval: 


. 
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of about 2 wsec must be allowed for the shift waveforms to move the spot to a new 
digit position, substantial improvement on a digit period of 10 usec is difficult. 

(b) Read-around Ratio. Having decided the speed of operation, the number of 
digits which can be stored per tube is considered. In assessing this, it is not possible 
lo use the distance of critical separation, namely, 1.5 spot diameters, which applies 
(o two wells bombarded alternately. In a complete raster of digits, a well represent- 
ing a stored 0 can be filled, not only by adjacent bombardment within its own digit 
urea but also by bombardment during reading, writing, or regeneration of adjacent 
(ligit areas, For the usual mode of operation, alternate digit periods are assigned to 
regeneration and action (reading or writing). The stored digits are visited sequen- 
\ially during regeneration periods and as instructed during the interleaved action 
periods. In particular, the same digit area may be selected during each action 
period; so that this is bombarded n times during action periods between regencrations 
of the adjacent stored 0 in the raster where n is the total number of digits stored per 
lube. In the worst case, that of most bombardment, it is necessary to store a single 0, 
every other digit in the raster being a 1, including the action digit which is adjacent 
to the 0. If N is the number of times that it is permissible to bombard this action 
(ligit without destroying 0 then n cannot be greater than N for reliable operation. 
\ has been called the ‘‘read-around”’ ratio, and this effect provides a severe limitation 
on the number of digits stored per cathode-ray tube. 

It should, however, be noted, first, that it is possible to relax the condition n + N 
in a parallel store by restricting the number of references to a particular digit area 
wither by machine design or by suitable programming, and secondly, that in a serial 
lore the necessary value of N is very much reduced. In the latter case, if N, is the 
iumber of times that it is permissible to bombard an action line of digits, without 
(lestroying an adjacent line of stored 0’s, all other digits in the raster being 1’s, then 


for a square raster +/n cannot be greater than N,. Thus in the United States satis- 
luctory parallel storage of 1,024 digits per tube is being obtained using selected 
wommercial tubes, for example, the 5CPIA tube with the double-dot system, and in 
l'ngland serial storage of a similar number of digits was obtained using the 6-in. 
(V1097 tube with the dot-dash system. : : 

Some improvement in the read-around ratio is obtained by adopting suitable 
ivrangements of the digits on the tube face. To avoid large variations in spot size 
(ue to deflection defocusing, the digits are sometimes arranged in the form of & Cross. 
|| is more usual, however, to use a square array, hexagonal packing being obtained by 
slaggering alternate rows by half of the separation between digits. In the double-dot 
ind dot-dash system a further improvement in digit density is obtained by using 
ilternate directions of displacement for the second dot or the dash. 

A method of improving the read-around ratio by integration of the amplifier-output 
signals can be applied to all systems, and it will now be described. ; 

(c) Improvement of Read-around Ratio by Integration. The partial filling of a well 
vorresponding with a stored 0, during bombardment of adjacent area or areas, causes 
(he negative amplifier output shown by the full line in Fig. 12.41b to become slightly 
positive as indicated by the dotted line. It is this effect which determines the read- 
wround ratio by making it eventually impossible to distinguish between the dotted 
line at b and the positive pulse at e. Although the initial negative pulse at 6 is still 
present, it is impossible to find a satisfactory strobing period because the peak of the 
initial positive pulse e occurs at the later period as shown by the vertical dotted line. 
llowever, if the signal at b is integrated during the dig pulse, it is the net area of the 
signal during this period which is important, and as shown by the dotted line at c 
(his may still be negative. The corresponding waveform for a stored 1 is shown at f, 
and the position of the strobe, which is now easily chosen, is shown at d. : 

‘The read-around ratio is now determined by the much less severe criterion that it 
must be possible to discriminate between the net areas of waveforms 6 and c during 
the period of the dig pulse. ’ ; 

(d) The Amplifier. The integration required above may be achieved by making 
(he value of r in Fig. 12.37 equal to 500 kilohms, and with the inevitable input capaci- 
(ance of about 50 auf a time constant of 25 zsec results. During the dig pulse of 1 to 


by the use of systems 3, 4, dr 5. 
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2 usec, the effective input impedance to the amplifier is almost purely capacitive, and 
the input voltage is the integral of the signal current flowing from the pickup plate. 
In a particular case the amplifier is a simple four-stage voltage amplifier with a nomi- 
nal bandwidth of 5 to 750 ke per sec, and an input signal of 0.8 mv (peak amplitude 
of the positive pulse) gives an output signal of 40 volts. Incorporated in the fourth 
stage is a shorted delay line equal to a half of the dig pulse period. By this means 
the benefits of integration are preserved during the dig pulse, but any long-term com- 
ponents caused by integrating are greatly attenuated, since the delay line causes the 
difference between the input waveform and that waveform delayed by the dig-pulse 
period to be produced. ‘The output of the fourth stage is fed via a cathode follower 
to a clamp circuit, which is clamped at all times except during the strobe period. 


Digit period 10 usec | 
Dig 


pulse Fill pulse 
(a) Brilliance waveform 


(b) Amplifier output for 
regenerated "‘O"’ 


Vyas Honk (c) “Integrated” output for 
regenerated ‘“‘O" 


| (d) Gate 
| 


(e) Amplifier output for 
regenerated ‘‘1"' 


(f) ‘‘Integrated’” output for 
regenerated ‘'1’’ 


Fia. 12.41. Waveform of recommended storage system. 


Integration of the amplifier-output signals makes the best use of the available 
information, but in the final analysis the accuracy of the information depends on the 
cathode-ray tube and particularly on its screen surface. 

(e) Special Cathode-ray Tubes. Intensive cathode-ray-tube development has taken 
place with the primary objective of eliminating screen imperfections. A secondary 
objective has been to decrease the spot size to obtain the resultant increase in infor 
mation density. Clearly these two aims are to some extent incompatible, since # 
given screen imperfection has a larger effect with a smaller spot, and a compromis® 
must be made. 

In the United States this activity has produced the 3-in. IBM 79 or 3VPI tube 
operated at 2,500 volts, the spot size being 12 mils. Two out of three tubes madé 
have no screen imperfections, and this tube is being used with the dot-dash syste 
In England, a similar development differing only in emphasis has produced the 6-in, 
VCRX266. For this tube, the operating voltage is intentionally restricted to 1 kv, ta 
reduce the effect of screen imperfections, and the spot diameter is 15 mils. Sereen 
imperfections are permitted: within stated safe limits, and. their effects are removed 
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Hach tube can operate in the parallel mode with a read-around ratio of 512, which, 
applied to computing machines, means that 1,024 digits may be stored per tube without 
placing any restriction on the program. 

12.6.5. Conclusion. It is difficult to decide finally on a best system of digit 
representation; the five systems described have all been used. The systems most 
extensively used are the dot-dash system in the United States and the defocus-dash 
system in Europe. 

Improvements such as integration, digit arrangement, and packing, and the 
development of special tubes have been exploited in increasing the permissible read- 
wround ratio and in obtaining greater tolerance and reliability in service. 


12.7. MAGNETIC-CORE STORAGE AND SWITCHING TECHNIQUES* 


Magnetic-core storage units driven by transistors are used in most computers to 
mechanize the random-access storage function. Initially these units were tube- 
driven, physically large, and costly and required special air conditioning to maintain 
® constant temperature around the cores. They had the supreme advantage of 
high reliability, compared with all other available forms of random-access storage. 
Designers and users suffered the expense and inconvenience of the early units in order 
(o obtain the high reliability. Core-storage units of recent design are generally 
smaller and less expensive than the early units. Greater reliability has been achieved 
in the newer core memories. Typical tube-driven core-storage units with a capacity 
of about 200,000 bits were sold in production quantities at $1 to $2 per bit. A present- 
day unit of this capacity can cost less than 25 cents per bit. The volume of an early 
unit might be over 300 cu ft, not including the air-conditioning unit and motor 
generator. Recently manufactured units do not need either of the latter devices, 
and they range in volume from less than 60 cu ft down to as little as 1 cuft. Power 
consumption has dropped by at least a factor of 10. 

larly units were held at a temperature controlled within +10°F. Most of the 
present units operate from 0 to 40 or 50°C, and some operate from —20 to 100°C. 
The reliability of a typical early core-storage unit is such that a mean error-free time 
of up to 1,000 hr can be obtained with 4 per cent maintenance. With present-day 
nits, mean error-free times in excess of 1,000 hr can be obtained with only 14 per cent 
maintenance. 

These changes in magnetic-core storage have taken place over a period of 4 years, 
und the art is still progressing rapidly. Core-storage units with capacities of less 
(han one million bits are now more reliable and, in most cases, more economical than 
any other form of electronic storage. 

During this 4-year period, the importance of different aspects of the core-storage 
art has shifted. Magnetic switches were originally of great importance but are now 
of minor value in most random-access storage units. Recently a demand has devel- 
oped for small special-purpose storage units, frequently classified as buffers. A major 
problem encountered in designing buffers is the need to reduce the transistor count 
\o a minimum in order to achieve high economy and reliability. Special types of 
inagnetic switch have been used to solve this problem. The magnetic switch has in 
fnct almost completely superseded the transistor as a logical timing or decoding ele- 
iment in small storage units. Moreover, techniques have been developed whereby 
\tilization of magnetic switches to perform logical and timing operations has been 
extended beyond the storage unit into the computer itself. This is not true magnetic- 
vore logic but is rather the introduction of logical properties into memory units. 

The evolutionary process illustrated by the use of magnetic switches in buffers is 
continuously taking place, and new applications for obsolete techniques are being 
found every day. ‘Therefore, all aspects of core storage, whether or not they are 
considered important at present, will be discussed in this section. The number of 
different core-storage systems is too great to be fully covered in a short description. 
Many new storage devices are being investigated, and development of existing devices 

* By Raymond Stuart-Williams, This material is reproduced by courtesy of Ampex 


Corporation, Redwood City, California, who reserves all United States and foreign rights 
with reapect thereto, : 


12-42 MEMORY DEVICES 


and systems is continuing. For these reasons, fundamental concepts and principles 
will be expounded to a greater extent than is usual in a handbook. Actual data pre- 
sented will be restricted to widely used techniques and components. 


Storage Cores 


12.7.1. Characteristics of Storage Materials. The ideal storage material would 
have the characteristics shown in Fig. 12.42. Its hysteresis loop would be absolutely 
rectangular and its saturation characteristics completely flat. A major hysteresis 
loop and a series of minor loops of a good commercially available material are shown 
in Fig. 12.43. These loops, particularly the minor ones, are not too far from the 
desired rectangular form. 


~ Region of 
decreasing 
permeability 


H 


<— Region of 
very high 
permeability: 


A, 


Fig. 12.42. Hysteresis loop of an ideal stor- Fie. 12.43. Major and minor loops of @ 
age material. practical storage material. 


The minor loops are almost invariably employed in coincident-current storag 
applications. If the core is in one state of saturation and H is altered to tend to move 
the core to the other state of saturation, at first there is very little change in flux. 
A value H; is finally achieved beyond which the permeability is high, and this region 
continues to a value H;. When H is reduced to 0, the remanent flux density is equ 
and opposite to the original flux density. If H;,/H; is greater than 0.5, the core is @ 
useful storage element since there will be almost a trigger action in moving from oné 
flux-storage state to another. There is a range of values of H over which adequate 
storage loops are obtained. In a good storage material this range is high, allowing 
the designer to tolerate relatively large changes in driving current in the storage 
system. If the core is driven by means of a rectangular pulse which generates the 
value of H; corresponding to the center of this range, the core will take a time 7’, to 
switch from one state of storage to the other. This time is known as the characteristi¢ 
switching time, or turnover time, of the material. 

12.7.2. Switching Times of Storage Materials. In any given storage material the 
switching time is related to the value of the coercivity (H.) of the loop under cone 
sideration by the equation % 

T(H, —H,) =K : (12.7.1) 


where H, and K are constants depending on the material. This equation does not 
hold when H, becomes very nearly equal to H,. It has been found experimentally 
that for mid-range values of H, and 7’, most storage materials fall near a curve repre= 
sented by 

TAH, — 0.8) = 1 (12.7.2) 
where 7’, is in microseconds and H, is in oersteds. This equation can be used to 


. 


. 
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predict roughly the performance of as yet unknown materials, provided that 7’, is 
loss than 5 to 10 psec. 

[Equation (12.7.2) seems to present an ultimate limit to the rapidity of storage opera- 
(ions using conventional materials and methods. Recent work on special ferrites and 
(hin metallic films has shown that this empirical equation is incorrect and that it is 
possible to make materials which will operate at very high speeds without requiring 
extremely large drive currents. 

In the case of thin metallic films, the film is made to operate more rapidly than is 
indicated by the theoretical equation by employing an internal magnetic stress in the 
material to assist in obtaining rapid switching action. Under these circumstances 
switching is achieved in a dipole manner instead of in the normal domain-wall- 
ovement manner which is usually associated with ferromagnetic phenomena. A 
price is paid for this increase in speed in that the flux change that occurs during switch- 
ing is reduced relatively rapidly as the speed is increased. At very high speeds, 
virtually no flux change occurs and the thin metallic film does not really switch in the 
wormal ferromagnetic sense. Instead a slight angular change in the vector of mag- 
hotization occurs, which is exhibited externally in a manner similar to a flux change. 

Special ferrites which operate more rapidly than the ferrites used in coincident- 
ourrent storage applications attain a high 
speed both by having special properties 
and by being used in a special mode of opera- 
lion. A typical BH loop used in this mode is 
shown in Fig. 12.44. The broken loop is a 
relatively minor loop of the material. The 
jurtial loop shown in full, which is employed for 
slorage applications, does not exhibit normal 
yoctangular-loop properties. Storage points are 
indicated by the numbers 0and 1. To the left 
of the B axis the material is sufficiently rectan- 
wilar so that coincident-current techniques can 
he used to determine whether a 0 or 1 is stored. 
Ilowever, to the right of the B axis no rectan- 
wiilar properties are exhibited and a special 
mode of operation is required. In this mode, a 
urge pulse is used to destroy all information in 
(he selected cores and, at the same time, read the 
vontents of thesecores. (A complete description 
of this mode of operation will be given later.) fre. 12.44. BH loop for partial-flux 
|| is possible to design special materials for this mode of operation. 
type of operation which will operate approxi- 
tately ten times as fast for the same drive as would a normal coincident-current 
storage material. 

12.7.8. Types of Storage Materials. Thick Metal Tapes. Typical materials in 
(his category are Deltamax and Orthonol. They have a very high saturation flux 
(lonsity, high Curie point, and low coercive force. They have extremely rectangular 
vharacteristics, which are lost when the metals are rolled into thin films. Metal 
{upes of this type begin to be unusable in storage and switching applications when 
(heir thickness is below 0.001 in. They are useful in applications where slow opera- 
lion is desired and where relatively high power must be transmitted. At high rates 
0! operation, eddy-current losses become very large. 

Thin Metal Tapes. Typical materials in this category are 4-79 molybdenum- 
permalloy and HI-MU-80. ‘These materials have half the saturation flux density 
of the thick metal tapes, a high Curie point, and low coercive force. They are not 
particularly rectangular in tapes thicker than 0.001-in. Their rectangularity and 
coercive force increase as the material is rolled into thin tapes. The 0.00025- and 
() 000125-in, tapes have excellent properties. Cores wound with thin tapes have been 
wed in special storage systems, but their chief applications are as switches, shift 
rogintora, and-core logic. The characteristic switching time depends on tape thick- 
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ness; in the very thin tapes this time can be as low as a few microseconds. It is 
difficult to maintain high uniformity in rolling thin tapes. Components must there 
fore be designed using the maker’s specifications and tolerances and not by means of 
measurements or tests on a small sample batch. 

Thin Films. Thin metallic films are usually deposited by electrolytic or vacuum: 
evaporation techniques, whereas thin tapes are almost always rolled from a block of 
the metal. Although thin films have extremely desirable qualities, they presen 
considerable difficulty in controlling the uniformity of the separate storage elements 
The present investigations into thin films are aimed at finding a thin metallic element 
which will exhibit relatively little dynamic loss, and at establishing techniques 
improve the electrical properties by utilizing magnetic or mechanical stress in th 
material. To solve this latter problem, four major approaches are being investigated. 
The first is to use very thin, flat disks of material deposited in a magnetic field so 
that they exhibit a built-in magnetic stress. These disks are deposited, usually i 
vacuum, a large number at a time on a glass plate. Printed windings laid over th 
top of the disks provide a means of access to them. The “‘twistor’’ provides anothe 
method of approaching the problem. In this approach, the material is plated or 
deposited on a wire and is then subjected to a mechanical torsional strain in order te 
set up a helical field pattern. Access to this type of storage device is by means 0} 
windings wrapped around the wire and by the use of the wire itself. A third approach 
is to deposit the material on small rods so that it is formed into a bar magnet, th 
effective thickness of which is very small compared with its length. And, finally, 
attempt is being made to construct thin metallic cores, which are analogs of the com 
ventional ferrite core, by depositing a thin layer of metallic material as a continuo 
path around a small toroid. At present, insufficient equipment has been bu 
utilizing any of the four techniques described above to be able to predict which, i 
any, of them will achieve wide usage. 

Ferrites (Ferrospinels). Cores of these materials are made by several manufacture 
under different trade names. Most of them are magnesium-manganese or coppe' 
manganese ferrite bodies. In manufacture, the oxides or other salts of the metal 
are mixed in the correct quantities and then undergo a series of grinding, milling, an 
firing cycles. The product at this stage is a uniform free-flowing powder. Core 
are pressed individually from this powder under considerable pressure and then sub 
jected to a lengthy firing process under controlled atmospheric conditions and at 
maximum temperature which may be in excess of 2500°F. The cores, ceramic i 
nature, are vitrified throughout and consequently are very hard and brittle. The 
are reasonably good insulators and exhibit high permittivity but are relatively weal 
magnetically. The maximum flux density is low, as is the Curie point. The coerci 
force is usually rather high. Since cores are insulators, they may be molded in fairly 
large sections without altering their loss characteristics. Ina tape core a large amount 
of the cross-section area is taken up with intertape insulation and a bobbin. In 
ferrite core the entire cross-section area is useful material; this compensates, to som 
extent, for the low flux density. 

Magnesium-manganese ferrites are exceedingly stable. Extensive tests indica’ 
no change in their properties with life. If correctly packaged, they do not appe 
to be subject to subsequent mechanical or electrical failure. The experience with 
well-packaged ferrite cores indicates that the probability of failure is less than 1 part 
in 10° and probably is 1 part in 1012 core hours. The copper-manganese ferrites, 
though fairly stable, have the undesirable characteristic that at high temperatu 
their properties can change. In all cores of this type that have been tested, a tem 
perature of 100°C appears high enough for a slow change to commence. However, 
in all normal equipments the copper-manganese ferrites can be considered hig 
reliable. Most commercial ferrite cores will operate reliably up to about 70% 
Special cores which will operate in a coincident-current mode at temperatures 
excess of 100°C are also available commercially. Experimental cores have be 
produced which can be operated at temperatures higher than 200°C. 

All ferrite cores have relatively large temperature coefficients, which are predictabl 
stable, and uniform. Each parameter of the core’s operating characteristics has 
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‘\ifferent temperature coefficient. The parameter of major importance is the drive 
vurrent required to maintain the operating characteristics constant over a range of 
‘omperature. In most magnesium-manganese ferrite cores this temperature coeffi- 
vient is approximately 14 per cent per degree centigrade. The drive current must be 
reduced as temperature is increased by this amount, or conversely must be increased 
yy this amount as temperature is reduced. It is possible either to temperature- 
fompensate the whole system so that drive currents are optimum at the operation 
\omperature, or alternatively to operate the cores at all times at the highest expected 
lomperature. 

An important property of a ferrite core is the effective tolerance available over a 
‘unge of drive current and temperature. This tolerance is usually expressed as the 
porcentage ratio of H; to H;. For example, a core is said to have a 65 per cent knee. 
I his implies that a tolerance of 15 per cent is allowable on the half current fed to the 
sore in the coincident-current mode without expecting deterioration of the operating 
jroperties of the core. A typical core which operates over a wide temperature range 
will have a knee of 75 per cent at 25°C and will still be in excess of 65 per cent at 70°C. 
lis indicates that the core could be operated without temperature compensation 
over a wide range of temperatures. However, adequate temperature compensation 
of the system will tend to center the core at the optimum operating current, allowing 
(oe driving elements to deteriorate considerably with age without affecting perform- 
anee of the equipment. 

lsecause ferrites can be molded by mass-production methods into small-sized cores 
with a high degree of uniformity, they are almost always adopted in storage applica- 
\ions. They also find some use in switch cores and in shift-register and logical appli- 
‘ations. Ferrites are not suitable for large switch cores; since they are insulators, 
|. would be difficult to remove heat from the cores. Cores have been made in a range 
of materials having characteristic switching times from 0.1 to 15 psec, but com- 
mercially available materials have switching times from 0.2 to 5 usec. 

‘lable 12.2 lists the properties of two typical ferrite materials which are in common 
tine today. 


Table 12.2. Properties of Two Typical Ferrite Materials 


l-ysec 4-psec 

material material 
Bwitchitivvtime, pees os sca anaes tees 1 4 
Coercive force, oersted, Hy................-. 1.25 0.55 
By (epeoesyoitets 3 BA eee 1.125 0.51 
By lab wioeineks HM ascelen bacetthiinaweth Ace 1.54 0.92 
Saturated flux density. 2iiccy 60h Vd id Sie 1,740 | 2,100 
Remanent flux density Br, gauss............. 1,600 2,000 
)- PY! 72 Seay Wee ie tt Pee eee ae eae 4 0.92 0.95 
COUPER GERACE OAIIG OE isc aiken ic bee one nce 6 0 oe 450 360 
Temperature coefficient, % of H-. per °F...... 0.14 0.17-0.2 


12.7.4. Core Geometry. It is well known that in a long, open-ended permanent 
fur magnet some portion of the flux tends to return down the magnet. This flux 
lun ao demagnetizing effect on the magnet which tends to reduce the rectangular 
properties of the material. In thin films where, almost universally, open-ended 
storage elements are employed, the ratio of thickness of the magnet to length is always 


oxtremely small. In ferrite or metallic toroids, this ratio is usually relatively large. 
!\ in not practicable to cut and rejoin either metal or ferrite cores; for the resulting 
wap, however small, will reduce the B,/B, ratio and increase the coercive force. Since 


even small cracks or chips will alter the properties of cores, the toroids must be com- 

plete and undamaged. ; ‘ 
Heveral typical toroids are shown in Fig, 12.45, The current required to drive the 

loroid ia a funetion of the mean diameter; consequently, the tendency is to use the 
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smallest possible core. Practical limitations determine the minimum wire size for a 
given toroid. The number of wires which can be inserted through the center of the 
toroid will be proportional to (D;)? if the core is threaded at right angles to its plane. 
In practice, the plane of a core is normally at 45 deg to the direction of the wire 
threading; therefore, the actual effective aperture is considerably smaller than th 
maximum available aperture shown in Fig. 12.45. Aperture size is also affected by 


© © ©) 
es 


—| oO. in. 


0.180 | 0.090 
Fig. 12.45. Typical toroids. 


the thickness of the core. For this reason, cores should be as thin as is feasible 
order to permit easy passage of wire through the aperture. The ampere-tu 
required to drive the toroid will be proportional to Di + Dz. The voltage drop pi 
turn will be proportional to d(D; — D2). If minimum current to drive the toroi 
is desired, a large diameter should be used. As the diameter of a toroid is increase 
the number of turns which can be wound through the window rises more rapidl 
than the number of ampere-turns which are required to drive the toroid. For 
fixed wire size and given geometry, the driving current is inversely proportional 
the diameter of the toroid. The voltage drop increases rapidly as the number 
turns is increased; therefore, multiple-turn windings are employed only in sm 
storage units. Most switches are treated as small matrices employing large cor 
and multiple-turn windings. 

The core is not a perfect thin-walled toroid. As the value of H is reduced in movi 
from D, to Dz, a new storage loop is adopted which is narrower and has less fl 
change than the original loop. Consequently, the over-all storage loop of the co 
is the sum of a number of loops which have different values of coercive force and 
flux density. Consider a toroid consisting of three coaxial rings. Let the BH loo 
of these rings be Li, Le, L3, as shown in Fig. 12.46a. The over-all BH loop of the s 
tem will be that of Fig. 12.46b. If an infinite number of rings, each of which iw 


H, 


H, /H; ofall 


loops is one H,/H, =0.5 


(a) (6) 


Fie. 12.46. Effect of wall thickness on toroid characteristics. (a) Loops of three coaxial 
rings. (b) Over-all system loop. ; 2 
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perfectly rectangular, is taken, the over-all loop will be a parallelogram. The rectan- 
gular characteristics of the core are degraded as the ratio of D;/D» is reduced. Manu- 
fucturing considerations limit the wall thickness. A D,/D, ratio of 0.7 is about the 
maximum value which will give adequate yield. For a high yield of the most eco- 
iomical cores, D; — Dz should not be reduced below 0.03 in. Fortunately most 
ferrite materials used in storage applications have very good rectangular characteris- 
lies. This makes it possible to use relatively inferior core geometry and still attain 
wood operation. However, if as nearly ideal as possible characteristics are required, 
, thin-walled toroid should be chosen. 

errite cores which have been adopted as relatively standard cores are listed in 
Table 12.3. 


Table 12.3. Standard Cores 


| 
No. of wires 
Dez Di d Di/D2 | 44(D2 + Di) | wound through 
window 
0.100 0.070 0.030 0.700 0.085 5-15 
0.080 0.050 0.025 0.625 0.065 4-11 
0.060 0.038 0.018 0.633 0.049 4-8 
0.050 0.030 0.015 0.600 0.040 4-6 
0.030 0.020 0.006 0.666 0.025 3-5 


12.7.5. Typical Ferrite Cores. Manufacturers of ferrite cores specify core material 
und geometry in order that components of definable electrical and mechanical prop- 
erlics may be supplied. A number of typical commercially available cores are 
ilescribed below. Considerably more data about these cores can be obtained from 
the manufacturer. * 

Core 1. The size of this core is 0.080 in. (outside diameter), 0.050 in. (inside 
(linmeter), 0.025 in. (thickness). Its switching time is less than 1.25 psec. The drive 
pulse required is normally 0.82 ampere-turns. At 25°C the core is usually driven 
with this amount of full current by means of a pulse which is 1.5 usec long and has a 
rise time of 0.2 ysec and a fall time of 0.3 usec. The switching time P, is 1.25 usec. 
‘The amplitude of a 1 signal (dV;) is 125 mv; and the amplitude of a 0 (dV,) is 10 mv. 
Veaking time tp is 0.65 usec. The signal-noise ratio at peaking time is at least 50:1. 
‘This indicates that the 0 or noise signals decay rapidly as the amplitude of the 1 signal 
huilds up. At peaking time the amplitude of noise or 0 signal is less than 2.5 mv. 


Table 12.4. Test Conditions 


WLGMpevatueer «sexes kot oh. ae iaMe ees 25 + 1°C 

Drive pulse ifigurifar fix. hb atinrege 740 ma +1% 

Drive pulse Ipr or Ipw................. 470 ma 41% 

PR UUSO PUA ire 5s iugieunio' SCT oopacee thm W eis oa 56 ke +1% 

Mo Sr Ls i a Co et 9 usec 

Pulse rise time (10% . . . 90%)........ 0.20 + 0.02 usec 
Pape POUR GOb 155). 55 /a1s nce dials Dots wes vets 1% max rise or droop 


Table 12.5. Output Signals (under Test Conditions) 


MP DOG OV at. oe sc sce es ee 90 mv min 
Peaking time tp of dVi........... 0.65 + 0.05 usec 
Switching time t, of dVi.......... 1.40 wsec max 
Peak disturbed OdV;z............ 25 mv max 
Amplitude of dV, at tp........... 0.5 mv max 


Typical test conditions and output signals obtained under these conditions are 
shown in Tables 12.4 and 12.5. : 


* Ampex Computer Products Co, 
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Typical test conditions and the output signals obtained under these conditions are 
shown in Tables 12.10 and 12.11. 


Table 12.10. Test Conditions 
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Sample cores are also tested over a range of temperature to determine temperature- 
drive relationship. Results are summarized in Table 12.6. 
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Table 12.6. Temperature-drive Relationship ane i 25 + 1°C 
Drive pulse 1 p.OF Ly... -ccweeet ce ors ac 450 ma + 1% 
Temperature 0°c 25°C , | 40°C Drive pulser .6r Upwi oucssy esewosae ey 285 ma +1% 

Pulse rate seaes, (L020. eee escent 56kc +1% 

Pulbe duration? ©. T.98.. cc cacacee paca ore 5 psec min 
1ST EAE ae 900 820 775 Pulse rise time (10% .. . 90%).......... 0.2 + 0.05 usec 
Wontar fpr tia rt AS 550 510 460 Pulse .dvershoor 200. Sahin. hiay bs «ete 1% max rise or droop 
av. ene = tad denies be iO on Table 12.11. Output Signals (under Test Conditions) 

Distarbedey 1, chads ocis cca See hs 45 mv min 


Peaking time ty of dV1............. 
Switching time f, of dVi.......... 
Peak disturbed 0'dV,..°..........: 
Amplituds Gf GV, at 57.5.5 0.4/.!a054 


0.55 + 0.05 usec 
1.25 usec max 

10 mv max 
0.5 mv max 


It is intended for use in low- 


Core 2. The size of this core is 0.080, 0.050, 0.025. 
The core normally 


speed memories where economy of current drive is important. 
switches in less than 4 ywsec when driven with a full current of 364 ma. At 25°C the 
drive pulse is usually 6 psec long with about 1 ysec rise and fall time. Under these 
conditions the switching time is 3.8 usec. dV, is 35 mv, dVz is 4.5 mv, peaking time 
is 2 wsec, and the signal-noise ratio is in excess of 100. Typical test conditions and 


\ typical temperature-drive relationship over a range of temperature appears in 
lable 12.12. 


Table 12.12. Temperature-drive Relationship 


the output signals obtained under these conditions are shown in Tables 12.7 and 12.8. 
Temperature 0°C 25°C | 40°C 
Table 12.7. Test Conditions 

TPemYpsrawure oasis. Hess Anawaldons Miemeees 25 + 1°C i wy 
Drivetpulee dimuon, Ltriies avid emlatace sia e. 330 ma + 1% Teved'w, MGs ......2ae.ss 565 500 480 
Drive pulse Ipr or Ipw................... 200 ma +1% Ipr = Ipw,ma........... 345 310 285 
JSR CORT ee | enna Se oe Se P 56 ke 1% QUT MHI AG. pots aa cette s 65 65 | 65 
BCT NL oases hi 4 sdeassa ds > cardi’ id wosechie 9 psec GV ABOR O cicis oe lagre eto 8 8 8 
Pulse rise time (10% .. . 90%).......... 0.6 + 0.05 psec 


Pile OWORRIOT. Ss cs) ow nes ob ae od Ce 1% max rise or droop 


Figure 12.47 shows the relationship of output and drive for core 3. Similar curves 
oan be plotted for most ferrite cores. It will be seen that, at low values of drive cur- 


Table 12.8. Output Signals (under Test Conditions) ‘ 3 
rent, the operation of the core is limited by a low value of the 1 signal. At high values 


Distr Dedhls.O 6 1siho cee icin tua sskrw’ stein ae 20 mv min 
Peaking time ty of dVi............. 2.0 + 0.2 usec 
Switching time ¢, of dVi............ 4.0 usec max 
Pesk diaturbed OdV 5. .... os... 05, 7.0 mv max 
Amplitude of dV; at ty............. 0.6 mv max 


Results of tests performed over a range of temperature to determine temperat 
drive relationship are summarized in Table 12.9. 


Oo 

o 

> a 

Table 12.9. Temperature-drive Relationship be a 

3. fe 

Temperature 0°c 25°C | 40°C fs) 

| = 

| n 
Zp me. Dig MI ares ia icare se 400 360 345 
Eppes, Pom, WiBies <2 siti. 240 215 200 
OPC Weg IAN peers eo ess 30 30 30 
OV 5 WARE, AV. eo ec ness 7 v is 


700 


650 


450 500 550 600 
Fie, 12.47, Output-drive curves for typical ferrite core. 


of drive current, the-disturb or 0 signal dV, rises rapidly while the 1 signal dV; drops 
rapidly, and there is a marked deterioration in the operation of the core. 

Core 4. The dimensions of this core are 0.050, 0.030, 0.015. Its switching time 
ia nearly 8 psee when pulsed with a full current of 234 ma. In normal operation it is - 


Core 3. This core is one of the small-sized (0.050, 0.030, 0.015) variety. Switchi 
time is 1 usec when pulsed with a full current of 500 ma. At 25°C the core is driv 
with a pulse of 500 milliampere-turns full current and a width of 1.5 wsec. It switeh 
in less than 1 wsec and peaks at about 0.5 usec. dV, is 75 mv, dV, is 5 mv, and sign 
noise ratio is in excess of 100. : 


2 
By 
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pulsed with either the full current or a half current of 117 ma, using a pulse with slow 
rise and fall times and a width of 3 usec. This core is particularly useful in transistor- 
driven applications and does not require the use of costly transistors. dV, is 15 mv, 
dV, is 2.5 mv, peaking time is approximately 1.5 usec, and the signal-noise ratio is in 
excess of 100. Test conditions and output signals are shown in Tables 12.13 and 12.14. 


Table 12.13. Test Conditions 


POrmperapuseatt cod a. . Seles s sence tad 25 + 1°C 
Drive pene ris OF Tay) «6555 cineierv ved dane 212ma+1% 
Drive pulse: Jer or TPw. ...: 6.5.0.6 woes ss, 188.me 21% 
MRAP YERUE 0. 5os 6 Suk fa ich 68 Encl Peat va OheaRLe ¢ 56ke +1% 
Pulbedaratictec. ton f -sebieds altace. bs 6 usec min 
Pulse rise time (10% .. . 90%).......... 0.6 + 0.05 usec 
Poles overshaote te AG tess fon Ps tee a 1% max rise or droop 
Table 12.14. Output Signals (under Test Conditions) 
Disturbed A: @Wt.gs ince bak n8 te 10 mv min 
Peaking time tp of dV1....-.-3. 60.5. 1.6 + 0.05 usec 
Switching time ¢, of dVi............ 3.2 usec max 
Peak Gistusbed'U GV 5.2.0. 0k. eee 3.5 mv max 
Amplitude of dV, at tp............. 0.5 mv max 


A typical temperature-drive relationship for a range of temperatures is shown in 
Table 12.15. 


Table 12.15. Temperature-drive Relationship 


Temperature 0°c | 25°C | 40°C 
foe 

Tae Tie Ws 6 + csi cuss oe 225° | 235 217 

eee | en 155 148 132 

GV i M610, TAY, «oc kee s 14 14 14 

OV prey a TY 0s 25d 4 4 | 4 


Core 6. This 50-mil core (0.050, 0.030, 0.015) is intended for applications where 
high environmental temperatures are encountered. The characteristics of this co: 
are shown in Tables 12.16 through 12.20. 


Table 12.16. Recommended Drive Conditions 


| At 25°C At 70°C 7 
| 
Drive pulse, ma-turns......... 430/215 326/163 
Pulse Width, p66 i... oe. sla 2 
Pulse rise time, wsec.......... 0.2 0.2 
Pulse fall time, wsec...........| 0.3 min 0.3 
————————EEEEE—— EEE SS ee 


Table 12.17. Typical Output Signals 


At 25°C | At 70°C 


Switching time t,, usec............ 1.0 5 
SOONG OB a1. Pan TW sc saisstss eutun econo 40 40 
Amplitude 0 dV, mv... ..i6..0.005 10 8 
Peaking time tp, wsec.............. 0.5 0.5 


Signal-noise ratio at tp............. 100 100 


Pa 
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Table 12.18. Test Conditions 


"Pomneregune ccs osc tow hore tee 25 lPC, 

DTig6 Oise lp OF Der. oo iw a se i 420 ma +1% 

Dive: pulse: Jin p.Or dD py esa. vac > ais a’eegitaces 264 ma +1% 

SABLE eed Ni pl alates ie a ee “ces di ae 10 ke +1% 

Pulser OGLSIGNs ate cass torte fee ae ote 5 psec 

Pulse rise time (10% .. . 90%).......... 0.2 + 0.05 psec 
Prise! GVEIGHOOGIT Sires: Thea, somes 1% max rise or droop 


Table 12.19. Output Signals (under Test Conditions) 
Disturbed led Wins ods hed ck. GARY 30 mv min 
Peaking time tp of dV1............. 0.55 + 0.05 usec 
Switching time t, of dVi............ 1.2 psec max 
Peak. disturbed 0 dV,.............. 10.5 my max 
Amplitude of dV, at tp............. 0.5 mv max 


Table 12.20. Temperature-drive Relationship 


Ipp = Ipw; ma.......! 266 211 180 
GV 1 Miny MV: 26.6 eae os 35 35 35 
OVg TBO AAW eye arb sin 10.5 10.5 10.5 


Core 6. This is a 50-mil core (dimensions 0.050, 0.030, 0.015) designed for use in 
word-selection or linear-selection memory systems with high repetition rates. The 
tales are achieved by utilizing a small portion of the total flux, thereby minimizing 
lwat-dissipation requirements. This core is pulsed with a large current Jz in order 
{o read and with a long low-amplitude pulse Jw in order to write. If a1 is to be 
written, a digit drive pulse Jp is applied in addition to Iw. Recommended operating 
vonditions at 25°C and typical output signals are shown in Tables 12.21 and 12.22. 


Table 12.21. Recommended Operating Conditions at 25°C 


Current pulses 


Amplitude, ma-turns............ 170 130 
Rise G6 te USCC. ick 35, <p rattan 0.1 Ook 
PAN CIO: by se LBOR better orate ch. 51 pe cdussscens Or, 5 Dei 
Width at base ta, wsec............ 0.6 0.6 


Table 12.22. Typical Output Signals 


Amplitude, 
mv 


Peaking time tp, 
psec 


Switching time ¢,, 
psec 


Read 1 (dVj)........ He 
reed OF Va) i xd. on. 4 


100 
20 


0.1 0.25 


12.7.6. Testing Storage and Switch Cores. Every core that is used in a storage 
wnit must be tested thoroughly to ensure as near perfect operation as is possible in the 
Matrices and switches, Ferrite cores are subjected to three series of tests: production 
sampling, core evaluation, and quality-control tests, 
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Sampling tests are performed on a sample of cores in a production run to determine 
statistically whether all the characteristics of the batch are correct. The entire 
production run is then tested for critical operating parameters such as loop square- 
ness, switching time, peaking time, and operating-current range. Storage cores are 
tested on an automatic testing device which, in view of the large number of cores 
involved, is faster and more economical than hand testing. A standard core is used 
to maintain calibration of the tester, which is usually set to operate at a fixed ambient 
temperature. Each core is demagnetized before testing commences to remove any 
previous “history.” 

Of all the evaluation tests for storage cores, the most important is the determination 
of the operating-current range. A core is tested for drive range by means of a long 
train of variable-amplitude pulses and with various sensing amplifiers and automatic 
grading circuits. The core is first disturbed with a low value of current to determine 
whether it provides sufficient voltage output. It is then disturbed by a high value 
of current either as a long pulse or as a train of pulses in the direction which could 
cause demagnetization. Conditions of low turnover current and high disturbed cur- 
rent are those most likely to demagnetize the core. The amount of demagnetization 
compared with the signal produced on complete turnover is known as the ‘disturb 
sensitivity” of the core. For most storage systems, the high and low ends of the 
operating range are defined as +5 to +15 per cent of the optimum value, and the 
allowable disturb sensitivity is 0.3 or 0.4. Testing for disturbed signals is of par- 
ticular value when cores with very large 1:0 ratios are desired. 

Switch cores, both ferrite and metal, are ordinarily tested by hand because only 
small quantities are used. A core is energized by current pulses which will switch 
it in a time somewhat shorter than the characteristic switching time. The area of 
the output pulse is examined to measure the flux output, and the shape of the pulse 
is examined to determine the coercive force and the behavior at the knee of the loop 
and in the region of decreasing permeability.. The over-all loop is also checked 
with a BH tester. When the switch core is wound as a separate transformer, it is 
tested in an analog of the circuit in which it will operate. Testing of switch cores is 
generally complex because the principal parameters are indicated by the shape of the 
output pulses. Skilled human operators are more effective than machines in p 
forming the necessary tests. 

The final series of tests for both storage and switch cores are the quality-cont: 
checks. Storage cores are tested automatically on the testing device and switch 
cores are tested semiautomatically. A double check of operating parameters is usu 
ally made on a sample of cores at this point to eliminate any defective batches whic 
may have been accepted as the result of a malfunction of the automatic equipment, 

Automatic testing equipment is expensive and, to justify its cost, must be capabl 
of testing a group of cores over long intervals with substantially the same results, 
All the circuits in the equipment must be extremely precise because even a slight 
change in pulse shape can alter test results. 
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12.7.7. Principles of Coincident-current Selection. A magnetic core is a nonlinear 
element which will not change its state when a half current J/2 passes through it but 
will change its state when a full current J, consisting of two half currents, is applied, 
This property of the core is the basis for the principle of coincident-current selection 
of a core from an array for storage or read-out of information. It is possible to seleét 
a specific core by energizing the horizontal X wire and the vertical Y wire through 
the core, each wire carrying a half current. The cores on the X and Y coordinates 
which are linked by only a half current will not change state, but the core at the inter 
section of the wires will receive the full current and will change its state. In practi 
cores will tolerate more variation in current than the theoretical 2:1 ratio becaw 
the knee of a core is usually at 65 to 75 per cent of the J value. Currents whieh 
not exactly equal may therefore be used in the X and Y wires, particularly for t 
purpose of improving the tolerance of the electronic part of the system. 


hi 


MAGNETIC-CORE STORAGE AND SWITCHING TECHNIQUES 12-53 

Selection by triple coincidence is theoretically possible by using X, Y, and Z wires 
through the cores. A current of I/3 would be applied to each of the selected coordi- 
eat bee and only the core at the intersection of the energized wires would change 
its state. 

A simple coincident-current matrix is shown in Fig. 12.48. Conventionally, if a 
current corresponding to H;/2 is applied to two of the intersecting wires, the core at 
(he intersection will be forced into the 0 state. Similarly if —H,/2 is applied, the 
opposite state of storage will be produced. If, for example, B and D are energized 
with a positive half current, then core 3 will be forced into the 0 state. If the core is 
ulready in the 0 state before this action occurs, very little flux change will occur; but 
if the core is in the 1 state, a complete flux reversal will occur. If all the cores are 
linked by a sense winding such as EE, the flux change resulting from a core being 
forced from the 1 state to the 0 state would induce a voltage in FH. ‘This voltage 
vould be detected by means of a suitable amplifier connected to the terminals EE. 
his is the basic method of reading employed in a coincident-current memory. In 
order to write, positive half currents can be applied to the desired lines to set the 


re} D 


EE 
Via, 12.48. Core matrix for simple coinci- 
dent-current operation. 


Fia. 12.49. Hysteresis loop of a core oper- 
ated by coincident current. 


selected core into the 0 state, or negative half currents can be applied to set the core 
into the 1 state. In most memories a writing action consists of first setting the core 
into the 0 state and, if it is desired to write a 1, later setting the core into the 1 state. 

Coincident-current selection is illustrated in Fig. 12.49 in terms of a hysteresis loop. 
‘The half currents correspond to H,/2 or —H,/2. Full currents correspond to either 
‘!, or —H;. In order to obtain the best tolerance in the system, ideally the most 
suitable core to employ is the one in which H; exceeds H,/2 by as large a factor as 
possible. It should be noted that H;, and H; are special terms employed in coincident- 
vurrent storage. The normal parameter associated with magnetic materials, the 
woercive force, is shown as H,. Usually the values of H, and H; are very close, while 
/, is much larger than H,. For this reason, H, and H; are frequently confused in 
\he literature and are often used indiscriminately to replace each other. 

In a coincident-current matrix, a sense winding links all the cores. Undesired 
signals introduced by all the half-excited cores induce a voltage in the sense winding. 
uring a reading action in an n? matrix, one core will receive a full excitation and 
“(n= 1) cores will receive a half excitation. The other cores receive no excitation. 
I the cores had perfectly flat saturation characteristics, the half-excited cores would 
provide no output. In practice the voltage induced in the sense winding by a half- 
excited core may be an appreciable fraction of the voltage induced by the selected 
Hore, the amount of voltage depending on the type of core and on the type of opera- 
lion, The output due to half excitation takes the form of a voltage pulse which lasts 
for a short period of time. The peak amplitude of this pulse may be as great as a 
(hird of the amplitude of the turncver signal. Tf the sense winding linked all cores 
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in the matrix in the same polarity, a considerable voltage would be induced in this 
winding because of the disturbed cores. In a 10,000-core matrix, for example, the 
total voltage induced in the sense winding would be sixty times as large as the turn- 
over or 1 signal. In order to overcome this problem, the sense winding is arranged 
to link the matrix cores in alternating polarities so that equal numbers of cores pro- 
vide positive and negative disturbed signals with a consequent tendency toward can- 
cellation. The disturbed signals can be made to cancel completely if the matrix is 
well designed, the cores are uniform, and the correct driving functions are performed. 
Large-capacity storage units sometimes employ magnetic-core switches or trans- 
formers to drive the matrices, which are usually operated in a parallel manner. Core 
switches and transformers must be restored after they have been set, and two pulse 
times must be allowed for any transformer or switch operation. The cycle which is 
employed under these circumstances consists of two parts. First, a reading operation 
is performed. If it is part of a reading cycle, the information is read from the selected 
core; or if the operation is part of a writing cycle, cores are turned over to the 0 state. 
The switch or transformer cores are usually set during this read operation. Secondly, 
a write operation is performed during which the cores are usually set into the 1 state, 
The transformer or switch cores are usually reset during this write operation. Writing 
is used to generate information destroyed during reading or to insert new information 
into the storage device. An additional driver known as the digit-plane or inhibit 
driver is energized if a core is to remain in the 0 state during the write part of the 
cycle. This driver provides a half current to an inhibit winding in the storage 
matrix which prevents the 1 setting action inherent in a normal write operation. 

The same cycle is used for both reading and writing operations. In reading, the 
second beat of the cycle is used to restore the information which was read. In a 
parallel-storage system, a number of matrices corresponding to the number of bits 
in the stored word are driven in cascade. Separate digit-plane drivers, provided for 
each matrix, are used during the second beat of the cycle to modify the information 
in the individual bits of the word. In some storage units, the two beats of the cycle 
must always occur; they are usually referred to as the “reading” and “writing” 
beats. In other units it is possible to separate the two beats. They are then referred 
to as the ‘‘unload” and ‘‘load”’ operations. If this latter mode of operation is used 
an unload operation must be preceded by a load operation, and similarly a load 
operation must be preceded by an unload operation. The basic principles of opera» 
tion of a core-storage unit do not require that an unload operation must occur first 
and then immediately be followed by a load operation. In many devices considerabla 
advantages may be obtained by allowing random access not only to the address i 
the unit but also to the part of the cycle that is required. 

Triple Coincidence. Coincident-current operation has the advantage that the 
number of wires required to select a core is less than the number of cores which can 
be selected. In normal operation 2n wires will select n2 cores. If a material is used 
in which the knee is greater than 67 per cent, then 3n wires would select n* cores 
Triple coincidence may be achieved by a biasing technique without using a material 
that is any more rectangular than those normally used in double coincidence. Triple 
coincidence is not of great value in small matrices, but as the size increases it may 
become necessary to adopt triple coincidence. 

There is a continuous demand for ever higher rates and ever larger capacity in 
storage units. In transistor-driven equipment, high rates can be achieved only by 
direct connection of the transistors to the storage arrays. The tendency is to increase 
greatly the number of transistor drivers as rate and capacity are increased. Under 
these circumstances, triple rather than double coincidence is the economical choice, 
considering the number of drivers required (see Table 12.23). 

Materials are available which can be used in simple triple-coincidence applications, 
The signal-noise ratio achieved with these materials is poor, and there is an undesirab 
loss of tolerance in operating the system. Because of these disadvantages, tripl 
coincidence systems are rarely used. When such systems are considered essenti 


for storage appplications, the bias technique mentioned above is almost invariah 
adopted. 3 ° 
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Table 12.23. Number of Drivers for Double- and Triple-coincidence Matrices 


No. of drivers 
No. of cores 
in matrix 
Double coincidence | Triple coincidence 
64 16 12 
4,096 | 128 48 
262,144 | 1,024 192 
1,000,000 2,000 300 


12.7.8. Operation of a Number of Matrices in Parallel. A form of three-dimen- 
ional operation can be achieved by operating a number of matrices in parallel. One 
vol of drivers drives all the matrices in cascade, and an individual driver per matrix 
vols the information into that matrix. This system is not so efficient as a true triple- 
voincidence system, but it does have the advantage that a whole character or word 
van be operated on at once with a consequent increase in computing rates. Even in 
storage units which work in conjunction with serial machines, it is common practice 
\o employ a parallel-storage unit together with circuits which perform serial-parallel 
vonversion. For example, a 262,144-bit store could employ one matrix using 48 
drivers or sixty-four 4,096-bit matrices using a total of 88 drivers. The second 
(\rrangement would be 64 times as fast as the first, although the increase in the number 
of drivers is less than a factor of 2. 

‘lwo basic methods have been adopted to control the insertion of information into 
(he individual matrices in a parallel system: use of a digit-plane or inhibit winding, 
wnd use of a switch. 

Control by a Digit-plane or Inhibit Winding. In this method, the outputs of the 
Magnetic or transistor switches are taken through all the matrices in cascade. Both 
switches are operated at the same time and provide like outputs. The selected core. 
in every parallel matrix is set to 0 and the reading operation is performed. At the 
ond of this operation the two selected switch cores are in the nonnormal state of flux. 
These cores are then restored to their normal state, which tends to set all the selected 
iuatrix cores into the 1 state. A fourth winding is wound through each matrix, 
linking all the cores in the same sense. 


‘ fs First cycle Second cycle 
\n mmf equal and opposite to that flowing Pages BE wor ead oat 
in each of the selection lines can be applied ! sinel? “Zero! 


hy this fourth winding during the period MMF due to | 


when the switch cores are restored. When X winding os Xe : Xs Xi, 
(his mmf is applied, the selected core 

receives a net half excitation and remains MMF due to 3 y y ¥ 

in the O state. The fourth winding, known papiaging Y, uf ? a 
is a digit-plane or inhibit winding, is driven MMF due to | panty 
hy a digit-plane driver. This makes it inhibit winding 

possible to control the individual bits of pact 

(he word independently, even though the Net ae 

iuujor selection and drive process is per- ones at 


formed by one set of drivers. This action is 
illustrated in Fig. 12.50. In this diagram i | 

und in subsequent diagrams, a pulse is Fre. 12.50. Cycle when inhibit winding is 
written subscript p if the mmf is tending used to operate matrices in parallel. 

to move the core into the 0 state and sub- 

soript n if the mmf-is tending to move the core into the 1 state. It should be noted 
that the introduction of the inhibit-winding pulse causes considerable mmf change 
in all the cores linked with this pulse. They first move in a positive direction, then 
nove negative, and finally move: positive again, Because this action introduces 
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considerable noise and ringing in the magnetic array, a pause is required after a 
digit-plane operation before the next reading operation can be started. 

Control by Switch. In this method, there is one X switch common to all the parallel 
matrices and a separate Y switch for each matrix. One set of drivers links all the Y 
switches in cascade. The X and Y drivers, operating simultaneously, set all the 
selected Y switch cores. The selected matrix cores are set to 0, and reading is per- 
formed. A restoration winding linking all the cores in each of the Y switches is 
driven by a digit-plane driver so that the Y switches can be reset independently. In 
order to insert a 1 into a particular matrix, 
the Y switch controlling that matrix is 
restored at the same time as the X switch. 
In order to insert a 0, the Y switch is 
restored at some time other than during 
the X-switch restoration. This action is 
illustrated in Fig. 12.51. In most storage 
units in which this type of operation is 
employed, it is the normal practice to restore 


First cycle Second cycle 
read or write read or write 
“one” | “zero” 


MMF due to 
X winding 


Center of 
loop omitted 


MMF due to | 4 
Y winding : H, =2H, 
| P 
Net MMF in N 
selected 


storage core 


Fic. 12.51. Cycle when switch control is used Fie. 12.52. Idealized minor loops ass 
to operate matrices in parallel. ated with storage operation. 


all the Y switches corresponding to 0’s first, and then to restore the X switch and the 
remaining Y switches. 

12.7.9. Behavior of Minor Loops in Storage Cores. In practice every operation 
performed on a storage core involves minor hysteresis loops. Only rarely is a co 
allowed to settle onto a portion of the major loop. For example, a core with a 1-ysee 
switching time is usually driven with pulses which may be as short as 1.2 or as lo 
as 3 usec in duration. Such a core is still in process of settling at the end of a pulse 
which is 40 usec long. Even though the applied current may be sufficient to force 
the core onto the major loop, ordinarily the pulses would not be of sufficient duration 
to allow the core to settle completely. Considerable attention should be paid to the 
settling problem when extremely rectangular cores which have a high value of knee 
are used. With cores of this type, it is possible to vary the operating current over 
wide range of values without apparently affecting the storage properties. However, 
the ultimate settling-time constant of a core is strongly dependent on the drive cur+ 
rent. In designing storage units which employ very rectangular cores, it is necessary 
to conduct adequate experiments over the complete operating-current range to 
determine the settling characteristics of the cores. 5 

In storage matrices the minor loops are extremely important. Figure 12.52 show# 
some typical but idealized minor loops associated with storage-core operation. ‘To 
illustrate the problem, the worst possible storage loop in which H; = 2H; has been 
chosen. Point A is what is usually defined as the 0 storage state. The 0 state 
during the first part of a cycle is followed by at least one half excitation during 
second part of acycle. Therefore, the initial 0 state is point C rather than the desi 
point A. If a series of n-direction half excitations are applied, the core will progr 
through loops such as CBDE until ultimately a point F is reached. At this poind 
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uny further half excitations will produce no more flux change, and the core will remain 
on the loop FJF. On the other hand, if subsequent half excitations are in the p 
direction, the core will move through loops such as CKG@ until a final stable loop AHA 
is attained. During a reading action the core is driven to Z and then returned to A. 
Very little output occurs if loop ALA is traversed. In many storage units the action 
at the 0 state consists of a complex of p and v half excitations, and the actual loops 
(end to fall in the ADEKH region. 

To summarize these effects: Any disturbances caused by a writing or storage opera- 
tion tend to move the core to a point such as C, E, or F; whereas disturbances in the 
read direction tend to move the core toward point A, which is the desired storage 
state. The lower half of Fig. 12.52 shows loops associated with the 1 state. In 
most storage cycles, point M is the original storage state. However, it is not so 
important for the core to remain at point M as it was to remain at point A, because 
demagnetization from M will result in a 1 signal of reduced amplitude while demag- 
netization from point A will result in a signal which is large instead of being of 0 or 
low amplitude. Excursions via loops MNO, ONPQ, etc., up to point R are often 
permitted or even encouraged in the design. As in the case of the 0 state, the actual 
loops in most storage units also include such loops as RS and OT. 

The minor loops which are traversed in the 0 and 1 states alter the amount of signal 
obtained when a selected core is read, but this is not so important as the effect on the 
signals produced by half-excited cores. The sense winding is arranged to link an 
equal number of half-excited cores in the positive and negative directions. Consider 
the case of the positive cores being at point A and the negative cores at point M when 
(he reading operation is performed. Since the flux change AH is small and the flux 
vhange MN is large, there will be imperfect cancellation. Furthermore, there are 
yreat differences between loops AHA and MNO. AHA is a saturated loop of low 
permeability and involves little or no domain-wall movement. The voltage output 
from such a loop is a sharp peak which settles rapidly. Loop MNO traverses a region 
of high permeability involving domain-wall movement, and the voltage output is a 
rounded peak with a long settling time. There are differences in the flux output of 
(he various loops and in the shape of the voltage pulse. If a large matrix is imper- 
foctly driven, these differences can prevent the reading of the signal from a selected 
vore. Two methods of solving the driving problem are described below. 

Use of Saturated Loops. This approach is feasible when the matrix has a digit- 
plane winding. A selected core is initially set in state C for 0 or state M for 1. Sub- 
sequently, a nonselected core can be subjected to the types of disturbance listed in 
Table 12.24. 


Table 12.24. Types of Disturbance Applied to Selected and Nonselected Cores 


| 
Selected core is set to 


Nonselected core is on — 


1 state O state 
Selected line............ Half-p, half-n action | Half-p action 
Nonselected line......... No action Half-p action 


The two possible types of excitation are a net half-p and a symmetrical half-p’ 
liwlf-n. Under normal conditions of operation there is an equal probability of writing 
0 or a 1 into a matrix. During a 1 action 2(n — 1) cores are disturbed in an n? 
matrix. During a 0 action n? — 1 cores are disturbed. Therefore, the ratio of the 
probability of the half-p action to the probability of a half-p, half-n action is (n? — 1)/ 
U(n = 1) or (n + 1)/2. In most matrices this factor becomes large, as can be seen 
in Table 12.25, \ 

The tendency is to favor the half-p excitations, which would move the cores onto 
loops such as AHA and RUR. Beenusic these loops have similar characteristics, 
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nearly complete cancellation is obtained. The half-p, half-n type of disturbance 
tends to move the core from points A and R to points Cand S. As a result of this, 
most cores in the matrix operate on non-domain-wall-movement loops, while the 
remaining cores operate on domain-wall-movement loops. This can lead to imperfect 
cancellation of the disturbed signals. In small matrices the resulting disturbance 
can be low enough to be ignored, but in large matrices this source of error can be 
dangerous. In order to correct the disturbance, all the digit-plane drivers can be 


operated for a short time after any storage cycle to produce what is known as a post- 
write disturb pulse. 
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Table 12.25. Relationship of Number of Cores in Matrix to Half-p/Half-p, 
Half-n Actions 


Number of Cores Number of Half-p Actions per 


in Matri« Half-p, Half-n Action (Average) 
64 4.5 
4,096 32.5 
262,144 256.5 
1,000,000 500.5 


A post-write disturb pulse moves a core which has been left at C or S up to points 
such as G or V which are not too far removed from the correct storage point. <A 
few more applications of pulse will bring the loops to A and R. An important 
advantage of this type of cycle is that very little domain-wall movement occurs in the 
disturbed signals. Therefore, the disturbances decay rapidly and it is possible to 
employ gating to improve the signal-noise ratio. The use of a post-write disturb 
pulse has other advantages. It maintains all cores on a loop in which the disturbance 
due either to the operation of the digit-plane driver or to the operation of any of the 
address drivers is at a minimum, and thereby essentially reduces the inductance of 
the whole system to a minimum value. If it is desired to drive extremely large 
arrays, the introduction of a post-write disturb pulse can simplify the driving problem 
considerably. The disadvantage of a post-write disturb pulse is that it increases the 
cycle time and also introduces noise into the cycle in the same way that the normal 
digit-plane pulse does. For this reason, a post-write disturb pulse operation is usually 
avoided if possible. 

Unequal Currents in the X, Y, and Z Lines. Another solution to the driving problem 
is to use unequal currents in the X , Y, and Z lines of a matrix. Use of this technique 
requires careful experimentation to achieve the correct balance of currents. The 
disadvantage of the technique is that it always reduces the working-current tolerance 
of the core array; but if the cores have sufficiently high “knee,” it is usually possible 
to maintain sufficient tolerance. Any one of a number of methods can be used to 
introduce this unbalance of current to a system. In practice, it is found that the 
performance of a memory can be improved both by increasing and by decreasing the 
value of the digit-plane current, although theoretically optimum results would be 
obtained by using a slightly high value of digit-plane current. Performance can also 
be improved by employing different values of positive and negative current in the ¥ 
and Y directions if the drivers can be set to different currents in these two directions, 
Empirical results indicate that there is always an optimum method of compensating 
any particular memory device. The method depends partly on the design of the 
device and partly on the usual mode of operation of the device. The correct method 
is determined by experimentation on the first model of each memory device that is: 
produced. 

12.7.10. Linear or Word Selection. An exaggerated form of the unequal-drive- 
current operation is the linear or word-selection method of reading. The windin 
and cycles used in this method are illustrated in Fig. 12.53. Coincident current 
not employed for reading; instead, as many drivers or a switch giving as many outputs 
as there are characters or words stored in the storage unit are used. Reading is 
accomplished by providing very large pulses to the read drive winding. The four 
turns of this winding indicate that the drive current is approximately twice as large- 
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as the current normally required for coincident-current operation. Under these 
conditions the core turns over very rapidly, and a very large read signal is emitted 
if the core is in the 1 state. If the core is in the 0 state, a non-domain-wall-movement 
type of disturbance is produced which is short in duration and very small in ampli- 
tude. Because the sense winding links only the disturbed cores, extremely high 
signal-noise ratios are obtained with this 
type of operation. 


Read drive 
Two writing methods may be used with 
linear-selection cores. The first is illustrated 
in waveform in Fig. 12.53 under Cycle Type 
A. In method A, the write drive current is 
half the required current to set the core to 
the 1 state. A digit-plane winding, wound 
in the same sense as the write drive winding, free 
is also energized if a 1 is to be written. In 
(the method shown as Cycle Type B, a write eave bight plane 
drive signal large enough to turn the core to 
the 1 state is applied at all times. The 
digit-plane winding, which opposes the write See 
drive winding, is energized only when the 
core is to remain in the 0 state. 
Method B exaggerates the non-domain- Cycle type A Write MMF 
wall-movement disturbances since both the DP MMF write one 
read and the digit-plane signals tend to 
force the cores onto an asymmetric loop. Cycle type B Write MMF 
The read signal is so large that i loop 
employed is more analogous to a switch-core 
owe heh to the normal storage-core loop, §____——_Ss [77 7 DP. MMF write zero 


and the half-n disturbance produced by the 
write line has little, if any, effect on the 
storage position of the core. Very small 0 
signals are therefore obtained. ney a 
(icular method of operation is employed in ; ad 
those cycles where it is either desired to obtain very large read signals or hore it . 
desired to operate cores on a shorter cycle than that normally defined by coincident- 
vurrent operation. Method B has the additional advantage that the cores - 
extremely tolerant to current variation. All the drive and digit-plane signals may be 
varied through wide ranges without serious effects on the performance of the ie te 
unit. Cores operated in this manner will tolerate a wider temperature range than is 
possible with normal coincident-current operation. They will also operate to a 
higher maximum temperature because the cycle ch go the “aye 2 less rectangu- 
lar materials than are required for use in coincident-current oper 3 ’ 
Cores with normal ciatelatiiad loops may be operated by the methods described 
wbove with a considerable improvement in operation at the expense of additional 
cvlectronic equipment. Special cores have been designed for use in the linear-selection 
mode. In these cores the hysteresis loop shown in Fig. 12.44 has been greatly exag- 
erated. Cores are made very small in diameter and wafer thin to obtain a wr 
wurface-volume ratio and, consequently, maximum heat transfer. Use of a materia 
with a low maximum flux change reduces the heat generated within the core. 
Ilectrically the core is designed to have very flat saturation characteristics. | The 
knee on the left-hand side of the loop, if a normal rectangular-loop material is em- 
ployed, is extremely abrupt and sharp. A knee value approaching 90 per cent we not 
difficalt to obtain. Materials used are degraded considerably to reduce the ed 
down to the conventional 65 or 70 per cent. This allows much faster switching in t - 
write portion of the cycle than can be obtained with conventional ccinsident-ormmen 
material, On the right-hand side of the loop, where very small permeabilities are 
encountered even in rectangular-loop materials, it is important that minimum pe t. 
menbility be obtained, The eore will then awiteh very rapidly when a large drive 


Fast two-beat cycle 


Fra. 12.53. Windings and cycle wave- 
forms for linear selection. 
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pulse is applied during reading and will still switch rapidly during coincident-current 
write operations. 

It is essential to use cycle A shown in Fig. 12.53 with cores designed for the linear- 
selection mode because the core materials have such poor rectangular-loop properties 
that they will not tolerate the disturbances introduced by cycle B. The properties 
of these cores are unique in that they can be driven with pulses having a very slow 
rise time. For example, a typical material will switch in 0.2 usec if a pulse is applied 
which rises in 0.2 usec and then falls at about the same rate so that the read pulse is 
completely triangular. The writing operation requires much lower currents and 
somewhat more rapid rise and fall times in order to obtain a pulse that is more nearly 
rectangular. With a rise time of about 0.1 usec in the write mode, the core switches 
in about 0.3 usec. With cores of this type, it is not difficult to obtain complete cycle 
times of less than 1 usec, although transistor limitations tend to enforce cycle times 
somewhat larger than this for most of the large memories. At present the limitation 
on this technique appears to be one of availability of transistors. It is confidently 
expected that cycle times of a small fraction of a microsecond can be achieved within 
the next few years as better transistors become available to designers of core-storage 
units. 

12.7.11. Matrices and Sense Windings. Matrices are usually assembled in a 
square or rectangular shape with the X and Y selection wires at right angles to each 
other. This is a matter of convenience rather than necessity, since a diamond-shaped 
matrix could easily be used. If rectangular matrices are used, the first departure 
from the square is usually selected. For example, a 4,096-bit matrix can be driven 
by two 64-way switches, which in turn can be driven by 32 drivers. It can also be 
driven by one 32-way switch and one 128-way switch, which can be driven by 36 
drivers. Matrices can be folded so that the cores are in two layers, making a compact 
package in which one set of wires enters and leaves the matrix on the same side. This 
has some advantages in assembly and in the construction of some types of sense 
winding. 

The X and Y wires are frequently made of copperweld, a wire of copper solidly 
welded around a steel center. This wire, more resistive and stronger than copper, 
simplifies assembly and produces a sturdy final product. The sense winding is always 
made of maximum-diameter copper wire. It is important to keep the resistive 
impedance of the sense winding as low as possible in order to effect the maximum 
power transference from the selected core to the reading amplifier. The digit-plane 
winding can be made of either copper or copperweld. Matrix wires are always coated 
with a heavy grade of tough insulating material. Thin insulating coatings would be 
destroyed by abrasion from the cores during assembly. After a matrix has been 
tested and assembled, it must be covered with a light flexible cement to glue the wires 
and cores into a solid mat. If this precaution is not taken, the wires and cores will 
chafe with any subsequent vibration, and breakdown of the insulation will occur. 

Design of Sense Windings and Elimination of Disturbances. The X, Y, and digit- 
plane windings are relatively simple to design. The configuration of the sense wind- 
ing dominates the design of the matrix. Electrical disturbances introduced into the 
sense winding as a result of the selection of the X and Y wires must be taken into 
account in the final mechanical design. The three types of disturbance introduced 
are as follows: 

1. Disturbance due to the cores themselves. 

2. Magnetic pickup which occurs because the sense winding and the X and Y wires 
are inductively coupled loops. This problem is solved by reducing the effective area: 
of the sensing loops to a minimum. 

3. Electrostatic pickup. When a number of matrices are driven in cascade, the 
instantaneous voltage of the X and Y wires may rise to 20 or more volts. Since the 
signal which is to be detected in the matrix is never more than 0.1 volt and since a 
10-mv disturbance is undesirable, there must be considerable rejection between the 
X and Y wires and the reading amplifier to obtain adequate performance. 

A correctly designed matrix minimizes the effect of all three types of disturbance, 

Cancellation of disturbances is complicated by the fact that there is a considerable. 
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‘ ion time in the sense windings of large matrices. F or example, the propaga- 
Boa! ies usually between 0.1 and 0.25 usec in a 4,096-bit array. In very large 
matrices the sense winding must be broken up into a number of sections so that the 
propagation time does not become too long. If the storage cores are widely spaced 
in the matrix, the propagation time in the sense winding will be long. In addition, 
the inductance of the address wires and the digit wire will be large; and this, in a 
matrix of any reasonable size, will introduce difficulties in driving the cores. In a 
well-designed matrix, about half the load presented to a driver is due to the air 
inductance of the winding and the other half to the nonlinear inductance of the cores. 
‘This approximation is based on the assumption that the cores in the matrix are _ 
close together as possible. If the matrices are to be driven at a maximum rate, 5 hed 
highly desirable to pack the cores so that they are almost touching. This particular 
point of minimum size in a matrix presents a considerable problem to the designer. 
Ife can improve the electrical design by using the maximum packing density, but at 
(he same time he will inevitably increase the manufacturing cost of the matrix. In 
recent years improved manufacturing techniques have permitted designers to employ 
spacing between matrix wires which is nearly ideal. In most present-day matrices, 
the distance between adjacent wires is a little more than the outside diameter of the 
core that is used in the matrix. Figure 12.54 is a diagram of a recently designed 

i ximum density. 
ge Due to Siren Minor loop disturbances due to the selected X and Y 
wires have been discussed previously. Disturbances of a secondary order on a large 
number of other X and Y lines also arise because the switches are not perfect. The 
sense winding must be wound in such a manner that cancellation occurs repeatedly 
ove hort sections of the winding. 4 r 

" Magaaae Pickup. The sense winding must be wound so that its net area is ov 
or nearly zero. This means that the input and output must be at the oe oa 
lurthermore, any wire which has a component of direction parallel to the X or 
wires must have in close proximity to it a wire which travels in the opposite direction 
and which has the same components with regard to the x and Y wires. The process 
is somewhat analogous to the methods used in noninductively winding high-quality 

ire resistors and register cards. ‘ 

r petri Pickup. This is one of the most troublesome of all types of disturb- 
ance. Because the capacitance between the sense winding and the X and Y wires is 
large, it is difficult to prevent the sense winding from moving with the X and Y wires. 

\ correctly designed sense winding moves in such a fashion that no net voltage appears 
across the two sense-winding output wires even though the whole sense winding may 
move through a considerable excursion. This must be true regardless of which ee 
and Y wires are selected. Information is coupled out of the sense winding either by 
ineans of a difference amplifier or by a balanced transformer. Investigation has shown 
(hat most of the disturbance in a matrix is due to electrostatic pickup. Improvements 
in the 1/0 ratio by as much as 3 or 4 to 1 have been achieved by apparently minor 
alterations to the sense winding. The best solutions to this problem have been 
obtained by balancing the electrostatic pickup in a symmetrical manner around es 
vonter of the winding. This balance must be maintained for all combinations o 

\ and Y selections. ae f 

The principles of operation for two popular types of sense winding are described 
he ow: ; ‘ 

saa Winding—X and Y Pulses Are Simultaneous. Figure 12.55 is a diagram of a 
small sense winding of this type. The arrows on the X and Y lines show the manner 
in which these wires are driven with respect to each other to produce the same action. 

(he signs against the cores show the polarity of the linkages of the sense oo 

Moving from the center of the sense winding toward either A or B, the same a ern 
of polarities is encountered and the winding is symmetrical about the center. eta 
vider that line Xo:is excited. Moving from C toward A, the excited linkages induce 

¥, +, and cancellation occurs. Moving from C toward B, the same php 4 

encountered, Consider that line Yo is excited. Moving from C to A or from C ie 3, 

(he exeited-linkages induce +-»,; 2% and cancellation occurs, Complete analysis 
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Fie, 12.54. Typical closely packed core matrix. 
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of the sense winding carried out by this method will indicate that cancellation is 
always adequate. 

Sense Winding—X Pulse Commences before Y Pulse. Sometimes a high 1/0 ratio 
is required, and slightly slower operation may be permitted to achieve this improve- 
ment. In such cases the X pulse commences about 1 usec ahead of the Y pulse. The 
sense winding is designed to minimize the disturbance due to the Y pulse at the 


- Center of 
Y wires C winding 


X wires 
Fig. 12,55. Sense winding used when X and Y pulses are simultaneous. 


Sense winding 
O O 


C is center 
of winding Yor xy | You Ge 


I'1a, 12.56. Sense winding used when X pulse commences before Y pulse. 


expense of increased disturbance due to the X pulse. The reading signal is gated 
und does not commence until just after the Y pulse has commenced. Use of this 
(ochnique with a sense winding has made it possible to achieve 1/0 ratios of 30:1 in 
large matrices. 

Figure 12.56 is a diagram of a small winding shown as a flat plane. This winding 
is usually employed in folded rectangular matrices. Y disturbances in the winding 
are canceled out every time the sense winding links a Y line for the second time. 


Y disturbances can be canceled by bucking: one half of the X line against the other 
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half. There is a minimum of electrostatic pickup with respect to the Y line and a 
maximum with respect to the X line. The winding has mechanical advantages in 
that the sense winding is parallel to the X line and is therefore easy to thread through 
the cores. 

Characteristics of the Sense-winding Output Signal. Figure 12.57 shows some 
characteristic waveforms from a single core. The disturb signals are canceled in the 
sense winding, but each signal is delayed slightly with respect to the next. The 


One signal 


Zero signal 


Disturbed signal Disturbed signal domain 
saturated loop wall movement loop 


Fria. 12.57. Characteristic waveforms of output signals of a single core. 


result is that complete cancellation does not occur even with a very good sense wind- 
ing. The same type of delayed action occurs in magnetic and electrostatic pickup. 
The resulting output signal contains the following components: 

1. A large-voltage excursion of the whole winding due to electrostatic pickup 

2. A 1 or O signal plus any uncanceled disturbed signals on an area basis 

3. A burst of high frequency of amplitude much greater than the 1 signal due to 
lack of cancellation of the disturbances in time ; 
Component 1 can be rejected by a difference amplifier or by a transformer or, in 
some cases, by both. Component 2 is the actual reading signal which must be utilized 
by the equipment component. Component 3 can be rejected by means of a simple 
low-pass filter. This filter is usually arranged to cut off at a frequency which is just 
high enough to allow reasonably small distortion of the 1 signal. 


Switches and Switching Techniques 


12.7.12. Principles of Magnetic-switch Operation. When magnetic-core switches 
are used to drive the selection wires of a coincident-current matrix, the switches are 
usually arranged as small matrices which, in turn, are driven by an anticoincident 
form of drive rather than the coincident-current form. Consider the circuit shown in 
Fig. 12.58 and the operating loop shown in Fig. 12.59. A current producing mmf 4D 


B B 
Control 
A 
Drive Output 
A 


Fia, 12.58. Magnetic-core-switch circuit. big. 12.59. Operating loop for magnetic-core 
iia switch shown in Fig. 12.58, 


Pa 
By 


MAGNETIC-CORE STORAGE AND SWITCHING TECHNIQUES 12-65 


is applied to drive winding AA. A control current producing mmf AG is applied 
to the control winding BB. Let GA = AD and let the core be in the 1 state. If the 
control winding is energized before the drive winding, there will be very little flux 
change and virtually no output will appear. If only the drive winding is energized, 
there will be a large flux change and the mmf, which is included between the line 
D,DDz and the hysteresis loop, will be available to the load at the output winding. 
The core is reset by reversing the current in the drive winding to produce mmf AG. 
An output which is of opposite polarity to the original output will be produced. 

A matrix of switch cores may be wound so that one of m+n outputs is operated 
by the simultaneous driving of one of m wires and n — 1 of n wires. This principle 
can be extended to any number of coincidences. Table 12.26 indicates the number 


Table 12.26. Number of Drivers for Various Matrix Sizes 


Double-coincidence matrix Triple-coincidence matrix 
No. of 
cores in Coincidence in switch Coincidence in switch 
the matrix No. of No. of 
switches switches 
Double Triple Double Triple 

64 16 12 | 12 12 12 Not possible 

4,096 | 128 32 24 48 24 24 

262,144 1,024 96 48 192 48 36 

1,000,000 2,000 130 60 300 60 42 


of drivers required for various matrix sizes when all the coordinates of the matrix 
are driven by switches. 

The following facts may be noted from this table: 

1. A double-coincidence matrix driven by triple-coincidence switches requires the 
same number of drivers as a triple-coincidence matrix driven by double-coincidence 
switches. 

2. The triple-coincidence matrix driven by triple-coincidence switches does not 
employ many less drivers than a double-coincidence matrix driven by triple-coinci- 
dence switches. 

12.7.18. Magnetic-core Switches. Magnetic-core switches provide a means of 
driving the large number of selection wires associated with the storage matrices from 
« reasonable number of electronic drivers. They replace what would otherwise 
vonsist of two drivers per matrix line plus a large tree of diode logic used for decoding 
purposes. In this sense they represent the first use of cores as a logical element. 
Switches have been designed to replace diode adders and to perform other logical 
functions; they are likely to find extensive logical use when computers are designed 
iround the use of magnetic components. 

A simple switch and the cores associated with it act as a transformer. Consider, 
for example, a multiple-winding transformer which has a core of rectangular material. 
There are two primary windings and one secondary winding. A small signal may be 
pplied to one of the primary windings and a control current to the other. When the 
control winding maintains the core in the saturated region of the operating loop, 
(here will be virtually no output in the secondary winding. As the control current 
is altered, there will be no output due to the signal until a signal-control-current 
relationship has been established which allows the signal to operate beyond the knee 
of the curve into the high-permeability region. There will be an output as the 
vontrol current is changed because the saturation characteristics are not completely 
flat. ‘To prevent this unwanted secondary signal, a switch-core material having a 
ratio of remanent flux density B, to saturated flux density B, as close to unity as 
possible is most desirable, Materials having a B,/B, ratio of less than 0.9 are not 
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usually desirable; the best materials have a ratio of at least 0.95. When the signal 
is in the region of very high permeability, the transformer is almost perfect in its 
characteristics; but when it is in the region of decreasing permeability, the transformer 
becomes more and more imperfect until the signal is again in the saturated region. 
In the best switch-core materials the amount of total flux change in the region of 
decreasing permeability is small and the rate of change of permeability is very large. 
For a given flux output, the total area of the loop should be as small as possible to 
keep eddy-current and other dynamic losses to a minimum. This is particularly 
important in switch cores because their average power transmission is relatively large. 

Switches are normally driven by flat-topped current pulses. Switch cores in the 
normal state are in a saturated region such as state 1 in Fig. 12.59. If the net ampere- 
turns applied to the switch core leave it at state 1 or take it toward G2, the switch 
core will not produce an output. On the other hand, an output is produced if the 
net ampere-turns take the core beyond the knee of the curve toward Do. 

When the switch core is in the operating state, it acts as a current transformer in 
which the output current is equal to the current available between line D,;DD» and 
the hysteresis loop. The magnetizing ampere-turns vary between H;, and H; as the 
switch operates. If H; is the input ampere-turns and H, is the output ampere-turns, 
they can be expressed in terms of limits such that H; — H; < H. < HH; — Hy. 

In most cases it is desired to achieve a pulse of a given “flatness” from the output 
winding. As an example, let H; = 1.75H;, and let the output pulse droop by 5 per 
cent at the top. Let H; = nHy. Then 


nH, = 1.75; =< H, < nH, — A, 
(n — 1.75)Hk < Ho < (n — 1); 


but H, at the lower limit is 0.95 times its value at the upper limit. Hence n = 16. 
To achieve this high value of n, the number of ampere-turns on both primary and 
secondary windings would be large, and as a direct corollary, the number of turns 
would be large. This would tend to produce a physically large and inductive switch 
which would be difficult to drive. Therefore, switches are often operated over only a 
part of the loop in order to keep the variation of magnetizing current to a minimum. 
In most core material H, = 1.1H;, and if the core is used over half its characteristic, 
then n = 3. Switches are rarely constructed with n greater than 6 and have been 
constructed of exceptionally good materials with n as low as 2. 

A driver which is driving a magnetic switch has as its load one switch core which is 
acting as a transformer and a number of other switch cores which are in a saturated 
state. The driver must maintain constant-current conditions into this inductive 
load. Consider the effect of the saturated cores alone since in most cases the voltage 
drop due to the operating core is trivial. If 7 is the driver peak current, N is -the 
number of primary turns, k is the factor which depends on the time of rise of the cur- 
rent, on the cross-section area of the switch core, and on the saturated permeability 
of the loop; and if there are m saturated switch cores, then the voltage drop V will 
be kiN’m. For a given output the ampere-turns iN must be constant. Therefore, 
any attempt to reduce 7 is accompanied by a rapid increase in V. 4H; is proportional 
to iN. 4H; for a given core is fixed. Therefore, if it is desired to increase n, then iN 
must be increased. The following relationships govern the design of switches once & 
core size and material have been chosen: 


1 , 
Ve i when n is constant 
V« N?2 when 7 and n are constant 
Vi « n? when 7 is constant 


Actually these equations do not imply the complete relationships. In order to 
keep the voltage drop in a switch low, the cores of minimum diameter are employed 
to keep the magnetizing current to a minimum. An increase in N in most casos 
represents an increase in the-size of the core and a constant increase in the desired iN, 
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Therefore, if the core size is also considered, the above relationships are altered. 
For normal switch sizes the following relationships are true on an empirical basis: 


pee 3 ub when n is constant and 1.5 < # < 2 
1 oad 


Va N38 when 7 and n are constant 
V«n3 when 7 is constant 


Designing a switch involves a difficult compromise between adequate performance 
and reasonable driving voltage and current. Ads 

An ever-present problem in system design is how many coincidences may be 
utilized in a switch. The initial tendency is to choose the design which requires 
the least number of drivers. However, a reduction in the number of drivers 
necessitates a disproportionate increase in B 
the size of the drivers and, consequently, | 
system efficiency decreases. 

Switch wiring diagrams can become so 
complex that it is necessary to employ 
special symbols to describe them. Figure 
12.60 shows the basic symbols and defines 


----—-=—--s--" 


“ae 
ia hr of 


arenes 
(ew 


\ 


Magnetic 
core 


= 


Output winding 
if shown 


Winding which does not 
link the cores 


Winding which links the core with 
one unit of MMF in the drive 
direction 


Winding which links the core with 
two units of MMF in the inhibit direction 


Ita. 12.60. Symbols used in switch wiring Ia, 12.61. Typical action of a switch 
diagrams. core on a hysteresis loop. 


their meaning. The output windings are frequently omitted in the diagrams because, 
except in unusual circumstances, every switch core provides one output. SA 
Behavior of Minor Loops in Switch Cores. Figure 12.61 shows a typical action in a 
switch core. The core is initially at point A, which is on the major loop. It is then 
driven to point B by means of a drive pulse. The drive is removed, and the core 
settles to point C. A reverse drive is then applied which is removed at point D, and 
the core settles to point Z. In a normal switch there is a high probability that the 
core will receive subsequent reverse drive pulses which produce loops such as EFG and 
may ultimately settle to A, but the next action after the core is set at E may be a 
drive action. During this action the core is on a minor loop which is narrower than 
the original loop and a little more current will be available to the load, resulting ina 
slightly higher flux transference from the core to the load. The core will move to H 
and, on release of the drive, to J. The flux CJ will be greater than the flux AE. This 
action is cumulative, and the operating loop will move until it is centered around the 
origin. In practice the core receives a mixed sequence of forward and reverse drive 
pulses; its behavior depends upon the immediate past history. Because the core drifts 
from giving a relatively small output to a relatively large output, extremely poor opera- 
tion of the storage matrices results. To overcome this, the reverse drive imposed from 
(to D is usually maintained for a longer time than the drive from A to B. The core 
will still move from the major loop, but by only a small amount. ‘The exact amount 
by which the duration of the reverse drive pulse should exceed the duration of the 
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ri : 3 
: ‘ede haha Re yi of Saturation to another. Switches which employ operation 
he act ps aturation to another usually require auxiliary equipment f 
i g either the voltage output from the switch or the current out tf “a 
oho nse cay oth rome 
3 ches. inary switches are probably the most e i 
epee , canoe trey version is shown in Fig. 12.62. The ps pth od re 
pe te c oe patna as 24, 2c, - +. , —2°into 2¢+!¢combinations. The stitch 
pia! ad : pee drivers, in which one driver of the pair operates for a 0 and 
q units. All activated drivers combine to proche de cet snd an inhibit winding 
4 [ ide the drive i 
— -. a separate restoration winding which provides ors abardiiey a soap 
cted core has q + 1 units of drive. Those cores whose address differs By res 


B+ 


CHIN AGARY DEG 


Restore 


Drivers Dri ri it 
98 = Be Ads ' rivers 
1G, 12.62. Hight-way binary switch, Fig. 12.63. Two-out-of five de bi 
63. -out-of- code binary 


switch, 


line acts ine i i 
star * ee eta en the delay at any point in the line is a function of the 
at point. For these reasons, the switch is useful only in 


The bina i 
Ve geaveds i ee So BD feature that all the activated drivers combine 
to improved operation ‘i certain types of redundant code this feature can lead 
in Fig. 12.63. In this switch onlt le is the two-out-of-five code switch illustrated 
It is also possible to daniad mites v ptm corresponding to a 1 are driven 
-ende ‘ ven, 
er - push-pull version described se ad aah switches, but these are legs efficient 
wi : at ove. 
lien tt aad vers rae the combinatorial advantages of cores are almost use- 
can be mechanized, “4 ier nai the basis on which functions such as addition 
should be efficient or that the viet ai . de ent chats aaa 
i put waveform : ss ; 
Switches can be used to perform complicated ee be w ell shaped. Quite large 
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Switches in Which Only One Driver Contributes to the Output Current. Consider a 


core which has four primary windings and one secondary winding. Let all the 
primary windings be fed with equal numbers of ampere-turns. Let one winding A 
be in the drive direction and the other windings B, C, and D be in the inhibit direction. 
‘Then an output is obtained if A, and not B or C or D. This operation is fundamental 


to all switches of this type. The only amplitude requirement is that the mmf fed 
to B, C, or D is never less than that fed to A. Because of this type of operation, 
these switches are often called anticoincidence switches. 

Figure 12.64 shows an eight-way binary switch of this type. If the same terms 
are used as were employed in the previous binary switch, then there are 27+! outputs 
as a result of 2(q¢ +1) drivers. The 2° driver pair acts as the drivers; the others 
act as inhibitors. The drive to the selected core is one unit, to the next selected is 
zero, and to the remaining is negative. Restoration is effected by causing both 
drivers of one of the inhibit driver pairs to conduct. A separate restoration winding 
can be used if desired. ‘The number of turns per core is proportional to q +1 and 
the output is 1. In this respect, the switch utilizes wire no more efficiently than did 


the original binary switch. 


B+ B+ 


0 0 
1 it 
Z 2 
3 FE) 
4 4 
3 5 
6 6 
7 7 
22 2 [3 
Drivers Drivers 
ra. 12.64. Eight-way anticoincident binary shee sey Light-way triple-coincidence 
switch. 


switch. 


There is no difficulty in achieving coincidence in a large switch of this type. In 
practice, double coincidence or, at most, triple coincidence is employed. An eight- 
way switch of this type is illustrated in Fig. 12.65. In this case, the 21 and 2? bits 
are decoded; and the three drivers which are not selected, as a result of decoding, are 


allowed to conduct. : : ; ‘ 
The number of wires per core increases with switch size. 
gh 


The number of ampere- 


turns driven by a driver increases as 2 2, which is an improvement on the pure 
binary switches. If there is triple coincidence, then the ampere-turns driven by a 
driver increases as 2264+), Asa generalization the driven ampere-turns for a n-way 


n—-1 
——(¢+1) : 4 
coincidence increase as 2 ” . It can be seen in Table 12.27 that as n increases 


the switch approaches the efficiency of the binary switch rather rapidly. Therefore, 
double coincidence is usually employed. : ; . 
the largest load in the triple-coincidence 


In order to obtain the relative driver size, } the I 
switch was compared with the largest load in the double-coincidence switch. It 


should be noted that the number of drivers used for triple coincidence rises rather 
slowly with respect to the number of drivers for pure binary, while the number of 
drivers for double coincidence rises rapidly. In most cases the total power required 
is greater in triple-coincidence operation than in double-coincidence operation, 
Certain switches which are a cube, such as 512 or 1,000, are efficient under triple- 


coincidence conditions, 
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It is possible to construct and operate switches of this type on somewhat different 
principles. A winding links all cores of the switch in the inhibit direction. This 
winding is d-c driven by a precise, high-impedance, constant-current driver. Usually 
the winding has few turns and the current flowing in it is high. In an n — 1 coinci- 
dence switch the ampere-turns provided by this winding to each core must be exactly 
n — 1 times the ampere-turns provided by any selection driver. The selection wind- 
ings link the switch in a conventional manner except that they are all in the drive 
direction. One driver is operated in each set to select the switch core. For example, 
in a double-coincidence 64-way switch there would be two sets of eight drivers and 
the d-c constant-current driver. If A is the ampere-turns provided by any driver, 
then initially the drive to all the cores will be —A. The two selected drivers will 
provide a total of 2A. The resultant drive to the selected core is +A. The drive 
to the cores on the selected lines is zero and to all other cores is —A. 


Table 12.27. Number of Drivers for Binary, Double-coincidence, and 
Triple-coincidence Switch Operation 


] 
No. of No. of | No. of drivers of No. of drivers | Relative | Drivers 
positions in drivers relative size 1 for for triple driver times 
the switch for binary | double coincidence coincidence size size 
16 8 8 | 8 1 8 
64 12 | 16 12 2 24 
128 14 24 | 16 2 32 
256 16 32 20 4 | 80 
512 18 48 24 2 | ge 
1,024 20 64 32 4 128 
| 


To operate the switch both selected drivers are energized simultaneously and then 
a reset pulse is applied to all the cores by removing both drivers together. The 
switch has the advantage that the logic required to control it is simple. It has the 
following disadvantages: 

1. The direct current flowing in the common winding must not change when the 
selection drivers are operated. If it does change, the winding acts as a shorted turn 
and removes mmf from the drive. Therefore, the constant-current source to this 
winding must be of high impedance. In addition, the voltage induced in the winding 
by the selection action must be small. If it is not, the capacitance associated with 
the winding will reduce the driving impedance. Therefore, the winding itself must 
be a low-impedance high-current winding, driven from a high-impedance low-capaci- 
tance source. 

2. The direct current flowing in the common winding provides the reset mmf, 
If A is the mmf applied to the core on set, then a value B, which is greater than A, 
must be applied on reset, because the switch core moves from H; to H, on set and from 
H, to H; on reset. Therefore, the direct current must be adjusted to the value B, 
and the drivers adjusted to a value of 14(A + B). 

3. The tolerance of the selection and bias currents must be small because the three 
currents are involved in any set action. In a normal switch only one current is 


involved in a set action. The drivers employed to drive this switch must be much - 


more precise than those required in a normal switch. In practice it is usually found 
that only one-half or one-third of the tolerance is permitted for drivers used in con- 
junction with switches of this type. 

4, Leading and trailing edges of the drive pulses must be controlled with care, 
The leading edge defines the set pulse, while the trailing edge defines the reset pulse, 
Therefore, the drivers must be specially designed to provide the correct pulse shape. 
In a normal switch the leading edge is controlled, but the trailing edge is simply 
allowed to fall smoothly without any particular control. 
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This switch has another distinct advantage apart from its logical simplicity. 
H\ecuuse the switch cores are reset at all times except during an actual set action, the 
tendency toward an operating loop shift is small. This is particularly important 
‘luring very fast cycles. A short reset action will occur at some time in every cycle, 
which tends to stabilize the operation of the switch. 

'/nidirectional Switches—Diodes in the Secondary Circuit. The magnetic switches 
‘loneribed above produce bidirectional signals at the output, effect impedance match- 
\i, and introduce some combinatorial advantage. The last two features are always 
wlvantageous, but the production of bidirectional signals can be as much of a dis- 
wivantage as it is an advantage. Ifa bidirectional signal is produced from a normal 
switch, the cyele and mode of operation must be based on a two-beat principle, which 
‘uuy be an undesirable restriction. For this reason, there has been considerable 
iilerest in producing unidirectional switches. 

One way of obtaining a unidirectional output is to drive the switch with a large 
/urrent in order to obtain a pulse in the output winding and then to reset the switch 
very slowly so that essentially no current is obtained from the output winding. This 
‘ioe of operation has been used successfully in a number of storage devices. In 
some devices the current produced at the secondary of the switch due to resetting the 
switch core has been maintained as significantly less than half the switching current 
ii the matrices. During reset a current flows in the matrices, but it is too small to 
afiect the stored information. A considerable time is expended in resetting the 
*wilches in this type of operation; therefore, it is applicable only to memory units 
ii which the cycle time is long. 

A second method of using conventional switches to provide an effectively unidirec- 
‘ional output is to reduce the reset drive to a point where the current from the second- 
ity during reset is about half the value of the current from the secondary during set. 
his mode of operation has been used successfully to implement the drive operation 
i) linear-selection or word-selection memory devices. Memory devices of this type 


frequently require about half the driving current during the write part of the cycle. 
! his mode of switch operation will produce a large short pulse during the set operation 
sid a long small-amplitude pulse during reset. 


Another way of obtaining undirectional operation of a switch is to insert a diode 
ii each secondary circuit. Under these conditions, current can flow from the switch 
sore into the matrix in one direction only. The diode is highly reliable in this mode 
wf operation, The voltages occurring in the secondary of the switch core can be very 
low and the diode does not require a large back resistance at any time in its life. The 
\ilroduction of an electronic element will, of course, reduce the reliability of the 
‘iugnetics; but it has been found that diodes used in this mode can be considered 
almost as reliable as the cores themselves. 

\ switch utilizing diodes in the secondaries has unique properties. Power will be 
‘/ansferred from the primary winding to the secondary winding when the diode is able 
‘» conduct; but if the primary current is in a direction such that the diode in the 


swondary cannot conduct, power cannot be transferred to the secondary winding, 
wid all the power in the primary must be used in switching the core and overcoming 
lommos in the core. Therefore, the introduction of the diode introduces properties 
lwyond that of unidirectional operation of the switch. It is possible to set the core, 


‘ing very low primary power and no power output from the secondary, and later to 
‘esol the core, transferring power from the primary to the secondary. The converse 
“poration is also possible: power can be transferred from primary to secondary during 
{ho set operation, and later the core can be reset, using low primary power, without 
fons of speed. Unidirectional operation implies loss of time somewhere in the system 
feonuse it is necessary either to set or to reset the core without output. In most 
‘yeloms using unidirectional operation, an overlapping type of cycle is adopted so 
‘hal one core is being set or reset while another core is performing the opposite func- 


‘tion, By this means time loss is limited to the small amount of time in setting the 


*witeh into an initial state or clearing it into a final state at the beginning and end of 
long major operations, r 
‘The basic operation of an element:of a unidirectional switch is illustrated in Fig. 
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12.66. A simple switch, shown in Fig. 12.66a, consists of a transformer using 
nonlinear core. A single drive winding has been shown, but ordinarily several wind 
ings are used in order to obtain combinatorial advantage. The basic element of th 
unidirectional switch is shown in Fig. 12.666. This consists of the same transform 
with the addition of a diode in the output circuit and, in series with the output circuit. 
a constant-current load. The output circuit is shown connected to a terminal 
because in switches of this type a constant- 
current load with an associated diode can 
be used in common to all elements of the 
system. Normally, current flows through 
the constant-current load through diode D, 
to ground. If a drive current is applied 
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| effectively 
| shifted to left 
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load 
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Negative 
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Fia, 12.67. (a) Hysteresis loop of simp 
switch core shown in Fig. 12.66a. { 
Effective loop used by unidirectio 
switch shown in Fig. 12.66b. 


Fie. 12.66. (a) Simple transformer switch core. 
(b) Basic element of a unidirectional switch. 


to the core to set it so that diode D» does not conduct, no current flows in the second 
circuit and a small amount of power is used in setting the switch core. If the co 
is now reset by applying a large current of the opposite polarity to the drive windin 
diode D; can conduct. Current through this diode must be drawn from terminal 
It is usually drawn as the result of the secondary winding lifting terminal 7’ abe 
ground so that diode D, is cut off and the constant-current load is inserted as part ¢ 
the load of the secondary of the switch core. This has the effect of defining the curr@ 
that may flow in the secondary of this core precisely. 

The addition of the diode to the secondary circuit has created a circuit in whi 
unidirectional current flows at the output, in which very low power is required eit 
to set or reset switch cores, and in which a constant-current load may be inserted 
the secondary so that the current flowing in the output circuit is regulated to a 
degree. This last feature is important in designing core memories. A switch- 
this type allows the designer to attain large combinatorial advantages and, at 
same time, to route extremely precise currents into the storage elements themsel 

The BH loops describing the operation of the core are shown in Fig. 12.67. Loop 
the conventional square loop used by a switch core, defines the operation of the cire 
shown in Fig. 12.66a. If the current corresponding to H is greater than is required 
satisfy the loop, the excess current during either set or reset is transferred into 
output winding. The loop used by the circuit in Fig. 12.66) is shown in Fig, 12,6 
During the set action, in which the core moves from point A to point B, the eu 
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_ }hagnetizing mmf plus an mmf absorbed as core losses. 


MAGNETIC-CORE STORAGE AND SWITCHING TECHNIQUES 12-73 


supplied by the primary circuit need be only enough to move the core through this 
excursion, It is not possible to transfer any excess current into the output circuit; 
and if excess primary current is provided, it will result in additional core losses and 
nore rapid transition from A to B. During reset, however, the amount of current 
KD or AC must be provided before adequate current is available for switching the 
core. This current is defined by the constant-current load. The current provided 
\o the primary will be distributed as BD into the secondary circuit, and any excess 
current above this amount will be used to switch the core and also to overcome losses 
in the core. A small amount of excess primary current will produce a much faster 
switching action of the core. 

Because the constant current in the secondary is unidirectional, the constant-cur- 
ront load may feed a large number of secondary output circuits, provided that only 
one of these circuits is selected at a time. 
Under these conditions, the current flowing 
in the matrix is independent of switch char- 
feteristics. An eight-way switch operated 
with such a current arrangement is shown in 
Vig. 12.68. The switch is set by any of the 
eonventional methods to store the address in 
the selected core. No power is transferred 
from the set winding to the output winding 
hwcause the diodes block any flow of current. 
‘he current required to set the switch need 
hw only sufficient to provide the customary 
\ipampere-turns. Therefore, the inductance 
ol the windings may be very low, and com- 
paratively low-powered circuits may be used 
mi set drivers. 

When it is required to produce an out- 
put from the switch, the single high-power 
reset. driver is operated and the selected 
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High- Low-power set drivers 


vore is restored to its normal state. The oe 

/onstant-current load may be either a pulsed ia\ea} Constant 

or a d-c source; if it is the latter, a diode 5 

tiuy be connected to the bus as illustrated 

\o carry the current in the quiescent state. pig. 12.68. Eight-way unidirectional 
When the selected core is operated, the bus switch. 

i» depressed to cut off all the unselected 


‘liodes and current flows only in the selected line. It should be noted that the reset 
river is really a constant-current load which absorbs power from the selected core. 
While the driver is supplying current to the output circuit, the core acts as a trans- 
former. In large switches the extra diode on the bus is not required because the 
jjuiescent current is shared equally by all the output lines. ‘The current in each line 
will be so small that it will introduce no adverse effects on the performance of the 
slorage unit. Before deciding whether to use a diode, it is important to perform 
adequate end-of-life computations on the behavior of the diodes in the switch. It 
\» possible for all the diodes to have deteriorated considerably in regard to forward 
oulstance and for one of the diodes to have failed and been replaced by a new diode. 
lis worst-case computation should be performed to ensure that a large proportion 
of the constant current is not being routed through one of the matrix lines. 

he current relationships in the switch are rather complex because the cores are 
twentially current transformers feeding into a constant-current load. The mmf 
supplied’ by the reset winding must be equal to the output ampere-turns plus the 
If either the driving current 
or the constant curreit alters, the new difference must be taken up almost entirely 
© an alteration of the core losses. In a-highly efficient transformer, the losses are 
low and a small change in either of the currents may produce a large change in the 


_ lower, Losses are always associated’ with the switching time of the core. A amall 
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increase in driving current can decrease the switching time and increase the voltag 
output. The excess voltage is taken up by the bus, but the reduced length of th 
output pulse presents a serious problem. Consequently, the two drivers must b 
very precise and, if they change, must change together. There is an effective way © 
solving this problem in small switches. The reset driver lines are connected to th 
The drive current i 
then equal to the matrix current, the d 
ference between driver and output ampe 
turns is fixed, and the switch is stable. 

In Fig. 12.67) the current relationship 
illustrated are approximately to scale for 
typical switch. Considerably more mm 
is available at the output of the switdl 
core than is needed either to set or to re 
the core. The switch behaves to an exte 
as a magnetic amplifier and exhibits pov 
gain. This makes it possible to set on 
switch core from another and still re 
enough power to do useful work in the ste 
age arrays. A switch utilizing this p 
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constant-current bus in place of the constant-current driver. 
Bt 


High-power Constant ciple is shown in Fig. 12.69. Two re 
reset current drivers L; and Le are operated alternate 
drivers load 


Suppose core 7, is set. The reset driver / 
is operated, and the core produces an ow 
put which drives the load and also s 
core 72, The other driver then operat 
to produce an output from core 7’, and set core 73. The switch thus acts as a count 
and can be used to mechanize complex logic. The power gain in such a system 
usually between 6 and 10. 

In an actual sequential switch like that in Fig. 12.69, lines L; and L2 do not rety 
directly to B+. Instead the drivers are driven from B—, and the lines ultima’ 
return to ground. When line LZ, has passed through cores 7's, 73, and 7), it then” 
returned at the bus for output windings OP1, OP;, and OP;. Similarly, line Ly lin 
cores T's, 7's, and 7's, and then becomes the bus for output windings OP2, OP,, 
OP. Ultimately these lines return to ground after they have passed through 
matrices. 

A more conventional diagram of a switch is Fig. 12.70, which shows how the d 
lines are brought around to become the busses for the output windings and, ¢ 
shows a clear winding. The clear winding links core 7's in the opposite direction 
that employed in all the other cores, and it also links 7's with more mmf than is u 
for the other cores. In this particular switch, 7's is considered to be the 0 or ini 
value of the address which is being defined by the switch. 

Figure 12.71 is an actual circuit diagram of a complete 28-way shifting swité 
which is used to operate a storage unit at a 100-ke rate. The accented line star 
at input 1 indicates the path followed by the current when the switch is opera 
immediately after a clear operation. This current passes down through the prim 
reset windings of all even-numbered transformers and is then steered by means of 
switch action through the output circuit of transformer 28. The current continue 
through the set winding of transformer 7’; and is then routed from that position to 
line 1 in the storage matrices. The next drive action will be used to energize input 
The current in this case will pass through the primary reset winding of all the od: 
numbered transformers, will return down the bus, and will be routed by the outyi 
winding of transformer 7’; through the set winding of transformer 7, to X line 
This action will continue as long as currents are applied to inputs 1 and 2 alterna 

Undirectional Switches—Transistors in the Secondary Circuit. Transistors capal 
of handling the same peak currents as diodes are now being used for switching pt 
poses. It is possible to modify unidirectional switches so that the base-emitter pe 
tion of a transistor replaces the diode. Several advantages result because the outy 


Fig, 12.69. Switch in which output of one 
core sets the next core in sequence. 
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is taken from the collector circuit. First, the output from the collector is at much 
higher impedance than is available in the base-emitter circuit. The transistor there- 
fore acts as an impedance amplifier, providing a very high output impedance into the 
inatrices. Secondly, the switch cores are providing only the power necessary to 
drive the base-emitter circuit and not the power necessary to drive the matrices. 
‘Therefore very small cores of storage-core size may be used for the switching operation. 
‘his, in turn, increases the number of cores which may be driven by a single set of 
ilrivers. Large switches incorporating the base-emitter portions of transistors can 
hoe manufactured. Since the output from the transistors is not only at high impedance 
hut can also tolerate very large voltage swings, it is possible for these large switches 


(o drive large matrix arrays. Such switches are useful in the construction of large 
sequentially addressed storage systems. 


Xory 


5 turns 


21 turns 


Ly; 


Fig. 12.70. Conventional diagram of a sequential unidirectional switch. 


A transistor switch can be arranged to count either in a forward or a reverse direc- 
tion by energizing the appropriate windings in the switch. Figure 12.72 is a diagram 
of such a switch. It is used to drive the 120 X lines in a memory system and to scan 
(hese X lines in either a forward or a reverse direction as required. The reversible 
switch steers current to the 120 X lines of the storage array, selecting each line 
sequentially in either an ascending or descending order. It consists of 121 ferrite 
vores, each of which controls the operation of a transistor which, in turn, controls the 
low of current through one of the 120 X lines. The emitter of the transistor asso- 
vinted with the 121st core is grounded. The function of this extra core is to start the 
severse count if 120 words have been loaded. Each core is linked by six windings, 
live of them with six turns and one with 12 turns. As shown in Fig. 12.72, the five 
six-turn windings include the clear windings, two drive windings, and the forward 
und reverse count windings. The 12-turn winding, which is connected between the 
omitter and base of the transistor, drives the transistor. The windings are arranged 
(o saturate the transistor during the resetting action of the core. At all other times, 
ill transistors are cut off. 

The clear winding linking all 121 cores is reverse-wound for core J. Core 7’ 
will be eleared to an initial 1 state while all others are reset to 0. A three-beat drive 
is used. After clearing, drive 0 will be the first line to be energized. The pulse 
(hrough this line will reset 7’, driving Qo into conductance and allowing current to 
flow through X 0 and to set 7). Note that drive 0 does not link 7 and therefore does 
Hot oppose the setting of this core. Drive 1 is the next line to be energized. It 
will reset 7), turning on Q; and permitting the current to flow through X 1 and both 
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Fig. 12.71. Twenty-eight-way shifting switch. 
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the “forward” count windings of 7’, and the “‘reverse’’ count windings of 79. Drive 1 
will oppose the setting of 7’) but will not oppose the setting of T,. In this manner, 
the switch is set sequentially as long as the three drive lines are energized sequentially. 
The operation is the same for both loading and unloading in the normal cycle. After 
i! ends with the setting of 7120 or sooner, the next pulse will always be ‘“‘clear” to 
restore the initial operating conditions. 

‘l'o reverse the action, the drive lines should be set in reverse numerical order. For 
example, if drive line 2 was the last to be energized, reversal will occur if drive line 1 
js energized next instead of drive line 0. Once reversal has occurred, the reverse 
setion will continue until a further reversal of drive sequence takes place. The first 
ilrive pulse after a reversal should be considered as an extra pulse. It is necessary to 
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Fia. 12.72. Reversible transistor core switch. 


apply this extra pulse to return the core to the last-used position before reversal 
mecurred. For example, if core 3 was the last used, it would have been as a result of 
energizing drive line 0, and core 4 would also have been set. The first pulse of the 
feversal process will be produced by driving on line 2, causing core 4 to reset and 
ehorgizing transistor Q;. The next winding on drive line 2 (not shown) will prevent 
sore 6 from being set; therefore, the reverse count winding Qu, will set core 7'3, while 
(he action of the forward count winding will be inhibited by the current flowing in 
vive line 2. It should be noted that, during the reversal action, X line 4 will be 
energized. The entire system must be designed so that this additional line will 
eome energized in the process of effecting a reversal. 

lidirectional Switches—Diodes in the Primary Circuit. There are considerable 
aivantages to employing diodes in the primary circuits of magnetic switches. First, 
they can add to the nonlinearity of the switch core or can provide all the nonlinearity 
in the circuit. Secondly, they can be used to reduce the load presented by the switch 
to the drivers. This is of considerable importance in large storage units or in very- 
Nigheapeed storage units. Unidirectional switches with diodes in both the primary 
wid secondary cirouits are operated by a combination of the two techniques. 

igure 12,73 shows a typical small awiteh employing diodes in the primary circuits 
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of the transformers. In operation, first one of the sinks, then one of the drivers ij 
energized. If sink P and driver A are energized together, current can flow throug 
only one of the primary windings of transformer 7, and a pulse appears at the outpu 
of this transformer in OP;. Later driver A must be energized, routing current 
sink P through the other primary of transformer 7 to produce an output in OP 
The two primaries of each transformer are wound in opposite directions so that on 
can set the core while the other resets the core. If a diode is not included in th 
secondary circuit, the switch acts like 
conventional magnetic-core switch in tha 
it produces biphase outputs at its outpu 
terminals. 

If the cores in this switch (Fig. 12.73 
are made of rectangular-loop materi 
driver A may drive for as long as is ne¢ 
essary and may then be turned off. 
further action need proceed until it 
desired to produce a reverse output; the 
driver A’ should be energized. Since th 
current flow through the primary is selecta 
entirely by the diodes, with a switch 
this type it is possible to separate the lo 
and unload actions in thecycle. For exan 
ple, if a drive such as AP is used to prod’ 
the read action, then a drive such as A% 
is used to produce a write action. If 
switch is used in this manner, the oper 
Fi. 12.73. Small switch with diodes in the ing technique must be such that an A 
primary circuits of the transformers. action always occurs before a second A 

action in an individual core. 

Another way of mechanizing the switch is to replace all the A’, B’, etc., drivers ar 
their associated windings with a single constant-current winding threading all swi 
cores. This winding must be capable of resetting any of the switches. The d 
handled by the remaining drivers and the current sinks must then be double if 
previous value. A read action is initiated by a connection such as AP; but wh 
driver A is no longer energized, a reverse output is obtained immediately from core 
under the action of the common bias winding. This type of switch has considerah 
advantages. It requires a small number of drivers, and its cycle time is short sin 
a write action automatically follows a read action with maximum speed. Its d 
advantages are the large size of the drivers and the necessity of controlling the tra 
edge of the current from the drivers. This edge forms the rising edge of the w 
pulse from the output windings. 

The cores in the switch need not be of square-loop materials. In fact, cores 
linear material have lower coercive forces than square-loop cores. If linear-t 
cores are used, they act as transformers and the switching action is controlled entirel 
by the diodes. Extremely rapid operation is obtained with these switch cores, ma 
them suitable for high-speed storage units. 

The Secondary Circuit of a Switch Core. The load presented by a matrix }j 
linear elements of resistance, capacitance, and inductance, as well as a nonlino# 
element which contributes varying capacitance, inductance, and resistance valu 
The pure inductance is by far the greatest quantity, with the nonlinear inductane 
capacitance, and resistance following in that order. During switching, the swi 
core behaves as a relatively high impedance and sets up a current through the lo 
When the core is saturated, this current continues to flow because the second 
winding then becomes a small, relatively linear inductance. The natural time e¢ 
stant under these circumstances is very long; and usually it is necessary to 
resistance in series with the load to shorten the saturated secondary-circuit time e¢ 
stant. Additional resistance can be provided by resistors at the end of the wind 
or can be distributed by using a resistive wire for the matrix windings. 

The instantaneous voltage across the load during the operation of the awit 


= 
Bs 


MAGNETIC-CORE STORAGE AND SWITCHING TECHNIQUES 12-79 


ilepends on the number of storage cores which are moved from one state to another 
hy coincident-current action. For example, in a system driving a 40-bit parallel 
word any number from 0 to 40 cores can turn over. In the 1-ysec materials this can 
fepresent a change of 4 volts. The entire secondary voltage may be no higher than 
{1} volts and would probably be no higher than 40 volts. This represents a change of 
10 to 25 per cent in the instantaneous value of the load. If all the cores turn over, 
(he switch core must provide more flux to the load than if none of them turns over. 
uring a reading cycle the same amount of flux is required during both the set and 
(he reset actions. During a write cycle, however, a word of all 0’s may be changed 
(o a word of all 1’s, and there is a considerable flux variation between set and reset. 
Ordinarily no flux can be transferred through a transformer, and the flux absorbed 
hy the load must be exactly equal to the flux change in the transformer. 

In the above-mentioned example, a small amount of flux is required during the 
wolling action, and only this amount is available on reset. Unless special measures 
ure taken, it would be impossible to alter the state of the storage cores. One such 
ensure is to add to the load a resistance which acts as a flux-dissipating device. The 
jouistance allows the transformer to move through a relatively fixed flux change while 
(ie duration of the secondary reset pulse varies slightly to compensate for load varia- 
‘ions. The correct value of resistance must be found by experiment. Generally it is 
l\igher than the value required for correct damping in the secondary. In order to 
obtain reliable operation, the voltage drop in the resistance should be about ten times 
{he amount by which the load voltage can change with alteration of information 
vontent. Some storage units have been operated successfully when this figure is as 
low as 5, but unless particular care is taken in the design to control the operating 
surrents, marginal operation can be expected. 

12.7.14. Diode and Transistor Switches. Figure 12.74 shows a typical arrange- 
nent for diode decoding. The diagram indicates current flow in one direction only 
in the matrix lines and in one set of matrix lines only. In a typical system there 
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Fia. 12.74. Diode decoding switching arrangement. 


will be 64 such diodes, eight drivers, and eight sinks; and in a complete 4,096-word 
ijemory system, there will be four sets of drivers, diodes, and sinks, or a total of 
‘2 drivers, 32 sinks, and 256 diodes. Superficially, diode decoding switching does 
iol appear to be very efficient since a large number of components is employed and 
(he combinatorial advantage is no greater than can be achieved with magnetic 
switches. However, the impedance match between transistors and cores is so good 
\}\ut a medium-capacity memory can be driven efficiently from a single set of transistor 


_ «lrivers and sinks. If a magnetic-core switch is interposed between the drivers and 


(ho matrix, the loss introduced by the core switches is usually sufficient to necessitate 
inereasing the number of transistors in the drivers and sinks. 

‘The technique of decoding with diodes directly into matrices can frequently intro- 
‘luce a considerable cost reduction in large systems. Where very-high-speed switching 
in required, this is one of the few feasible methods. To date no magnetic switch has 


hoon designed to operate at the high speed necessary to drive the fastest available 


storage cores. In linear- or word-selection memories the complete selection is per- 
formed by diode switching. In a 1,024-word memory, for example, there would be 
2 drivers, 82 sinks, and 1,024 diodes for each direction of current flow in the matrix, 


~ Lowesapeed linearsselection storage devices can be built with magnetic-core awitches, 
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but they are usually less economical than coincident-current devices operated by co} 
or diode switching. 
Operation of the diode decoding scheme in Fig. 12.74 is as follows: If driver A a 
sink Q are selected, the current flows from the current stabilizer through driver A an 
through the diodes on lines 0 and 1. These lines behave as short-constant del 
networks, and initially the currents divide equally down lines 0 and 1. Howeve 
the current flowing in line 0 encounters an open circuit at the end of that line, wil 
reference to sink P, and flows up line 2 toward the diode. The current in line 
encounters a short circuit because sink @ is conducting; it therefore flows into sink 
Meanwhile the current which is flowing in line 2 finally encounters an open cireu 
at the diode on line 2 and is reflected back down line 2 and then up line 0 to establi 
an open-circuit condition at the input end of line 0. Four complete propagati¢ 
times through the matrix are required to establish the correct current in line 1. 
practice, the lines do not encounter perfect open-circuit or short-circuit terminatio 
at their ends. A total of six to eight propagation times should be allowed to estab 
completely the current in the selected lines. An alternate method is to bias 
matrices so that an open circuit is encountered at the input end of every line. Thi 
if sink Q is energized in advance of driver A or B, only the diode on line 1 will condu 
when driver A conducts, and the current conditions are quickly established w 
respect to driver A. 
Transistor Switches. It is also feasible to switch directly into matrices by transiste 
instead of diodes. This has already been discussed to some extent in the descripti0 
of a transistor core switch. A typical transistor switching scheme is shown in I 
12.75. The transformers shown can be elements of a switch or can be linear tram 
formers driven from low-level decoding logic ahead of the drivers. The positive 
negative current stabilizers feed a large number of these transistor switches. ‘T 
advantage of driving by transistors is that large voltage swings can be tolerated at tl 
output circuit. Transistor driving is there- 
fore suitable for large memory systems, par- 
ticularly when high-speed operation is 
desired. Transistors may also be used as 
power amplifiers in a large magnetic switch 
with low output power. By this means, it 
is possible to obtain the combinatorial advan- 
tages of a magnetic switch with the imped- 
ance-matching advantages of transistors. 
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Fic. 12.76. Block schematic of a o6 
cident-current storage unit. 
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Fia. 12.75. Transistor switching scheme. 


Storage Units and System Design 


12.7.15. Coincident-current Storage Units. Figure 12.76 shows a general ble 
schematic of a coincident-current storage unit. The units at the top of the din 
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jorform the necessary timing and control and produce partially decoded address 
waveforms. These units employ conventional computing-type circuits which provide 
‘he X and Y drives to the matrix storage unit. Some of the blocks, such as the 
\wemory register, are omitted in certain storage systems, but they will be found to 
sist in some form in the computer. 

‘There is at least one reading amplifier for each parallel bit stored, and in very large 
\\nils several amplifiers per bit are used to reduce the length of each sense winding. 
lhe reading amplifier, a suitable push-pull stable amplifier, must offer high rejection 
‘o in-phase signals. It must have good low-pass characteristics and must not be 
jralyzed by noise spikes which are somewhat larger than the amplitude of the desired 
signal. The final component is a gated discriminator which emits either 0 or 1 signals 
\inder the control of a strobe pulse. If the delay in propagation through the matrices 
\s lurge, several strobe pulses are employed so that each reading waveform is strobed 
at (he optimum time. 

‘The parallel output from the reading amplifiers sets the memory register which, in 
‘urn, transmits the information to the computer. The memory register, which con- 
{rols the rewrite action during a read cycle, is loaded from the computer to control 
{he write action. The writing or digit-plane drivers are precise pulsed current drivers 


Which cause the information to be inserted into the matrices. 

In serial machines it is common practice to employ a parallel storage unit, which 
\) often more economical than an all-serial unit. Serial-to-parallel and parallel-to- 
werial converters are inserted in the incoming and outgoing lines. In some serial 


‘iachines two storage units are used, each storing one-half of the word. These units 
ure then employed in an interlaced fashion so that one unit is writing or rewriting the 
\wwt half of the word at the last address, while the other unit is reading the first half 
| the word at the present address. This arrangement leads to rapid serial operation. 

12.7.16. Methods of Driving Coincident-current Storage Units. Progress in the 
(lovign of coincident-current magnetic-core storage systems has always depended on 
\he availability of new storage materials and new tubes or transistors for driving 
jurposes. The investigation of transistor drive had scarcely been started in 1955, 
ul by the end of 1956 every storage unit which was in design used transistor drive 
*ilirely or for the major portion of the unit. This rapid transition from tube to 
aeperd drive was due to the superiority of transistors in matching magnetic-core 
Hipedances. 

Direct Drive. All the original magnetic-core storage systems used direct vacuum- 
‘ube drive because switch and storage materials were so poor at the time that they 
‘ould not be combined into an operating system. A schematic of part of the driver 
system in an early storage device is shown in Fig. 12.77. It is still typical of circuits 
that are frequently used in evaluating the performance of matrices. A direct-driven 
*irouit, such as that shown in Fig. 12.75, is used nowadays with transistors replacing 
the tube drivers in Fig. 12.77 and with only one wire in each direction in the matrix. 
Ii Lhe system shown in Fig. 12.77, two X and two Y wires are used for each core in 
vrder to utilize the high impedance from the plate circuit for driving into the magnetics. 
lalor systems used a single X or Y wire which was driven by one driver plate and 
vno driver cathode. One matrix has been shown in the diagram, but in practice a 
jumber of matrices are usually employed in cascade. In the example shown, the 
\pedance match is very poor because the tubes are capable of delivering much higher 
vollnges than are ever required by the matrices. 

Consider a storage unit which is designed to store 4,096 words of 40 bits each. 
\nume that the system is driven by 64 drivers in each of the X and Y directions. 
\lno assume that the current flowing in the X or Y wires is 200 ma and that the 
vollage induced in a selected core is about 30 mv and the voltage induced in an 
‘inseleeted core is about 3 mv. It is difficult to determine the exact value for the 
sores which are energized with only a half current. The first time that a core is 
(isturbed, a large disturb signal will be produced. The amplitude of the disturb 
“mal will decrease with each subsequent disturbance until it reaches a minimum 
valuc. In designing a core-storage unit, it is not correct to use either the maximum 
minimum value in estimating the average load on the lines. The full potential 


 Hperating range of the equipment should be examined in order to choose a correct 


12-82 MEMORY DEVICES MAGNETIC-CORE STORAGE AND SWITCHING TECHNIQUES 12-83 


average value. The number of cores in operation on the X and Y lines is symmetric 
The selected X or Y wire links 63 half-selected cores in each matrix and one select 
core. The selected core may or may not switch, depending on whether it is storing 
a0,oral. For the complete system, each X or Y wire links 2,520 half-selected co 
and 40 selected cores. The minimum voltage drop due to the cores themselves, 
the word that is read contains all 0’s, will be 7.68 volts. To this must be added t! 
voltage drop due to the resistance of the wire and to the two inductances of t 
windings. Generally, the sum of these two factors is about equal to the voltage dr 
introduced by the cores. Therefore, it will be assumed that the normal voltage 
through the matrices, if none of the selected cores switches, is a little over 15 vol 
say 15.25 volts. If all the selected cores switch, an additional 1.25 volts will 
required. In designing the system it should be assumed that the minimum insti 
taneous voltage drop is about 15 volts and the maximum is about 1614 volts. T 


Transformer drive is frequently used in conjunction with diodes to form a diode 
\vansformer switch. Such a switch effects an impedance match and introduces some 
vombinatorial advantage, which reduces the required number of drivers. Trans- 
former coupling between the drivers and the storage matrices has been used success- 
fully in transistor-driven equipment. In very large systems, transformer coupling 
is used to step down a current into the matrices when the transistors cannot develop 
enough voltage to drive the storage matrices. In small systems, it is used to step up 
(he current to the storage matrices. The matrices require more current than can 
lw delivered by the transistor drivers. 

Switch Drive. Direct- and transformer-driven systems are simple to design and 
uve particularly desirable for memory units which will not be reproduced in large 
uantities. If quantity production is to be considered, savings in equipment and 
rout can be effected by using switch-driven systems. Although they are more difficult 
‘o design and test than direct-driven systems, the switch-driven systems are more 
*eonomical to produce and usually more reliable. Most magnetic-core storage units 
in wide use today employ a switch of some type in the drive circuits. If a unit is 
esigned for small-quantity production, usually a rather simple switch is employed. 
Only in high-quantity-production devices are the more complicated types of switch 
timed. 

In random-access applications, the choice of a simple type of switch is dictated 
vol only by the economical advantages in design cost and over-all system operation 
hut also by the fact that complex switches are rather inefficient. A typical simple 
switch-driven system using an anticoincident switch is shown in Fig. 12.78. The 
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Fia. 12.77. Part of the driver system of an early storage device. 


voltage at a current of 200 ma can be delivered by transistors, although the v 
of the voltage is perhaps a little high for reliable operation. It does indicate that 
match between the transistors and the cores is extremely good. In a tube-dri 
system this voltage would represent an extremely poor match. 

Transformer Drive. Linear transformers may be inserted between the dri 
and the cores to effect an impedance match. It then becomes necessary either 
add resistance in series with the matrix wires or to use resistance wires for wind 
the matrices. (The use of this resistance was described under the paragraph he 
The Secondary Circuit of a Switch Core.) The amount of resistance required in 
secondary circuit of a linear transformer is not so great as that needed in a SW 
core, but some resistance is required to compensate for the varying flux absorbed 
the matrices as the information content changes. In addition, since the transfo 
itself introduces loss and inductance, about twice as much peak power must be 
plied to the primary of the transformer as is supplied in a direct-driven system, 
this reason, transformer drive is chiefly of value in small-capacity storage units, . 
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Iria. 12.78. System driven by an anticoincident switch. 


twoken lines in the switch matrix indicate the wires that are energized. In this 
jnetance, line 1 in the vertical direction and lines 1, 2, and 3 in the horizontal direction 
are energized. The current in the horizontal direction inhibits the switch, while the 
surrent in the vertical direction drives the switch. Only core | is driven and not 
inhibited; therefore, only this core produces an output. The connections between 


Pa 
2 


12-84 MEMORY DEVICES MAGNETIC-CORE STORAGE AND SWITCHING TECHNIQUES 12-85 


the output circuits of the switch cores 0 through 15 and the compensating resisto 
numbered 0 through 15 are not shown in order to simplify the diagram. 

There are many kinds of double-coincident switch in use today. They all ha’ 
similar properties and utilize about the same number of drivers for a given size 0 
switch. The choice of one form of switch or another is usually made on economi 
rather than on technical grounds. The cost savings introduced by a specific switch 
cannot be stated in any general form. Various types of switches must be sketche 
out in a fairly complete design to decide which is the most economical for a partic 
system. Generally, a switch-driven system will use only about 20 per cent of th 
components in the driver circuits that would be required in a direct-driven system 
On a similar scale, a transformer-driven system will use somewhere between 50 an 
60 per cent of the components that would be used in a direct-driven system. Thes 

figures can be misleading because the switch may be a costly item to manufactu 
: Mixed systems in which one axis of the storage planes is switch-driven and th 
other axis is direct-driven or transformer-driven are occasionally fabricated. Th 
are particularly effective when it is necessary to obtain accurate control of the curren 
in one direction, usually in the axis which is direct- or transformer-driven. 
Special-purpose Switch Systems. Sometimes storage units are required which re 
to each address in a sequential manner rather than in a selective manner. A 
of this type permits the designer to achieve an increase in circuit economy. 
switches illustrated in Figs. 12.67 through 12.71, 12.74, and 12.75 are useful in th 
respect, because they act both as counters and as switches. They remove the nee 
sity for address circuits and, in addition, require very few drivers to operate then 
P Two switches of this type may be used in the X and Y directions as long as the num 
ber of outputs from one switch is mutually prime with respect to the number ¢ 
outputs from the other switch. This requirement can be mechanized in a simpl 
fashion if one of the switches has three drivers instead of the two illustrated in Pi 
12.67. Both switches will count together, and ultimately every core in the matri¢ 
will be scanned as indicated in Table 12.28. 


shifting switches. A system of this type is illustrated in Fig. 12.79. The matrix 
wires are taken through a row or column of cores and are then returned in the opposite 
polarity through the previous row or column. Wires in the first row or column are 
tuken back through the last row or column. If, for example, core 6 is being set to 
the 0 state, or read, then core 1 which was the last core set to 0 is in process of being 
sel into the 1 state. Two reading amplifiers and two digit-plane drivers and their 


Sense winding A links odd cores and 
sense winding B links even cores. 


3-way ae A 
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and B links odd cores. 
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Fig. 12.79. Special-purpose switch system for sequential operation. 


Table 12.28. Scanning Pattern in a Special-purpose Switch System 


‘ l hl imociated windings are used alternately. The operating sequence is shown in 
X switch | X switch | Y switch | Y switch | Core which Table 12.29. The system reads and writes simultaneously and therefore operates 
driver | position | driver | position | is scanned twice as fast as a conventional selective system. It is economical with respect to 
fomponents, but the complexity of the matrix windings limits its application to small 
storage units. 
1 1 1 1 1 
3 : : 3 mn Table 12.29. Operating Sequence in a Special-purpose Switch System 
2 4 1 1 4 q 
t 1 2 2 5 4-way switch |} Reading ampli- | Digit-plane | Core ie 
2 2 3 3 10 output fier in use driver in use | read Gare write 
1 3 i 1 3 
2 4 2 2 8 
1 1 3 3 9 Odd vegeta. A A 1 12 
2 2 1 1 2 Byed..¢. 4. « B B 6 1 
1 3 2 2 7 [ays clan Ss A A 11 6 
2 4 3 3 12 Bren... vs: B B 4 11 and so on 


In most storage systems of this type, it is not important to retain the informa’ 
once it has been read. Then it is convenient to employ two sets of switches, one @ 
which operates during a write operation and the other during read. Because ¢ 
switch remembers the address of the next operation, it is possible to write in a blow! 
of information, read out some of it, write in some more, and so on. In this type 
operation only one beat is required either to write or to read since every reading op 
tion clears the storage cell to 0 in readiness for a write operation. 

The information may be regenerated, and the operation of the storage unit m 
be speeded up, by employing a special matrix configuration in conjunction with t 


The diode-decoding scheme illustrated in Fig. 12.74 is also used to achieve addi- 
ional decoding associated with the storage unit itself. Diode decoding may be used 
in conjunction with a direct-driven system or to place two magnetic switches in 
caseade,. [ssentially the system is arranged so that one switch produces a positive 
vollage while the other produces a negative voltage. The selected diode is the only 

one that can conduct.as a result of the positive and negative operations of the two 
switches in cascade. In order to operate a system in this manner, there must be close 
sontrol of the dec bias which is used as part of the selection operation and of the out- 
pulse of the switches. ‘To achieve adequate control of the voltages, switches employed 
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in cascade are usually unidirectional steering switches in which the prime current 
drawn from a current stabilizer of some type. 

Diode decoding in conjunction with magnetic switches has been used successful 
in sequentially accessed linear- or word-selection memories. In a memory of t 
type the current through the diode is allowed to charge a shunt inductance at t 
same time as a large pulse of current is routed down the matrix wire to perform t 
read operation. When the drive switch has ceased to operate, the current flowi 
in this inductance causes a current reversal in the matrix wires which is low in amp! 
tude and long in duration compared with the original current pulse applied by t 
switches. Such a current-generating technique is adaptable in either a random-ace 
or a sequential-access unit in which only one set of unidirectional switches is used 
initiate the read operation. The write operation follows automatically as a res 
of the overswing of current due to the inductances. 

12.7.17. Circuits Peculiar to Core-storage Units. In most core-storage uni 
standard circuits are used for flip-flops, gates, delay elements, timing elements, 
for all the usual logical functions. In those units designed to achieve high reliabili 
special types of core logic replace the conventional transistor-diode logical circui! 
There are two types of circuit which are truly peculiar to the magnetic-core stor: 
unit. The first are the driver circuits which insert addresses and information i 
the memory, and the second are the reading or sense circuits which detect the out 
from the magnetic-core array. 

The electronic circuits associated with a storage unit must be extremely relia’ 
because errors introduced in the memory are a severe handicap to the user of digi 
equipment. All circuits, whether or not associated with the memory, are toleran 
carefully to achieve a high probability of long life. Components are derated 
toleranced to operate at a much higher temperature than would be expected wit 
the equipment. They are rigorously inspected and tested before assembly, and 
sample number are tested to destruction. Power supplies are regulated to red 
the effects of line variation, and circuits are toleranced to withstand large variati 
in power. 

Circuits described below are typical of those in high-quality equipment. 

Current Stabilizer. The current stabilizer is an important element in many dri 
circuits. It delivers a constant regulated current at a high impedance which may 
steered by means of transistor switches into the magnetic portion of a storage un 
A typical current stabilizer is shown in Fig. 12.80. This circuit is designed to 
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(luce a constant current regardless of the operating temperature. Other circuits are 
(emperature-compensated to vary their current output and compensate for the chang- 
ing characteristics of the switch core effected by variations in temperature. This 
circuit maintains current at a constant value regardless of load-voltage excursions 
ranging from 0 volt (ground) to close to +14 volts. The magnitude of the current 
may be adjusted with an externally mounted potentiometer to 185 ma. The diode 
CRs acts as the regulating element and may be considered a constant battery of +6 
volts placed across the emitter-base section of Q; and Qo. The LZ; in the collector 
circuit is a surge-limiting element. 

Transistor Switch. Transistor-switch circuits are used in routing current from a 
vurrent stabilizer to a magnetic portion of a storage unit. A typical circuit is illus- 
trated in Fig. 12.81. Transistor Q; serves as a unidirectional switch with both its 
lorminals floating so that the switch may be connected between a variety of power 
sources and loads within capabilities of the circuit. The power source may be of 
vither polarity and of either the constant-voltage or the constant-current type. 


-7v 
Current out 


Inl Q; 


Current in 
In2 


In3 


24y Ground 


+14v 
Fia. 12.81. Transistor switch circuit. 


The versatility of the circuit is due to transformer coupling of the enabling pulse 
to the base of Q;. The transformer is also the source of two limitations of the circuit: 
(1) the maximum duration of switch closure is 10 ysec, and (2) the recovery time is 
10 psec. 

‘Transistor Q; and the diodes at the inputs to the circuit form an AND gate whose 
iominal operating voltage levels are +5 volts. Transistor Q: serves as an amplifier 
between the gate and the switch Q;. If any one (or more) of the input levels is 

5 volts, the switch will be open. When all input levels are +5 volts, the output 
of the gate will rise and cause Q»2 to conduct, which in turn energizes Qs to conduction. 

Because of its time limitations, the switch must be turned off within 10 psec and 
must not be reenergized for another 10 usec. This timing is usually accomplished 
with pulses of a suitable duration and a duty cycle applied to the base of Qi. The 
iiaximum current permitted to flow through a closed switch is 200 ma. The rise 
lime of current to 200 ma through a resistor load is not more than 1 usec. 

‘The above circuit is used in small storage units. Transistor switch circuits used in 
lurge storage units operate in a similar manner but are designed to handle much larger 
currents and voltages. 

Digit Driver. Digit-driver circuits are used to insert information into the storage 
matrices. They are also used for inhibit purposes when driving switches and as sinks 
when driving diode core switches or in applications requiring diode decoding in 
wwociation with storage matrices. 

A typical digit-driver circuit, shown in Fig. 12.82, functions as a switch. One of 
ila two terminals is connected to ground; the other (output) may be connected to a 
Hogative supply through a suitable load. The switch is closed when both the infor- 


mation input.and the ZU input are at 5 volt, and open when either input is at 
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+5 volts. The specific function of the circuit is to hold a selected core in the 0 state 
by energizing the inhibit winding passing through the matrix cores whenever th 
information input is a 0 (—5 volt). 

The circuit has an input stage, consisting of transistors Q; and Q2 plus four clamping 
diodes; a difference amplifier, Q; and Qs; and a transistor switch, Q; and Qe, that 
forms the output stage. The information input is clamped to +5 volts; the LU , 
input is at -+-5 volts during uNLoAp and —5 volt during toap. The emitter followers, 
Q, and Qs, form a negative AND gate for these inputs. When both inputs are at 
—5 volt, Q: and Q» will conduct very little and drive the transistor switch out © 
conduction through the emitter follower Q3. 
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Fie. 12.82. Digit-driver circuit. 
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The output circuit consists of current-limiting resistances in series with a digi 
winding and the switch. It is energized by a —14-volt supply. A maximum 6 
15 volts is permitted across the switch when it is open, and a maximum current ¢ 
200 ma is permitted to flow through a closed switch. The rise and fall times of 
currents through a resistive load are not more than 1 usec. 

The digit-driver circuit described above is designed for applications where the ¢ 
rent is kept constant with temperature. If it is desired to compensate for tempe 
ture change, instead of using —14 volt in the collector circuit of Qs and Qs a spec 
power supply is used in which the change of voltage with temperature is proportional 
to the change of current that is required in the cores. 

Read Amplifier. The output signal from the sense winding of the core matrix con 
sists of two types of signal. The first is a large in-phase excursion of the sense wind 
ing due to electrostatic coupling between this winding and the X and Y wires in the 
matrix. Both ends of the sense winding go through this excursion together if th 
sense amplifier and sense winding are correctly designed. A second signal, betwee 
the two output wires, is the desired read signal. The ratio between the undesi 
electrostatically induced in-phase signal and the desired magnetically induced out 
of-phase signal is never less than 100:1 and in large memories is frequently as hig! 
as 1,000:1. In order to detect the desired signal, the read amplifier must be a we 
balanced and well-designed difference amplifier. 

A typical read-amplifier circuit used in very small storage devices is shown } 
Fig. 12.83. This circuit accepts bidirectional turnover signals from a magne 
matrix core. A signal is first amplified and then sampled at its peak amplitude with 
strobe pulse. The circuit consists of an input pulse transformer, a highly sensitl 
input amplifier, and a transistor gate. Both ends of the matrix sense winding 
connected to the primary Of the input transformer. Depending on its polarity, th 
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input signal is amplified by either Q, or Q; and is applied to the base of the transistor 
gate Qs. The strobe pulse is inserted into the emitter of the transistor gate Qo. 

To provide proper detection, the turnover signal from the sense winding must 
have a peak amplitude of 20 mv or more, and the duration of the signal at 5 mv must 
he 3 usec or more. Following detection of such a signal, the output pulse will be a 
replica of the strobe, rising from its normal level of —5 to +5 volts in not more than 
| psec, remaining at this level for not less than 1 usec, and falling to the original 

-5-volt level in less than 1 psec. It remains at the —5-volt level when no turnover 
signal is detected. 


Output o 


Input 1 


QQU0Q0Q0Q000 


Input 2 


Ground © 
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Strobe —9SV 


+7vo 


-24vo 
Fie, 12.83. Read-amplifier circuit for small storage unit. 


A more sophisticated read-amplifier circuit which is used in large storage units is 
shown in Fig. 12.84. The input signal is applied to the primary of transformer 7’. 
The secondary windings of 7’; provide a balanced push-pull input to transistors Qi 
and Qe. The positive-going edge of the pulse input provides a voltage at the base 
of Q: that is positive with respect to the voltage at the base of Q2. Under these 
wonditions, Q; reduces conduction and Q: increases conduction. The collector output 
voltage of Q; drops and the collector output voltage of Q» rises, resulting in a negative 
voltage at the base of transistor Q; with respect to the voltage applied to the base 
of transistor Q,. Transistors Q; and Q, comprise a differential amplifier circuit with 
‘ross coupling accomplished by capacitors C; and Cz. The resultant increase in 
wonduction through Qs provides a positive voltage at the junction of resistors Ris 
and Ris. This rise in voltage is fed back to the emitter of Qi through capacitors 
('y and C4 to stabilize operation. The positive voltage at the collector of Q; is also 
ipplied through capacitor Cy to the junction of diodes CR; and CR;. Decreased 
sonduction through Q, produces a negative voltage at the junction of resistors R14 
wnd Ry. This drop in voltage is fed back through capacitors C; and Cs to the emitter 
uf Q» to stabilize operation. The negative voltage at the collector of Q, is also applied 
(hrough capacitor Cy) to the junction of diodes CRz and CRs. Capacitors C; and Cs 
in the collector circuits of Q; and Qs maintain a sharp pulse edge on the collector feed- 
hack voltage. ‘The voltage at the junction of CR; and CR; is positive with respect 
\o the voltage at the junction of CR; and CR, Resultant conduction through the 
iliodes produces a negative voltage at the junction of CR; and CR, with respect to 
the voltage at the junction of CR; and CR,. The voltage at the junction of CR; and 
(ty is directly applied to the base of transistor Q;. 

An output is obtained from the read amplifier only when the read strobe, generated 
in the timing and control circuits, is applied in coincidence with the input from the 
wmociated read winding in the memory module. The normal bias level at the base 
of Qo ig +6 volts, established by the divider Ryy and Ry. The read strobe is also 
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referenced to +6 volts, so that the voltage at the Qs. base biases Q¢ 1 volt into cutoff. 
Only when the read strobe and the signal go negative together by more than 1 volt 
does Q, conduct, establishing +5 volts at the emitter of Q;. If either the read strobe 
or the rectifier remains above +5 volts, Qs remains cut off. The base of Q7 is clamped 
to —5 volt by CRe. 

=Jy +7Vv 


+5v —7v 


Out 


-7v +5v Read —24v —5y +424y 
strobe in 


Fia. 12.84. Read-amplifier circuit for large storage unit. 


12.7.18. Typical Magnetic-core Storage Units. Magnetic-core storage units ha‘ 
evolved into two major classes. The first class are the general-purpose units whi 
are random-access in nature and of relatively large capacity. Capacities range fro’ 
as low as 10,000 binary digits to more than 1 million binary digits. Units of th 
class are characterized by their random-access properties and by the utilization of 
two-beat cycle in which both reading and writing occur. In most of them it is pos 
ble to perform either a read-and-regenerate cycle or a clear-and-write cycle. 
some of them the cycle is split so that independent synchronizing pulses may be u: 
to initiate the read and write operations. During the first part of the cycle, a readi 
operation always takes place, and in this process the selected word is cleared to all 0" 
The second part of the cycle must always occur but may be delayed by an indefini 
period before it occurs. During the second part of the cycle, the information th: 
was read is regenerated or a new word is written into the selected memory ¢ 
Every cell of the memory is effectively an accumulator since a word can be broughi 
down from the memory, modified, and inserted back into the memory in the last 
of the cycle. 

The rate of operation of the general-purpose storage units varies from 1 psec 
cycle in the high-speed units to low speeds of 20 to 50 usec per cycle. The cycle ti 
is defined as the interval from initiating a complete action in the memory until t 
next complete action can be initiated. In random-access memories, the cycle ti 
includes a complete read-and-regenerate operation or a complete clear-and-write 0 
ation as well as the time necessary for setting up a new address between cy@ 
The access time of the storage unit is defined as the delay between the mom 
when all information is fed to the memory to instruct it to perform an ope 
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tion and the earliest moment at which the information stored at a particular address 
is available in an output register. This time varies from about }4 to about 10 usec. 

The second major class of core-storage units are special-purpose units, also referred 
to as buffer storage units. Early units of this type were buffers designed to effect 
(ime matching between two devices operating at different speeds. They were found 
to be valuable in changing the format of the information during the time-matching 
operation. Special-purpose storage devices perform pure storage functions as well 
uy a number of logical functions usually associated with the computing art rather than 
with the storage art. These storage units are usually small in capacity, rarely exceed- 
ing 10,000 binary digits. The minimum capacity of a buffer storage unit may be as 
low as 100 or 200 bits. Below this size, it is usually more economical to use magnetic- 
vore shift registers. 

The original type of buffer storage unit was designed to transfer information from 
one continuous medium to another, such as paper tape to magnetic tape or magnetic 
lupe of one type to another type of magnetic tape. It stores information as charac- 
lors of 4 to 8 bits parallel rather than as words. Its capacity is small, usually between 
« hundred and a few thousand characters. 
It contains two sets of counters, one of which 
yomembers the load address and the other 
the unload address. The order of the infor- 
ination passing through the buffer storage 
unit is unaltered. Loading and unloading 
operations can be intermixed in any way 
desired. The mode of operation of the unit 
iy illustrated in Fig. 12.85. At the begin- 
ning, the unit is cleared and both the load 
and unload addresses are set to the initial 
point shown at the top of the diagram. In- 
formation is loaded into the unit to the point 
near the bottom of the diagram. Part of 
the information is then unloaded. More information joaded 
information may be loaded and unloaded in to this point 
ny manner desired; so that a certain amount 
of information can be stored between the load 
und unload addresses. There is instantane- 
ous and simultaneous access to both the load and unload points at any moment. 
‘The speed of operation of this unit is high compared with that of the tape unit with 
which it is associated. 

One derivative of the basic storage unit is a buffer which allows a block of informa- 
tion to be loaded and, at a subsequent time, to be unloaded as a complete block. 
Units of this type are logically similar to units of the first type; but because they 
vontain less equipment, they can be manufactured more economically. The third 
\ype of buffer storage unit is one which performs a major format conversion in the 
vourse of its operation. A typical unit in this category is one which reads information 
directly from the brushes of a punch-card reader and transmits the information in a 
sequential stream of characters so that it may be written on a paper or magnetic tape. 
Another unit of this same class performs the converse operation of receiving informa- 
lion as a serial stream of characters and transmitting it in parallel form to a card 
punch or a high-speed printer. Buffers of this type have achieved a high degree of 
sophistication. They not only perform the “corner-turning” operation (serial-to- 
parallel transfer) but also perform a numbcr of logical functions to control the opera- 
lion of the magnetic-tape unit and of the high-speed printer. They are very nearly 
compléte systems in themselves. 

There are a number of other buffer storage units. Some are capable of loading and 
unloading information in a forward-and-backward direction in order to reverse the 
information flow. Some perform minor serial-parallel and parallel-serial operations 
an well as storage operations. In others, sequential and random-access characteristics 
are combined: for the performance Of sophisticated format rearrangement. 
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Fia. 12.85. Operating-mode diagram of 
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A Typical Random-access Storage Unit. Figure 12.86 is a block schematic of a low- 
speed general-purpose random-access magnetic-core storage unit. It is operated b 
coincident-current techniques and has a storage capacity of four thousand 28-bi 
words. The unit uses a split cycle, the two halves of which are initiated by syne 
and sync B. If the line labeled “write” is energized at the same time as sync B 
new information is written into the selected memory cell during the write part of th 
cycle; if this line is not energized, the information read out of the memory in the fir, 
part of the operation is regenerated into the selected memory cell. The timing cycl 
of the unit is shown in Fig. 12.87. Times shown on this diagram are not the maxi 
mum rates of operation of this memory but are the rates at which it is used in co 
junction with a computer of a special type. It should be noted that the X-set wav. 
form commences earlier than the Y-set waveform. Because the memory is used f 
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Fria. 12.86. Block schematic of a random-access storage unit. 
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rather slow applications, extra time may be added to the cycle to improve perform 
ance. By starting the X current before the Y, it is possible to separate the X an 
Y noise during sensing and to obtain a better signal-to-noise ratio at strobe time. 

The drive system employed in this memory is of the type shown in Fig. 12.73. 
combination of nonlinear switch cores and diodes is used to obtain access to the 
magnetic-core storage array. In Fig. 12.86 the drivers designated as X-X and Y-X 
are the current sinks and those designated as X-Y and Y-¥ are standard drivers, 
The latter are actually transistor switches which derive a standard current from cure 
rent stabilizers. Circuits are so arranged that each driver contains two circuits such. 
as A and A’ in Fig. 12.73. The 50-way switch is driven by 10 sinks and 5 pairs of 
drivers, and the 80-way switch is driven by 10 sinks and 8 pairs of switch drivers. 

Figure 12.88 shows the method of connecting the switches, and Fig. 12.89 illustrates 
one stage in the assembly of one of the 28 matrices used in this storage unit. The 
matrices are folded in order to package the 80-by-50 array conveniently. 

A Typical Simple Small Buffer Storage Unit. A simplified block diagram of a small 
buffer storage unit is shown in Fig. 12.90. This unit has a capacity of 144 eight-bit 
characters. The mode of operation used in the system was described in the section 
entitled Special-purpose Switch Systems. Loading and unloading can be interlae 
as desired, either operation requiring a 10-usec cycle. ‘The load control and loading 
switch are used both to drive the storage arrays and, operating as address counters, 
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(o remember the load address. In a similar manner, the unloading switch drives the 
storage arrays and remembers the unload address. The digit drivers insert informa- 
(ion into the storage arrays, and the read amplifiers obtain information from the 
storage arrays. ; 
There are two ways in which the matrices can be scanned. The first of these is 
indicated by the matrix and switch arrangement illustrated in Fig. 12.91. The 
matrix uses a configuration of 9 by 16 and is driven by a 9-way switch and a 16-way 
switch. Since 9 and 16 are mutually prime, the two switches may count and scan 
(he matrices in a diagonal manner. All positions will be scanned only once. An 
incomplete scanning diagram is shown in Fig. 12.91b. By working out the diagram 
‘o completion, it will be found that ultimately all positions are scanned correctly. 
The buffer actually contains two sets of switches. Provided that these switches 
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Fia. 12.87, Timing cycle of random-access storage unit shown in Fig. 12.86, 


follow the same pattern and start from the same original address, the manner in which 
(he matrices are scanned is unimportant. ‘ 2 

Another way of scanning the matrices is indicated by the arrangement in Fig. 
12.92. The matrix in this case has a configuration of 8 by 18. Eight and 18 are not 
inutually prime; therefore, if the mode of scanning indicated in Fig. 12.91 were 
employed, only half of the 144 cores could ever be scanned. Which half were scanned 
would depend on the phase of the 8-way and 18-way switches in driving the 8-by-18 
inatrix, It can be arranged that the 8-way switch generates both phases by connect-~ 
ing cach successive pair of cores of a 16-way switch to form 8 outputs. This is the 
system illustrated in Fig. 12.924. The incomplete scanning diagram in Fig. 12.92b 
shows a ‘staircase’’-shaped scan. All possible positions in the matrix will be scanned 
only once. As in the previous method, as long as the load and unload switches are 
of the same type and start from thé same origin, this system will operate without 
indicating the type of sean being performed, 
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Fig. 12.88. Method of connecting switch drivers in random-access storage unit shown in Fig. 12.86. 
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Fig. 12.89. Stage of assembly of a matrix in random-access storage unit shown in Fig. 12.86. 


The system shown in Fig. 12.91 is clean and simple to understand. However, it 
requires a three-phase driver to drive a 9-way switch and a two-phase driver to drive a 
\G-way switch. In the load control there must be five drivers, three flip-flops, and a 
number of gates to drive the two switches. The total for the system is 10 drivers, 
() flip-flops, and a good deal of logic. Since the capacity of the storage unit is only 
1,152 bits, the number of transistors required to mechanize this many drivers, flip- 
flops, and logic is unreasonably high. In the system shown in Fig. 12.92 both switches 
inny be driven by a two-phase driver, and these drivers may be in phase. It is there- 
fore possible to use a single pair of drivers to drive through both switches in cascade, 
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The unit requires only four drivers and two flip-flops and considerably less logic than 
the system illustrated in Fig. 12.91. Even though the system illustrated in Fig. 12.92 
is more expensive in terms of the number of switch cores, there is a considerable reduc- 
tion in the amount of electronic equipment. It is therefore the preferred driving 
scheme for a small buffer storage unit. 
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Fia. 12.90. Block schematic of a small buffer storage unit. 
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Figure 12.93 shows one set of switches and drivers in a 144-bit buffer. There are 
two identical sets, one of which is used to control loading and the other to control 
unloading. Two transistor switches are selected alternately by the flip-flop shown 
at the bottom of the diagram. They steer current originating in a current stabilizer 
first to the 18-way switch and then to the 8-way switch. © The latter is actually & 


Pa 
Ps 


MAGNETIC-CORE STORAGE AND SWITCHING TECHNIQUES 12-97 


16-way switch connected in the manner shown in Fig. 12.92. The current passes 
through the 8-way switch and then becomes the common bus for the 18-way switch. 
(See Figs. 12.67 to 12.70 for illustrations of the use of this bus.) The 18-way switch 
(hen routes the current from the bus into the selected matrix line. The current is 
gathered together again to form the bus for the 8-way switch, which routes the cur- 
rent through the matrices. Finally the current goes to ground after the second pas- 
sage through the matrices. In Fig. 12.93 the shaded line illustrates a typical current 
path at one moment in the over-all cycle of the equipment. 
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Fia. 12.93. Typical current path in a 144-bit buffer. 


Other Features Utilized in Buffer Storage Units. It is possible to use only one set 
of switches in operating a buffer instead of the two described above. With this mode 
of operation, a block of information is loaded into the buffer and is then completely 
unloaded without interlacing of the load and unload operations. The switches are 
used first to load the cores and are then cleared back to the 0 address in preparation 
for the unloading operation. Using one set of switches in this operating mode is 
economical since approximately one-third of the electronics in the buffer storage unit 
may be removed. 

Re-formatting information is a special feature of some buffer storage units. An 
analysis of the magnetic-core array indicates how this function may be added to the 
unit, The three dimensions of the core array are conventionally specified so that 
the X and Y coordinates represent the address and the Z coordinate represents the 
word length. However, if the three dimensions are considered as axes of reference, 
it is possible to connect switches to the X and Y coordinates during loading and to the 
Y and Z coordinates during unloading; Under these conditions, the information 
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will change its format in the process of passing through the buffer storage unit. This 
re-formatting is a typical corner-turning operation which occurs in card-to-tape con- 
versions and in tape-to-high-speed-printer conversions. It is also possible to scan 
the X, Y, and Z coordinates simultaneously by using suitable switches. With such a 
scanning technique, an input in completely serial form may be read on output in 
parallel form. This mode of operation is useful in buffers operated in conjunction 
with teletype equipment where information occurs in both serial and parallel forms 
in different parts of the system. 

The individual switch element in a buffer has both logical and storage properties. 
Steering-switch elements may therefore be arranged to perform logical operations 
that are more complex than the counting operation performed in the simple buffer. 
Additional switches in the buffer unit may be driven from the pair of drivers which 
perform logical functions in order to control an input or output device. 

Partial core planes may also be used to perform special functions within the buffer. 
One or two cores may be used as markers to indicate when a particular point in the 
storage operation has been reached. Incorporating such special-function cores often 
reduces the number of counters required outside the equipment. Special core planes 
may indicate when a buffer is full or empty, or even half full or half empty. This 
function is particularly useful in timing the operation of two devices which operate 
at different average rates of information flow. A typical instance is the conversion 
of information from one magnetic tape to another. Usually one of the tape units 
is faster than the other or, in the worst possible case in which variable block lengths 
of information appear on the magnetic tape, each of the tape units at some time can 
be faster than the other. Under these conditions, the system must decide whether 
to stop at the next interblock gap so that the slower tape can catch up to the faster 
one. The half-empty, half-full type of output signal indicates to the system the 
approximate state of storage within the buffer. With this signal, the system can 
choose to stop the tape unit and can determine which of the two tape units should 
stop in the event that information of variable format is being handled. 

A special core plane may be attached to a buffer feeding a high-speed printer. A 
bit is stored in this extra plane each time a print operation is performed. The signal 
sensed from the plane can cause another signal to be generated which informs the 
printer when printing is complete. The printer then stops printing and advances 
the paper. The signal also informs the magnetic-tape unit that it should start up 
and feed a new block of information into the buffer storage unit. 

There is a multiplicity of functions that can be added to the buffer storage unit 
quite simply. They are too diverse and specialized in nature to discuss in detail, 
but in general most of them can be designed by a serious study of the magnetic-core 
art. 

12.7.19. System Design of Coincident-current Core-storage Units. Core-stordge 
units may vary greatly in size and application. A basic requirement in achieving a 
highly reliable and economical storage unit is an effective system design. In design- 
ing a core-storage unit, one of the greatest difficulties is the initial formalization of 
the specification. As much as one-fifth of the time required for design and manufac- 
ture of a prototype unit may be devoted to formalizing the specification. 

The designer should be guided by the following considerations in laying out a 
system design: 

1. A system should incorporate the least number of components necessary to 
perform its series of operations correctly. Careful investigation of the system design 
at the component level is essential. 


2. In general, the cost per bit of a core-stage unit decreases as the capacity is 


increased and as the speed is decreased. 

3. The amount of timing and control equipment is nearly constant in all sizes of 
storage units. 
_ 4. The number of address circuits per word stored decreases as the number of words 
increases. 

5. An increase in the amount of equipment associated with digit-plane drivers, read 
amplifiers, storage registers, etc., is usually required as the word length is increased, 
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6. The amount of equipment increases very rapidly as the speed of operation is 
increased. 

7. Core materials with long turnover times are more economical in operation than 
those with short turnover times. The cycle time in a system includes not only the 
storage operating time but also time for “red tape” (setting up addresses, waiting 
for information to come down from the memory register, propagation delays). Ina 
medium-speed memory, the actual operating time of a material with a 1-ysec turn- 
over time is 3 to 4 usec, while the red tape requires 3 to 4 usec. If a material with 
twice the turnover time is used, the memory operation requires 6 to 8 usec and the 
red-tape time remains 3 to 4 wsec. When a 4-ysec material is used, the operating 
time is about 12 ysec and the total cycle time is 16 sec. 

8. A sequential-access memory is more economical to operate than a random-access 
memory. Even though core matrices may be of the random-access type, sequential 
or semisequential access to the addresses is feasible. 

Designing a system for a high-speed parallel-storage unit presents no unusual 
problems. The cores are operated at maximum speed, and the number of parallel 
read amplifiers and digit-plane amplifiers corresponds to the number of parallel bits 
in the words stored. In some system designs, several storage units are required. 
They are arranged for interlaced operation to avoid time delays for regeneration in 
each unit. For example, two 8-usec units may be made to operate as one 4-ysec unit. 
If all odd-numbered addresses are ascribed to one storage unit and all even-numbered 
addresses to the other, the system tends to use the units alternately. 

In data-processing systems, the flow of information is often in the form of 4- to 
7-bit parallel characters rather than in words of fixed length. The characters fre- 
quently flow at the rate of 4 to 5 usec per character. Two methods have been adopted 
for transmitting information in this format. The first method is suitable for storing 
words of variable length. One word is divided into subgroups of four to seven charac- 
ters each. A 20- to 35-bit parallel-storage unit with converters at the input and out- 
put will store the words in their appropriate character format. The second method 
is used for storing words of fixed length. Two or more parallel-storage units of 20 to 
35 bits each together store the complete word. The cycles of these units are inter- 
laced so that information can be transferred either to or from the complete storage 
unit in a continuous flow. 

Occasionally a very long word must be transmitted in a parallel manner, but at a 
rather slow rate. In this case, the storage unit will take one-half or one-quarter of 
the word length at a time. Information is read out in two- or four-character sequences 
and is then shifted into a long parallel register which presents the word in parallel to 
the computer. 

Serial computing machines often employ a partially parallel storage unit. In 
designing a system of this type, the designer must try various numerical combinations 
of address circuits and of digit-plane and read-amplifier circuits in order to achieve 
the proper balance as well as maximum economy. The fact that storage units are 
usually parallel, even in serial machines, can be used effectively in most computer 
designs. Since instructions and addresses are usually required in parallel, they are 
transferred in a parallel manner to the computer while numerical information is 
transferred in a serial or semiserial manner. Such an arrangement can increase the 
computing speed considerably. 

In applications involving electromechanical devices, such as tape transports, 
printers, and card feeds, the storage unit may be required to operate in a slow sequen- 
tial manner. Because sequential-storage operation is more economical than random- 
access operation, it may be advisable to make minor changes in a system design to 
utilize sequential units. In units of large capacity the economical advantages of 
sequential operation are less important than in smaller units. The major cost in 
large units is represented by the magnetic cores, drivers, and sense amplifiers, and 
not by the controls. Large storage units usually have completely random properties, 
which can be utilized to improve the design of the computing system. 

One feature of system design requiring careful attention is ease of maintenance of 
the equipment, The design must include provision for casy access to the components, 
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plug-ins, suitable monitoring points, and other items of this type. A marginal check- 
ing arrangement should be provided. It should not be so complicated that the 
maintenance engineer must spend a great deal of time performing marginal checks 
on the system. If ample time is expended on solving maintenance problems at the 
initial design stage, it is likely that the cost of long-term maintenance will never 
exceed the procurement cost of the equipment. 

12.7.20. Design of Core-storage Units for Adverse Environments. Three major 
problems are encountered in designing a magnetic-core storage unit to operate under 
adverse environments. First, it is necessary to design circuits which can operate 
reliably under these conditions. At present the circuit elements represent the major 
limitation on the extremes of environment for which the design can be effectively 
completed. Secondly, it is necessary to design the circuits and magnetic-core portions 
of the equipment to operate satisfactorily over a wide range of temperature. And, 
thirdly, it is necessary to design a unit to withstand considerable shock and vibration. 

The problem of designing adequate circuits is not peculiar to the magnetic-core 
storage unit, but special conditions are imposed by this unit in that the drive circuits 
must be able to handle large currents and large voltages under extremes of tempera- 
ture and vibration. The best solution is to design the drivers so that they cannot 
operate continuously but must operate in an intermittent pulse mode. By this means, 
dissipation in the unit can be reduced sufficiently for adequate operation. 

Operation of a core-storage unit through a wide range of temperatures presents a 
problem which the designer may solve by one of three approaches. The first is to 
enclose the cores in a temperature-controlled box which will operate at the maximum 
temperature encountered in the system. A disadvantage of this technique is that 
time is lost in heating the box to the correct temperature before operation of the 
storage unit can begin. A second approach is temperature compensation of the 
entire system to adjust the current automatically to the correct value for any tem- 
perature encountered during operation. A third technique which has been successful 
is to combine heating of the core-storage unit and temperature compensation. This 
approach allows the equipment to be started at a low temperature and to be com= 
pensated continuously while the storage unit is being heated. When the final operat- 
ing temperature is achieved in the core matrices, the equipment then operates as & 
temperature-regulated system. The advantage of this compromise approach is that 
the system can be switched on quickly and will operate instantaneously. 

It has been found that, if information is stored in a core which is cycled to extremes 
of temperature of about 100°C, the flux state in the core is decreased by approximately 
1 or 2 per cent for each complete temperature cycle. This loss of flux is significant 
only if the storage unit must retain its information without regeneration through 
many temperature cycles. Since this condition is encountered rarely, a temperature= 
compensation scheme is usually the most adequate approach to the temperature 
problem. 

Under conditions of excessive vibration or shock, the conventional open-wired 
type of matrix construction is ineffective. Cores should not be encapsulated in @ 
solid plastic because the stress applied to them at the point of contact with the plastic 
changes their electrical characteristics materially. Furthermore, cores should nob 
be constricted during their electrical operation because magnetostriction changes the 
size of a core abruptly during the transition from one flux state to another. Cores 
must be cemented or encapsulated in a flexible compound which allows them freedom 
of movement during magnetostriction and which does not impose any stress on them 
during the encapsulation process. Satisfactory matrices may be constructed by two « 
techniques. 

The first is to cement each core with a flexible plastic into a small hole in a plate, 
The plate should be made of aluminum or some other highly conductive metal. It is 
particularly important to keep the stack of cores at a uniform temperature to ensuré 
that noise is not introduced by temperature variations in the stack. The cores aré 
then wound by a sewing technique rather than the usual 45-deg winding. This 
sewing technique is more expensive but has the advantage that the entire aperture 
of the core is available for windings rather than the small ellipse available with the. 
45-deg type of winding. Much smaller cores may be used in this array construction 
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(han in an ordinary mat construction. Using cores a fraction of a milligram in mass, 
it is possible to fabricate a very small, compact storage array which can stand large 
amounts of vibration and shock. 

The second technique is to cement conventionally constructed mats with a flexible 
cement onto aluminum or other conductive plates. The plates and their assembled 
mats are bolted together in a package, to which terminals and interconnecting wiring 
are added. The whole unit is then impregnated with a suitable plastic to form a solid, 
rugged core stack. Arrays constructed by this second technique are cheaper but 
less reliable under conditions of excessive vibration and shock than the smaller, lighter 
arrays constructed by the first technique. 

Mechanical stress on cores alters their electrical properties. In fact, high vibration 
or shock can render a core-storage device useless. Particular care must be taken in 
the design to ensure that minimum resonance is associated with the magnetic portion 
of the equipment. The flexible cement used in encapsulating magnetics must be of a 
(ype which reduces the impact under shock. 

Although magnetic cores are not completely ideal elements for use in adverse 
environments, they introduce fewer problems than most other storage mediums or 
even most electronic devices. The techniques described above enable a designer to 
devise units which will operate reliably under extremes of environment. . 

12.7.21. Testing of Magnetic-core Storage Units. There are two types of tests that 
must be performed on a magnetic-core storage unit. The first are design tests which 
ure performed to ensure that design specifications have been met completely and 
properly. The second are tests that are performed on the production units. 

Most of the design tests are conducted throughout the period of design of the equip- 
iment with the intent of achieving maximum tolerance for each component. The 
final design tests are made under conditions which simulate as closely as possible 
(he final operation of the equipment. It is rarely sufficient when conducting these 
tests to connect the memory unit to the computer, because of the difficulty of pro- 
gramming the computer to simulate worst-case operating conditions. In actual 
operation a computer can generate a condition that is much worse than a calculated 
worst-case condition. For this reason, the design-acceptance tests should be highly 
flexible and very stringent. They should aim for performance under conditions that 
‘ure more severe than the predicted worst-case conditions. Thus the designer can be 
reasonably sure that unpredictable worst-case conditions encountered in using the 
memory will not cause failure of the equipment. Design-acceptance tests should 
include temperature tests, marginal tests, and as many program checks as can be 
performed. It is advisable to use a special testing device rather than the computer 
for performing design tests. With the special tester, it is possible to program rates 
of operation in excess of computing rates of operation and also to program very slow 
rates, which are difficult to attain in the average computer. 

The production tests are of an entirely different nature from the design tests. 
They start with incoming inspection of the components. All components are rigor- 
ously tested to ensure that they have no areas of incipient failure and that they are 
within the design tolerances. Every magnetic core used in the equipment is checked 
against a well-specified set of test conditions. The components are then combined 
into basic subassemblies, which are tested thoroughly for possible damage during the 
ussembly process. Present design practices allow for large end-of-life tolerances in 
components. For this reason, an operational test of the basic subassembly is usually 
insufficient. An adequate test can be performed only on the individual components 
to ensure that they are still within tolerance after subassembly. The individual core 
matrices, for example, are rarely tested by dynamic methods. Each core in the 
matrix is tested individually to ensure that no more than a maximum specified 
degradation has occurred in the assembly process. At the same time, the windings 
are checked to make sure that every winding links every core in the correct direction. 
‘The purpose of the tests is not to determine whether the subassembly works but to 
check that the components have not been damaged. In a similar manner the frame 
of the memory is checked to ensure that all wiring is correct and that any components 
included as part of the frame have not been damaged during assembly. 

Theoretically, at this point all subassemblies could be plugged into the main frame 
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and the unit would work perfectly. If the unit is tested and found inoperable, the 
quality-control procedure up to the point of final assembly is in error. If the system 
design incorporates very large end-of-life tolerances, it should be difficult to cause the 
new equipment to fail during initial testing. A final series of marginal and functional 
tests on the completed unit are usually performed under adverse environmental 
conditions. 

12.7.22. Maintenance of Coincident-current Storage Units. Maintenance of 
early tube-driven core-storage units was excessive. To reduce the time and simplify 
the techniques for maintaining equipment, an engineering-maintenance panel was 
added to each unit at considerable cost. High computational reliability could be 
achieved only with specified maintenance once in 8 hr or, for some units, once in 
24hr. Most of these early tube-driven units that were well designed and maintained 
properly are still operating with an error probability close to 1 per 1,000 hr of com- 
puting time. 

The introduction of transistor drive and the improvement in tolerancing and design 
techniques have contributed to the development of storage units of much higher 
reliability than the earlier equipment. Maintenance requirements of the newer 
storage units may be divided into three categories. First-level maintenance is 
applied to large random-access coincident-current units operated in conjunction with 
data-processing equipment. The second level is required for small units or buffer 
storage units used in special-purpose computing equipments. Third-level main- 
tenance is used for very small units, usually buffer storage units, combined with 
computing or other digital equipments. 

First-level Maintenance. The storage unit is equipped with facilities which allow 
changes in supply levels and operating currents for purposes of marginal checking. 
Programming the equipment for marginal operation is accomplished by generating 
an information flow into the storage unit most likely to cause failure. If a unit fails 
during a scheduled marginal check, the component which caused failure is immediately 
replaced. The frequency of periodic first-level maintenance and the type of tests 
performed depend on the reliability of the equipment design and will vary widely for 
different types of equipment. Large units need more frequent maintenance than 
small ones. New equipment requires a short period between scheduled checks, which 
may be gradually lengthened as the equipment ages. Scheduled maintenance about 
every 50 hr is advisable for most new equipments; for older equipments, a schedule 
of checking once in 200 to 500 hr is adequate. 

Second-level Maintenance. Second-level maintenance is applied to small, rather 
reliable units which are incorporated in moderately complex special-purpose data+ 
processing devices. Since devices of this type usually are operated in an “off-line” 
manner, parity checks are performed while information flows through the equipment. 
The storage units are equipped with rather primitive means for marginal checking. 
They may also be equipped with a simple test device which permits checking of the 
unit without operating the whole equipment. 

Maintenance is performed infrequently, usually at a periodicity such that the 
probability of error between scheduled maintenance periods is relatively high. A 
probability of 0.2 is considered sufficient. Maintenance may be scheduled only 
once in 3 months to a year. Periodicity of maintenance and the nature of the tests 
that are performed vary widely for different types of equipment, depending on their 
size and the general reliability of their design. 

Third-level Maintenance. Units which are subjected to third-level maintenance 
are very small and highly reliable. Under their operating conditions, scheduled 
maintenance is difficult to perform and an occasional error may be tolerated. Often 
an error-checking device may be used to indicate when the frequency of errors within 
the unit has risen to a dangerous level. 

Third-level maintenance is not scheduled maintenance at all. Whenever observa= 
tion of the device indicates the occurrence of a large number of errors, maintenance 
is performed to eliminate the defective component or subassembly. Frequently at 
this level of maintenance, no attempt is made to replace a component that has failed; 


instead the defective subassembly is located and replaced by a new one. Such an. 
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approach to-maintenance is not very costly because units of this type are so reliable 
that the probability of failure is less than once in 6 months to a year. : ; 

Maintenance of Future Storage Units. The magnetic-core-storage art is rapidly 
approaching the point at which a fourth level of maintenance can be introduced. If 
4 storage unit is so inherently reliable that the whole package may be considered a 
single subassembly, in the event of failure the entire device may be discarded and 
replaced by a new one. This type of maintenance can be economically introduced 
when the unit is small and when the frequency of failure is once in 3 to 5 years. At 
present, the frequency of failure in transistor-driven storage units is once in 6 months 
\o 2 years in equipment containing 100 to 300 transistors per unit. Highly reliable 
vore-storage units with fewer than 50 transistors per unit will undoubtedly be designed 
in the near future. A probability of failure of less than once in 3 to 5 years can be 
expected of these future units. At that time, fourth-level maintenance will be more 
«veonomical than having available trained personnel who can perform the three other 
levels of maintenance. 

12.7.28. Nondestructive Read-out. One of the disadvantages of coincident- 
vurrent operation of a core-storage unit is that information is destroyed during reading 
wnd must be rewritten. Reading time is long and loss of information, during transfer 
from an electronic register and back to the core matrix, may occur. In most com- 
puting applications, reading occurs more often than writing. Therefore, the shortened 
roading time implicit in nondestructive read-out would greatly increase computational 
speeds. Another disadvantage of coincident-current operation is that information 
is read out as a single short pulse. Nondestructive read-out would allow repeated 
interrogation of a core to provide a continuous output. 

If a nondestructive reading method is to replace the present destructive method, 
it should satisfy the following requirements: 

|. Reading time should be short. : 

2. Writing time should not be much longer than that required by presently used 
methods. 

3. The method should be adaptable to storage units of large capacity. 

4. The fabrication cost of a nondestructive system should not be much greater 
than that of destructive systems. 

‘Yo date no method which is likely to meet all four requirements has been proposed. 
Three methods which will be useful in restricted applications are r-f sensing, read-out 
fused on the quadrature-field principle, and read-out using cores with secondary 
ipertures. It is too early to evaluate the merits of these three approaches to non- 
destructive read-out. : : 

R-F Sensing. Radio-frequency sensing is a nondestructive method of sensing the 
slutic state of the magnetic field in a core. The characteristics of the minor loops 
of a core are different for the 0 and 1 storage states. A phase change or inversion, 
beat frequency, or other similar effect is used to detect the state of a selected core. 
lhe disadvantages of using radio frequencies for read-out are that the technique 
»perates on second-order characteristics and that it has not yet been found successful 
in interrogating core matrices of any reasonable size. 

A pulse method for accomplishing nondestructive read-out has been developed 
recently. Two cores connected in opposition to the sense winding are used for each 
hit, This arrangement cancels the first-order characteristics and allows the secondary 
olleets to be sensed directly. In order to interrogate a core, a low-current pulse of 
short duration (a few millimicroseconds) is applied to the core pair. A short pulse 
in obtained in the sense winding. Depending on the method of connecting the cores, 
i is possible to differentiate between states either by the polarity of the sense-winding 
vulput or by the presence or absence of a pulse in the sense winding. At present this 
(echnique can be used only in linear-selection storage units of small capacity. 

Read-out Based on Quadrature Field. Figure 12.94a shows a core which is saturated 
in a direction around-the toroid. A solenoid tends to magnetize the core in a direction 
perpendicular to the original direction of magnetization. Because the material is 
already in a saturated state, it cannot be further saturated. As shown in the vector 
(liagram in Pig. 12.045, the resultant-vector.is not the vector sum of the two fields but 
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is the original vector rotated through an angle to form the quadrature field. 
rotation causes a reduction of flux around the toroid. If the field was in the opposi 
direction originally, there would be an algebraic increase of flux. The output of | 
sense winding through the core is a positive pulse for a 1 and a negative pulse for a ( 
When the quadrature field is released, the core returns to its original state. 

A system operating on the quadrature-field principle is truly nondestructiv 
Cycle times are short and the output pulses produced are of large amplitude an 
opposite polarities. It is possible that a nondestructive read-out technique based o1 
quadrature field may be developed from the dipole-switching mode used to opera 
some experimental thin-film storage devices. At present, the switching rate of co 
used in this mode is so high that it has been impossible to produce pulses of sufficient 
short duration to disturb the cores without switching them. 
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Fie. 12.94. (a) Toroid being magnetized by 
a solenoid. (b) Vector diagram of quadra- 
ture field. 


Fie. 12.95. (a) Flux paths of core f 
small and large holes. (b) Blocked core 
(c) Unblocked core. (d) A method 
unblocking core. 


Recently special ferrite cores have been manufactured with two apertures / 
orthogonal directions. One aperture is used in a conventional storage manner, 
the other is used to produce the quadrature field. Although these cores now req 
large operating currents and are relatively complex to manufacture, they offer con 
siderable promise for a satisfactory nondestructive read-out technique in the future 

Read-out Using Cores with Secondary Apertures. A nondestructive technique maj 
be used to interrogate a storage core which has several possible flux paths. <A ¢or 
with an additional small aperture will have more flux paths than one with a sin 
aperture. For example, there are three flux paths in the core illustrated in Fig. 12.950 
The area of path 1 must be greater than the sum of the areas of paths 2 and 3. 
flux path encircling the small aperture must be much shorter than a flux path encire 
the large aperture. 

A large mmf is applied to the core by means of one or more windings through th 
large aperture only. The entire core is saturated in one direction as illustrated 
Fig. 12.95b. A winding through the small aperture can cause no change of flit 
around that hole unless the applied mmf is large enough to change the flux in path 
A sense winding through the small aperture will produce no output when the core 
in this state, and the core is said to be blocked. If an mmf in the reverse directo 
to the original blocking mmf is then applied by means of windings through the | 
hole, the field in the core will tend to be reversed. If the second mmf is inere 
slowly, there will be no action until a threshold value is reached. Then part of path, 


a 
Bs 


MAGNETIC-CORE STORAGE AND SWITCHING TECHNIQUES 12-105 


wnd all of path 2 will be reversed, and after another threshold, path 3 will be reversed. 
‘lhe first threshold is caused by rectangular characteristics of the core. The second 
(hreshold is caused by the increase in mmf needed to switch pathlength 1,3. Because 
path length 1, 2 is shorter than path length 1, 3, more mmf is required to switch path 
|, 3 than is required for path 1,2. These parameters can be adjusted by varying the 
\nuterial and geometry of the core. The thresholds in paths 2 and 3 can be far enough 
part for all practical purposes. When path 2 has been reversed and path 3 has not, 
\he core is said to be unblocked (Fig. 12.95c). If an alternating mmf is applied by 
iicans of a winding through the small aperture, an output will appear on a sense 
winding through that aperture. The direction of magnetization in paths 2 and 3 will 
feverse continuously, but the unblocked condition of path 1 will not be changed by 
(he interrogating action. 

‘The core can also be unblocked by an mmf applied to a winding linking both holes 
(Vig. 12.95a). A large mmf is needed in order to reverse the path length between 
! and 2. There is only one threshold with this type of winding. The direction of 
‘magnetization of paths 2 and 3 cannot be reversed. 

Since both the large and small apertures have storage-type thresholds, it is possible 
{o wind cores of this type in a double coincident-current matrix. One matrix links 
the large holes of all the cores, and the other matrix links all the small holes. The 
lirst matrix is used for writing and the second for reading. In order to write, currents 
wre applied to the selection wires of the write matrix and the cores are blocked. Then, 
if desired, current is applied in the reverse direction and the cores are unblocked. 
The blocking current should be somewhat larger than the unblocking current. In 
order to read, coincident currents are applied to the read matrix in a direction which 
will reverse the magnetization around the small hole, and then the currents are 
reversed to restore the original direction of magnetization. 

A system of this type is truly nondestructive, but it has three disadvantages. 
Virst, the cores required must be larger than those used in destructive systems and, 
wonsequently, the power required for a writing action is increased. Secondly, it is 
iwecessary to wind the cores in a matrix consisting of a double mat of wires and to drive 
(he mats separately. This leads to an increase in costs. Thirdly, read-out time is 
longer than that of a quadrature-field system because two pulses are required for each 
output. Furthermore, the device operates as a result of flux transference between 
paths 2 and 3 with consequent slow domain-wall movement. The minimum read-out 
lime is about twice the characteristic switching time of the material plus red-tape time 
for setting up the reading matrix. In practice, complete flux transference between 
paths 2 and 3 is not necessary. Operating time can be shortened by employing non- 
woincident current in the reading and writing cycle. Using very large noncoincident 
vurrents for interrogation, it is possible to sample the core in about one normal switch- 
ing time of the core material. A 1-ysec material, for example, can be interrogated at 
the rate of 1 Me. 

Nondestructive read-out with secondary-aperture cores has been successful in small 
slorage devices where continuous access to stored information is essential. More sig- 
iilicant is the application of this technique in the work being done on transfluxors and 
inultiaperture devices (MAD). This work has contributed to the development of 
liighly sophisticated, all-magnetic forms of logic and shift registers. 

12.7.24. Future Core-storage Units. The development of the magnetic-core 
slorage unit has been in the direction of faster operation and larger capacity. It can 
wilely be predicted that storage devices will operate at a cycle time of much less than 
| wsee within the next few years. These devices will find applications in millimicro- 
second computers, which will probably be the next generation of scientific machines. 
\uta-processing machines will require core-storage units of large capacity which can 
he driven by low power. Power requirements have been markedly decreased since 
the first storage units were introduced. Present transistor-driven units require one- 
tenth the power required in the earlier tube-driven units. Research is in progress to 
design magnetic-core drivers which are controlled by lower-powered transistors than 
(howe in use today. Future units will probably need no power transistors but will 
rely on high-frequeney a-¢ lines for driving the magnetic elements. Only control 
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functions will be performed by transistors. Core-diode-transistor logic which has 
greatly reduced the number of transistors required in a storage unit has already been 
developed. 

A continuous trend in the design of core-storage units is the reduction of physical 
size. Initially units were excessively large and unsuitable for use in mobile equipment. 
By developing more closely packed matrices, designers have been able to produce very 
compact units. Storage units employing a packing factor in excess of 50,000 bits pe 
cubic foot including address circuits and memory register are now available. Con- 
siderably higher packing factors can be achieved in the future. 

Future core-storage units will probably be either fairly large, very high-speed devices 
requiring many transistors or large-capacity, compact, slow, reliable units requiring 
few transistors. There will undoubtedly be intermediate units of medium capacity 
which will be highly reliable and compact for mobile use. 
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12.8. FERROELECTRICS AND THEIR MEMORY PROPERTIES* 


Because ferroelectrics are dielectrics, a condenser containing ferroelectric material 
as a dielectric can be electrically polarized by an applied electric field. If polarizatio 
is plotted against applied field, a hysteresis loop is observed similar to the hysteresii 
loop of ferromagnetic materials. Ferroelectric hysteresis is due to the spontaneo 
alignment of dipoles which can be reversed by reversing the applied field. Polariza- 
tion observed from the hysteresis loop when the applied field E is zero is remanent 
polarization P,. Remanent polarization binds and retains charges in a small storagi 
condenser for a long period of time without appreciable loss even if the electrodes o! 
the condenser are short-circuited during this period. This fact is very importan 
because it permits the use of simple switching circuits, as well as the omission 0 
regenerative operations. 

Memory properties of ferroelectrics may then be described in terms of remanen 
polarization, characterized by the detailed features of the dipoles which can be reversed 
in an applied field by a small displacement of certain atoms held by combined bind 
ing forces of ionic and homopolar character. Presence of an electrical activation 
energy, best observed by the dielectric hysteresis loop, is the distinct characteristic 0 
ferroelectrics. 

Ferroelectric properties have been discovered in a wide variety of dielectrics. Th 
first ferroelectric material discovered, rochelle salt or seignette salt, KNaC,H .O¢-4H,0 
is commonly known as tartrate. 

A second group is represented by alkali-metal dihydrogen phosphates and arsena’ 
such as KH.PO, and KD.A;0,. Barium titanate, BaTiO;, is an important rep 
sentative of a third ABO; type of compound and, at present, is most promising foi 
practical application. This group is also known as the oxygen-octahedra compoun 
group, which includes potassium niobate, another very promising member of 
family. 

Compounds such as Cd:Nb.0; and Pb(NbOs3)2 have been found to be ferroelectri¢ 
these, however, are only two examples of more general groups such as the AsByQ 
type. Among these new compounds, guanidine aluminum sulfate hexahydrate (and 
its isomorphs), C(NH2)3;Al(SO,)2-6H2O, with rather complicated molecular structu 
was found to be the parent of a new family of ferroelectric materials. 

Table 12.30 presents the basic oxygen-octahedra type of ferroelectric materialt 
while Table 12.31 contains recently discovered ferroelectric materials. The tartratos, 
as well as the alkali-metal dihydrogen phosphates and arsenates, are not listed becaus@ 
they have not been significant in this field. 

Spontaneous polarization P, is the electric moment per unit volume when all the elod 
tric dipoles are aligned in the same direction. 

Coercive field E, is the field strength E at which approximately half the elee 
dipoles have been reversed from a condition of complete saturation. The net pol 
zation is zero at this point. H.is dependent upon temperature as well as frequeney 
amplitude, and waveshape of the applied alternating field. 

* By Charles F, Pulvfri. - : 
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Curie temperature T. is the temperature beyond which a ferroelectric material does 
not exhibit a hysteresis loop. For more detailed definitions, reference is made to the 
definitions of electric characteristics of ferroelectric materials and devices published 
hy The Institute of Radio Engineers, Inc. 

12.8.1. BaTiO; Single Crystals. At present, barium titanate single crystals show 
the most favorable properties for storage and switching applications. The crystals 
are artificially grown from a melt of barium titanate in a potassium fluoride flux. 


Table 12.30. Ferroelectric Materials of the Oxygen-octahedra Type 
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A method for growing BaTiO; single crystals was described by J. P. Remeika.®° It 
crystallizes as pairs of flat plates, resembling butterfly wings. The angle of the twins 
with a common 110 edge is approximately 40 deg. Under closely controlled condi- 
tions, it is possible to produce perfect crystals. 

12.8.2. The Bistable Storage Cell. For practical uses ferroelectric materials with 
nearly rectangular hysteresis loops and low-coercive-force fields are preferred. When 
perfect edomain single crystals are used ag a dielectric in a storage cell the hysteresis 
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loop is practically a rectangle, as shown in Fig. 12.96. Maximum value of P, is 
obtained from a saturated hysteresis loop. 

In plotting polarization P instead of displacement D, dielectric displacement in air 
onused by applied field Z is neglected since its value is only 0.1 per cent, approximately, 
of remanent polarization P, in the case of 
nearly rectangular loop. After P,, coer- 
vive-force field Z, is the most important 
characteristic of a P-E loop. 

Individual storage cells as well as a mul- 
(icondenser structure on a single crystal 
slab can be produced. 

Production of barium titanate storage 
wells involves the following procedures: 

1. Crystalline plates are sorted accord- 
ing to thickness. 

2. Plates are cut into desired sizes and 
processed to a desired thickness by etching 
them down. For etching, hot (150°C) 
phosphoric acid may be used. 

3. The plates thus prepared still possess 
\\ large amount of a domains and have to be 
converted into c-domain crystals by field 
orientation. For this purpose the crystals pre, 12.96. P-E loop of c-domain barium 
ure placed between the electrodes of acon- titanate. 
denser having a somewhat larger air gap 
(han the thickness of the crystal plates; the excess gap volume is filled with glycerin, 
Which is slightly conductive. Using a battery, a field of about 1,000 volts per cm is 
produced within the gap of the condenser; the condenser is then heated beyond the 
Curie temperature while the field is alternated a number of times. After slow cooling, 
the crystal plates are converted into c-domain plates. 

4 The crystals thus prepared are then cleaned and washed using hydrochloric acid 
and distilled water. 

5. Finally, electrodes of platinum, gold, or silver are usually vacuum-vapor-plated 
\hrough a mask onto the crystal surfaces. 

6. These units are then placed in a socket, usually by a cold-soldering process using 
silver paste, and the whole is coated with a protective lacquer. 

igure 12.97 shows a single storage cell on a slab of ferroelectric crystal plate. 
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Fia. 12.97. A storage cell. 


Fig. 12.98. An n X n array of storage cells. 


Figure 12.98 shows a section of an n X n ferroelectric matrix; columns and rows 
form a erossbarlike structure. 
Vigure 12.99 presents five twin storage cells on a slab, useful in a nondestructive 


slorage structure, 
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12.8.3. The Bistable Condenser as a Circuit Element. Figure 12.100 shows thi 
basic circuit of a single ferroelectric memory flip-flop. C; denotes the storage ce 
and the load, which may take various forms, is symbolized by the box. In order 
store digital information in the storage cell, a reference frame must be chosen. T 
+Q, point on the hysteresis loop is the normal rest state of the element and it corr 
sponds to a binary 0. A negative voltage of sufficient amplitude will switch the el 
ment from the +Q, state to the —Q, state; let the —Q, state correspond to a binary 
Thus the memory elements of an array of condensers normally store binary 0’s; digi 
words are written into the array by the application of negative write pulses correspon 
ing to the digital 1’s present in the word. 
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Fia. 12.100. Basic storage circuit. Fig. 12.101. Equivalent circuit, 


If condenser C, stores a binary 1, the sensing or read-out pulse causes a switch 
transient in the load circuit and a large signal will appear on the output termin 
indicating the binary 1 state of the selected condenser C,; if the storage conden 
stores a binary 0, no switching will occur and only a small elastic transient will 
caused. The ratio of charges represented by the switched and nonswitched transien 
is called the “signal-to-noise” ratio of the device which, of course, is dependent on 
amplitude and duration of the applied voltage pulse. 

The switching transient. 

Referring to Fig. 12.101, the current due to the switched charge can be appro 
mated by : 


= 


a(t) = al mte 4% (12.8, 


where the maximum switching current J,, and the parameter a depend on the app 
switching field, and where a, a constant, depends on P, and the area of the ferroelee 
element. Typical values of these parameters for very small storage condensers with 
area of 8 X 10-‘cm?and an applied field of 6,000 volts perem area = 0.5 X 10° 
a = 1.6 X 108 sec, and-I,, = 60 X 10-3 amp. : 
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Switching Resistance R. Figure 12.102 illustrates the variation of switching tran- 
siont when switching pulse amplitude is varied. It shows that Imax increases with 
increasing pulse amplitude. Plotting Imax against pulse amplitude, the thinner non- 
linear curve shown in Fig. 12.103 is obtained. Switching can be broken down into 
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Fic. 12.103. Transient response with resistive load. 


{Wo processes (cf. Merz*!): nucleation of domain spikes and growth of domain wedges. 
Correspondingly, the low-field-strength portion connected with the process of domain 
spike nucleation is described by an exponential relationship 


—a(T) 
Tite Gee & (12.8.2) 


and will be referred to as the current-operated region. «(7') is a parameter represent- 
ing, some sort of activation field which is a function of temperature. In the high-field 
fogion %max is practically a linear function of applied field 


imax = w(T)(E — Ef) (12.8.3) 


ind will be referred to as the voltage-operated region. uy is the mobility (approxi- 
nately 2.5 em? per volt sec at room temperature) while E/ is a constant corresponding 


- lo a kind of coercive field which in ferroelectrics is due to the exponential current-oper- 


lod region and is not a well-defined material property. In this linear voltage-oper- 
wlod region nucleation, as well as growth velocity of domains, is extremely rapid com- 
pared with the exponential current-operated region and the crystal behaves similarly 
(o an ohmic resistance R, : : 
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The reciprocal slope of this curve represents the internal resistance of a ferroelectri¢ 
storage cell during switching and is regarded as the switching resistance of a storag 
cell. If the device switching resistance is of interest, a very low resistive load (about 
5 to 10 ohms) is used and the transients obtained represent the current produced by 
the storage condenser as a generator. 

If similar plots are taken with increasing load resistance, a family of switching curves 
can be obtained which are characteristic of a particular storage cell and, therefore 
such plots are called dynamic-switching-resistance curves. Once this family of curves 
is measured, an equivalent circuit as shown in Fig. 12.101 can be established and th 
electrical values of the equivalent circuit can be determined. The equivalent cire il 
of a bistable storage cell can thus be regarded as a current generator with resistane! 
in parallel which is determined only by the properties of the storage cell such as th 
coercive field, P,, area, and thickness of the crystal cell, provided that the intern 
resistance of the switching pulse source Ro is small. With the equivalent circuit an¢ 
the equation of the transient, circuit analysis can be carried out. 

Load Impedance and Circuits. Different types of impedance may be applied as 
load such as a resistance, capacitance, inductance, or a nonlinear resistance of a 
type. Examples of such loads are resistors, capacitors, pulse transformers, and diode 
or transistors. Load circuits may be formed by combining different impedances 
desired. The character of the output signal depends on the type of load chosen (Figs, 


12.102, 12.103, and 12.104). The load impedance may be a part of the read-ow 
circuit. 
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e(t) 


Switched (one) 


Unswitched (zero) 


Fie, 12.104. Transient response with an RC load. 


Switching Time t;. ts is the time required to reverse a major fraction (say 90 p 
cent) of all the electric dipoles. Referring to Fig. 12.102, it appears clearly that 


decreases with increasing pulse amplitude. The switching time is described by the 
following equation: 


d 


alpen WTF 


(12.8. 


where d is the thickness of the crystal plate, HZ is the applied switching field, H/ is 
kind of coercive-field strength as before in Eq. (12.8.3), and Bisaconstant. Itisno 
that, although ¢, can be kept very low (between 0.1 and approximately 2 usec), th 
repetition rate of a storage cell is limited because of the heat generated by intern 
friction during switching (é, is also sensitive to crystal imperfections). At present sud! 
condensers can be operated with a repetition rate in the kilocycle region having ele¢ 
trodes 16 X 10-° sq in. in area. As the electrode area increases the upper frequené 
limit decreases. Large storage cells with about 400 X 10-® sq in. have a safe upp 
frequency limit of about 10ke. The use of heat sinks as well as further development 
in storage-cell production may raise these limits considerably. 

12.8.4. Transpolarizer.*4 The transpolarizer, analogous to its magnetic counterpart 
the transfluxor, consists of at least two condensers with a preferable crystalline fe 
electric dielectric and a nearly rectangular hysteresis loop. Control of polarizatie 
transfer through two or more applied ferroelectric dielectric paths in series represer 
a means for storing and gating electrical signals and, in general, means to control ¢ 
cuit impedance in any predetermined manner according to a stored setting. 
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‘The impedance of a circuit can be set to any predetermined level by a single pulse 
und it will remain for an indefinitely long time. Transmission of an a-c power can 
\herefore be controlled or set to a desired level by a single setting pulse. This level 
nay assume any value between zero and the maximum limits of the device and per- 
form either an “on-off” or ‘continuous”’ stored control. 


‘The operation of a two-path transpolarizer is described below. Figure 12.105 repre- 
sents a two-path transpolarizer comprising two identical ferroelectric storage cells 
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Fie. 12.105. Transpolarizer. 


wonnected in series. When the polarization of both crystals is identical a sensing pulse 
Opposing these polarization directions can switch both storage cells, or if a sine wave 
is applied as a sensing signal it will find a low impedance since each half period can 
switch both condensers. If, however, the polarization of the two crystals is opposite 
for either polarity of a sensing pulse or sine wave, one of the two storage cells will be 
‘Iriven increasingly in saturation where dielectric constant is small and therefore repre- 


“ents a small capacity, ie., high impedance, and neither of the storage cells can be 


switched. When both cells are polarized in the same direction a binary 1 is stored 
wnd when the polarization in the two cells is opposite a binary 0 is stored. ‘The set 
and block or unblock pulses are supplied through double anode saturation diodes as 


shown in Fig, 12.105 in order to isolate these pulse sources from the circuit itself, 
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12.8.5. Ferroelectric Switches. Earlier developments such as the switch 
Dudley Buck use the series and parallel combination of biased and unbiased ferroel 
tric capacitors. Those unbiased can be switched by a voltage pulse or an a-c voltag: 
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those biased beyond the coercive voltage are in saturation where dielectric constant i 


small and impedance is high and, for this reason, block the path of a pulse or an 
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Fig. 12.106. Ferroelectric-switch schematic diagram. 


voltage. This principle is shown in Fig. 12.106a while Fig. 12.106) shows an eigh 
position ferroelectric switch. A voltage pulse or an a-c voltage at the input termi 
is distributed to one of the eight output terminals as dictated by the voltages on 

control wires. Control-wire pairs are driven by binary devices, here represented 
toggle switches S;, S2, and S; in such a way that one wire of each pair is grounded 

the other is held at a voltage V which exceeds the coercive voltage of the ferroelee 
capacitors. With the switches set in a given pattern all paths except one have at le 
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one capacitor biased in a saturated region where the polarization cannot change. The 
single path whose three capacitors are unbiased is the selected path. When the input 
(orminal is excited all three capacitors in this path traverse their hysteresis loops, thus 
allowing a current to flow between input and selected output. 

‘The transpolarizer, as shown in Fig. 12.105, enables one to produce similar tree- 
switch configurations with the advantage that no bias is needed; blocking or unblock- 
\ng of a particular path needs but a single pulse distributed to the proper control leads 
of the switch. 

12.8.6. A Shift Register.‘ Figure 12.107 shows a shift register having completely 
independent parallel or series inputs and outputs or any combination of these. Prac- 
ical operating speeds may be from 0 to above 10,000 pps, although the ferroelectric 


—_ 
+Vap 1 2 3 n 


= YAN 
Power or 
advance pulses 


“0 
td 
les 
eg wh 
mA 
Sa he BaTiO, crystal 
2 r1 O storage cells 
> lad Silicon diodes 
& «Q” 
oO 
& rr 
hl Single anode 
: saturation diode 
ey 
Double anode 
saturation diodes 


Fig. 12.107. Shift register. 


shift register is probably most useful at speeds below 2,000 pps when very long output 
pulses are needed. The small size of the ferroelectric units, the low power consump- 
tion at low speeds, and completely transistorized drive circuits make the ferroelectric 
whift register attractive for many applications. 

The operation of the shift register is explained by the circuit diagram shown in Fig. 
12,107. This diagram illustrates an n-stage shift register with connecting links prop- 
orly made between the stages for each step in the operation. When the shift register 
in empty, the crystals will be poled in opposite pairs. Positive and negative advance 
pulses applied to the common power bus will not be able to switch any of the crystals, 
and the shift register will remain in this state until storage takes place. 

Binary 1’s are stored or set in the shift register by applying a positive input pulse 
to selected upper crystals during -the negative power pulse through inputs 1, 2, 
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3, ...,m. The negative power pulse and positive input pulses as shown on inpu 
leads 2 and n add themselves and switch through diodes D, and saturation diodes So, 
the selected upper crystals 2 and n, so that these are then poled with their correspond 
ing lower crystals in aligned pairs and a positive power pulse is next applied. Thi 
positive power or advancing pulse exceeds the amplitude of the negative pulses by th 
saturation voltage of the S; diodes in order to overcome this voltage drop which alway 
subtracts from the positive voltage applied across the crystals and switches the selected 
upper crystals 2 and n back in their original state, causing an output signal from n and 
reversing the polarity of the lower crystal in section 2. A negative power or advane 
ing pulse is next applied across the crystals through D, diodes which will cause the 
lower and upper crystal units of stages 2 and 3 to switch in series. Section 2 ret 
to its 0 state and section 3 is left in a stored 
binary 1 state and one shift cycle is completed 
The negative advance pulse acting through D 
diodes appears nearly in its full negative power 
voltage across the crystal because the D, diode 
are conducting in the forward direction. Th 
next positive power pulse and negative advane 
pulse would shift the stored binary 1 from see 
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tion 3 into the nth section, and so on. Alte 
—=dcine nate negative and positive pulses simply shi 
Fic. 12.108. Output pulses from a 2 Stored 1 from‘any section into the outp 


shift register. load, leaving the register finally empty. Figu 
12.108 shows the series output pulses from 
10-stage parallel-input ferroelectric shift register in which 290 X 10-®sq in. electrod 
units have been used and for which the pulse rate is 1,000 pps. 

The above description has covered the case of parallel inputs and series outputs. 
The shift register would have been filled just as easily in series by setting or not settin 
the upper crystal of stage 1 on successive negative pulses. In addition, parall 
outputs could have been taken by placing load resistors between ground and the lowe 
electrode of each lower crystal so that full conversion between a series input an¢ 
parallel outputs, or parallel inputs and a series output, is possible. 

The shift register is also capable of having any of its parallel outputs combine 
with each other without affecting series shifting down the register. 
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12.9.1. Introduction. From several points of view a capacitor is an ideal storag 
element for a computer, the most important being that it stores charge directly with 
out the necessity of converting the energy to some other physical form. This dire¢ 
use of charge greatly simplifies and speeds up any system. In addition, a capacito 
is stable, cheap, and rugged, and its parasitic losses are extremely low. 

Unfortunately, in order to store charge on a capacitor for'a long time, it is necessary 
to have some form of switch, and switches become the real problem. Various system 
involving mechanical switches have been suggested—such as rotary electrostati¢ 
drums—but these suffer from the usual mechanical difficulties and still do not exploi 
the high-speed possibilities of condenser storage. 

There are several forms of high-speed electronic switches which may be used wi 
capacitors to form a storage system. Gas tubes, vacuum tubes, and semiconductor 
devices fall in this category, but for large-scale high-speed memory, only the sem 
conductor diode seems practical at this time. The cold-cathode gas diode may be 
possibility for the future. 

This discussion will be limited, therefore, to the type of memory called the diod 
capacitor, or Dicap, system, which was suggested and developed at the Nation 
Bureau of Standards. 

The following characteristics of a Dicap memory are set down here only as a qualix 
tative guide to the reader. The primary advantage is speed, and at the present 

* By Arthur W. Holt. : 
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\ime this type of memory provides the fastest access available in a practical form. 
(sing silicon-junction diodes the speed is limited by the reverse transient response 
of the diodes, but several random accesses per microsecond may nevertheless be 
sblained. Using point-contact diodes or vacuum diodes, the access rate can be 
increased still further, limited only by the speed of vacuum-tube circuitry necessary 
‘o drive the memory. The primary disadvantage (at the time of writing) is the high 
vont of diodes. Two diodes per bit are required. Somewhat offsetting this expense 
\» the inexpensiveness of the access circuitry and the reading amplifiers. Other 
«vantages are: all signals are high level and low impedance, all components are light 
wud can take heavy physical abuse, and all components are in large-scale production. 

‘This type of memory has not yet been used in any large-scale application, primarily 
wecause the demand for high speed has not been great enough to warrant the expense. 
‘he scheme was first proposed in 1951, and several small-scale models were tested 
experimentally. In 19538, a medium-sized experimental model was built capable of 
storing 256 words of 8 bits each. Each random access took 1.75 usec of active time, 
ilthough the system was operated on a 6-ysec 


vyele. This model was tested extensively A B 
wing the SEAC computer at the National D 
I\ureau of Standards, and it proved to be C 


\horoughly reliable. Several other laboratories 
lave experimented with the system, and a E 
small-scale version has appeared in at least one 
ommercial computer. 

12.9.2. Basic Cell. The basic storage ele- 
nent of this memory is shown in Fig. 12.109. 
The connection # is used for both reading 
ind writing, while the two diodes between 
{ and D are used as a “squeezer’”’ to connect the capacitor to the reading- 
writing circuits, as will be seen. During holding, both diodes are biased in their 
fuek direction. For example, A might be held at —4 volt with respect to ground, 
wid D held at +4 volts. Then if the capacitor has a charge of, say, 2 volts, both 
‘liodes will be biased in their back direction and only small currents will flow into or 
wut of the capacitor. Now for reading, suppose that both points A and D are forced 
(0 ground potential (‘‘squeezed’’). This will cause one or the other diode to conduct 
und a voltage will appear across the resistor &. If C is charged with 2 volts of 
such polarity as to make its lower terminal (in the figure) more negative than its 
\ipper terminal, then when the squeeze occurs there will appear at EZ a pulse of —2 volt, 
which then dies out with the time constant RC. This would be recognized by the 
souding circuits at EH as the binary digit 0. If the polarity of the charge on C had 
heen in the opposite direction, the squeeze would have produced a positive pulse 
instead of negative and would be recognized as the binary digit 1. Thus the content 
of the storage element has been read, but in doing so it has been (at least partially) 
iischarged and the information lost from the storage element. The information 
inust be rewritten to continue the storage beyond the reading operation. 

In order to write (or rewrite) information it is merely necessary to force the lead L 
\o the desired state during the squeeze and hold it there until the squeeze is over. 
hus while A and D are at 0 volt, suppose that # is forced to +2 volts and held there 
at least until A and D are returned to their normal voltages of —4 and +4, respec- 
lively. Then the capacitor is left with a charge of 2 volts, and upon the next squeeze 
i will produce a positive pulse at Z. That is, we have written a “1.” Obviously the 
opposite is equally possible: forcing H negative until the end of the squeeze will write 
uw “0.” Note that, once A and D have returned to their normal voltages, the charge 
on the capacitor will be undisturbed by later changes of E, provided the magnitude 
of H's voltage never exceeds 2 volts. Thus E can have other pulses on it, either posi- 
live or negative, and the charge stored on C will remain unaffected because both 
diodes will remain with backward bias. This is important for organizing many basic 
slorage elements into an efficient memory assembly and is the reason for charging the 
vapacitor to only +2 volts while biasing the diodes twice as much, 


Fig, 12.109. Basic storage-element 
diode-capacitor memory. 
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In the description so far the diodes have been implicitly assumed to be ideal, ha 
practically infinite forward conductance and practically zero backward conducta 
The effect of finite forward conductance is modest: it will reduce somewhat the out 
pulse amplitude, and it will determine how long a writing pulse must last to ch: 
the capacitor adequately. The effect of finite backward conductance, however, 
critical. During the holding operation relatively long times will elapse, and e 
minute currents through the diodes will disturb the capacitor charge. The un 
would gradually leak toward a condition of no charge on the capacitor, or even 
condition in which the sign of the charge is reversed. Thus the permissible dura’ 
of the holding operation is determined by the rate at which the capacitor charge | 
through the diodes’ back current. Arbitrarily long storage of information is achie 
through regeneration: before the capacitor charge can change to a point where th 
is danger of losing the information, the memory-control circuits routinely read 
content of each cell and rewrite it accordingly. 

What is needed at point #, then, is an amplifier which will sense the polarity o} 
during the early part of the squeeze period, together with a gate structure which 
force E to the desired polarity during the latter part of the squeeze period. 
reading or regeneration, H is forced to the same polarity that was read; for wri 
new information the polarity to which £ is forced is independent of what was read b 
is determined by the new information being written. Such a gating amplifier is easy. 
construct. The amplification required is very moderate, since its input is a 
whose amplitude is of the order of 1 volt. The gating can be accomplished 
standard techniques. 

12.9.3. Arrangement of Cells in Matrix. In order to achieve acceptable efficie 
it is essential that one such gating amplifier serve many basic storage eleme 
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Other words d, e, f,.«+ 


Gating 
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Gating 
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Fig. 12.110, Assembly-of-words diode-capacitor memory. 


Figure 12.110 shows how this is done. The buses A and D are made common 
all the bits of a particular computer word. 9nd «. nartieular gating amplifier 9 
the same bit on each of many words. Thus for 256 words of 45 bits each there wou 
be 256 pairs of leads A and D, and 45 gating amplifiers. For reference to word 


Pa 
Bs 
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the buses A, and D, would be squeezed to zero voltage, while all the other pairs 
would be held at their normal values of —4 and +4 volts. In this way each gating 
amplifier receives a pulse from its bit of the selected word; so the word is available in 
parallel at the gating amplifiers. These amplifiers can then write into this word, 
or rewrite it, without affecting the other words, since all diodes in the other words 
remain with backward bias as already described. After the squeezing buses on 
word 6 are returned to normal, any other word may be referred to in the same way. 
This gives a fully parallel random-access memory. Regeneration is of course 
handled by having the memory control intersperse regeneration cycles between the 
computer access cycles. For the regeneration cycles, the words are read one after 
(he other and rewritten to their former state. 

12.9.4. Access Circuitry—The Transformer-diode Coincidence Gate. The system 
described so far achieves reasonable efficiency for the gating amplifiers but requires a 
selection circuit capable of squeezing the appropriate pair of buses for a particular 
word. This could be accomplished by a diode matrix, but the customary form of 
such a matrix has large standby currents. In this memory the squeezing buses 
require relatively large currents; the resultant selection matrix is feasible but draws 
large amounts of standby power. To avoid this, a selection matrix using transformers 
und diodes is used as shown in Fig. 12.111. This gives a matrix which has no standby 


ke 


Fre. 12.111. Transformer-selection-matrix diode-capacitor memory. 


power requirement, although it does require more input drivers than would be neces- 
sary with a multidimensional diode matrix. For the transformer-diode matrix, 
2n inputs are required to select from among n? words. The matrix is made up of 
(wo sets of crossing buses (X and Y in Fig. 12.111). At each crossing a diode and 
(ransformer are connected as shown. Normally all the X buses are held at, say, 
10 volts, and all the Y buses are held at —10 volt. This puts backward bias on 
the diodes associated with each transformer; so no current flows through any trans- 
former. If one X bus is dropped to —10 volt, still no current will flow; but if simul- 
taneously one of the Y buses is raised to +10 volts, then just the one transformer 
at the crossing of these two buses will receive a signal. Thus if, in the figure, X» is 
lowered to —10 volt and Y, raised to 4-10 volts, the transformer secondary connected 
to buses A, and D, will squeeze the voltage on these two buses together. This will 
nelect the desired word, z 
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12.9.5. Typical Silicon Diode Specification. Since the silicon-junction diode has, 
at this time, characteristics which are far superior to any other diode for the Dicap 
application, its characteristics will be used as illustrations for the various points in 
this discussion. The typical specification gives an approximate idea of both what is 
available and what are reasonable limits for Dicap application. Although the 
specifications change somewhat with temperature, the design can generally take these 
into account with ease. A design can be made for quite extreme temperature ranges, 
if necessary. 


A Typical Silicon-junction Diode Specification (at 25°C) 


For Dicap application Comments 


Reverse current Max: 10~* amp at 5 volts Want this current as small as 


Min: 10-" amp at 5 volts possible 
Reverse breakdown | The high-production units have a 
voltage minimum of about 17 volts, 


which is suitable 
Forward dynamic Max: 75 ohms at 1.5 volts 

resistance Min: 25 ohms at 1.5 volts 
Forward step Max: 0.75 volt 


Want this as low as possible, but: 

fairly uniform 
Want uniformity here. No 
Min: 0.65 volt problem in production 
Reverse capacitance | Max: 20 wuf at 4 volts Want this as low as possible. 
Avg: 15 put Designer must know average 
Min: 2 put value, but individual values a 

not important 
Want this as low as possible. I 

dividual value is important 


Delta at 1 Me (ratio | Max: 0.3 
of reverse to for- | Min: 0.1 
ward charge) 


12.9.6. Holding Equations. For holding, the circuit and equivalent circuits 
given in Figs. 12.112 and 12.113. The holding equations are given in Table 12.3) 


Table 12.32. Holding-time Equations 


Let V. be the voltage across the capacitor at time ¢ 
Let Vo be the initial voltage at ¢ = 0 


RiR2 Vo-—Vi Vo — Ve Ri + Ro 
Ve = Vo — (n+ Ri ~ 1+ Pe") [1 - exw - He 4B 1) | vol 
(12.9.1) 


The time ¢ for capacitor to discharge from Vo to V-; is 


Rik2 (1 +25" n+ ET) 


e RiR2C ce Ri + Re Ri Re : sec (12.9.2 
Ri+Re | yy, 4 Pikes (n+ 2S! 142 E") _ 
Ce Bea Ri F R: 
Ri Rik2 
Let Vi = 0 Viina = Vr = Ri + 7) V2 and Rp = Ri +R: 
Then 
Ve = Vo — (Vo — Vy) — etn’) (12.9.8, 
Vo — Vy 

ul nhs aes 12.9.4) 
t +R,C In (% =F 7) ( ae 


Equations (12.9.1) and (12.9.2) are based on the assumption that the diode charat+ 
teristics can be approximated by a constant current in parallel with a cons 
resistance, and this is a very good approximation over the few volts excursion used 
Dicap memory work. It is interesting to note that, if two diodes with equal a! 
lutely constant current characteristics are used to form a storage cell, this cell 
permanently retain whatever storage level is set into it. 


* 
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Equations (12.9.3) and (12.9.4) are accurate if the asymptotic current can be 
neglected. These equations give much better visualization of the effects taking 
place, and they are very useful in making quick checks. 


Y R, a4 R2 Ve 
Diode A i Diode B ti 


V, and V, are constants 
— during storage time 


Fra. 12.112. Bit circuit. Fig. 12.113. Equivalent bit circuit during 
holding time. 


Example of Calculation of Holding Period. Assume two diodes of the following 
characteristics: 


Diode A Diode B 
Reverse current at 10 volts........ Irn: = 40 X 1079 amp Ire = 3 X 107-9 amp 
Ioxtrapolated zero currents......... [fi = 5 X 107% Ie = 1 X 1079 


We compute the constant resistances from the reverse currents at 10 volts. 


10 
Ry = —— aes 9: 8 
1 = 30x 10-9 2.5 & 108 ohms 
10 
Pier at, meee a 9 ' 
>= 3x 107 3 X 10° ohms 


Using Eq. (12.9.2), 


Dot case (point B storing positive level) 


Let Vo — Vi = 6 volts 
Vo — V2 = —2 volts 
Ve — Vo = —1 volt 


This last condition requires that not more than 1 volt be lost during storage time. 
Result: 


tact = (39 X 108)C sec 


Dash case (point B storing negative level) 


Let Vo — Vi = 2 volts 
Vo — V2 = —6 volts 
Ve — Vo = +1 volt 
Result 


Tdash = — (0.83 xX 108)C sec 


This means that the dash case will always be stable and that the cell ‘“Jeaks”’ toward 
the negative level. Using Eq. (12.9.4) (simplified equation), 


Dot case 


Lot Vo = +6 
Ve = +5 
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We calculate 
Vy = 0.61 volt 
Result: 
Dot = (0.46 X 108)C sec 
Dash case 


Let Vo = +2 
Ve = +3 
V; is constant at 0.61 volt 


Result: 
Dash = —(1.35 X 108)C sec 


12.9.7. Writing Equations. Figure 12.114 shows first the actual circuit a, in which 
the two storage diodes are biased in the forward direction. Note that the ‘bit bus” 
must not make excursions greater than a predetermined amplitude during charging; 
the reason for this, of course, is that the other storage cells on the same “‘bit bus’’ 
may bump into the reverse-bias level and thus lose their charge. 

During the charging, all the charging current flows through one storage diode or 
the other, even though a forward biasing current is used. A suitable equivalent cir- 
cuit is shown in 6b of Fig. 12.114. For our purposes it is permissible to assume that 


a) +1 


Z source Cc V Rs Reynamic forward 
Bit bus 
Bumper Storage 
diodes diodes 
+2 = 4 


(a) Typical charging circuit (b) Suitable equivalent circuit 


Pia, 12.114. Writing circuits. 


the driving source is purely resistive, that the forward impedance of the storage 
diode is purely resistive, and that the effective resistance of the storage diode is it# 
dynamic slope. This latter is an important point which eases the design considerably. 
The forward biasing of the storage diodes determines this dynamic operating point. 
Forward transient in silicon-junction diodes can be neglected but may be serious in 
large-area germanium diodes. 

For our purposes, therefore, the charging part of the writing cycle can be expressed 
by the simple relationship 


—t 
Va =V [1 — ex ae 
PR, + Rae 
where V = step function applied at ¢ = 0 
Va = voltage across capacitor 
R, = driving-source resistance 


Raz = dynamic forward resistance of storage diodes 

It is clear that the driving-source resistance should be as low as possible for fast 
writing. 

Reverse Transient Response. If silicon-junction diodes are to be used with charging 
times of less than 1 usec, the effect of the reverse transient response of diodes must be 
considered. In Dicap,operation, this characteristic simply reduces the amount of 
charge left on the capacitor. - : i : 


- 
Ps 
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Veo = (1 — 8)Ver 


where 6 = Qreverse transient 


Qhorwaed 
Ver = voltage across C after charging cycle, initial voltage being zero 
V.2 = final voltage across C after transient 


The term (1 — 6) is very closely related to the ‘‘rectification efficiency ’’ sometimes 
quoted in diode specifications. It is nearly independent of the size of the capacitor 
used. It is very dependent on the length of time during which the charging occurs— 
(he shorter the time, the larger delta becomes. At present, the value of delta var- 
ies considerably, depending on the manufacturer and also on the individual unit. 
Because of this, it is recommended that the designer measure this characteristic in the 
laboratory if the desired charging time is to be less than 1 psec. 

As was pointed out, the effect of the reverse transient is primarily in decreasing 
the output-signal level relative to the original charge. It is still possible to store 
information successfully, even with charging times as low as 0.1 usec, but the storage 
efficiency may be low. If the effect of the reverse transient is too serious, germanium 
whisker diodes may be used. 

12.9.8. Reading Equations. The calculation of the amount of signal delivered 
to the input of the amplifier is completely straightforward, once the amount of charge 
remaining on the storage capacitor is known. ‘The only loss in reading is due to the 
back capacitances of the storage diodes, which are not selected. Figure 12.115 is a 


+4 


-4 


Gating 
amplifier 


Gating 
amplifier 


Mio, 12,116, Diagram showing the effect of diode capacitance. 


12-124 


diagram showing this effect. Each diode adds its capacitance C2 in parallel to ground, 
and so the selected bit capacitor C; has to charge 2NC2. 


If N = number of bits on one bit bus 
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C, = storage capacitor 
Cz = back capacitance per diode 
then, by capacitive division, 
Gent = Lo) Beals (ec) 
‘usetu. C1 a 2NC2 c 
Typically, 
Tf Ci = 10,000 ppf 
Cy = 20puuf 
N = 500 
Steet Se 
Fuseful 3 


This is not a true signal loss, however, because the capacitance has shifted the line 
to a lower impedance. This means that the voltage can be raised by means of @ 
step-up transformer, if desired. In general, no resistive loss need be suffered, since 
the input impedance of the gating amplifier can be high during the reading time and 
low during the writing time. 

12.9.9. Block Diagram of the System. Figure 12.116 shows the block diagram of 
the experimental system that was built at the National Bureau of Standards in 1953, 


Final selectors and memory proper 


CONTROL 


Outputs to all blocks except 
final selectors and memory proper 


Word 256 
45 bits 


X matrix selector 


8-stage counter 
8 6AN5 tubes 


X 
puts pulse on one |16 wires out 2 X former Word 2 
of 16 output wires and gate 45 bits 
16 6ANS tubes |: through | Y, z 
Xie 
a X former Word 1 
address register 16 wires out XY as anit i J 
8 GANS tubes Y, through Yie 
45 wires 
Y matrix selector 
puts pulse on one 45 gating amplifiers 
Ak bia 135 6AN5 tubes 
ubes 
Address at which infogatied ioral 
‘4 5 
compueldes|tes 45 wires 45 wires 


to read or write 
Fie. 12.116. Block diagram of a 256-word 45-bits-per-word Dicap memory. 


The logical design is similar to the Williams system of electrostatic storage in that 
regeneration must be intermixed with information access. This is accomplished hy 
feeding the address register from either the regeneration counter or from the compu 
address bus. 

12.9.10. Access Drivers. Figure 12.117 shows a typical stage of the Y mat 
selector. The X matrix stage differs from it only in that the polarity of the second 
is reversed and the secondary bias voltage is +10 volts instead of —10.%° 


a 
Py 
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Figure 12.118 shows the block and logical diagram 
for a typical gating amplifier. The gating shown is based on positive logic and is 
common to nearly all kinds of memory systems. The box labeled ‘Write Driver” 
merely gives out a positive pulse on the ‘‘plus out”’ line if the input is positive, or a 
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12.9.11. Gating Amplifiers. 


+2350 


Address bits 


Control pulse 


Fig. 12.117. Typical stage of the Y matrix selector. 


Output information 
2-stage to computer 


video amplifier 


NOT WRITING control pulse 
Write driver 


Gives positive pulse if 
input is positive. 
Gives negative pulse if input 
is zero or negative. 


AND 
gates 


Information to be written 


WRITE control pulse 
Fig. 12.118. Block and logical diagram of gating amplifier. 


negative pulse on the “‘minus out” line if the input is zero or negative. It is a func- 
tion which can be designed in any number of different ways, using diode gating and 
perhaps one vacuum tube. The whole gating amplifier can be designed with three 
or four vacuum tubes and perhaps 20 semiconductor diodes. 

12.9.12. Checking and Maintenance. An interesting form of self-checking can be 
obtained by taking advantage of the fact that the input is either positive or negative. 
‘The gating can be designed to recognize three levels: acceptably positive, acceptably 
nogative, and unacceptable. This would give an early indication of a marginal 
component. 

In addition to the usual methods of marginal checking, most of which are based on 
power-supply variations, it is possible with Dicap to utilize ‘‘regeneration slow-down.” 
‘This merely means that the length of time between each regeneration is increased— 
volls that fail too early can be replaced. The control equipment necessary to accom- 
plish this consists only of a few extra flip-flops. 

12,9.18. Physical Construction. The physical construction of a Dicap memory can 
he kept very simple and neat. One arrangement in particular is worthy of note. An 
elehed circuit board, 21 by 10 in., contains all the components for 8 words of 45 bits 
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each, including the ‘‘transformer aNp gates.’”’ All components are soldered in place. 
This is mounted as a drawer which slides into a cabinet. Fifty-two heavy spring 
fingers, which are riveted to the various buses of the etched board, make contact 
with matching buses on the back of the cabinet. Gating amplifiers and access cir- 
cuits can be housed at the center of the cabinet with similar construction if so desired. 
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13.1. VACUUM-DIODE COINCIDENCE CIRCUITS 


Figure 13.1 illustrates the PosITIVE AND or NEGATIVE oR circuit and Fig. 13.2 shows 


the NEGATIVE AND or POSITIVE OR circuit. 


Whenever there is a reverse potential on a diode, Fig. 13.3 shows that it is nearly 


‘in open circuit, whereas with a forward potential (anode higher than cathode) the 
resistance is less than 1 kilohm. Thus if (Fig. 13.1) A, B, and C are at the same 
potential the current in R is divided among the three tubes. With D greater than 
any of A, B, or C the diodes are conducting and their resistance is less than 1,000 ohms 
(1 kilohm). If R > I kilohm then D is the same potential as A, B, and C. 


If A < B < Cand Rar, is the forward resistance of diode A then 


Rar(V — A) 


sein Aaa R+ Rar 


Thus if R > Rar then D~ A. The back resistance of vacuum diodes is so great 
that B and C can be ignored. 


* Deceased, . 
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13-2 SWITCHING CIRCUITS 
For Fig. 13.2 the formula for the potential at D becomes 
Rer(C — V) 
Rer +R 


where again A <B<C. If R>Rcr then D~C. 


Gates such as those in Figs. 13.1 and 13.2 can be combined to make a combination 
of AND and or gates. 


D=C- 


R B 
Cc 
D 
A 
B D 
[ay R 
UH, 


Fig. 13.1. positive AND circuit. Fria. 13.2. NEGATIVE AND circuit. 


The above equations describe the static or d-c performance of such gates. In 
order to approach the dynamic performance it is necessary to estimate the capacity 
associated with line D. A reasonable estimate for this is 10 uf, plus 10 yf for each 
tube in the circuit. Lengthy leads or printed circuits will somewhat increase this, 
When the inputs of Fig. 13.1 swing positive (negative for Fig. 13.2) the diodes tend 
to cut off and D changes its potential with a time constant RC where C is the associated 
capacity. With the estimate of C given above, and with R = 100 kilohms, it tak 
almost 4 usec for D to change (positive for Fig. 13.1 and negative for Fig. 13.2), 
In the other direction the rate of change of D depends on the input impedance ai 
the forward resistance of the diodes. 


5 10.0 15120) 
-5r E, volts 


Fra. 13.3. 6AL5 diode characteristic. Fig. 13.4. Cathode follower AND 


circuit. 


13.2. CATHODE-FOLLOWER COINCIDENCE CIRCUITS 


Cathode-follower circuits (ef. Sec. 11.2) may be used as coincidence circuits. A 
typical circuit is shown in Fig. 13.4. If either input A or B is relatively high in 
potential, then C will be high. Coincidence is represented by both A and B being 
low, producing a low potential at C. This circuit is a NEGATIVE AND and also a PO: 
TIVE OR circuit. Its logical effect is similar to the diode circuit of Fig. 13.2, exce 
that this circuit has power gain. 

This circuit has a high-impedance input and a low-impedance output. Perfor 
ance characteristics can be predicted by using the formulas of Sec. 11.2, Note that 
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DUAL-CONTROL-GRID TUBES : 13-3 


will generally be above A or B in potential by the operating bias of the tube. For 
example, if a tube passes 10 ma at 5 volts bias and the load resistor F is sufficiently 
large, then C will be 5 volts above A or B. 

This change of level limits the number of cathode followers which may be con- 
nected in sequence. Voltage dividers or other circuits must be used to keep voltage 
levels at the right place. 


13.3. DUAL-CONTROL-GRID TUBES 


Figures 13.5 and 13.6 show the control-grid and suppressor-grid characteristics of 
the 6AS6 tube. The 7AK7 was developed specifically for computer applications. 


6AS6 
Pentode connection 
E; =6.3 volts 
E,3 =0 volts 


I, 


Plate (I) or screen (I,2) milliamperes 


Control grid volts 
Fia. 13.5. 6AS6 control-grid characteristics. 


15.0 


Suppressor characteristics 
Ef = 6.3 volts 
Ey = 120 volts 
me E.2 = 120 volts 
1 


Eat sal 
10.0 


75 


5.0 


Plate (J,) or screen (I,2) milliamperes 


25 


- Suppressor volts 


Via, 13,6, GAS6 suppressor-grid characteristics, 


SWITCHING CIRCUITS 


It has essentially the same characteristics as the 6AS6 except for passing three to four 


Fig. 13.7, Dual-control-grid gate- 


In a the fall time of D, and in b the rise time, depends on resistor R and the d 
tributed capacity. Thus shorter time constants require smaller values of R. Bui 


times as much current. 
shown in Fig. 13.7. 
Since the screen dissipation is not so great as the 
plate, usually the low-duty-cycle signals are con- 
nected to grid G; (B). If G, is high and G; low, 
all the cathode current goes to the screen Gs. The 
use of low-duty-cycle signals on G; is emphasized 
by the coupling capacitor in line B of Fig. 13.7. 
The transformer provides a positive output at C 
if D is connected to ground. 


A typical 7AK7 circuit i 


13.4. CRYSTAL-DIODE “AND” AND “OR” 
GATES 


Figure 13.8 illustrates crystal-diode gates analo- 
gous to Figs. 13.1 and 13.2. Part a of Fig. 13.8 
illustrates a NEGATIVE AND or a POSITIVE OR circuit, 
whereas part 0 illustrates a POSITIVE AND or 
NEGATIVE OR circuit. 


V+) 
D 
A 
B 
Cc 


(0) 


(c) B~ 
Fira, 13.8. Crystal-diode gates. 
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small values of R imply greater steady-state currents or more power dissipation and 
require lower-impedance input drivers. 

If it is assumed that no current flows to D, then the currents in Fig. 13.8a must 
satisfy. 


A TYPICAL GATE-DRIVER COMBINATION 


i= ty + le + 13 toRze = B-D 
iR — D-V tghx3 = A-D 
iiRea = C-D 


where R,; is the resistance of the respective crystal. 

If one of A, B, or C, say A, is substantially greater in potential than the other 
inputs, then R22 and Ry; are each roughly 10‘ times Ri. Thus the currents 7: and 7; 
are practically negligible and 7; = 7. Usually, the forward resistance is about 100 
to 200 ohms and R is much larger, causing D to be only slightly less than A. 

Reliable performance of such a gate requires that it still function properly when the 
back resistances of the crystals are decreased by a substantial factor. For example, 
suppose that the back resistance is at least 10° ohms when new, and reliable operation 
is required when this has decreased to 100 kilohms. Assume the inputs swing from 
ground (0 volt) to —20 volt. With two inputs low and one high and new crystals, D 
will be approximately —100i volt (assuming the forward resistance of the crystal 
is 100 ohms), and A must supply 7 + 0.04 ma of current. If the back resistance of 
the crystals is 100 kilohms, A must supply 7 + 0.4 ma of current and D will be approxi- 
mately the same. Thus reliability of the circuit under these circumstances depends 
on the source impedance of A. 

For more complicated networks it is necessary to write the corresponding equations 
for current and potentials, decide on the limits in back-resistance deterioration, and 
then work out the potentials for the worst combination of inputs, taking into account 
the driving impedance of the inputs. 

Figure 13.8¢ shows two three-input AND gates driving an or gate. In terms of 
negative signals this may be interpreted as two three-input oR gates driving an AND 
gate. In cascading of such circuits deterioration of back resistance becomes even 
more critical. 


13.5. A TYPICAL GATE-DRIVER COMBINATION 


Figure 13.9 shows a typical gate-driver combination. The direct input J, provides 
for the possibility of connecting other diodes into the circuit to make a more compli- 
cated gate. However, this use would reduce the margins of safety, and a more prac- 
tical use for the terminal J, is as a means of checking the characteristics of the diodes. 


Output 


Fra. 13.9. Typical diode gate and driver combination. 


The inputs J, to J; are expected to swing from —0.1 to —6 volt. If all inputs are 
negative the base of the transistor is low in potential, and current flows at the collector 
wo that the output is high in potential. Thus this circuit inverts the signal very 
much like its vacuum-tube counterpart. The output is capable of driving five inputs 
wuch as 1, to Jy, The load resistor R may range from 0 to perhaps 3 kilohms, since 
the diode gates connected to the eutput-terminal supply the actual load. 


13-6 SWITCHING CIRCUITS 


Two such diode gate-driver circuits may be interconnected to form a flip-flop, as 
shown in Fig. 13.10. The outputs of the flip-flop J, may be connected to other gates, 
and een signals at Iz or I; of the respective sides may serve as set and reset 
signals, 


Fie. 13.10. Two gate-drivers connected to form a flip-flop. 


13.6. THE EXCLUSIVE OR CIRCUIT 


Figure 13.11 shows a transistor difference amplifier followed by a driver. When- 
ever the two inputs J; and J, are nominally equal (differ by less than 0.8 volt, say) 
both transistors conduct and the current is equally divided in the two load resistors, 
Whenever the inputs are different (differ by at least 1.2 volts, say) one transistor cuts 


1.4K ek 


O—25v 
Fig. 13.11, exciustve or circuit. 


off and the low signal is transmitted through the or circuit to the output driver, 
Small differences of signal or variations of component parameters lead to small changew 
of current in the voltage divider feeding the output driver. These small fluctuations 
are absorbed by the clamp diodes. 


13.7. A COINCIDENCE GATE WITH MEMORY 


Figure 13.12 shows a coincidence gate with memory which was developed at the 
University of Illinois. If the last inputs are different the last state is retained. If 
the inputs are the same then the output C follows the input and the output “| C (not C)} 
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is the complement of the input. The circuit consists of a difference amplifier feeding 
Schmidt trigger through two Zener diodes. The voltage drop of the Zener diodes 
produces two different thresholds at which signals are identified as being the same or 
different. The Zener diodes may be said to provide a hysteresis effect. The Schmidt 
(rigger is followed by two drivers, one for C and the other for ] C. 


25v 


Fig. 13.12. A coincidence gate with memory. (University of Illinois.) 


Circuits such as that shown in Fig. 13.12 may be designed which will operate in 
lous than 30 musec. 


13.8. RESISTANCE SWITCHES* 


Multiposition switches can be constructed in small sizes using linear resistors and 
in somewhat larger sizes using nonlinear resistors. The size in both cases is limited 
hy the ability of the device at each output terminal of the switch to discriminate 
holween the voltage representing selection of that terminal and the largest voltage, 
which should not represent selection. These two voltages become nearly equal as 
the switch becomes large. The devices at the output terminals are usually biased 
iliodes or biased vacuum tubes. 

igure 13.13 illustrates the basic circuit of a resistance switch having cight out- 
pul terminals. Three pairs of control wires are required to select among the eight 
oulput terminals. One wire of each pair is connected to a voltage V, and the other 
is grounded. Toggle switches determine which of each pair is at V and which is 
grounded. In practice, the toggle switches are vacuum tubes or transistor flip-flops, 
und the two possible switch positions represent the two stable states of each flip-flop. 

13.8.1. Resistance Switch Using Linear Resistors. With the switches as shown 
in Fig. 13.13, terminal 5 is at voltage V, terminals 1, 4, and 7 are at voltage 2V/3, 
lorminals 0, 3, and 6 are at voltage V/3, and terminal 2 is at ground potential. In 
general, if n is the number of control pairs and 2" the number of output terminals, there 
ure n + 1 possible output voltages: V, [(n — 1)/n]V, [(n — 2)/n]V, [(n — 3)/n]V, 

..,0. The device at each output terminal must discriminate between V and all 
other voltages, the largest of which is [(n — 1)/n]V. The voltage difference on which 
(he terminal devices must operate is V — [(n —1)/n]V = V/n. For the example 
of an eight-position switch given above, this difference equals V/3 volts. As n 


_ hecomes large, the voltage difference becomes a small fraction of V, and severe stability 


requirements are placed on the selecting voltage, the threshold of the terminal devices, 
and the value of the resistors, : 


* By Dudley A, Buck, 
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18.8.2. Resistance Switch Using Nonlinear Resistors. The voltage difference 
which the terminal devices must operate can be increased by replacing the lin 
resistors of Fig. 13.13 with nonlinear resistors such as thyrite. A resistor of this ty: 
has a resistance which drops as the current through it increases. The volt-amp 
characteristics are given by J = KV# where K is a constant. The commerci 
available range of the exponent z is between 2.49 and 3.36. 

If the linear resistors of the eight-position switch described above are replaced 
nonlinear resistors having x = 2.8, the voltage difference on which the terminal devi 


X, 1X, X2 1X2 X3 1X3 


0 Vv 4 (e) 0 V 
Fie. 13.13. Resistance switch. 


must operate is increased from V/3 to V/2.28. In general, if n is the number 

control pairs and 2” is the number of output terminals, there are n + 1 possible 
(n—1)'e (n — 2)ue (n — 3)1 

>(m — 1] 410’ (n — 2) 4 Qe? (yn — 3)ie 4 Bile 2 7 * ’ 


i 3 
oD yi This d 


ference is given graphically in Fig. 13.14 as a function of z for several values of 
The portion of each curve for which z = 1 (left-hand edge of graph) represe 
linear-resistance switches. As can be seen, nonlinear resistors effect a dram! 
improvement in operating-voltage swing for large switches. 

In the above discussion, the internal resistance of the voltage sources which 
the control pairs has been assumed to be zero and the impedance of the load atta: 
to each terminal has been assumed to be infinite. In practice this is not the 
The values of the resistances of the switch should be chosen to be as small as posal 
consistent with the current capabilities of the control-pair drivers. Lowering | 
resistance values in a given switch design while keeping the driving voltage con# 
increases the driving power required by the switch, shortens the time taken to awi 
and allows the operating-yoltage swing to approach the theoretical values given 


put voltages: V, 


The difference between V and the next largest of these is 
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the above discussion. The time taken to switch is that time required to charge the 


capacitance of the load and the switch plus the stray capacitances involved. Lower- 


ing the switch resistance thus lowers the charging resistance, thereby shortening the 
RC time constant. 


1.00 
0.90 
0.80 
0.70 


0.60 


0.50. 
“0 6152) 20 2.5; PSO" s.0 


x 


"ia, 13.14, Ratio of highest nonselecting voltage to selecting voltage in nonlinear resistance 
switches. 


13.9. DIODE SWITCHES 


The AND and or gates described in Sec. 13.4 can be used to build switches. A 
binary eight-position switch is shown in Fig. 13.15. For each of the eight possible 
nots of values of 21, x2, x3 one of the eight lines 0, 1, 2, . . . , 7 is high. 


a 7X, %% WX5 we ah 


Fia, 13,15, Cryetal-diodé switch, 
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13.10. MAGNETIC SWITCHES 


Magnetic switches may be made with linear transformers using nonsaturati 
techniques. Such a switch is shown in Fig. 13.16. The switching function is actua 
accomplished by the diodes, and the transformers provide impedance matching and/ 


E F G H 
Fig, 13.16. Transformer switch. 


isolation. Also total power dissipation may be less than that required in a stan 
diode switch in that the duty cycle may be relatively low. 
With no inputs all the diodes have 20 volts in the backward direction on thi 
If a line such as F receives a positive pulse 


20 volts (this must be precisely controlled) 
the diodes attached to F will have 0 volt ac 
CF them. If, simultaneously, a negative pulse 
applied to a horizontal line such as C, the prim 
of the transformer CF sees a full 20 volts and 
other transformers on the horizontal line C 
have 0 volt across their primaries. 
If a core material with a square hysteresis | 
Cc 
F 


were used (see Fig. 13.18) the diodes could | 


left out in Fig. 13.16 and two primaries on 
transformer could be connected as shown in 

13.17. Then a current 7 in line /’ would 
insufficient to switch the transformers associ 
with it. However, if simultaneously a eu 

of i were passed through line C the corresponding transformer would be swite 
and there would be a signal at CF. After each such output the transformer wo 
have to be reset by negative current pulses on Ff and C, . 


Fia. 13.17. Coincident-current 
switch transformer. 


- 
Bs 


lia, 13.18. Hysteresis loop for coin- Fie. 13.19. Hysteresis loop for saturating 
eident-current transformer. transformer. 


Cr 


Output 1 


Output 2 


Input 


(b) Eight-position switch 
Kia, 13,20, Ferroclectric-switch schematic diagram, 
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A bias winding may be added to the transformer so as to move the operating poin 
to the positions shown in Fig. 13.19. In this mode the flatness of the saturati 
curves is important and the squareness of the loop is unimportant. Note that in t! 
mode of switching the transformers do not need resetting. 


13.11. FERROELECTRIC SWITCHES* 


Ferroelectric switches are based on the nonlinear charge-voltage characteristics 
capacitors made from materials which exhibit spontaneous alignment of permanen 
dipole domains. Barium titanate is the most used of these materials at present 


Off On On 


5G ke 6 Off 


off Off c Off 
a ) 5 Off 
= off a ae % 


= 3 [| 4 Off 
4 O cm a | A 3 Off 


— i 20K 


[] 1 Off 


Fig. 13.21. Eight-position-switch analysis. 


is available in two forms: sintered ceramics and grown single crystals. The lat 
have nearly rectangular hysteresis loops. 

An eight-position ferroelectric switch is shown in Fig. 13.20. A voltage pulse 
an a-c voltage at the input terminal is distributed to one of the eight output termi 
as dictated by the voltages on the control wires. Control-wire pairs are driven 
binary devices, here represented by toggle switches S;, So, and Ss, in such & 

* By Dudley A, Buck. 
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that one wire of each pair is grounded and the other is held at a voltage V which 
oxceeds the coercive voltage of the ferroelectric capacitors. With the switches set 
in a given pattern, all paths except one have at least one capacitor biased in a saturated 
region where the polarization cannot change. The single path whose three capacitors 
wre unbiased is the selected path. When the input terminal is excited, all three 
capacitors in this path traverse their hysteresis loops, thus allowing a current to flow 
between input and selected output. 

The eight possible paths are shown in Fig. 13.21 with a given capacitor described 
us OFF if it is biased into saturation and thus unable to pass current, and on if not 
biased. 

An eight-position ferroelectric switch has been made from a 1-in. square of barium 
titanate ceramic. All 14 capacitors are formed by electrodes painted on the two sides 
of the plate and extended so as to make the interconnections between capacitors. 
Silver-paste electrodes, fired on, are suitable for ceramic materials, but evaporated 
vlectrodes are recommended for single crystals. 


13.12. SUPERCONDUCTIVE SWITCHES 


There are more than 20 metals whose resistance completely disappears at temper- 
tures somewhat above absolute zero. Sufficient magnetic field will cause the 
resistance to reappear. Such superconductive 
8 metals can be used to build devices with cur- 
rent gain, and they provide another possible 
digital computer component. 
Using liquid helium as a suitable environment, 
a switch can be built by winding a niobium coil 
around a tantalum core. Such a device has 
been called a “cryotron.’’® Under such cir- 
cumstances both the niobium and the tantalum 


Resistance, x 107° ohms per inch 
re 


0 0.500 1.000 1.500 
Coil current, amp 


Fig. 13.23. A eryotron flip-flop. 


lic, 13.22. Resistance characteristic 
of a tantalum cryotron. 


wre superconductive. When current is passed through the niobium coil, the tantalum 
can be switched to ‘‘normal’”’ conductivity. The resistance characteristic for the 
‘antalum is shown in Fig. 13.22. 7 

Two such cryotrons may be connected as shown in Fig. 13.23 to form a flip- 
flop. 

The two stable states are with current flowing in the coil of A and the core of B, or in 
the core of A and the coil of B. Current in the coil of A causes the core to be resistive, 
inhibiting current in the coil of B. Thus, the core of B is superconductive, encourag- 
ing the current in the coil of A. The flow of current must be limited so that the coils 
always remain superconductive. Other tantalum cores in series with the cores of A 
und B can be used to set and reset the flip-flops. Likewise, coils in series with the 
voils of A and B can control other ‘‘read-out”’ cores. 

By using thin film techniques submicrosecond speeds may be obtained. 


13.13. PARAMETRIC-AMPLIFIER LOGICAL DEVICES 


A parametric subharmonic phase-locked oscillator can be used as a computer 
component, When driven by a pump frequency 2f the device will oscillate at a fre- 
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quency f in one of two phases which differ by 180 deg. Let one phase be called th 
0 phase and the other the 1 phase representing, say, a binary 0 and a binary 1. 
Information can be transferred through a group of such amplifiers by having suit, 
able coupling interconnections and driving them in three groups using three pha 
bursts of pump frequencies. The three phases of pump frequencies must occur 
shown in Fig. 13.24. Each amplifier will begin to oscillate as the pump frequency i 


At microwave frequencies two-phase pump systems can be used by using so-called 
\wolators which have high ratios of forward to backward transmission. 

Using a continuous pump frequency it is possible to switch the phase of the para- 
\netric amplifier forcibly from 0 to 1 or 1 to 0. The fact that this phenomenon is 
(\nplitude-sensitive to the input signal has suggested the possibilities of coincidence 
«witching and the use of parametric amplifiers in memory arrays. 
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Fig. 13.24. Three phases of pump frequencies. (R.C.A.) 
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applied, and the phase (0 or 1) will depend upon the input signals. A number 
inputs may be combined in a resistance adder, and the phase of the oscillation 
coincide with the phase which appears on the majority of the inputs. 

Two input aNnp and or gates may be formed by using a third reference input 
shown in Fig. 13.25. The phase established at C for various conditions is shown 
the following table. 
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Thus, with a reference phase of 0 it is an AND circuit, but with a reference phase 
1 it is an oR circuit. 
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Sections 14.1 to 14.15 are on information coding and Secs. 14.16 to 14.26 are con- 
verned with switching theory. See also Sec. 15 on Digital-computer Arithmetic. 


14.1. BINARY CODING* 


Numbers are stored in many places in a digital computer, for short as well as long 
poriods of time. Many devices are used for such storage, and almost all of them are 
* Sections 14,1 to 14,16 are by Richard W, Hamming and David Slepian. 
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essentially ‘‘two-state’’ devices: on or off, up or down, plus or minus voltage, N-S 
S-N magnetization, etc. This fact leads to the use of the binary system of represen 
tion of numbers when discussing the mathematical aspects of computers. 

The basic idea of the binary system is that of representing numbers in the ba: 
system. Almost all the difficulties of the binary system vanish if one pauses to exa 
ine the corresponding situation in the decimal system. For example, in the deci 
system the integers are represented typically by a number such as 


1308 = 1 X 10? +3 X 102 +0 X 10! + 8 X 10° 
In a similar way, a typical integer in the binary system is represented in the form 
101101 = 1 XK 25+0 XK 24+1 K 23+1 X 2240 X 2!4+1 X 20 


In the decimal system the coefficients of the powers of 10 may range from 0 through 
while in the binary system the coefficients of the powers of 2 may be only 0 or 1. 
numbers less than 1 ‘the decimal system uses such forms as 


0.176 --- =1X1079+7X107?+6X10%+.-.-.- 
while the binary system correspondingly uses 
O10. == + = 1K 2 + OO 1 O-8 es. 


Corresponding to decimal arithmetic there is, of course, a binary arithmetic 
combining binary numbers. Whole books have been written elucidating the myster 
of the binary arithmetic, but usually a simple comparison with the decimal system 
reveal how to handle binary problems (including the conversion from one system 
representation to the other). 

Logical information is frequently used in a computer. In most cases Boo! 
algebra is used to handle logical relationships so that the binary representation co! 
naturally in this case. 

Finally, other forms of information, orders or perhaps the names on a payroll, 
used in a computer to control the computation on a particular problem. Here, 
the binary form of representation is often used, though usually there is no simple 
of combining various pieces of information. 

The use of n binary digits allows one to represent 2” different things. Th 
binary digits (called ‘‘bits’”’ for short) allows 
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210 = 1024 ~ 108 


items to be represented. This leads to the handy formula that 19% = 314 bits 
equivalent to one decimal digit. In order to handle M different things one need 
use at least n binary digits, where n is the least integer, such that 


n > log, M 


14.2. CODED DECIMAL 


From an engineering point of view the binary system is more efficient and easier 
design circuits for, but it is unfortunately true that the human race has used the d 
mal system for a long time and that the schools still teach it. The impasse that r 
is like that of the adoption of the metric system in place of the English system of m 
ures, the adoption of a “‘perpetual calendar” in place of our present messy one, or 
adoption of an artificial language for universal use in place of our babble of tongu 
togic is all on one side but that does not suffice to win. It seems likely, therefore, 
the decimal system will continue to be used for a long time and that for many pur 
decimal machines will be built. y 

The reliable elementary circuits that can be built easily are almost all (in the 


state of technology) basically binary. Thus one is forced to represent the 
digits in some binary form. 
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One of the simplest forms is the straight representation of the decimal digits 0 
through 9 by their equivalent representations in the binary form: 


REDUNDANCY 


0000 
0001 
0010 
0011 
0100 
0101 
0110 
0111 
1000 
1001 


CHNOTPRWNHRO 


In the arithmetic unit of such a computer the ‘‘carry”’ from one decimal column to the 
hext must be arranged to happen whenever the number 


10 = 1010 


occurs and at the same time the digits 1010 must be reset to 0000. 

In this representation subtraction is the main headache since it is customary when 
subtracting to convert the number to its ‘‘complement form” and then add. The 
‘‘excess-three’’ system was devised to get around this trouble by adding three to each 
binary representation: 


0011 
0100 
0101 
0110 
O111 
1000 
1001 
1010 
1011 
1100 


CONOURWNEO 


Thus 0 and 9 are ‘‘complements,”’ 1 and 8, etc. An additional advantage is that 0 is 
now a definite signal and not merely the absence of one. The ‘‘carry”’ in the “‘excess- 
three’’ system is also easier. 

There are other systems in use as well as these two. One such preserves the above 
complement relation by leaving a gap of six binary numbers between the representa- 
lions of 4and 5. Systematic studies of the problem of nonredundant representation 
of the decimal numbers have been made trying to find special features that might be 
of use in a particular computer. Little of general use has been found beyond those 
mentioned above. 


14.3. REDUNDANCY 


Let us suppose we have a binary representation of some kind of information, using 7 
binary digits per unit of information. Let us now adjoin a final binary digit to each 
vot of n digits, choosing the additional digit so that in the n + 1 digits there are an 
even“ number of 1’s. We now observe that, if for any cause one binary digit is 
changed from a 0 to a 1 or from a 1 to a 0, this change results in an odd number of 1’s 
in then + I places. Thus we have a single-error-detecting code since any single error 
oan be detected. ey 

The extra binary digit is redundant since we have used n + 1 digits where n would 
wuflice to represent the same information, It should be noted here (and also remem- 


* Tn practice an odd rather than even number of 1's is often preferable, These forms of 


- ehecks are called ‘parity checka,”’ 
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bered later) that one may view the entire n + 1 digits as the ‘“‘message”’ and n 
imagine the last one as playing a special role. 
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14.4. ERROR-DETECTING CODES 


The addition of a single check digit is the simplest type of error-detecting code 
meaning a form of representation that allows the detection of asingleerror. This ty 
of code is widely used in computers, especially on magnetic tapes. 

Variants of the above are the ‘‘2 out of 5” codes. In these codes a single decim 


digit is represented by 5 binary digits. Since there are (3) = 10 ways of choosing t 


\’s out of the 5 possible binary digits, one can represent all 10 decimal digits. Diff 
ent ‘‘2 out of 5” codes arise as different correspondences between the decimal digi 
and their representations are used. These codes are evidently single-error-detecti 
and will reveal some double errors as well. 

Another redundant code that has been used is the one which represents the deci 
digit n by the binary number 3n + 2. This requires only 5 binary digits and is err 
detecting. Complements are easy to form, and a simple arithmetic unit allows t 
calculation of the check digit in an independent manner. 

An inefficient redundant code that is widely used is the biquinary code for rep 
senting decimal digits. The code uses alternately base 2 and base 5. In practice 1 
2 positions is used for the binary digit and 1 of 5 positions is used for the quinary di 
thus a 2 out of 7 code is used for representing one decimal digit. In particular, 
decimal digits are represented by 


Decimal Bi Quinary 

50 43210 
0 O1 00001 
1 OL 00010 
2 OL 00100 
3 Ol 01000 
4 O1 10000 
5 10 00001 
6 10 00010 
7 10 00100 
8 10 01000 
9 10 10000 


This 2 out of 7 code makes error detection easy. The inefficiency in storing and tr: 
mitting information is compensated for in some cases by the ease of designing an er 
detecting arithmetic unit. 

The quibinary code is the obvious variant of the biquinary code. 

If enough more redundancy is used it is possible to have a code in which the act 
location of an error can be found, and hence in the binary system the error can be 
rected. Still more redundancy allows multiple-error detection and correction. 

Along these lines is the 8-bit code that represents the decimal digit n by the bi 
number 27n + 6. This code allows simple complementing, correction of si 


errors, and a relatively simple arithmetic unit that calculates the check bits indepe 
ently of the other bits. y 


14.5. USE OF REDUNDANT CODES 


Before going into the design and construction of error-detecting and error-correct 
codes, it is wise to pause and ask why and where they are used. 

The ‘2 out of 5” codes are the oldest widely used redundant codes, having 
used in telephone central offices for along time. The remarkable results achieved 
keeping a large automatic central office going year after year without any ser 


. 
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breakdowns illustrate the value of error-detecting codes. In practice the codes do not 
directly do much to improve the service since the customer himself makes so many mis- 
takes, but the redundant codes pay off indirectly through enabling the maintenance 
staff to locate and correct malfunctionings before they give much trouble. 

Using central-office techniques computers have been built with error detection 
throughout. When an error occurred, and no one was present, the machine automati- 
cally made second and even third trials so that isolated malfunctionings did not halt 
the computer. 

One of the main advantages of an error-detecting code from the coder’s point of view 
is that it not only increases the probability of getting the correct answer to a long 
problem but also separates the problem-preparation errors from the machine malfunc- 
lionings, thus greatly reducing ‘‘debugging”’ troubles. 

These remarks on the value of error-detecting codes may be summarized by: 

1. Ease of maintenance 

2. Reliability of operation 

3. Accuracy of results 
\vrror-correcting codes simply go further along these same lines. 


14.6. ON CHOOSING A REDUNDANT CODE 


The word “noise” occurs frequently in information theory and means roughly all 
those probabilistically governed perturbations which alter signals in transmission. 
Noise’’ is usually ‘“‘added”’ to a signal so that the sum is what is received: 

In computer usage ‘‘noise”’ is more definitely associated with failures and distortions 
of signals. Redundant codes are used to ‘‘combat’’ the noise. 

Intelligent design and choice of a redundant code require a knowledge of the kind of 
noise it is to cope with. It is true that until the computer is running one cannot know 
the ‘‘noise,” but careful study of past experiences plus some good imagination can give 
fair picture of the noise to be expected. 

The realization in actual hardware of a code with its error-detecting and possibly 
eorrecting features must also be considered. Thus the biquinary code has been widely 
ted because of the ease of constructing checking and calculating circuits and in spite 
of the obvious inefficiencies in storage and transmission. 

Another example of inefficient coding that is in actual use because of the ease of 
building the ‘‘hardware”’ is that of forming a rectangular array of the information and 
then bordering it on two adjacent sides with a row and a column of redundant check 
hits. These bits are chosen in each case so as to form a simple parity check on its 
worresponding column or row. Thus the position of a single error is simply given by 
the row and column that fail to check. 

Actually arithmetic itself is somewhat redundant. Thus even with nonredundant 
codes a decimal arithmetic unit can be partially checked by the familiar “casting out 
1's” (or 11’s). In the binary system one may use casting out (2* + 1)’s to check the 
arithmetic unit. 

The purpose the redundant code is to serve must also be considered. In a scientific 
computing center it is usually better to halt a computation than to guess and go on; ina 
inilitary computing center it is usually better to guess than to halt. 

These two features, the kind of noise to be handled and the type of service to be 
rendered, must be considered in any discussion of redundant codes and result in there 
being no simple answer for all situations. 


14.7. THE GEOMETRICAL MODEL 


In all that follows, we shall suppose that, we are given K quantities that are to be 
represented on the computer by K n-digit binary sequences. The code book by means 
of which each of the K quantities is associated with one of the K chosen n-digit binary 
sequences will not concern us here, . Rather, attention will be focused on the chosen 
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binary sequences themselves, and their properties will be studied independently of the 
quantities they represent. It is convenient to call the collection of chosen n-digit 
binary sequences a “‘signaling alphabet of size K’’; the individual sequences will be 
called ‘‘letters’”’ of the signaling alphabet. 
There is a totality of 2" n-digit binary sequences. Each sequence can be regarded 
as specifying a particular vertex of a unit cube in n-space. For example, the sequence 
11010 will be said to specify the point in 5-space whose coordinates are (1,1,0,1,0). 
The 32 possible 5-digit binary sequences specify the 32 vertices of a 5-dimensional cube 
of unit edge length. A particular signaling alphabet of size K then is specified by 
designating K vertices of the unit n cube as letters of the signaling alphabet. 
Consider now the geometrical interpretation of errors made in transmission of a 
letter of a signaling alphabet. If a single error is made, the resulting binary sequene 
differs only in one place from the sent letter. The altered sequence then is represente: 
on the n cube by one of the n vertices that are at a distance of one edge length from the 
transmitted letter. If two errors are made, the resultant sequence lies two edge 
lengths away from the sent letter, etc. To discuss these matters further, it is con 
venient to define the ‘‘distance’’ between two points on the n cube as the minimum 
number of edges that must be traversed to pass by edges from either point to the other. 
In terms of sequences, the distance between two n-digit binary sequences is the number 
of places in which they differ. With this definition we can state that a 7-fold error in 
the transmission of a letter results in a point distant 7 from the sent letter. 
If K = 2", all vertices of the cube are letters of the signaling alphabet. Any altered 
letter is again a possible letter and error detection or correction is impossible. If, hoy 
ever, K is sufficiently small compared with 2”, it may be possible to choose a signalin; 
alphabet so that every two letters are at least distance 2 apart. A single error 
transmission of any letter of the alphabet will result in a point of the cube not desig: 
nated as a letter. Single-error detection is then possible. If all letters are at leas! 
distance 3 apart, single-error correction is possible. For, with such an alphabet, 
single error in transmission will result in a point closer to the sent letter than to an} 
other letter. More generally, if the minimum distance between letters is 2m + 1 of 
more (m a positive integer), all j-fold errors can be corrected, j = 1, 2, 


Necessary conditions on n, K, and m for such alphabets can be found in Refs, 1 
and 13. 
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14.8. DETECTION METHODS 


We have seen that a K-letter signaling alphabet can be regarded as K speci 
designated vertices of the n cube. We have also observed that because of errors 
transmission a sent letter can in general be received as any vertex of the n cube. 
detection scheme is a set of rules that associates various vertices of the cube wi 
vertices designated as letters of the alphabet. It is the set of rules by means of whieh 
one uses the redundancy of the signaling alphabet to combat the expected errors } 
transmission. 

Very little can be said in the general case regarding how to choose a good signalit) 
alphabet and detection scheme. A system good for one type of noise may be poor for 
another type of noise. As asimple example, consider the case K = 2,n = 2. Ifit 
known that transmitted binary digits are disturbed independently with a fixed prob 
bility p that a digit be altered, then the signaling alphabet 00, 11 permits detection of 
a single error. If, however, it is known that successive blocks of two transmitted 
binary digits are either transmitted correctly or else both digits are altered, then a god 
signaling alphabet is 00, 10. The detection scheme 00— 00, 11— 00, 10—» 10, 
01 — 10 which tells how each of the four possible received messages is to be decoded 
permits error-free transmission. 

A situation much studied in information theory, and which may be applicable 
computer work, is the following: Errors in different successive blocks of n transmitt 
binary digits are independent of each other and have a fixed probability distributio 
All j-fold errors in a block of length n have probability pj, j = 0,1, ...,m 
Po>Pi>+++ >pn. Th a K-letter n-digit signaling alphabet is being used, 


. 
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letters of this alphabet are sent with equal probability 1/K. In all probability con- 
siderations that follow in this chapter, it will be assumed that this situation maintains. 

In the case just mentioned, it is possible to describe in a simple manner a detection 
scheme which minimizes the average probability that a transmitted letter be decoded 
incorrectly. Such a decoding scheme is called a ‘‘maximum-likelihood”’ detector. 
‘The 2” vertices of the cube are divided into K sets, Ri, Re, ...,Rx. Set R; consists 
entirely of vertices not closer to any other letter of the alphabet than to the jth letter, 
j =1,2,..., K. When a received vertex is a member of R;, it is decoded as the 
jth letter of the signaling alphabet, 7 = 1, 2, ..., K. 

While the best detector in the above sense is known for a given alphabet, for general 
n and K it is not known how to minimize further the average error probability by 
proper choice of an alphabet. Since there are only finitely many K-letter n-digit 
alphabets, a best one can be found in principle by exhaustive methods. For most 
values of n and K of interest, the number of alphabets is too large for this procedure to 


be practical. For certain special values of n and K to be discussed later, best alphabets 
are known. 


14.9. GROUP ALPHABETS (PARITY-CHECK ALPHABETS) 


Let us define the product of two n-digit binary Sequences 1, dz, . . 
bs, . , bn to be the n-digit binary sequence a BrOyyitracct Oey a5 
the a’s and b’s are 0 or 1 and the + sign means addition modulo 2. 

To date, the most extensively studied binary signaling alphabets are those whose 
letters form an Abelian group under the above-defined law of multiplication. It can 
be shown that the size of such an alphabet is K = 2*, where kis an integer from the set 
0, 1,2, ...,m. We call such a signaling alphabet an (n,k) alphabet. This class of 
alphabets includes the Hamming codes and the Reed-Muller codes. 

A maximum-likelihood detector for an (n,k) alphabet can be constructed simply by 
successively forming the rows of Fig.14.1. Here J = (0,0, SO) Ala sae! 


. , Q and bi, 
, 4, +b, Here 


ae 


So S2A2 S2As SrAp 
S3; S3:A2 S3As S3Au 
S, SyA2 SyAs SyAp 


p= Qn-k he Qk 
Fria. 14.1 


ure the letters of the (n,k) alphabet. Define the weight of an n-digit binary sequence 
(o be the number of 1’s in the sequence. Sj, is an n-digit binary sequence of minimum 
weight not appearing in the first 7 — 1 rows of the table, 7 = 2,3, ... , 2"™-*. Col- 
umn 7 of the table then lists the sequences of the maximum-likelihood detector that 
are in the set R; associated with letter A;. If there are a; entries of weight 7 in the 
lirst column of the table, then the probability that any transmitted letter will be 
decoded correctly is Za;p;. 

It can be shown that every (n,k) alphabet can be constructed in the following man- 
ner: The places (positions) of the letters are divided into two classes: k places (the 
same ones in each letter) are designated as ‘‘information places’’; the remaining n — k 
places are called ‘‘check”’ places. The information places may be occupied by any of 
the 2* k-place binary sequences. The entries in the n — k check positions are fixed 
linear (mod 2) combinations of the entries in the information places. These rules by 
which the entries in the check places are determined are called “parity checks.”’ 
Mxample:in the (5,3) alphabet 00000, 10001, 01101, 00111, 11100, 10110, 01010, 11011, 
places 1, 2, and 4 (numbered from the left) are the information places. If a gen- 
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eral letter of the alphabet is a,a,a;a,a;, the parity-check rules are a3 = a2 + as, 
a5 = ai + a2 + a4. 

The parity-check rules of a given (n,k) alphabet can be used to reduce greatly the 
complexity of instrumenting a maximum-likelihood detection scheme for use with the 
alphabet. The check places of the alphabet are numbered from 1 to n —k. The 
check places of each received (possibly erroneous) letter are examined in order and each 
check place is compared with the value predicted for that check place by the parity- 
check rules. A ‘‘0” is written if the numbers agree; a ‘‘1”’ is written otherwise. The 
resultant (n — k)-place binary sequence is called the ‘‘parity-check sequence”? of the 
received letter. 

It can be shown that all sequences in the jth row of Fig. 14.1 have the same parity- 
check sequence as S;, 7 = 1,2, . .. , 2"-*, (S; = J). Furthermore, no two S’s have 
the same parity-check sequence. A code book of 2"-* entries can therefore be con- 
structed which associates each S with its parity-check sequence. For each receiv 
sequence, the parity-check sequence is formed. The corresponding S is then found in 
the code book and is added (mod 2) to the received sequence. The resultant sequen 
will be a letter of the (n,k) alphabet and is the maximum-likelihood estimate of thi 
transmitted letter. 
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14.10. GENERALIZED HAMMING ALPHABETS 


If n and k are chosen so that n + es 2 ) =f te 3 ") > 2-* — 1 asimple (n,k 


alphabet and maximum-likelihood detector can be described which cannot be excell 
by an alphabet of 2* letters using n-digit binary sequences. That is, no other alpha 
of the same size has a smaller average probability of error per letter. Values of n and 
satisfying this inequality are given in Fig. 14.2. 


n k 
zoe: 4 dee ee 4 AP 
a” G8 Sy n-4,n-3,...,7 
1}, Tsper. 7 BT n-5,n-4,...,M 
28, 20a * 70 Webr7-5, GN 
Thy Faw - ew 3 TO matym=6, 2. .,n 
Ty Boat i eae n-8, n-7,...,7 
Fie. 14.2 


Let n — k =m. Label the information positions by the integers from 1 to k 
label the check positions by the integer from 1 to m. The parity-check rules for 
alphabet can be constructed from a k X m matrix as shown in Fig. 14.3. The rows 
the matrix are labeled by the information-position labels, the columns by the ch 
digit labels. The first row of the table contains m ones. Successive rows of the ma’ 


are obtained by writing down in any order all the ( es) m-place binary sequences 


exactly one 0, then in any order all the (3) m-place binary sequences with exactly 


0’s, etc., until the k X m matrix is complete. Let the element in the ith row and 
column of this matrix be c:;. Let a:a2 - - - a, be the binary sequence in the infor 
tion positions of a letter of the alphabet. Then the jth check digit b; is given by 
parity-check rule 


k 
b; = CijQi 
: t=1 
where the summation is modulo 2 and j = 1,2, ... , m. 


. 
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The matrix of Fig. 14.3 also serves as a code book for the maximum-likelihood detec- 
tor for this alphabet. For each received (possibly erroneous) letter, the parity-check 
symbol is formed as described in Sec. 14.9. That is, the binary sequence fife - - - fm 
is found where 


GENERALIZED HAMMING ALPHABETS 


k 
fi =ej+ y Cijdi 


i=1 


4 Oe een, 


and where d; is the binary symbol in the 7th information position of the received letter 
and e; is the binary symbol in the jth check position of the received letter. If the 


Ly 2 Sed m 
ltl ligt! Need A 
2° 0" pig 42 1 
GL att | 1 
k 
Fic. 14.3 


resultant parity-check symbol fif2 - - - fm is the same as the rth row of the matrix of 
Vig. 14.3, the binary digit in the 7th information place of the received letter should be 
altered. If the parity-check symbol for the received letter is not listed among the 
rows of the matrix and does not contain exactly three 1’s, the binary digits in those 
check places of the received letter should be changed that correspond to the places of 
life ++ + fm that have the binary digit 1. If the parity-check symbol for the received 
letter contains exactly three 1’s and does not appear as a row of the matrix of Fig. 14.3, 
a row of this matrix, say the th, is located that has exactly four 1’s, three of which 
coincide in position with the three 1’s of the parity-check symbol. Let the fourth 1 in 
the ith row of the matrix be in column j. Then in the received letter the ith informa- 
tion place and the ith check place should be altered. 

The alphabets and detector just described correct 2"-* — 1 single errors if 


n>2e*—1. If 2e-* —1 — (* 2 * - (? 3 r} <n < 27-* — I, the alphabets 


correct all (3 single errors and in addition 2"-* — 1 — n double errors. 


A special case of the foregoing alphabets occurs when n and k have the special values 
n=2?—-1,k=n-—-—r,r=1,2,3,.... This was the case originally treated by 
Hamming," and the above alphabets in this case are Hamming single-error-correcting 
alphabets when the information and check places are suitably chosen. In the original 
Hamming alphabet for n = 2” — 1, & = n — 1, the places of each letter are numbered 
from 1 ton. Places 1, 2, 4, 8, . . . , 27-1 are the check places. Unlike the general- 
ized alphabets described above the binary symbol to occupy a given check place is 


Check Positions Positions Checked 
1 Wy Dy By. f6, i Bik ROMA lek oa 
2 a 5,0, 4, LO, CIsie. 26,138,524 
4 A 556; 7,22, Lomi iWl5, 20)... x 
8 S910, LU, DBF 184i 18; 24) 


ee 
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determined as a linear (mod 2) sum of the entries in certain check places as well as of 
the entries in certain information places. The entry in place 2/,j7 =0,1...7r—1, 
is the mod 2 sum of the entries in all places 7 such that the usual binary expansion of 
the integer 7 has a 1 in the (j + 1)st place from the right. Figure 14.4 shows the 
positions checked by the first few check places. Maximum-likelihood detection 
again involves the formation of parity-check sequences. When the parity-check 
sequence is written in reverse order (i.e., the place corresponding to check place 
27! is written leftmost, . . . the place corresponding to check place 1 is written 
rightmost) the resultant sequence is the binary expansion of an integer J from the 
set 0, 1,2, ...,n. Ifl > 0, the entry in the /th place of the received letter should 
be altered: if 1 = 0, all places should be left unaltered. 


14.11. OTHER GROUP ALPHABETS 


There are a number of other values of n and & for which it is known that group 
alphabets exist which cannot be excelled by any other alphabet of the same size. In 
most of these cases, there does not seem to be any very simple rule that associates the 
S’s of the maximum-likelihood detector with the parity-check sequences. In Fig. 14.5, 
parity-check rules for these alphabets are given. The determination of S’s and their 
parity-check sequences can be carried out as indicated in Sec. 14.9. In each case, the 


n=8 n=9 n= 10 n=11 n=n 
k=2 k=4 k=5 k=4 k=1 
Ayal 5134 61345 515 217% 
41 6124 71245 624 31 
52 ree hee 81235 714 41 
6 2 8128 91234 823 : 
fd lap ores 1012345 9134 - @ 
812 10234 
111234 ni 
Fra. 14.5 
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numbers refer to the places of a letter of the alphabet. The first k places are taken to 
be the information places. The numbers listed in a row in Fig. 14.5 give the numbers 
of the places whose entries must sum to zero modulo 2. For example, the parity-check 
rules for the (9,4) alphabet listed are: the entry in the 5th place is the sum mod 2 of the 
entries in the Ist, 3d, and 4th places; the entry in the 6th place is the sum mod 2 of the 
entries in the Ist, 2d, and 4th places; etc. 

The (11,4) alphabet listed corrects all single and all double errors as well as 61 triple 
errors. It may be useful in a computer representing decimal digits in binary form 
since it has 24 = 16 > 10 letters. 

The alphabets whose parity-check rules are given in Fig. 14.6, while not known to be 
unexcelled by any other alphabet of the same size and n value, are known to be unex- 
celled by any (n,k) alphabet when the p; of Sec. 14.8 are given by p; = pi(1 — p)"7, 
7 =0,1,2,...,n,0<p <4. This is the case when transmitted binary digits 
are perturbed independently and have probability p of being altered. The maximum- 
likelihood detector for each alphabet can be constructed as in Sec. 14.9. 


14.12. REED-MULLER ALPHABETS 
The Reed-Muller alphabets are particular (n,k) alphabets for which n = 2”, 


v. 
k= = (oF For each integer value of m and r < m there is one Reed-Muller 
i=0 
alphabet. It is convenient to label the entries in the k information places of a typical 
letter of the alphabet by the symbols ao, ai, da, . . . , Gm, G12, Gis, ~~ » 5 A~n—1)m, 


Qy23, 2 +. 4 Giese+er, » «sy A(m—rt1)(m—rg2):-+m. That is, the a’s are labeled by all 


3 
k= y9) combinations of the integers 1, 2, . . . , m taken 7 or fewer at a time. 
0 


Similarly, it is convenient to label the entries in the check places by bis. orl e1)s 
bios. -r¢r42)) » » « y Oi2-++m. That is, the b’s are labeled by all 2" — k combinations of 
the integers 1,2, ..., mtakenr +1 or more at atime. It will be convenient to 
denote a typical a or 6 with j subscript by aq“ or ba, respectively. Let Ci;" be lor 0 


according as ( a fa 4 is odd or even, respectively. The parity-check rules for the 


Reed-Muller alphabets can then be written 


z 
7 

ba) = Ya cur), ag) (14.12.1) 
i=0 8B 


y=r+i1,r+2,...,m,all possible a. Here all sums are modulo 2 and the 6B sum 
is over all indices @ that are 7-fold combinations of the j integers that comprise the sub- 
script a. For example, if a = 1346, the 8 sum above is, for 7 = 2, 


' . . 
> ag® = dys 4 dig + ie + ss + 6 + Ae 
B 


A maximum-likelihood detector for the Reed-Muller alphabets can be constructed 
as in See. 14.9. The construction of such a detector for large m and r is, however, 
laborious. 

The Reed-Muller alphabets possess the following important feature: In the alphabet 
with parameters m and r, all pairs of letters are separated by a distance of at least 2"~”. 
It is easily shown that this implies for these alphabets that among the S’s of Fig. 14.1 
will be found all n-digit binary sequences having 2"-"~! — Lor fewer ones. A detector 
can be made for the alphabet by writing down the code book that lists these S’s with 
their corresponding parity-check sequences, These latter are readily found from the 
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parity-check rules (14.12.1) above. For each received letter the parity-check sequence 
is computed. If the sequence is in the code book, the corresponding S is added modulo 
2 to the received letter to form the corrected letter. If the parity-check sequence is 
not in the code book, no decision is made. This detector will correct all (2-7-1 — 1)- 
fold or fewer errors in transmission. When more than 2”-’-1 — 1 errors are made in 
transmission, the detector makes no decision. 

The description of the Reed-Muller alphabets given here is considerably different 
from that given in Ref. 27. The detector described in the preceding paragraph gives 
performance equivalent to that described in Ref. 28 and is felt to be much simpler. 


14.18. BOUNDED-DISTANCE DETECTORS 


When all letters of a signaling alphabet are at least distance 2d + 1 apart (d some 
positive integer) a simple detector that corrects up to all d-fold errors can be made by 
associating with each letter all vertices of the n cube that are distance d or less from the 
letter. In general there will be vertices of the cube which are more than d units distant 
from every letter of the alphabet. The detector makes no decision as to what letter 
was sent when such vertices are received sequences. Such detectors are known as 
“‘bounded-distance”’ detectors. An example was given in the last section. 

A bounded-distance detector in general gives poorer performance than a maximum- 
likelihood detector. The justification for their use lies in the fact that they are gener- 
ally of a simpler nature than the maximum-likelihood detector. 

The collection of vertices distant d or less from a given vertex of abe, n cube is called 


“sphere”? of radius d with center at the given vertex. There are a ¢" ) points in 


such asphere. A necessary condition that there exist . K-letter n-digit alphabet wii 


all points at least distance 2d + 1 apart is clearly K y i ‘) < 2". 


n alee & 
For certain values of n and d, it is possible to find K = 2” yi y (") disjoint spher 


of radius d that contain all 2 vertices of the cube. Such an arrangement of spheres 
said to be ‘‘close-packed.’’ The centers of the spheres can be taken as letters of 
signaling alphabet which allows correction of d-fold or fewer errors. The bound 
distance detector and maximum-likelihood detector for such “close-packed” alpha 
coincide. The Hamming single-error-correcting alphabets are of this type. Only o 
other close-packed alphabet is known. It has 2!? letters, n = 23, d = 3. 


14.14. PLOTKIN ALPHABETS 


M. Plotkin!® has worked out much detailed information about the quantity A (n, 
the maximum number of letters possible in an n-digit alphabet with all points at | 
distance | apart. He also gives explicit rules for constructing n-digit alphabets 
K = 8m letters with minimum letter separation 2m. Here n 5 4m, and m can t 
any positive-integral value such that 4m — lisa prime. These alphabets are not 
general group alphabets. No simple detection rule (such as by means of parity chee 
is known for them. Details of their construction can be found in Ref. 19. 


14.15. THE BALSER-SILVERMAN-WAGNER CHANNEL AND DETECTOR 


Balser and Silverman?’ compare the performance obtained on using various 
alphabets for the transmission of binary data under circumstances in which the error 
introduced in a manner quite different from that described in See. 14.8. The de 
scheme used is due to C. A. Wagner. 


‘= 
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Balser and Silverman consider the transmission of binary messages over a band- 
limited electrical channel. A 0 is transmitted as a particular signal 2: of duration 7: 
a Lis transmitted as a signal z2 of duration 7. Ina period of duration 7, a signal y is 
observed at the receiver. From the given noise properties of the channel, it is possible 
to compute p(z;|y), the conditional probability that z; was transmitted knowing that y 
was received,i = 1,2. If yis received and p(a:|y) > p(xoly) the receiver tentatively 
registers a 0; otherwise a 1. The quantities Ap = |p(zxi|y) — p(zely)| are computed 
for each received y and stored for use in correcting digits when the entire n-digit letter 
has been received. 

In the simplest case treated by Balser and Silverman, an (n,n — 1) alphabet is used 

nl 


having the parity-check rule b; = a; where 6; is the check digit and the a’s are the 


I 
information digits. This parity rule is applied to the tentative sequence produced by 
the receiver. If the check is satisfied the tentative sequence is accepted. If the check 
fails, that digit of the tentative sequence is altered for which Ap is smallest. When 
more complicated (n,k) alphabets are used for the initial binary data, the Wagner 
detector uses the stored Ap in a suitably modified manner. 

Reference 27 compares the performance of several different group alphabets both 
when the detector utilizes and when it ignores the stored Ap information. All calcula- 
tions are performed for signals x; and x2 of equal energy and under the assumption of 
additive white Gaussian noise. Comparisons are made for constant-input data rate, 
1.e., for constant rate of information digits. When the Ap information is not utilized, 
detection is by means of bounded-distance detectors rather than maximum-likelihood 
detection. Details of the results found are too lengthy for inclusion here. Generally 
speaking, utilization of the Ap information leads to a decrease in error probability. 
The effect is most pronounced when used on alphabets of small size. 

The general problem of transmitting binary information over a band-limited electri- 
cal channel in the presence of additive white Gaussian noise has been much studied in 
information theory. More details on this channel and the problem of choosing good 
alphabets for it can be found in Ref. 27. 


14.16. THE PROPOSITIONAL CALCULUS* 


The fundamental logical and switching circuits used in digital computers are usually 
devices whose input and output wires have two significant states (e.g., a high and a low 
voltage) and whose output is a logical function of the inputs (e.g., the output voltage 
is high just in case either one input or the other input is high). The synthesis of 
complex circuits out of these building blocks is greatly facilitated by the use of the 
propositional calculus, the two-valued logic of the connectives ‘either . . . or,’’ 
“and.7-noti.etc. 

The calculus contains the following symbols: the propositional variables ‘‘p,’’ ‘‘q,”” 
n?? “3 ete.; the truth values ‘‘true’’ (‘‘1,” ‘t’’) and ‘‘false’”’ (‘‘0,” “‘f’’); and an 
indefinite list of logical connectives, of which the following are the most common: 


Negetubineercectee oe a e ee e a henet Not-p Pp, ~p, p’ 
OConsiaitnniirds is. stated iad unier: Ded gurl p and q P'qapap&e@ 
Inclusive GimguUnOUOn 6.5.0. 6 ce bie Sede doses p or q (or both) pVapta 
Comditional din plication. ecu cceccie tok. see c ocone sd oreranerere If p then q pa 
Kiconditional, equivalence..................... p if and only if q p=a 
!xclusive disjunction, inequivalence............. p or q but not both p#aq 

Gite r eet cece ee RE Not both p and q pla 

Dual ercik TEE Wa DT Pad Oh st 6G Me's ae ee Peake Neither p nor q pla 


Meaningful (well-formed) formulas may be constructed by compounding these 
symbols with parentheses in an intuitively meaningful way; e.g., (pq) V (pq)”’ is an 
* Seetions 14.16 to 14,26 are by Arthur W, Burks, 
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alternative way of expressing exclusive disjunction. Extra parentheses can often be 
dropped by the convention that a negation is weaker than a conjunction and a con- 
junction weaker than a disjunction; e.g., ‘“p V ~qr’’ means “‘[p V ((~q) -7)]’” and 
not “[p V ~(q-r)]” or “[(p V ~q)-r].”? All the logical connectives can be 
expressed in terms of negation and disjunction; or in terms of negation and conjunc- 
tion; or in terms of the stroke alone; or in terms of the dual stroke alone. 

The application of the calculus may be illustrated in connection with the conjunc- 
tion element (gate) of Fig. 14.7. Each input wire is labeled with a variable which is 


interpreted to mean that the labeled wire is activated 
db 
yr 
q 


(high); e.g., ‘‘p’’ is true if the wire labeled ‘‘p” is high, 
Fig. 14.7. 7 = (p-q). 
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otherwise ‘‘p’’ is false. The output wire is labeled with 
the corresponding logical function (‘‘p - q’’) or with another 
variable (‘‘r’’) which is set equal to this function. This 
is the normal interpretation; the dual interpretation, in which 
“true” is associated with a low voltage, may also be used, but confusion results from 


mixing the two interpretations. 


14.17. BOOLEAN ALGEBRA 


The calculus just described is a Boolean algebra. Sometimes the class interpreta- 
tion of Boolean algebra is used in computer work. On this interpretation the symbols 
“\)” (cup) and “(\”’ (cap) represent the operation of class union (sum) and class 
intersection (product), respectively. In so far as these symbols are synonymous with 
disjunction and conjunction they are just alternative notations, but the interpretation 
in terms of class operations is not so simple as the one given here. 

The logical connectives may be defined arithmetically, e.g., 


(pV q) =(p+q—- (XQ) 
(p-q) = (p Xq@) 
D (ep) 


It is usually more convenient to work with the logical symbols directly, but the arith- 
metical representation is sometimes useful for solving logical problems on digital 
computers, 


14.18. TRUTH TABLES 


Of great importance for computer work is the idea of a formula which is true for all 
possible values of the variables; such a formula is called a valid formula or tautology. 

A formula may be tested for validity by evaluating it for all possible values of it# 
variables; e.g., ““p V p” is a tautology since both “0 V 0” and “1 V 1” are true, 
This evaluation may be carried out systematically by means of a truth table. Thus the 
formula at the head of the rightmost column below is a tautology because that column 
consists entirely of 1’s. Every other column has at least one 0 in it; so no other 
formula heading a column is a tautology. 


The columns headed by the two variables (“p” and ‘q’’) contain all the % 
binary numbers, and hence in general an n-variable truth table contains 2" rows: 
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Each row is headed by a specific n-bit binary number giving the particular assignment 
of truth values to the variables for that row. This assignment can also be represented 
by a conjunction of all the variables with the appropriate ones (if any) negated; see 
the leftmost columns in the above table. We shall call such a conjunction a basic 
conjunction. 


14.19. DISJUNCTIVE NORMAL FORMS 


A function which is false for all values of the variables is a contradiction; e.g., 
“n+p.” Tt is clear from an inspection of a truth table that every logical function 
which is not a contradiction is equivalent to a disjunction of those basic conjunctions 
of its variables for which it is true; e.g., ‘‘(pqg)”’ is equivalent to ‘pg V pq V pq.” 
This form is called the (expanded) disjunctive normal form. 

The disjunctive normal form expression of a tautology of n variables will contain all 
2" basic conjunctions of those n variables, and so one method of testing for validity is 
to expand (by using other tautologies) a formula into disjunctive normal form to see if 
this expansion contains all the basic conjunctions. 

For a specific ordering of the basic conjunctions a disjunctive normal form may be 
expressed more briefly by writing the corresponding column of the truth table; e.g., 


“(pq)”? may be expressed by the binary number 1110. For a particular ordering of 
the variables the disjunctive normal form may be expressed arithmetically by using 
the binary numbers which head the rows of the truth table in place of the corresponding 


basic conjunctions; e.g., ‘‘(pqg)’’ is expressed by 00 V 01 V 10. 

The following is an important consequence of the fact that every logical function 
may be expressed in disjunctive normal form. Suppose it is desired to realize an 
arbitrary logical expression A and that there are available wires representing not only 
the variables of A but also the negations of these variables; the latter would be true, 
for example, if the desired circuit were driven by symmetrical flip-flops, or if the 
conjunction elements have inhibitory as well as activating inputs. Under these 
circumstances any logical function A may in principle be exemplified in a circuit 
consisting of conjunctive elements (one for each basic conjunction in the disjunctive 
normal form expansion of A) driving a disjunctive element (with as many inputs as 
there are basic conjunctions in the disjunctive normal form expression of A). It 
should be noted that such a circuit has a depth of two elements; i.e., there are two 
logical elements between each input and the output. Circuits constructed by the use 
of additional logical elements and with a depth greater than 2 may, of course, be more 
economical. 


14.20. TESTING FOR VALIDITY 


It has already been mentioned that one can test a formula for validity by construct- 
ing a truth table for that formula. This procedure is purely routine and hence can 
readily be mechanized. This can be done by connecting up a circuit which realizes 
the formula under investigation, and testing the output of this circuit for all possible 
inputs; or by programming the problem on a general-purpose digital computer; or 
by means of a logic machine which stores the formula and determines its truth value 
for every possible assignment of truth values to the variables.* 

The truth-table method of testing validity is tedious, and impractical for expressions 
with a large number of variables; e.g., for six variables 2° or 64 rows are needed. A 
procedure which relies on ingenuity is generally quicker for the human being (as 
contrasted to a machine). Simple formulas may be tested intuitively, and a list of 
simple tautologies such as the following is easily remembered after a little practice: 


otbie HePMNON is seca eae p=p 

Excluded middle................ pV B (pV fb) = 1 
Contradiction........ceece0 soe (pp) = 0 

Commutation. .....6. 6000000: a». (pq) @ (q" Pp) (pV qa = (aV pn) 
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‘Association frrig.iehaand cn code [p+ (ar)] = [(vq@) - 7] 

IpV @V nIl=[9V Vr] 
DOSE RRR BIST AN eR oa tain te [p: (a V r)] = [pa V pr] 

pV ar] =(@V a): @V r)] 
DeMorgan’s theorem............ (pq) = @V D 

(p V q) = (6a) 
ADBOFDtONE tice & os «nied cots @MV1)= (p-1) =p 


Simplifications... bs uddweiesls ~Vq@=(V ba 
(pq) = [p: @V Q)] 
DmMepncation.. 06.0 ciesdies cae ((p V q)- (r V s)] = (pr V ps V ar V as) 


With a working stock of simple tautologies one can establish other tautologies by 
using the following principles. ; 


Interchange of Equivalents. If A = Bis a tautology, and D results from C by replac- 
ing A by Bin C, then C = Dis a tautology; e.g., by the use of DeMorgan’s theorem 
we can establish that [p - (gr)] = [p- (¢ V A). 

Principle of Substitution. The result of substituting any well-formed formula for a 
variable of a tautology is a tautology; e.g., the result of substituting “rs” for “p” in 
the first form of the law of excluded middle is the tautology ‘“‘rs V (rs).”’ 

Modus ponens. If A > Bisa tautology, and A isa tautology, then Bisa tautology; 
eg., “p _) (q__ p)’” is a tautology and so is “‘r V #,” and by substituting the latter 
for ‘‘p’”’ and using modus ponens we derive the tautology “q > (r V #).”’ For a 
fuller treatment of these methods see any standard textbook in symbolic logic.%%21 


14.21. DUALITY 


Another principle useful for constructing tautologies is a generalization of 
DeMorgan’s theorem called duality. The dual A@ of a formula A is formed by inter+ 
changing the following symbols in pairs: 


1 


~p (and the same for every variable) 
Nw 


Z 
| 


The principle of duality states that the following are tautologies: 


H-i<23e 


A=Ad A = Aa 


Hence if A = B is a tautology so is A¢ = Bé and if A is a tautology so is Aé, 

It is worth noting that a shift from the normal to the dual interpretation of the 
propositional calculus constitutes an interchange of each variable with its dual, and 
hence results in an interchange of dual connectives. Thus applying duality to 

’ 


ris high = (s is high or ¢ is high) 
we get 


ris low = (s is low and t is low) 


since ‘‘~(p # q) = (p = q)” is a tautology. This sometimes is expressed by saying 
that a ‘positive or” is a ‘negative and.” y 

The disjunctive normal form expression of the formula A is a disjunction of the by 
conjunctions for which A is false. The dual A? is a conjunction of disjunctions 
states the conditions under which A is true; it is called the (expanded) conjunct 
normal form of A, Thus, if A is “pq V pq,” A is “pq V pq,” A4 (and hence t 


. 
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conjunctive normal form of A) is ‘‘(p V qg) - (p V @).”’ The conjunctive normal form 
has the same utility as the disjunctive normal form. 

14.22. USING LOGIC TO DESIGN CIRCUITS 


A common design problem is that of constructing a circuit to realize a given formula. 
For example, the sum digit s; and carry-out digit c;_; are the following functions of the 
addend digit a;, augend digit b:, and carry-in digit c;: 


(a; 4b; A ci) (14.22.1) 
(aib: V axe; V bic) (14,22.2) 


si = 
ci) = 
and the problem may be to construct a net to perform these operations. If there are 
circuit building blocks available corresponding to the logical connectives used in the 
formulas then the solution consists of a straightforward interconnection of these 
elements according to the pattern of the formulas; see Fig. 14.8 for a net realizing c;_1, 
where the rightmost element is a disjunction (buffer) circuit. 


Fia. 14.8. Carry circuit. 


Fie. 14.9. Sum circuit. 


There may not, however, be circuit components which directly realize the connec- 
tives used in the formula. Thus we may wish to construct a circuit for (14.22.1) out of 
conjunction and disjunction elements, where the conjunction elements may have 
inhibiting inputs (represented by small circles, see Fig. 14.9) as well as activating 
inputs. In this case the given formula is transformed by any of the afore-mentioned 
techniques into an equivalent one containing only the allowed connectives. Thus it 
may be shown that the disjunctive normal form of s; is 


abit; V aibit: V Gjbicx V asdie: (14.22.3) 
either by the use of the tautology 


(p #q) = (PG V Ba) (14.22.4) 
together with the tautologies previously cited, or by proof of the fact that “pi 4 
Po ps +++ #p,” is true just in case an odd number of the variables are true. 


Whenever there is a one-to-one correspondence between logical connectives and 
available circuit elements it is easy to pass from formula to circuit and vice versa. 
Indeed, formula (14.22.3) and Fig. 14.9 say essentially the same thing, one in logical 
symbols, the other diagrammatically. We shall speak of such transformations from 
logical formulas to diagrams as direct translations. 

Another design problem is the following: Given a net, does it realize a specified 
formula; e.g., does Fig. 14.10 realize ay and e.? A related problem is that. of 
determining whether two nets realize thesame formula, Because of the case with 
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which direct translations between formulas and net diagrams may be made, both these 
problems reduce to the question of whether two formulas A and B are equivalent, i.e. 
whether A = B is a tautology. ey 


Thus a direct translation of Fig. 14.10 gives 


pi = [(ai V bs) - dd] (14.22.5) 
3 = he gfe! - (pics)] (14.22.6) 
Ci-1 = (A,D; cas 
When it is recognized that sat ene. 
(p #9) =IPV q): (PI (14.22.8) 


is a tautology (14.22.5) and (14.22.6) may be quickly reduced to (14.22.1); (14.22.7) 
may be shown equivalent to (14.22.2) by the use of (14.22.4) and other tautologies. 


Fie. 14.10. Adder. 


The nets within the dotted lines of Fig. 14.10 are called half-adders, since two in 
tandem give a full stage of a binary adder (which in turn may be used either sequen- 
tially or in parallel with n — 1 identical units to make a binary adder for an n-bit 
number). Formula (14.22.8) shows that with regard to its upper output a half-adder 
is an inequivalence (4) element. It is worth noting that an inequivalence element 
is also a complementer: if wire a; is inactive (“‘a;” false) then pi = bi, while if a; is 
active (“a;” true) then p; = 6;. 


14.23. MINIMALITY FOR A SINGLE FUNCTION 


; A large class of logical design problems arise out of the need of constructing the 
simplest net corresponding to a given set of functional expressions. If “simple”’ is 
given a logical definition (e.g., in terms of the number of elements, or in terms of the 
number of inputs to elements) these become problems in pure logic. For example, the 
problem of constructing a minimal net realizing the formula A is the logical problem of 
determining which of the formulas equivalent to A has this minimal property. 

A special case of this last problem is of great interest because ‘of the basic impor- 


tance of disjunctive normal form. It arises in the following way: The formula ~ 


“nq V pg vi pq” is equivalent to the formula ‘‘p V pg.” The latter is a disjunction 
of conjunctions, each conjunction being composed of variables from the original 
formula or their negations. It is called a (contracted, as contrasted with expanded) 
disjunctive normal form. “p V @’ isastillsimpler contracted disjunctive normal form 
of the original formula. The problem, roughly put, is to find the simplest disjunctive 
normal form expression of a given formula. 

It often happens that some of the logically possible input conditions to a circuit 
never occur (e.g., in a binary-decimal conversion six of the 4-bit binary numbers may 
never occur), and in such cases it does not matter how the circuit behaves. The 


. 
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minimality problem can then be broadened by saying that a circuit is required which 
realizes the given formula A in all the cases that do occur, and which is minimal. If 
the minimal circuit is a direct translation of B and the conditions which do occur are 
given by C, it is not required that A = B be a tautology but only that CD (A = B) 
is. 

If the formula to be minimized is put into expanded disjunctive normal form it may 
be simplified by replacing two conjunctions by one in accordance with the tautology 


p = (pq V pd) (I) 


where any formula can be substituted for ‘“‘p’’ and the order of the variables is 
immaterial, e.g., 
abd = (abed V abéd) 


Similarly it may be possible to replace four, eight, sixteen, . . . conjunctions by use 
of the tautologies 
p = (pqr V pqF V par V pai) 
p = (pars V pars V pas V pars 
V pars V pars V pgs V pds) 
etc. 


respectively, but clearly these reductions can also be accomplished by repeated applica- 
tions of (I). A common method of solving this particular minimality problem is to 
test systematically for all possible simplifications of this kind, and then make a minimal 
selection from the conjunctions that result. A nonoccurring case (or conjunction) 
may be used to find a simpler conjunction, but it need not be represented in the final 
disjunction. There are many ways of systematizing this simplification process, some 
of which use truth tables,*® or variants of them,!> and others do not.22, The method 
illustrated next is an extension of Quine’s method to cover nonoccurring cases. 
The expression to be minimized is the disjunction of 


abe V (14,23.1) 

abt V (14.23.2) 

abe V (14.23.3) 
with the following cases never occurring: 

abe V (14.23.4) 

abe V (14.23.5) 


Starting with (14.23.1) we compare it successively with the terms following it until 
we can use the tautology ‘“p = (pq V pg).”” Combining (14.23.1) with (14.23.3) and 
(14.23.4), respectively, we get 


ac from (14.23.1) and (14.23.3) (14.23.6) 
be from (14.23.1) and (14.23.4) (14.23.7) 


A check is placed opposite (14.23.1) and (14.23.3) to show that they will not be in the 
minimal formula. (The nonoccurring cases will not be in the minimal formula; so 
they are checked at the outset.) Warning: Comparisons of (14.23.1) with the other 
formulas cannot be stopped after (14.23.6) is found because (14.23.1) may be useful 
again, as it was in finding (14.23.7). Applying the above procedure to (14.23.2) 
we get 


ab from (14.23.2) and (14.23.4) (14.23.8) 
and so we check (14.23.2); (14.23.3) and (14.23.5) give 
ab from (14,23.3) and (14.23.5) (14.23.9) 


(14.23.4) and (14.23.5) give no further simplification, nor does (14.23.6), (14.23.7), 
(14,23,8), or (14,23,9). ; 
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The desired minimal formula is a simplest disjunction of some or all of the unchecked 
formulas [these are (14.23.6), (14.23.7), (14.23.8), and (14.23.9) in our example] which 
is equivalent to the original formula [in our example this is the disjunction of (14.23.1), 
(14.23.2), and (14.23.3)]. If a basic conjunction of the original formula is unchecked 
(this case does not occur in our example) it will appear in the final formula, while if 
it is checked some unchecked formula derived from it must appear. Since (14.23.6) 
was derived from (14.23.1) and (14.23.3), while (14.23.8) was derived from (14.23.2), 
“Gc V ab” is the minimal formula in our example. 

If the formula to be minimized is given in contracted disjunctive normal form it 
must be transformed into its expanded disjunctive normal form before the foregoing 
technique is applicable. Quine has devised a method in which this expansion is 
unnecessary.?° It is a useful method but not always superior to the one just illustrated 
because in some cases the easiest way to find which of the unchecked formulas are to be 
used in the minimal expression involves expanding the given expression into expanded 
disjunctive normal form. As formulated, Quine’s method is not applicable to prob- 
lems with nonoccurring cases, but it may be extended to this type of problem by 
combining it with the method illustrated above (with some modifications of each).1¢ 


14.24. COMPLETE DECODING NETS 


A complete decoding net is a net with input wires for n variables “‘p;”, . . . , 
(and their negations) and with 2 output wires, each realizing one of the 2* basic 
conjunctions of these n variables. Such a circuit completely decodes the n-bit input 
word in the sense that for each word exactly one output wire is active; for example, it 
decodes a 12-bit address into 4,096 separate output wires, exactly one of which is 
activated for each different address. It follows from the fact that every logical func- 
tion has an expanded disjunctive normal form that any function of the variables 
“93”, . « » , “pn”? can be formed by disjoining (through a disjunction element) the 
appropriate outputs of the complete decoding net. 


{ 


“ce ” 
in 


Fig. 14.11. Multiplicative switch. 


There are a number of systematic ways of constructing complete decoding nets. All 
these use the multiplicative switch as a building block. Figure 14.11 shows a multi- 
plicative switch with bracketed input sets of two and four wires, and Fig. 14.12 is a box 
abbreviating it. Figures 14.11 and 14.12 are of dimensions “2 by 4.” A multi 
plicative switch has bracketed sets (dimensions) of 71, 42, . . . , Zn input wires (4; = 2, 
tg = 4 in Fig. 14.11) and 1; X iz X ... Xd, conjunction elements (i; X 72 = 8 in 
Fig. 14.11) each with n input wires (n = 2 in Fig. 14.11). A given conjunction ele« 
ment is connected to exactly one wire of each bracketed set, and no two conjunction 
elements are connected in the same way. 

An exponential switch for n variables is a multiplicative switch with n bracketed sets 
of two input wires each. Sce Fig. 14.13, which is a 2 by 2 by 2 switch. \ 

A tree for n variables is a sequence of n — 1 multiplicative switches of dimensions 
(input sets) 2 by 2, 2 by 4,2 by 8, : . . , 2 by 2"—1, each switch driving its successor in 
the way illustrated in Fig. 14.14. 
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{ 


Fra. 14.12. Simplified representation of a multiplicative switch. 


000 001 010 011 100 101 110 111 
pgr par par par par par par par 


Fic, 14.13, Exponential switch. 


2] pars 


r{ 


1 
3 
rs} 
3 


par 

- of 
q —_ 
r _ pars 
7 


Fia. 14.14. Tree. Fig. 14.15. Balanced multiplicative switch. 


A balanced multiplicative switch net for four variables is illustrated in Fig. 14.15. 
A precise definition is complicated, but the construction procedure for a complete 
decoding net of n variables is roughly as follows: The final multiplicative switch has 
two bracketed input sets; if n is even these are each of 2”/? input wires, while if m is 

n+1 n=l 
odd they are of 2% and 2 # input.wires, respectively, This switch is in turn driven 


by two awitehes each of which is balanced (or nearly balanced) in a similar manner, 
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14.25. MINIMALITY FOR COMPLETE DECODING NETS 


The engineer is often faced with the problem of finding a minimal circuit of more 
than one output. The solution of this problem is not in general the sum of the solu- 
tions of the constituent one-output problems since two or more outputs can use the 
same circuits in common; e.g., in Fig. 14.15 the pq input to the final switch is used in 
the four outputs pgrs, pqrs, pqrs, pars. 

A useful economy criterion for complete decoding circuits is the element-input count, 
the number of (element) input wires of the net. This is 24 for Fig. 14.13, since there 
are 8 conjunction elements of 3 inputs each. For a standard way of constructing 
these nets out of crystal diodes the element-input count equals the number of diodes.! 

The element-input count of exponential switches is given by n2” and that of trees 
by 2"*2 — 8. The element-input count for small balanced multiplicative switch nets 


is given in the table below, and the count C (n) for larger n can be derived from these 
by the recursion 


C(m) = 2-41 + C([n/2]) + C ({*=*)) 


where “‘[z]” means “the integral part of x.” It has been proved that the balanced 
Nl 


‘ : Balanced 
wantae waa ea Tree multiplicative 
switch net 
2 8 8 8 
3 24 24 24 
4 64 56 48 
5 160 120 96 


a 


multiplicative switch net is a minimal circuit out of all possible complete decoding 
circuits constructed from conjunction elements.® 

Minimality is not the only utility criterion of a net. Thus an exponential switch 
may be preferred because it has an element depth of only one and hence may be faster 
than the balanced switch, or a tree may be preferred because it is especially adapted to 
the available circuit elements (e.g., relays). The load on the input wires of a tree 
may be balanced by a process called “folding.’’6 


14.26. NETS WITH DELAYS 


The propositional calculus must be extended for the analysis of circuits with memory 
or time delays. This may be done by adding to each variable (e.g., ““f’’) a subscript 
“t” for time (giving “‘f/?). “¢” ranges over the nonnegative integers and “‘f,” is true 
just in case the wire labeled “f”’ is active at time ¢. 


A single additional element, the delay element, is needed to represent memory 


circuits.? Its operation is symbolized by the delay operator “D,” which is defined 
recursively by (see Fig. 14.16) s : 


ED To200 
eres (ers 


Other operators may be defined by means of this and the logical connectives. Thus 
operator ‘‘A,’’ meaning ‘‘has been activated,” is defined by 


Sf = Ah, = Dh V fo) 
Wes, to =0 and Seas = (he V te) 


and the corresponding net is shown in Fig. 14.16. 
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Quantifiers may also be used. The behavior of f; of Fig. 14.16 is given by the 
formula 
fi = (Ax) (@ <t- hz) 


which means ‘‘f is energized at time ¢ just in case there is a time 2, earlier than ¢, at 
which h was activated.” 


h ? | g, 7 if Flop 


Fia. 14.16. Delay circuit. 


Flip 


Fic, 14.17. Flip-flop. 


Though the delay symbol is derived from delay-line memory devices, the logical 
behavior of static memory devices can also be represented by its use. Thus a flip-flop 
can be represented by the diagram of Fig. 14.17. 
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A computer may do nearly 100,000 arithmetic operations per second, and a problem 
that may run for a week is not unusual. This is approximately 15 X 10° arithmetic 
operations. Each arithmetical operation probably involves at least 300 logical events. 
Therefore, in order to obtain correct answers something on the order of 101° logical 
events must all happen correctly. This requires. very careful design of the individual 
circuits, The general result of these requirements is that digital-computer circuits 
have been designed to operate in one of two states. That is, each individual circuit 


in cither “on” or “off,” except during a transition period, 


16-1 


15-2 


This situation has naturally led to the design of digital computers operating in the 
binary number system. There are other advantages in the binary number system, 
For example, the arithmetic circuit is simpler and the memory space is used more 
efficiently. 
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Table 15.1. Binary, Octal, and Hexadecimal Representation of Integers 


Hexa- 
Decimal Binary Octal Octal Hexa- decimal 
; , ; repre- decimal 
integer representation grouping mentation grouping repre- 
sentation 
0 00000000000 000 000 000 000 0000 0000 0000 0000 000 
1 00000000001 000 000 000 001 0001 0000 0000 0001 001 
5 00000000101 000 000 000 101 0005 0000 0000 0101 005 
7 00000000111 000 000 000 111 0007 0000 0000 0111 007 
8 00000001000 000 000 001 000 0010 0000 0000 1000 008 
10 00000001010 000 000 001 010 0012 0000 0000 1010 00u 
15 00000001111 000 000 001 111 0017 0000 0000 1111 00z 
16 00000010000 000 000 010 000 0020 0000 0001 0000 010 
35 00000100011 000 000 100 011 0043 0000 0010 0011 023 
105 00001101001 000 001 101 001 0151 0000 0110 1001 069 


“Sl Gt SORES To Tle Pattee St a Ree ee hee rae e caieee) ae 
On the other hand, the large number of characters needed to represent numbers 
reasonable size makes it difficult for individuals to write and understand bin 
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The simplicity of the binary number system is even more striking when one considers 
multiplication of binary numbers. In each position the multiplicand is either added 
or not added. In division at each position the divisor divides the numerator either 
once or not at all. These features make the electronic circuitry much simpler than 
for decimal-arithmetic circuits. 


THE HEXADECIMAL NUMBER SYSTEM 


15.2. THE OCTAL NUMBER SYSTEM 


The binary bits of a number may be considered in groups of three, and other symbols 
may be used to represent the eight different combinations that can occur. Usually, 
the groups are interpreted as binary integers and the corresponding decimal digits are 
used. Thus, the binary number 101100.011 would be written as 54.3, which stands 
for the decimal number 443g. The digit-by-digit addition and multiplication tables 
for the octal number system are given in Table 15.3. 


Table 15.3a. Octal Addition Table 15.36. Octal Multiplication 


numbers. For this reason radices related to the binary system have been used. M 
binary computers have a mode of input and output which uses the octal (radix 8) 
the hexadecimal (radix 16) number systems. This grouping of binary bits is ill 
trated in Table 15.1. { 


15.1. THE BINARY NUMBER SYSTEM 


The binary number system uses two digits or characters called “zero” and ‘“on@ 
and a positional notation analogous to the decimal number system. Successi 


Table 15.2a. Binary Addition of Digits 


0 1 
0 0 1 
i 1 6-16 


0 pI 

—— . 
0 0 0 
i 0 1 


positions correspond to successive powers of 2. For example, 11010.101 m 
1X 2441 -X.28 + 0% 27 + 1X 2 0 X20 1 Xo 0 
Table 15.2a gives an addition table for binary digits. The sum of two binary digi 
at most ‘‘two,”’ which is written as 10(1 X 2! +0 X 2°). Table 15.2) gives 
product for pairs of binary digits. Contrast this with the decimal multiplication tw 
one learns in grade school. 


Oj! ker QecSetAy ads of ST 7 Of Viet A eee Sn Dy eG; 
0 ees aaa: 5 REY Sees mY 0 O00” (0 10 sO oO? NOS <6: 
1 1 82 Oe a, Crowes PLO 1 OCI 2 Se 4 6b OF 
2 Be IS eB ee Oe AL 2 02 4 6 10) 12) 4s 16 
3 Sa” Been, pee ea whe 3 OF BP IG. A 4 Neo 27425 
4 2° SUNG 8F SEO) PDEA ale. 4 0 4 10 14 20 24 30 34 
5 SEG 1 NTO Ms Lanes UA 5 0 6 12 17 24 31 36 43 
6 Cin S100 TL) aD oT: 14 TLS 6 0 6 14 22 30 36 44 52 
7 2 10) 92, 129 SBE LOPS 7 O 7 16 25 34 43 52 61 


The advantage of the octal system compared with the binary system is that it gives 
. more compact representation of numbers. ‘The octal grouping of the binary bits 
usually occurs only during input and output; so there is no added complication of 
arithmetic circuits. 


15.3. THE HEXADECIMAL NUMBER SYSTEM 


If the bits of a binary number are considered in groups of four a compact notation is 
obtained. In this case the base is 16 and 16 symbols are required to represent the 


Table 15.4. Hexadecimal Multiplication Table 


0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
2 3 4 5 6 7 8 9 uU v w F y z 

4 6 8 u w Ge lOe 12 14 gil@o LBA) Mee eltan Ly 

6 9 w z 12 15 18 Ie ly eh. 24: 27° Oa. De 

8 w 10 14 18 lw 20 24 28 2w 30 34 38 3w 

u edit AD Ley 23 28 2Q@ BI SYS Sti iAd. 46 4v 

w 12. 18 ly 24 2u 30 36 3w 42 48 4y 54 6u 

wis Aw ‘Zo fu “St 86 -33° 48 de SE Be ORL 

TOF 2S “20228? 630)" 38) 40) 48°60) 858%) BO VBS) 7Oear7e: 


lu 27 34 41 4y 5v 68 75 82 82 Ow ud v6 w3 
lw 2u 388 46 54 62 70 Ty 8w Q9u u8& v6 wd 22 
ly 2 3w 40 bu 69 78 87 96 wb v4 w3 22 yt 


et etec te cowsSsHsft wwe 
ececcecoosoocosoo 
BEBE ese owma sek wWNHHO 
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digits in any position. The digits zero through nine are used in their usual sense and 
the other six digits have been represented by the letters u, v, w, x, y, and z or by a, b, ¢, 
d,e,andf. Both the addition table and the multiplication table (see Table 15.4) have 
become more formidable now. ‘The arithmetic may all still be done in the binary 
number system, and on input and output translation can be made automatic, so 
perhaps only the service engineer will ever have occasion to do arithmetic in this 
number system. : 

The hexadecimal system requires six extra characters. On the other hand, the 
input and output equipment must usually handle decimal digits. It takes at least 
four binary digits to represent the decimal digits 0,1, . . . , 9 (three, as shown above, 
can represent only the digits 0, 1,2, ..., 7). Thus, if decimal input and output i 
required it takes relatively little more to have hexadecimal input and output. 


DIGITAL-COMPUTER ARITHMETIC 


15.4. TERNARY NUMBER SYSTEMS 


Ternary (base three) number systems have been proposed but have not been 
very extensively. A base three computer called SETUN was put into operation al 
the University of Moscow, U.S.S.R., in 1959. This computer uses two binary eli 
ments to store each ternary digit. 


15.5. REPRESENTATION OF DECIMAL DIGITS 


In order to attain maximum reliability and consequent maximum error-free co: 
putation runs most digital computers have been designed out of component circuil 
with only two states. This has required that decimal digits be represented by 


Table 15.5. Binary-decimal Coding 


| | 
Binary | Gocinral | three | 1242" | sordechmal 
code code ren 
code code | digits 
0000 0 esis 0 10000 10 
0001 1 +a 1 01000 10 
0010 2 ans 2 00100 10 
0011 3 0 3 00010 10 
0100 4 1 4 00001 10 
0101 5 2 oe 10000 01 
0110 6 3 01000 01 
0111 ? 4 00100 01 
1000 8 5 | 00010 O1 
1001 9 6 = } 00001 01 
1010 share vf Ree Pe 
1011 8 | 
1100 9 61} 
1101 os a 
1110 site ro, 8 
1111 Fe. +, ot 9 


’ 

combination of binary digits or bits. In order to give 10 different digits it is neces: 
to use at least 4 bits. However, 4 bits can represent 16 different symbols, and 
usually results in an inefficient use of the memory in the computer. In some sys 
the six unused codes may serve some purpose, for example, detection of errors; so t 
may not represent a total loss. 

In some computers more than 4 bits have been used to represent the decimal d 
The extra redundancy makes possible checking, and even error correction. 

The number of ways that the sixteen 4-bit codes can be assigned to represent 
ten decimal digits is on the order of 10! (;6P 10). Obviously very few of these 
have been investigated for their merits. The characteristics that affect a decision 


. 
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(1) simplicity of the arithmetic circuits, (2) the ease of handling negative numbers 
(complementation), and (3) decoding and encoding in the terminal equipment. 

The coding systems in most extensive use are the (1) simple binary, (2) the excess- 
three binary, and the 1242’ system. These systems are all shown in Table 15.5. 
Note that in these three systems the codes are assigned sequentially with respect to 
the binary numbers but the gap of six occurs at different positions. 

Another widely used system for binary representation of decimal digits is the 
biquinary system. Here 7 bits are used to represent each decimal digit. The 7 bits 
are divided into two groups of two and five; the bits in the group of two represent 0 
or 5, and the bits in the group of five represent the digits 0, 1, 2, 3, and 4. Thus each 
decimal digit is represented by exactly 1 bit being present in each group. See Table 
15.5. 


NOTATION AND SYMBOLS 


15.6. NOTATION AND SYMBOLS 


Before embarking upon the description of binary-arithmetic circuits a uniform 
notation and set of symbols will be described. The following discussion will be in 
terms of static flip-flops. An analogous description in terms 


of dynamic flip-flops could easily be done. A et A) 
15.6.1. Flip-flop Notation. Figure 15.1 shows a static 

flip-flop with two outputs and two inputs. If the flip-flop is 

called A then the two outputs are called A and nA (read 

“A” and “not A”). The two inputs are the set input and 

the reset input. The flip-flop is in the ‘‘true’’ state or “1” as ye 

state if the output A is at a high potential and nA is at a (set) (reset) 


low potential. The flip-flop is said to be in the ‘‘false’’ state 
or 0”? state if nA is high and A is low. 

After a signal has been received on the set input, A is high and mA is low; that is, 
the flip-flop is in the 1 state. Likewise, a signal on the reset input puts the flip-flop 
into the 0 state. 

As mentioned in the section on flip-flops, there can be a third input to the flip-flop 
which will cause it to change its state. Such inputs are more critical in operation; so 
they will not be used in the circuits discussed here. 

15.6.2. AND-gate Notation. Figure 15.2 shows a three-input aNp gate. If the 
inputs are labeled A, B, and C, and the output D, then the operation of the circuit can 
be expressed by the Boolean equation D = A-B-C. That is, if A, B, and C are 
high (=1), then D is high (=1). On the other hand, if one or more of the inputs is 
low (=0), then D = 0. 


Fia. 15.1. Flip-flop. 


A nA 


A ay 
B D 
Cc Ay A 


"1G. 15.2. AND gate. Vic. 15.3. or gate. lie. 15.4. Inverter. 


In the logical circuitry discussed here no attention will be paid to loading or fre- 
(juency response; so AND gates with any number of inputs will be allowed. 

16.6.3. OR-gate Notation. Figure 15.3 shows a four-input or gate. If the inputs 
ure called Ay, Ag, As, and A, and the output is B, then the effect of the circuit is 
given by the Boolean equation B = A, + A: + A; + Ay. That is, if any input is 
high (=1), then the output is high (=1). 

From the logical point of view there is no limit to the number of inputs for each 
logical circuit and there is no limit to the length of chains of ANp gates and or gates, 
In practice, loading considerations and frequency response limit. this. 

16.6.4, Inverters. In many situations it is convenient to derive the false signal 
from the true signal or vice versa, Figure 15.4 shows an inyerter which is similar to 
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the flip-flop in that it has true and false outputs but only one input. If the inverter is 
labeled A and there is a signal on the input (the input is high or equal to 1), then A is 
high and 7A is low (equal to 1 and 0, respectively). If the input is low, then A is low 
(false, or equal to 0), and 7A is high. 

In practice, inverters may also be used to restore proper d-c levels in the circuitry. 
Frequently a schmidt-trigger circuit is used. 

15.6.5. Pulse Designations. Clock Pulse. In this section the clock pulse is the 
basic timing pulse of the system. It will be assumed to be a continuous equally 
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One word 
Fig, 15.5. Pulse designations. 


spaced pulse train. Generally it will be the highest pulse frequency occurring in the 
system. In some cases it will be necessary to consider several phases of clock pulses; 
these will be referred to as CP,, CP», etc. 
In serial systems the clock pulses CP will be divided into equal groups and referred 
to as words. The kth pulse in any word group will be referred to as Py. Thus the 
first pulse is P; and the last pulse will be called HWP (end-of-word pulse). Figure 
15.5 shows the relative timing of pulses in a serial system. , 
15.6.6. Delay Lines. In high-frequency pulse systems compensating delays ne 
be required to make circuits operate reliably. In this section such considerations will 
be ignored and only those delays that are logically necessary will be considered, 
Figure 15.6 shows a delay-line symbol. The letter alongside the delay line denotes the 
amount of delay in terms of clock pulses. Fractional values of delay are permissible. 
If P(t) denotes the pulse train occurring at t 

k input A at time t, then P(t — k) will appear 
Aa—>L_+—> B at the output B of a delay line of length k clock 


. pulses. 
Fie. 15.6. Delay line. 15.6.7. Timing Considerations. In order to 


ignore frequency response of circuits and com- 
pensating delays mentioned above, the response of chains of AND gates, oR gatos, 
and inverters will be assumed to be instantaneous. If a flip-flop changes state 
then its outputs are effective in their new configuration not earlier than one clock+ 
pulse interval later. That is, there is a deliberate delay between the input and output 
of flip-flops so that transitions occurring at one clock-pulse time will not have efleat 
until the following clock pulse. 


15.7. COUNTERS 


Figure 15.7 shows a four-stage static binary counter. Note that all gates are quall- 
fied by the clock pulse CP; so no flip-flop will change its state, except at the clock time. 
The CP is also the input to the counter, so that it goes through its various configura~ 
tions every 16 clock times. 

The counter is completely described from the logical point of view by either the 
diagram or the equations (Fig. 15.7). 

The techniques of logical design will be utilized to modify the above counter 16 
become a decimal counter. That is, the counter must reset after 10 counts instead 
after 16. 

15.7.1. A Decimal Counter. Table 15.6 shows the set and reset signals for both 
binary counter and for a decimal counter. The 0’s mean no signal, 1’s mean 
pulse, and the X means that it does not matter. This last comes from the faet that if 


. 


all the above equations, 
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flip-flop is in the reset state another reset signal causes no change. This is true in 
actual practice since any transients introduced by trying to reset a flip-flop already in 
the reset state will die out by the next clock-pulse time. 


COUNTERS 


Table 15.6. The Set and Reset Signals for a Four-stage Binary and a Four-stage 
Decimal Counter 


Binary counter Decimal counter Simplified 

ABCD 

As| Ar| Bs| Br| Cs| Cr| Ds| Dr| As| Ar| Bs| Br| Cs| Cr| Ds| Dr| Bs| Br| Ds| Dr 
0000 TOT OA | Ole 1 Oy kel ae Loo Ota ao ek | OL aT On Or tee 
1000 OPT LO PO TOP [OE LOMO rex (Oy aS PL hes horas 
0100 DO) |] Oe] Oe |e Oe Df Ot 0) 0: eX OP Oso e GHEE G: 
1100 Od TOS DO Oe Oat as Ss | ated i Ora], kot Os 2 Aull af 
0010 By} iQ | 0) | eo] Or O ee er rOrree Exe ee OO] XO] O16) | 0 
1010 OF ea Lst 0 el OO.) ee Owl Sr Ort maleOu ie Oe exe el Oot OulO 
0110 Poe x | OF} x OO |x| a] 0) lee Got ae Tee | exe dO | 0 17" |O 
1110 ORL HO Pa OL Ts OT OO Tes) AO ee OO a ey Ae 
0001 1. 200] NOME [Oe hey Oe NOR aOR eee OnkO 4 OF /rOred 
1001 Oped pr Diy Ov Om ReieReaeOvpcOwledes On ewe O! pea eO ed: 4 Os] Os Ohad 
0101 Dh} Oe] er Oe Orakei Tekh Wed ok Ine ks | O.| OF | Opie): 
1101 O: ji Dente Oukrilic Piet Oi seul Gol ke Ke Ree ee x Ou Oued 
0011 We 0. Qt Xone: BOD thin | Op Weegee beaded |) Oe elem Ae tucked | xO) Out.O 
1011 Oe Lah ef Oe ake | dpe Gd | aed aes sake eee poke Tek On rte Gs 
0111 DO) || Se OO eX: NCO) Meese eo Re lea |e | Xe Ov Oe |On] 0 
1111 OD Of LO DO] LT Pte Mel Res et] RM oe | OO 2 fed 70 


Referring to Table 15.6, observe that the set and reset signals are the same in the 
two cases for counts 0 through 8. Since states 10 through 15 cannot occur in the 
decimal counter all these positions are marked with X’s. The signals for flip-flops A 
and C are the same, even for count 9. Therefore, to make a decimal counter only the 


D,=A:B:C:nD:CP 
D,=A:+B:C:D-CP 


A,=nA-CP 
A,=A:CP 


B;=A+nB+CP C,=A:B+nC:CP 
B,=A:B:CP C,=A:B:C:CP 
Fie. 15.7. A four-stage binary counter. 


logic for the inputs to flip-flops B and D must be changed. The complete equations 
for the ‘inputs to B and D are (1) Bs =A-nb-nC-nD+A-+nB-C-nD, 
(2) Br=A+B-nC-nD+A+B-C-nD, (8) Ds =A-+B-C-nD, and (4) 
Dr «= A-nB-nC-+D. By replacing some of the X’s by 1’s these equations can 
be simplified to (a2) Bs = A-nB-+nD, (b) Br = A-B, (c) Dp = A+ B-C, (d) 
Dr = A+ nC, To simplify the presentation the clock pulses have been omitted from 
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15.8. SERIAL AND PARALLEL HANDLING OF INFORMATION 


The simpler digital computers handle information in the form of pulse trains on 
single leads. In this type of system the minimum time to process a number is the 
number of clock-pulse times that correspond to the length of the number. In order 
to attain higher speed parallel channels have been used up to the point where there is a 
separate channel for each binary position in the numbers. Such a parallel system is 
substantially faster but also involves much more equipment. For example, a parallel 
system may have forty binary adders in the arithmetic circuits whereas a serial 
machine will have only one adder. 

This section considers serial circuits first, parallel circuits second, and serial-parallel 
combinations third. The static counter of Sec. 15.7 counts pulses arriving on 
single channel but has a flip-flop for each binary position in the number; so it is ess 
tially a parallel device. In the next section a binary counter will be considered which 
is not parallel. 


16.9. A SERIAL HALF-ADDER 


Figure 15.8 shows the diagram of a serial half-adder. Given any binary number ( 
any length) arriving on lead N the output S is a number one unit larger provid 
there was a signal on the count input during the first pulse position of the number, 
This is called a half-adder, since two such circuits can be used as a complete bi 
adder. 

If counting is to occur the flip-flop C must be set during the first pulse period of t 
number NV. Simple analysis will show that if the first bit of N (least significant bit) 


S=N:nC+nN-C 
C, = Count input CP 
C,=nN-CP 


C (count input): Symbol 


Fia. 15.8. Serial half-adder. 


a 1 the sum digit should be a 0, and the carry flip-flop C should remain set. In fi 
the operation of the counter can be specified by the following truth table: é 
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or by the equations 

S=N-nC+nN-C 

Cr =nN 


In subsequent sections it may be necessary to have half-adders in the circuitry. In 
such cases they may be represented by a simpler symbol as shown in the lower right- 
hand corner of Fig. 15.8. 


15.10. SERIAL BINARY ADDERS 


Another information input can be combined with the half-adder circuit of Fig. 15.8 
to produce the binary adder of Fig. 15.9. The truth table is as follows: 


A B C. S Ga | Cr 


Re orroores 
a) 
ll el el el — = 
COCO MMH 


HOCORKRHO 
Mir OOCCO 


Fra, 16.9, Serial binary adder, 
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The concept of carry suppression is introduced here, although it will not be needed 
until negative numbers are considered. Carry suppression is obtained by resetting 
the carry flip-flop at the end of the number (HWP time). The equations specifying 
the operation of the adder are 


SenA-nB-C+A-nB-nC+nA-:B-nC+A-B-C 
Cs = A-B-nEWP -CP 
Cr =nA-nB-CP + EWP 


An alternate approach to a serial binary adder is shown in Fig. 15.10. Here, for 
given clock frequency, the circuits must respond substantially faster but there is less 


Shift CPN, NCP, Symbol 


Shift pulse ie-: ee OO Se’ 1h ee 


Fia. 15.10. Shifting serial binary adder. 


total equipment involved. Starting with the shift pulse the carry digit is transferred 
from flip-flop C to flip-flop A, and the answer is transferred from A to S. Now thé 
circuit is a two-stage binary counter with the incoming carry already in A. Digits Ny 
and Ne arrive over the same channel at different times and produce a maximut 
count of 3 in the two flip-flops. A shift pulse brings out the answer digit and the 
cycle starts for the next more significant position. 


15.11. SERIAL REGISTERS AND ACCUMULATORS 


Information may be stored in a delay line by having amplifiers and pulse-reshapl 
circuits in the circulation loop. A logical circuit showing input, clear, and out 


. 
. 
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terminals is shown in Fig. 15.116. The delay line may be of any length. As part of 
the main memory of the computer it may store several words (even more than 100 
words in some cases), or it may store only one word or number. Such a memory 
unit which stores one or two words or numbers will be called a register. 

A binary adder may be included in the recirculation loop, and the register becomes 
an accumulator (see Fig. 15.1la). Since the length of the delay line is immaterial 
several different numbers may be added in the same accumulator without interference, 


Input Output 


(a) 
Output 
k 
N 
Input 
Clear k 
(d) Saped 


Symbol 


Fre. 15.1la. An accumulator. 
Fig. 15.116. Register. 


provided that the numbers are positive. The next section considers negative num- 
bers. Then an accumulator which will handle positive and negative numbers will be 
presented. 


16.12. NEGATIVE NUMBERS 


In most computers negative numbers are handled in complementary form. In 
decimal computers the complements may be with respect to either 10# or to 10* — 1 
where there are k digits in the numbers. These two complements are referred to as 
the 10’s and 9’s complements, respectively. Likewise, in the binary number system, 
complements with respect to 2* or with respect to 2* — 1 are used. Similar to the 
decimal terminology these are called 2’s and 1’s complements. 

If negative numbers are handled as either 10’s or 2’s (depending on the number base) 
the positive and negative numbers may be added using the normal rules for addition. 
Furthermore, ordinary adders such as those described in Sec. 15.10 will add positive 
and negative numbers, provided that carry is suppressed at the end of the word 
(number). 

\’s or 9’s complements may be used to represent negative numbers, and the above 
statements are true provided the carry out of the most significant position is added 
into the least significant position. This process is called “‘end-around carry.” With- 
out carry suppression this end-around carry can be made to happen automatically 
in an accumulator such as that shown in Fig. 15.11a. 

Figure 15.12 shows a binary complementing circuit. If the number arriving at the 
complementer is called N the signal nN is the 1’s complement. To obtain the 2’s 
complement unity must be added to this number, Another method of obtaining the 
result is to start the 1’s complementing of N after the first nonzero digit, The circuit 


of Wig. 15.12 is hased upon this rule, : 
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15.13. A SERIAL BINARY ACCUMULATOR 


Making use of the circuits described above, an accumulator may be constructed 


which is capable of doing addition and subtraction of signed numbers. Such a circuit. 


is shown in Fig. 15.13. There is an input for the numbers WN and output S and four 
“command” lines which control the activity of the accumulator. 


Subtract 


Add 


Clear and 
add 


Clear and 
subtract 


Numerical example 


Point in Commands 


circuit Clear and add Clear and subtract 


Fie, 15.13. Serial binary accumulator. 


The susprract and the CLEAR-AND-SUBTRACT signals open the gate which 
the incoming information to flow through the complementer. The app and 
CLEAR-AND-ADD signals open the gate which allows WN to pass directly to the 
Both clear signals pass through the inverter and operate the clear gate, which 
the recirculation loop of the accumulator. The delay line stores /& digits, and 
assumed that there is carry suppression (or end-around carry) in the adder and 


. 
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ting of the complementer occurs at the proper times. That is to say, it is assumed 
that EWP comes every kth clock pulse and that any numbers N to be added or sub- 
tracted arrive in the right phase. 

An actual example with k = 5 is given on the bottom of Fig. 15.13 for the four 
possible commands. The binary bits listed are those that pass the corresponding 
point in the circuit during one word time. The number in the accumulator register 
can be interpreted as the integer 11 and the number N as the integer 10. Likewise, 
they could be interpreted as the fractions 134» and 1%p. 

The point N can be visualized as the terminal labeled “output” in the circuits of 
Fig. 15.11a or b. 


15.14. SERIAL BINARY MULTIPLICATION 


The binary multiplication table is much simpler than the decimal table (cf. Table 
15.2b). Since the digits are either 0 or 1, the product of two digits is 0, unless both are 
1, in which case the product is 1. The simplest multiplication circuits are those 
which multiply by repeated addition. Consider the following example showing the 
multiplication of 5 (0101) by 6 (0110): 


0110 
0101 
0110 
0000 
0110 
0000 


00011110 


In this example four words (numbers of fixed length) are involved, the multiplicand 
(0110), the multiplier (0101), and two words to store the product (0001 1110). In 
order to conserve storage space the multiplier will be stored in part of the product 
register and its digits will be deleted as they are used in order to make room for the 
product. Also, the order of processing the digits of the multiplier will be reversed; 
that is, the most significant digits will be used first. The following example is a rear- 
rangement of the above problem to illustrate these details: 


0110 

0000 =—s«0101 

~ 000 0/101 
01 10/01 
0 000/1 


0001 1110 


The zigzag line marks the division between the partial products and the digits of the 
inultiplier. The four contributions of the partial products are displayed separately 
in the example, whereas in the circuit of Fig. 15.14 they are accumulated as they are 
developed. 

The multiplier of Fig. 15.14 works only for positive numbers as it stands. Multi- 
plication of positive and negative numbers will be considered in the next section. 

The example shown on the bottom of Fig. 15.14 shows what happens from one 
word time before multiplication starts until one word time after it terminates. The 
digits of the multiplier in the order of most significant first are picked up and stored 


in flip-flop R, where they control whether or not the multiplicand in register D is to 


be added to the partial products. The accumulator is two words long in order to 
store the full double-word-length product, During the multiplication process the 
partial products must be shifted relative to the multiplicand in order to account for 
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the various weights of the multiplier digits. This shifting is accomplished by inserting 
a one-clock-pulse delay Z in the recirculation loop. The digits of the multiplier are 
inspected at gate 3 (Rs), and they are simultaneously deleted at gate 5 before the 
delay line ZL. This inspection and deletion must occur every other word time at the 
end of the word. The signal called “odd” comes from one side of a flip-flop con- 
tinuously driven by, say, EWP. Thus it changes its state each word time and con- 
sequently marks odd and even word times. 


Status at end of word time 


Status during word time 


Z Pa [maton 

“ : 0000 0 No 

1 0 : Yes 

2 0 o* 

3 0 0 

4 0 1* 

5 0 (e) 

6 0 o* 

7 0 0 

8 1 1* 

9 0 0 
10 0 0 


Fie. 15.14. Serial binary multiplier. 


d In Fig. 15.14 the digits of the multiplier are underlined in columns A and B, and 
in the column labeled & the multiplier digits are starred as they appear there. ‘ Other 
arrangements of the adder, the storage registers, and the units delay are possible. In 
fact, a somewhat different arrangement is shown in Fig. 15.15. 

In the binary adder of Fig. 15.9 carry suppression is required each word time. In 
the two-word accumulator required in the multiplier carry suppression must occur 
every other word time. 


15.15. PROCESSING OF NEGATIVE NUMBERS 


Most computers make use of complements in order to accomplish the addition and 
subtraction of positive and negative numbers. The numbers may be stored in the 


15-15 


memory either in sign-and-absolute-value or in complementary form. That is, 
positive numbers have a 0 in the sign position and the digits occurring in normal 
fashion. By sign-and-absolute-value form it is meant that negative numbers differ 
from positive numbers only in the sign position. In complementary form the negative 
numbers have a 1 in the sign position and the rest of the number is in the form 24 — N 
or 2 —1 — WN. When numbers are stored in complementary form it is convenient 
to let the digit at the most significant end represent the sign. In the sign-and- 
absolute-value convention the sign may be on either end of the number. 

Note that it is still possible to let the sign be on the least significant end of the 
number, when processing numbers in complementary form, by doing the carry sup- 
pression at the right time. 

Multiplication and division are most casily done on numbers in sign-and-absolute- 
value form. If they are in complementary form and some of the operands are nega- 
tive, then corrections must be added to products. This is illustrated by the following 


formulas: 


SERIAL BINARY DIVISION 


e Result produced by binary Desired 
Factors multiplier (Sec. 15.14) result 
a, b ab ab 
a, 2 —b a2™ — ab | 22 — gb 
2k —a,b b2* — ab 22k — ab 
2 — a, 2k —b 22k — a2k — b2k + ab ab 


‘Thus, after the multiplication of the operands, one or both of the factors may have to 
be subtracted, or added, to the most significant half of the product. Computers have 
heen built that multiply complements, but this difficulty has caused many of them 
to be designed to multiply absolute values, and extra circuitry has been used to take 


care of the sign. 


16.16. SERIAL BINARY DIVISION 


Division by trial subtraction, which is the method taught in grade schools, is easy 
to mechanize in the binary number system. In each position the divisor either goes 
into the numerator or it does not go. If overdraft is allowed, two k binary digit 
numbers can be divided in k word times. 

Division occurs much less frequently in most problems than do additions, subtrac- 
tions, and multiplications. Figures on the order of 5 per cent have been mentioned 
as the relative frequency of divisions. Thus it is usually not important to mechanize a 
particularly fast division. Being consistent with this last remark, the multiplier 
of Fig. 15.14 is modified to accomplish both multiplication and division (see Fig. 15.15). 

The elements of the two-word accumulator have been rearranged, and the carry- 
suppression circuits have been changed, since in division, as shown here, carry must 
be suppressed each word time. The circuitry that must be added to accomplish 
division is shown with dashed lines. The first six AND gates carry the same number 
designation as they do in Fig. 15.14. 

The lines labeled Mutt and piv are the control lines which are high during the 
multiplication or during the division process. P, (cf. Fig. 15.5) is a pulse coincident 
with the first pulse during the word time; that is, it occurs just after EWP. 

In order to work properly, and this is true of most division circuits, the denominator 


‘ must be greater than the numerator. Table 15.7 shows the contents of the numera- 


tor register N and the quotient register Q during the division of 5 by 6. Only 4 bits 
are used in the illustration, In this system the last event happening to the quotient 
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Mult EWP 
‘ 


Div--»1 > | L 
' dake he lit at los hi 
Odd==»_// : 


(7) 


———> — 


Even=->_/ 
(9) 


(6) 


Fig. 15.15. Serial binary multiplier and divider. 


Table 15.7. Division Example 


Word time N Q L R 
—1 0000 0101 = Division starts 

0 0101 0000 0 0 here 

1 0010 0101 0 0 

2 1110 0010 0 1 

3 0010 1110 0 1 

4 1000 0010 0 0 

5 0110 1000 0 0 

6 0100 0110 0 0 ef 

7 1110 0100 0 Or es Division ends 

8 0100 1110 here 
emg 
Quotient 


is a shift; thus the last digit is always a 0. Depending upon overdraft or not, the next 
following operation is to add or to subtract 1 in this last position. Therefore, the 
last digit being 0 need not be considered as undesirable. The quotient produced it 
Table -15.7 is (1110), which interpreted as a fraction is 14g + 4 + 14 or 74. The 
answer is 54, which ties between 14/4 and 7¢ (1101 and 1110). 


. 
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15.17. PARALLEL BINARY-ARITHMETIC UNITS 


In the parallel accumulator all the digits are available for processing simultaneously. 
Figure 15.16 indicates the general arrangement of the circuitry for a four-channel 
illustrative accumulator. The M register is a buffer register between the memory of 
the computer and the arithmetic unit; the A register stores the result of the last 
operation and will also store the result of the present operation. Except for the 
memory buffer register this accumulator is functionally similar to that of Fig. 15.13. 


M, M3 M, M, Clear M 


Complement M 


ms | ime M, 
Binary adders 


Fic. 15.16. Parallel binary accumulator. 


The four commands [subtract (SU), clear and subtract (CS), add (AD), and clear 
and add (CA)] are shown in the lower right-hand corner of Fig. 15.16. The memory 
buffer register M is along the top of the diagram and the accumulator register A is 
along the bottom. The four information inputs to the M register are at the top and 
are labeled M,, Ms, M3, and M,. Similarly, the outputs of the A register are labeled 
Ay to Ag. 

Both clear commands operate the clear A line. The subtract commands operate 
the complement M line which produces a 1’s complement. To obtain a 2’s comple- 
ment unity must be added in the least significant position. This is accomplished by 
inserting a signal in the carry input to the addition circuits of the first stage. This is 
called a ‘‘corrective-1” (ef. Sec. 15.12). 

Operational Sequence. First the M register is cleared; then the new operand is 
transferred into the M register. After the carry circuits for the whole accumulator 
have reached their final configuration (any transients have died out) the addition 
pulse can be applied, which establishes the result in the A register. If the command 
is SU, CS, or CA then time for a new carry propagation must be allowed between 
cither the complementation or the clearing. This time is controlled by the delay d - 
in Fig. 15.16. 

The accumulator of Fig. 15,16 works for numbers stored in the memory with 
nogative numbers in complementary form, If numbers are in signeandenabrolute-value 
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form then more logic is required with respect to the complement J/ line in order to 
process negative numbers correctly. 

The speed of a parallel accumulator depends upon how long it takes the carry 
signal to propagate from one end to the other. In a vacuum-tube system with two 
tubes between each adder (because of the signal inversion) propagation times of less 
than 4 psec have been accomplished for 37 binary bits. In such a system time must 
be allowed between each addition in the repeated additions of a multiplication to 


Multiply pulse 


V7 
ZS 
SZ 2 
Zs & 


Add 
Clear A 


Fra. 15.18. Stored-carry multiplier. 


allow for this carry and to allow for shifting the partial products and multiplier. In 
the computer with the carry time mentioned above, 8 ywsec were allowed between 
additions so that multiplication by 36 binary bits required 288 usec. A simplified 
diagram of such a multiplier appears in Fig. 15.17. 

Another way of doing the multiplication does not allow time for carry propagation. 
Instead the carry is stored each time. This arrangement is shown in Fig. 15,18, 
Between each stage of the accumulator is a carry flip-flop which stores the carry, 
The output of the adder logic is not to the A register flip-flop of the same stage but 
to the next less significant stage; so there is no extra shift to be performed, 


. 
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Table 15.8. Stored-carry Multiplication Example 


After clock 
time 


Multiplicand in M........... 0110 


Multiplier, it diay suds iss seo O111 
Answer in/A ‘and #:..../...... 0010 1010 


The operation of the various adders is defined by the following equations: 


Ajs = M,-C,:- Ae + M,:-nC,; -nAg +nM,-C,-nAg +nM,-nC,: Ae 
Air = nM,-nC,-nAg +nM, -C,- Ae + M,-nC,- Ae + M,-C,-nAe 
Cis = M, - Ae 

Cir = nM, 43 nAg 

Cy* = (Cyrs + Cra*) + Aga 


After all the additions corresponding to the various 1 bits of the multiplier have been 
done, time is allowed for the final propagation of carry, and the carry cleanup pulse is 
issued. Circuitry which in the arrangement of Fig. 15.16 gives a carry time of 4 psec 
can operate at clock frequencies of 2 Mc. Thus, not counting memory access for 
the operands, the whole multiplication could be done in less than 25 wsec. The multi- 
plier digits would be processed in 18 usec, and the time at the end is for the final 
propagation of the carry. 

The shifting inherent in the design of Fig. 15.18 does not interfere with addition, 
since in that case the first operand is established in the carry flip-flops C, and the 
second in M. The first add pulse establishes part of the answer in the A register 
and the carries in the C register. A carry cleanup pulse produces the final answer 
in A in the right position. The first operand can be transferred to the C register by 
special gates, or the transfer can be accomplished by a pulse on the add line by first 
setting the A register to 1’s. This circuit is not much more complicated than that 
of Fig. 15.16 and multiplies approximately ten times faster. 

Note that the multipliers of Figs. 15.17 and 15.18 both shift the partial products 
to the right (in the less significant direction), whereas the multiplier of Sec. 15.14 
shifted the partial products in the more significant direction. It is difficult to do 
division by trial subtraction in an accumulator using right shifts. If left shifts were 
used in the multiplication process then it would be necessary to have carry circuits 
for two full registers. In the serial system of Fig. 15.14 the extra carries required no 
extra circuitry, except perhaps minor changes in carry suppression. However, in a 
parallel system this extra carry represents a nontrivial amount of equipment. There- 
fore, one solution is to add left-shift circuits in order to accomplish division, and 
mechanize a system very similar to that described in Sec. 15.16. 


15.18. SERIAL-PARALLEL ARRANGEMENTS 


In order to gain a factor of speed over the serial systems without using all the 
equipment required in parallel systems, computers have been built using several 
channels processing groups of binary characters in parallel, The most frequent 


arrangement is four-channel syatema, 
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The interconnection of the arithmetic registers in a four-channel system may still 
be essentially as illustrated in Fig. 15.17 where each path now carries four bits in 
parallel. The four-channel adder may be that shown in Fig. 15.16. At a given clock 
time 4 binary bits of the number in the accumulator register are established in the A 
flip-flops, and 4 bits (one hexadecimal digit) of the addend are established in the 
M flip-flops. A carry digit (if present) from the previous operation is established 
in the corrective-1 flip-flop (now perhaps best called the propagated carry flip-flop). 
During the clock time the carry propagates through four binary stages; at the next 
clock time the answer is sent out and the propagated carry is established in the carry 
flip-flop. 

Negative numbers are processed by the use of complements. In this case it is a 
little more difficult to obtain the 2’s (16’s) complement by the scheme shown in 
Fig. 15.12. Usually a 1’s (15’s) complement is used, and a corrective-1 is inserted 
in the carry input to the units position. 


Fia. 15.19. Whiffletree multiplier. 


Multiplication and division are more of a problem in four-channel systems. If 
simple binary operations are to be done then the registers must shift serial in a binary 
mode as well as in the four-channel mode. The alternative is to do multiplication and 
division in base 16 arithmetic. This requires more complex circuitry such as that 
described in the section on decimal arithmetic. 

An alternate form of serial-parallel arrangement is illustrated in Figs. 15.19 and 
15.20. Figure 15.19 shows part of a so-called ‘‘whiffletree”’ multiplier. The binary 
multiplicand arrives on a single channel and through appropriate delay lines two, four, 
and eight times the multiplicand are produced. As shown, four bits of the multiplier 
gate these factors and a series of single-channel binary adders combine these to give 


the product. In a complete system for a serial computer, multiplication (producing a ~ 


two-word answer) is done in just two word times. 

Figure 15.20 shows a multiplier which combines the whiffletree and the four-channel 
ideas. The multiplier shifts in such a way as to halve the individual hexadecimal 
digits. During each cycle the multiplicand is doubled by the adder Ay. The units 
bits of the digits of the multiplier (Ri, R2,. . . , Rs) control the addition of the multi 
plicand (or one, two, four, or eight times the multiplicand depending upon the eyele) 
by the adders A»,. . . , Az. In four cycles all bits of each multiplier digit have been 
processed so the multiplication is complete. For binary numbers this scheme does 
not compete with the simple whiffletree of Fig. 15.19, If the adders Aj,. . . , Ay 


. 
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4 by 6 bit register 


Multiplier register 


Symbols 


One bit storage (flip-flop) 


One clock pulse 
4-channel delay 


L] 
C) 4-channel adder 
Aska 


4-channel gate 


4 by 9 bit register 


Multiple wire cable 
Fie. 15.20. A four-channel multiplier. 


were decimal adders then the system could accomplish decimal multiplication in four 
cycles. 


15.19. DECIMAL-ARITHMETIC OPERATIONS 


15.19.1. Addition and Subtraction. As in the binary systems subtraction is usually 
handled by the use of complements with respect to 10* or 10* — 1. In systems where 
the decimal digits are represented by binary numbers (see Sec. 15.5), usually a binary 
adder is used and the addition of two decimal digits occurs in two steps. First there 
is a normal addition of the two digits, then a possible corrective addition to account 
for the gap of six in the binary representation of the decimal digits. In the simple 
binary representation (1,2,4,8), six must be added if the sum of two digits is 10 or 
greater. In the excess-three system, three must be added or subtracted depending 
upon whether or not there is a decimal carry. ‘ 

15.19.2. Multiplication and Division. In most decimal-arithmetic units the opera- 
tions of multiplication and division are done by repeated addition or subtraction. 
In such schemes a multiplication of two 10-digit decimal numbers may require a 
maximum of 90 additions with the appropriate number of shifts. In order to speed 
up multiplication, arithmetic systems have been designed in such a way that, if a 
multiplier digit exceeds five, ten times the multiplicand is added (this might be 
accomplished by adding the multiplicand before shifting), then the appropriate 
number of subtractions is performed. In order to attain even greater speed, systems 
have been built in which one to nine times the divisor or multiplicand is provided 
and the whole multiplication or division becomes essentially equivalent to 10 additions 
or subtractions, 5 é 
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15.20. FLOATING-POINT NUMBERS 


Most digital computers have been built to handle efficiently numbers consisting 
of the equivalent of from 5 to 15 decimal digits. In many computations this range 
is not sufficient to compute with adequate precision all the numbers that occur in a 
problem. If this range is not sufficient there must be a means of carrying an exponent 
for those numbers whose range is extreme. One method is to have the programmer 
keep track of these exponents and to scale each variable occurring in the computation 
in such a way that capacity is not exceeded and sufficient accuracy is obtained. Some 
computers have been built with floating-point arithmetic units which automatically 
keep track of this exponent and shift the significant figures in such a way as to provide 
maximum significance. In all general-purpose computers it is possible to program 
routines which do the equivalent process. However, these programming techniques 
slow down the computer by hundreds of times, and therefore, there is considerable 
premium on proper scaling and running of the problem in the fixed-point mode. 


15.20.1. Representation of Floating-point Numbers. A floating-point number 
will be written in the following form: 


n X be or (n,e) 


The significant figure n will be of fixed length (less than one word length) and will 
denote a rational number lying between plus and minus 1. The exponent e is an 
integer usually lying in the range of about —50 to 50. The base of the number 
system 6 is either 2 or 10. (Binary-arithmetic systems are simpler than decimal 
systems and therefore faster; so it now seems that there may always be binary- 
arithmetic systems in digital computers.) 

The second representation given above is indicative of the form of storage used in 
computers; that is, the significant figures n and the exponent are stored in the same 
word in the computer. Each quantity may carry its own sign, and complementary 
or excess-50 exponents may be used. In a fixed-point computer the sign bit in the 
computer is usually assigned to n and the exponent is carried in excess-50 (or perhaps 
excess-64) form. Using excess-50, and writing the exponent ahead of the significant 
figures with a decimal point for separation purpose, some examples of floating-point 
numbers follow: 


ee 


Number Excess-50 International 
equivalent equivalent 
1 51.10000 --- 0 -100 - - + Onol 
—1 —51.10000 -- - 0 —. 1 - > - Oiet 
1 50.33333 -- - 3 .333 + - + 3100 
7,568,932. 76 57 .756893276 . 756893276107 


————_ 


The third representation of decimal floating-point numbers is the accepted inter- 
national algebraic language form (see Sec. 17.3) proposed by an international com- 
mittee on programming language. 

1.20.2. Addition of Floating-point Numbers, General Discussion. Let (n1,e1) 
and (n2,e2) represent two floating-point numbers to any base. If el and e2 are equal 
the significant figures may be added directly. If they are not equal, then it is neces 
sary to shift either m1 or n2 and adjust the exponent until equality is reached. The 
sum of n1 and n2 may have one more significant figure than either n1 or n2. In most 
computers this requires that the answer be shifted one position to the right, and the 
exponent increased by unity. The following examples illustrate the possibilities: 


31456105 31456105 31456105 31456105 
51128105 51128103 00511105 94157105 


82584105 31967105 31967105 12561106 
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Subtraction is just a matter of changing the sign of the second operand and adding. 

15.20.83. Representation of Zero. If n has five significant digits as in the 
illustrations above then five 0’s with any exponent whatsoever represents 0. When 
one writes .000001017 all that is specified about the number is that it lies in the range 
from —.0000051917 to .0000051017. If no other information is given, presumably 
any value in the range is equally probable; that is, the distribution of possible values 
is rectangular. However, if a number such as that given above is the result of a 
computation, the distribution of the possible results is more apt to approximate a 
normal distribution (see the central-limit theorem in statistics). 

If the range in the exponent is from —50 to 50 then for most purposes .0000119 — 50 
is a satisfactory representation of zero. Thus, it is possible to devise a practical 
floating-point system in which zero is not used. On the other hand, an absolute zero 
is useful for logical purposes, and a number of systems have been used in which all 0’s 
are written with the most negative exponent. Thus, any number subtracted from 
itself gives .00000:9 — 50 in such a system. 

15.20.4. Normalization. In most computing problems it is desirable to obtain 
as many significant figures in the answers as possible. In floating-point systems this 
can be accomplished by normalizing the nonzero numbers at each step. A nonzero 
number is in normal form if the first digit of n is not zero. If two numbers are sub- 
tracted in which the first digits are the same and they carry the same exponent, the 
result will have 0’s in the first positions. Normalization will shift the result to the 
left and adjust the exponent. This has the effect of bringing in nonsignificant digits 
on the right, and after a lengthy computation relatively few (or even none) of the 
digits may be valid. 

A process which tends to maintain the correct number of significant digits is the 
following: (1) On addition never shift results to the left; shift right to recover overflow. 
(2) On multiplication normalize the factor whose number 7 is greatest in absolute 
value. (3) On division normalize the denominator. A rule for division similar to 
that for multiplication would be better, but the rule given above is easier to use in 
most arithmetic circuits. 

15.20.5. Floating-point Addition. The process of floating-point addition is 
described in flow-diagram form. The numbers in parentheses to the right correspond 
to the comments about the process given below. 

Assume that the two operands are (nl,e1) and (n2,e2). The flow diagram of Fig. 
15.21 can be considered as a programming flow diagram and used as a basis of a 


1. el —e2— e. Teste: 
e > 0: Shift n2 e places to right. el—e. To 2. (1) 
e <0: Shift n1 e places to the right. e2— e. To 2. 
e=O:el—e. To2. 

2. nl +n2— n. Overflow? 


Yes: n1/10— nl. n2/10— n2. e +1—e. Overflow? (2) 
Yes: Alarm. Halt. (3) 
No: To 2. 


No: Normalize and adjust e. Assemble n and e. 


Fre. 15.21. Floating-point-addition flow diagram. 


subroutine for use in a fixed-point computer, or it can be interpreted as the design 
diagram for the hardware to do floating-point addition. 

1. A more elaborate test might be made here. If e is greater in absolute value 
than the number of places in n then there is no need to perform an addition since one 
of the operands is the answer. The present flow diagram is set up on the basis that 
shifts beyond the end of the n registers result in the digits being lost. 

2. This line assumes the number system is decimal. If the overflow digit is not 
lost during addition an alternate procedure would be to shift the answer right one 
place and adjust the exponent, 

8. This condition occurs when the exponent exceeds 50. Underflow occurs when 
the exponent is leas than —50, Moat aystems substitute 0 for the answer in this case, 
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15.20.6. Floating-point Multiplication. Figure 15.22 shows the process of floating- 
point multiplication. The process of normalization which was only indicated in 
Fig. 15.21 is shown in detail here. 

1. The multiplication of n1 by n2 should give a rounded-off answer with the same 
number of digits and scaled with the decimal point (or binary point) on the left. 

2. This underflow test should also be made in addition. 

3. This is the normalization test. That is, is the first digit of n not equal to zero? 
Note that if the first digit of n is zero then n is tested for zero. 

4. Each time the exponent is reduced there is a possibility of underflow. 

5. After normalization the two parts of the number are assembled into the answer 
register and the process is finished. 


1. nl+n2— n, el + e2— e. overflow? (1) 
Yes: Alarm, Halt. 
2. No: Underflow? (e less than —50) 
3. Yes: .00000— n, —50-— e, to 4. (2) 
No: |n| > 100000? (3) 
Yes: to 4. 
No: n = 0? 
Yes: to 3. 
No: 10n— n, e — 1— e, to 2. (4) 
4. Assemble n and e, exit. (5) 


Fia. 15.22. Flow diagram for floating-point multiplication. 


15.20.7. Floating-point Speeds. The large factor of decrease in speed of pro- 
grammed floating operations is apparent from inspection of the details of the flow 
diagrams in Figs. 15.21 or 15.22, since a single add command in fixed-point mode is 
replaced by a whole routine. In built-in floating point the situation is different. 
For example, multiplication may even be faster since it is not necessary to multiply 
by all the digits of a word, and usually there will be no shifting at all. For addition 
the time for the floating-point operation depends strongly upon the speed of shifting 
in the arithmetic registers. Note that, if one of the operands must be shifted before 
the addition, then the result will usually not have to be shifted. In practical problems 
the exponents of operands tend to be of comparable size; so the average amount of 
shifting is relatively small. More precise statements can be given only if more 
explicit assumptions about the operands are made. 


15.21. STRUCTURE OF ARITHMETIC UNITS 


Two extremes in organization of arithmetic units will be presented here. Both of 
these will be discussed from the point of view of the user; so there may be other 
registers present in any actual embodiment of the devices. 

Figure 15.23 shows the structure of a simple arithmetic unit. It contains an 
accumulator, and the results of all arithmetic operations are left in the accumulator, 


It is not important in this discussion whether the numbers are in true or complemen- 


tary form. 

If (A) denotes the contents of the accumulator register and (a) denotes the contents 
of an address “‘a” in the memory and — is read as ‘“‘replaces,” the following relations 
describe the functions of the arithmetic unit. 


1. (a) > (A) 5. (A) — (a) > (A) 

2. (A) > (a) 6. (A) - (a) > (A) (fractional) 
3. —(a) — (A) 7. (A)/(a) > (A) (provided |(a)| > |(A)]) 
4, (A) + (a) > (A) 
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From memory To memory 


Arithmetic unit 


i} 
Control 
Fic. 15.23. Simple arithmetic unit. 


From memory To memory 


Arithmetic unit 


I 
Control 
Fie. 15.24. A-R arithmetic unit. 


Figure 15.24 shows a more complicated arithmetic unit. In this unit there is an 
accumulator A and a multiplier register R. The following relations describe the func- 
tions of this arithmetic unit: 


1. (a) > (A) 7. (R) - (a) > (R) 

2. (a) > (R) 8. (R)/(a) > (R) 

3. —(a)—> (A) 9. (A) + (R) - (a) > (A) 
4, —(a)— (R) 10. (A) + (R)/(a) > (A) 
5. (A) + (a) > (A) 11. (A) > (a) 

6. (A) — (a) > (A) 


To compare the two types of arithmetic units consider the coding to evaluate the 
formulaa +b-¢+d-e—>2z. 


First Arithmetic Unit Second Arithmetic Unit 


1. b— (A) 1. a— (A) 

2. (A): c— (A) 2. b— (R) 

8. (A) — (t) ‘ 3. (R) -¢ + (A)— (A) 
4, d— (A) 4. d— (R 

5. (A) + e-» (A) 5. (R) +e + (A)— (A) 
6. (A) + () — (A) 

7 


1 (A) +a (A): 
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In writing the above steps for the first arithmetic unit advantage was taken of the 
fact that the coder can scan the formula and not add in the ‘‘a” until at the end. In 
the second arithmetic unit the formula can be processed from left to right without 
intermediate storage of partial results. 

The advantage in the second unit lies in the fact not only that the code is shorter, but 
also that no scanning is required, which means that there is less chance for mistakes, 
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16.1. SEQUENCING OF COMPUTER OPERATIONS 


A characteristic feature of electronic digital computers is the ability to perform a 
sequence of operations. The sequence of operations is under the control of a program 
which is set up in advance of the time when the computer is to perform the desired 
functions. The portion of a computer concerned with the interpretation of a program 
and with the execution of the various steps of the operations called for by the program 
is commonly called the program control. It ties together the arithmetic, storage, and 
input-output sections of a computer to make them operate as a whole. By varying 
the sequence of operations, the program control performs much of the logic needed. 

This section is concerned with the general nature of the program-control equipment 
found in many digital computers. The techniques for programming, or coding, com- 
puters are discussed in Sec. 17. 


16.2. INTERNAL AND EXTERNAL PROGRAM CONTROL 


There are two basically different methods of storing the program. The storage 
device may be internal to the computer and not directly accessible to the operator: 
either the main data storage or some auxiliary program storage. Such a machine is 
generally referred to as a stored-program computer. 

In other machines the program-storage device is external and accessible to the 
operator. The program may be set up on switches, punched cards, pins, or wired 
panels. The most common method consists of pluggable wires on removable panels, 
variously known as plugboards, control panels, or patch panels. 

Although these are all forms of storage, the external devices are less flexible than 
internal storage devices since they cannot be set up or changed much under computer 
control. Hence the term stored program is reserved for a program stored internally 
on the same medium (magnetic drums, magnetic cores, delay lines, electrostatic stor 
age, etc.) as is used for data. Large high-speed computers generally use the stored- 
program approach, whereas smaller machines frequently employ plugboards. In 
addition, plugboards may be found on input-output devices for either type of machine, 

Both stored-program and plugboard techniques will be illustrated because of tlieir 
widely different characteristics. 


16.3. PLUGBOARD CONTROL 


16.3.1. Plugboard Hubs. A typical plugboard consists of an insulating bakelite 
panel with regularly spaced holes or hubs. Wires with special contact tips are plugged 
into appropriate pairs of holes; when a wired plugboard is inserted into the corresponds 
ing frame on the computer, the tips make connection with stationary contacts to 
complete the various circuits. 
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Figure 16.1 shows some typical plugboard hubs in schematic form. Some of the 


hubs are exits for emitting control pulses; others are entries for receiving these pulses. 


Wires are normally plugged from an exit hub to an entry hub. The exit nies rete 
correspond to the various steps of a program; in the example it is —— «8 a — 
gram steps are energized sequentially starting with step 1. At eac —— ee P 
pendent exit hubs are shown to permit wiring to up to three entry hubs. ne ae 
gram exit hub is usually wired to a function entry hub, such as app (or wos IN : 
SUBTRACT (or READ IN —), STORE (or READ OUT), MULTIPLY, etc. Another program 


Program step Function 
exit hubs entry hubs 


Storage register entry hubs 


Store 


Store and reset 
Multiply 


Divide 
—O—0——0 


Problem shown wired: A+B=C 
C-D=E 


Storage register assignment: 


Data Register 


Woowe | 
PNW 


Fria. 16.1. Typical plugboard hubs. 


exit is plugged to the storage register to be referred ets eo . . or going 

i i i i vired to control shifting (no : 

into the register. A third exit may be wired 0 not ’ 
joi i ; these are to indicate permanen 

Several hubs are shown joined by straight lines; } t 

connnections which facilitate connecting more than one wire to the ner — 

point without resorting to multiple connectors. In Fig. 16.1, wires go to 

two different program steps. 

“The three ‘eidciphiatontt exit hubs at each program step each connect nck a eatin 
electronic driving circuit. Separate drivers are used as isolation to avoi rp ~ = 
which would produce undesired coupling ae pred rgesteebeeah oe wes : wn 

i i 2 would cause both regis 
wires going to app from steps 1 and 2 b r seen 
i i i . Design precautions are als ; 
either step if the exits were not isolated - 

e avoid hahdudbin of circuits which might distort the pulses and cause erratic 
easiness There are various methods in use for a> ena —— - 

roll lementary method is to w : 
controlling the sequence of program steps. Ane i hia pe rat at 

i i on, by means of special suppress hubs, supp 

ateps which might be needed and then, é 33 
i i indivi der the control of the preceding pro 

the operation of undesired individual steps un efor nea 

iation i : t one program step and to p 
m, A variation is to turn on a sKir func tion a , ‘ 

off n some subsequent step, all intermediate steps being skipped through at high 
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speed. In either case, program steps are operated sequentially regardless of whether 
anything is wired to function on each step. The basic driving circuit is a ring counter 
or equivalent. Iteration loops can be wired by causing the ring to repeat its sequen- 
tial stepping as many times as necessary. 

A more flexible but also more costly arrangement is to equip each program step 
with its own sequencing circuit which permits it to be turned on and off independently. 
In Fig. 16.2, each program step is provided with 1n and our sequence hubs. To begin 


Sequence Program step exits 


In Out 
oo o los So 6 
Program GOMAOMONrO (oO 
3—e 0 0 Oo 
4.0 © 6 6 
50000 
6". 0 OO 
TO. Oo. 1G 
8 LO ncGh 6-0 
5° 6“ 0,'o- 6 
10 oo oO 6 
1 3 6,400 
Transferred ZOREOT OO 
Selector ee i 
etc 
Sequence as wired: 
Start 
Step 11 Reset selector to normal 
Step 3 Pick up selector if sign is minus 
Step 4-6 
Step 7 Go to step 8 if sign was plus on step 3, to 9 if minus 
Step 8o0r9 Goto step 13 from either step 
Step 13 


lig. 16.2. Program steps with arbitrary sequencing. 


with, a starr pulse is wired to the 1n of any desired step, its out is wired to the 1n of 
the next step, and so on, regardless of the way the steps are labeled. Thus the 
sequence can be quite arbitrary. 


Figure 16.2 also shows how the sequence can be altered selectively. One or more 


seleciors are provided which are individual flip-flops with setting and driving circuits ~ 


brought out to the plugboard in a manner resembling a single-pole double-throw latch 
relay. A circuit is established from the common to the transferred hub when the 
selector is picked up, and from the common to the normal hub when the selector is 
dropped out. The selector can be set according to some condition at one program step 
and used to control sequence at some later step. In Fig. 16.2, a selector is dropped 
out (reset) on step 11, picked up on step 3 if the sign is minus (via an AND cireuit which 
produces an output only if both inputs are energized), and later used at the end of 
step 7 to select either step 8 or step 9 depending on the sign at step 3. The program 
then proceeds to step 13 from either step 8 or step 9. 


. 
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16.3.3. Storage Addressing. In Fig. 16.1, the proper storage register is selected at 
cach step by plugging a wire to a hub directly corresponding to the desired storage 
register. 

This direct method is not practical when the number of storage positions becomes 
large. Instead, numerical addresses are given to the storage positions and a storage 
location is selected by inserting the corresponding address into an address register, 
of which there may be several. 

The plugboard then has a few hubs corresponding to each address register to cause 
reading into or out of storage according to the address in this register, or to enter a 
new address into the register, or to add a constant to the register so as to advance to 
the next address. 

By means of suitable interconnections, the address registers may also be used as 
index registers. 

16.3.4. Card Programming. Instead of having a fixed program wired on the plug- 
board, it is possible to wire up several independent short programs and to have the 
input device select which program to use at any one time. For example, a deck of 
punched cards may be entered, each card bearing a set of data and the operation to 
be performed: One card may have two numbers and the operation FLOATING-POINT 
App, another may have a number and squaRE Root. The operation codes punched 
in the cards are decoded in an electronic or relay matrix, known as a digit selector, so 
as to select the proper program step at which to start. é 

16.3.5. Stored-program Control via Plugboard. A given plugboard is limited by 
the number of program steps available, and an elaborate problem may exceed the 
limits of a plugboard. It may be possible to break down such a problem into sections, 
cach of which will fita plugboard. Another possibility is to supplement the plugboard 
with a stored program. 

A plugboard computer equipped with address registers and digit selectors can be 
set up to operate with stored instructions as well. [very distinct operation is set up 
on one or more program steps of the plughoard which direct the computer to perform 
the corresponding operation. One of the address registers is wired as an instruction 
counter to address the storage locations containing the instructions. By means of 
plugboard wiring, the address digits of the instructions are sent to other address 
registers, and the operation code digits are used to select the proper starting point 
on the plugboard corresponding to each operation. 


16.4. INPUT AND OUTPUT CONTROL 


16.4.1. Buffer Storage and Translation. Input and output units may communicate 
directly with the main storage, or the data may flow through an intermediate buffer 
storage. Such a buffer generally requires separate addressing and control circuits, 
so as to permit data to flow in from an input unit or flow out to an output unit inde- 
pendently of the program in the main computer. 

Translation circuits are needed whenever the data representation on the input- 
output media differs from the code used inside the computer. Another possible 
function of translation and buffer storage circuits is to change from serial to parallel 
representation, or vice versa. 

16.4.2. Selection and Interlocking. In a computer with multiple input and output 
units, two addresses must be specified, one to select the desired unit and the other to 
specify the storage area for the data to be read or written. This may be done by one 
multiple-address instruction or two single-address instructions in succession. Where 
the amount of information transferred at one time is not fixed by design, the number 
of words or characters must also be given, either as a count or by a special mark placed 
at the end of the block of information to be read or written. 

Input-output devices may not always be available when the computer program 


. calls for them. ‘Tapes have to be changed, printers occasionally require a new supply 


of paper, and card machines can run out of cards. Interlock circuits are thus provided 
to hold up the computer or the input-output unit when the other is not ready, When 
buffer storage. is involved, two sety-of interlocks are needed: one to synchronize the 
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buffer storage with the input-output unit, and the other to keep the buffer storage in 
step with the computer. 

16.4.3. Data Rearrangement. Both input and output data frequently require 
considerable amount of detailed rearranging, and special provisions may be made to 
facilitate this. A typical problem occurs in printing numbers when it is desired 
suppress zeros at the left of a number and to insert decimal point and commas. 

Figure 16.3 gives an example. For easier reading it is necessary to be able to spread 
out the numbers in an arbitrary columnar arrangement and to spread individual 


00500123456 
60730008000 }Asstored 
05020000000 

—_—_e—Oo 


ae 


Identification Amount 
50 SLi 23k 56 
6073 $ 80.00 As printed 
502 $ -00 


Fie. 16.3. Example of arranging for printing. 


Print entry 
hubs o— 


Print 
magnets 


Zero print cs 
control hubs 


Control 


relays EP ge <a 
Zero entry Relay down after ; ; 
° 4 — significant digit Heavy lines: Plugboard wiring 
saat = Light lines: Internal wiring 


Fic. 16.4. Zero control wiring on plugboard. 


digits for insertion of symbols. Generally it is desirable to suppress printing of all 
nonsignificant zeros, as shown in the left column. In the right column the insertion 
of a comma among nonsignificant zeros is also shown, but nonsignificant zeros to the 
right of the decimal point may have to be preserved as in the bottom line. 

There are several techniques in use for controlling printing. One is to have a pluge 
board on the printer which has the ability to control individual characters. Figure 
16.4 shows a method for suppressing zeros. Numeric digits are represented by timed 
pulses entering the print entry hubs at the top and passing through print magnels and 
through points of control relays. The magnets operate only if a connection is made 
to ground via the relay points. Digits 1 to 9 print before digit 0, and all relay points 
are down. At 0 time those relays corresponding to positions where no digit 1 to # 
has occurred are transferred to the upper contact. A pair of zero print control hubs 
is shown jumpered for each digit position except the highest. Asa result, zeros to the 
right of a significant digit find a return path via the contact of that digit, and they are 
printed; zeros to the left are without a return path and cannot print. \ 

Alternatively, if all zeros are to print, the bottom zero print control hubs are all 
wired to zero entry, which provides the necessary path to ground. Analogous wiring 
can be used for controlling decimal points, commas, etc. 


. 
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An electronic method of suppressing zeros is to inspect each digit of a number 


serially, starting at the left. As long as only zeros are encountered they are changed 


to “blank” symbols which will not print, but the first significant digit is noted and all 
subsequent zeros are printed. If this inspection occurs during a serial transfer from 
one register to another, the digits can also be spread to permit insertion of columnar 
spaces and punctuation symbols. These operations can be put under the control of a 
stored program if means are provided for specifying the number of digits to be trans- 
ferred and where the extra symbols are to be inserted. 


16.5. MANUAL CONTROLS 


A few basic manual program controls must be provided with any computer to 
accomplish 
1. Loading the program (if stored) or inserting a plugboard 
2. Setting the instruction counter or program step to the starting point 
3. Starting the program 
A large variety of additional manual program controls are possible, depending on 
(he design. Among the common ones are buttons or switches to 
4. Interrupt the program 
5. Set the instruction counter to any arbitrary address 
6. Execute single instructions 
7. Operate the program step by step 
8. Alter the program by controlling conditional transfers in the program depend- 
ing on the switch settings 
9. Stop the program at conditional stop instructions 
10. Reset all conditional flip-flops. 
Displays, such as neon lights, may be provided for the program to signal the operator 
under various conditions. 


16.6. STRUCTURE OF STORED-PROGRAM COMPUTERS 


As indicated in Fig. 16.5 stored-program computers consist of a memory, arithmetic 
unit, and a control unit. Input and output will not be considered now even though 
in many cases they may represent a substantial fraction of the whole computing 
system. 


Memory buffer 


Arithmetic 


Accumulator 


Memory access 
register 


Subtract 
Multiply 
Abs. value 
Store 


Control 


Command register Command counter 


0. (CC) —» (MAR) 
((MAR)) —> (MB) —» (CR) 


— 


Execute 
(CC) 4- "1" pe (CC) 


Via, 16,5, A singlesaddress computing syatem, 
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Suppose that the memory consists of 10,000 locations numbered from 0000 to 9999. 
Transfer of information to or from the memory is via the memory buffer MB. The 
particular location involved in the transfer is determined by the number in the 
memory access register MAR (a number between 0000 and 9999, inclusive). 

The arithmetic circuits include an accumulator where the results of the various 
arithmetic operations will be developed. Generally, the operands for an arithmetic 
operation will be in the accumulator and in the memory buffer MB. The result will 
be in the accumulator Acc. In the following discussion it is not important whether 
the arithmetic is done in the binary or in the decimal system and whether the opera- 
tions are floating-point or fixed-point. 

The control circuits always include a command register CR and sometimes a com- 
mand counter CC. Some of the possible arithmetic operations are indicated in Fig. 
16.5 by the connections from the control unit to the arithmetic unit. 

Notation. If R is the name of a register then (R) will be used to denote the number 
or unit of information stored in that register. Thus, in terms of Fig. 16.5, (MB) is 
the number stored in the memory buffer, (Acc) is the number in the accumulator, and 
(MAR) is the number (between 0000 and 9999) stored in the memory access register 
MAR. If (MAR) = 0176 then ((MAR)) = (0176) is the unit of information stored 
in location 176 in the memory. The symbol “— ” will be read as “replaces.” Thus, 
a transfer from one register to another can be written as (MB) — (CR). The opera= 
tion of addition can be written as (MB) + (Acc) > (Acc). The statement (CC) 4+ 
“1” —» (CC) stands for the process of adding unity to the contents of the command 
counter. 


16.7. A SINGLE-ADDRESS STORED-PROGRAM COMPUTER 


The general sequence of events in the operation of a single-address computer is 
shown on the bottom of Fig. 16.5. In step 0 the content of the command counter is: 
transferred to become the content of the memory access register. In step 2 the 
memory is accessed for an item which is transferred to the memory buffer and to the 
command register. This quantity is a command which determines what happe 
in the computation. In step 2 this command will be executed, and it may cause ope : 
tions such as addition, subtraction, or multiplication. All the illustrated operatio 
refer to the arithmetic unit and are shown by arrows extending from the control u 
to the arithmetic unit in Fig. 16.5. Input and output commands are not discu 
here. 

After the execution of the command the contents of the command counter 
increased by 1 and the whole process goes back to step 0 and repeats. 

A more complete description of the operation of the device is shown in the compul- 


0. (CC) — (MAR), 
1. ((MAR)) > (MB) — (CR), 
2. What is OP? 
(a) AD (Add): a— (MAR), (a) > (MB), (MB) + (Acc) > (Ace), to 3. 
(b) SU (Subtract): a— (MAR), (a)—> (MB), (Acc) — (MB) —> (Ace), to 3. 


(9) 


3. (CC) + ‘1’? (CC), to 0. 


CA (Clear and add): ‘‘0’’—> (Acc), to 2(a). 

CS (Clear and subtract): ‘0’? (Acc), to 2(b). ‘ 4 
MU (Multiply): a— (MAR), (a)— (MB), (MB) - (Acc) > (Ace) (properly 
rounded), to 3. 

DI (Divide): a— (MAR), (a) > (MB), (Acc)/(MB) — (Acc), to 3. 
AV (Absolute value): |(Acc)| > (Acc), to 3. 

ST (Store): a— (MAR), (Acc) > (MB) > ((MAR)), to 3. 

TC (Transfer control): a— (CC), to 0. 

(Ace): <% 07s t0°2@); 


TN (Transfer on negative): { (Ace) > “0: to 3 


Fia. 16.6. A single-address computing system—flow diagram, 


. 


guishes three possibilities, negative, zero, and positive, 
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ing-system flow diagram of Fig. 16.6. Here, again, steps 0, 1, 2, and 3 are shown, 
except that step 2 is shown in detail. 


16.8. TWO-ADDRESS COMPUTERS 


Figures 16.7 and 16.8 show some of the details of a two-address computer. In 
contrast to the computer of Fig. 16.5 where each command had a single address a, 
here each command has two addresses a and b. In this system the address b specifies 
the location of the next command and thus eliminates the need for the command 
counter CC. This type of system is of advantage in computers using cyclic memories 
in that commands can be located in positions such that they are available upon the 


MAR [we | 


Fia. 16,7. Control for a two-address computer. 


0. b— (MAR), 

1. ((MAR)) > (MB) — (CR), 

2. What is OP? 
(a) AD (add): a— (MAR), (a)— (MB), (MB) + (Acc) > (Acc), to 3. 
Ome 
(j) TN (transfer on negative): { JG oe wate ais 


3. (CC) + “1” — (CQ), to. 0. 


Fie. 16.8. A two-address computing system. 


0. (CC) — (MAR), 
1. ((MAR)) > (MB) — (CR), 
2. What is OP? 
(a) AD (add): a— (MAR), (a) > (MB) — (Acc), b— (MAR), (b) > (MB), (MB) + 
(Acc) > (Acc) —> (b), to 3. 
7.) 


(Acc) < 0: a— (CC), to 0. 

(j) TN: 4 (Acc) > 0: to 3. 
(Acc) = 0: b— (CC), to 0. 

3. (CC) + 1” (CC), to 0. 


Fig. 16.9. Another two-address computing system. 


completion of the preceding operation. Note that no transfer of control command is 
needed since every command transfers control. 

Figure 16.9 gives the structure in flow-diagram form of a two-address system where 
the second address specifies an operand and result location. Here the command 
counter has to be used to specify the location of the next command. In this system 
ach address in the memory plays the role of an accumulator. Note that the transfer 
on negative (7'N) command has really become a ‘test’? command in that it distin- 
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16.9. THREE-ADDRESS COMPUTERS 


Figure 16.10 shows a three-address computer in flow-diagram form. The essential 
difference between this one and the computer of Fig. 16.9 is that the locations of the 


. (CC) > (MAR), 
. ((MAR)) > (MB) — (CR), 
. What is OP? 
a AD:a— (MAR), (a) > (MB) — (Acc), b— (MAR), (b) > (MB), Add, to 3. 


oro 


(Ace) < 0: a— (CC), to 0. 
(Acc) = 0: b— (CC), to 0. 
(Ace) > 0: e— (CC), to 0. 

3. c— (MAR), (Acc) > (MB), Record, to 4. 
4. (CC) + “1”— (CC), to 0. 


(3) TN: 


Fie. 16.10. Three-address computing system. 


two operands and the result are entirely independent in Fig. 16.10, whereas in Fig. 16.9 
one of the operands and the result must be in the same location. ; 


16.10. FOUR-ADDRESS SYSTEMS 


Figures 16.11 and 16.12 describe a four-address system. Here the arithmeti 
operations are similar to those in the three-address systems. However, the fou 
address can be used in case of ‘‘overflow”’ in the arithmetic circuits, as indicated 
step 3 of Fig. 16.12. 


Fie. 16.11. Control for a four-address computer. 


0. (CC) — (MAR), 
1. ((MAR)) — (MB) — (CR), 
2, What is OP? 
(a) AD: a— (MAR), (a) > (MB) > (Acc), b— (MAR), (b) > (MB), (MB) + (Ace) 
— (Acc), to 3. : 
(byes ‘ 


(7) CO(Compare): a— (MAR), (a) > (MB) — (Acc), 
b— (MAR), (b)— (MB), (Acc) — (MB) — (Acc), Store, 
{ (Acc) < 0: d— (CC), to 0. 
Seika . Mera O: to 4. 
verflow: d— ), to 0. 
3, Store, No Overflow: to 4. 
4. (CC) + “1""— (CO), to 0. 
Store: c— (MAR), (Acc) > (MB) — ((MAR)), Return. 


Fia. 16.12. Four-address computing system, 


2" 
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Note that the store procedure given at the bottom of Fig. 16.12 is used in several 
places in the main flow diagram (see steps 27 and 3, for example). 

The design flow diagrams (Figs. 16.6, 16.8, 16.9, 16.10, and 16.12) are very similar 
to flow diagrams used in programming (see Sec. 17) and the use of a subprocedure such 
as STORE (Fig. 16.12) is similar to the use of subroutines or subprograms. 


16.11. A SINGLE-ADDRESS SYSTEM WITH INDEX REGISTERS 


Figures 16.13 and 16.14 show the essential features of this system. Note that the 
control circuits now have an adder which is capable of adding two addresses. 


Fia. 16.18. Control for a single-address system with index registers. 


The index part of the command could consist of four digits with the result that 
any memory location might play the role of an index register. In practice, however, 
» is usually not more than one digit and it is difficult to construct a sufficiently complex 
problem in which more than two digits would be needed for b (this gives nearly 100 
index registers). When 6 consists of fewer than four digits the transfer b > (M AR) 
should set the other positions of MAR to zeros, say. 

In the simplest form a special register is used for the index instead of part of the 
main memory. This may lead to a somewhat faster system since one less memory 
access is required but there is also less flexibility. 


ne 


0. (CC) — (MAR). 
1. ((MAR)) > (MB) — (CR) 
2. b— (MAR), (b) > (MB), a + (MB) — a, 
3. What is OP? 
(a) AD: a— (MAR), (a) > (MB), Add, to 4. 


. . § (Ace) < 0: a— (CC), to 0. 
(i) TN: { (ACC) > 0: to 4. 
4. (CC) +1" (CC), to 0. 


Fia. 16.14. Single-address system with index registers. 


Index registers such as that described above make it easy to write programs that 
deal with subscripted variables such as a; or a;,; (sometimes written alt] or at,j]) or 
with elements of vectors or matrices. 


16.12, ELEMENTARY LOGICAL CIRCUITS 


The above sections have discussed the general structure of digital-computing sys- 
toms, Before details of such systems are discussed it is necessary to present some 
basic cireuits in logical form whieh might he used in fabricating such systems, 
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Figure 16.15 shows examples of a number of elementary digital circuits. The first 
of these (Fig. 16.15a) is a flip-flop which stores a single binary bit of information. If 
the flip-flop stores a binary 1, the terminal labeled A is high and the terminal labeled 
nA is low in potential. After a signal has appeared on A,, the terminal A will be high 
and the flip-flop will be said to have been set. A signal on A, resets the flip-flop and 
after a reset signal nA is high and A is low. 

The circuit in Fig. 16.15b is called a logical anv circuit. If both a and 6 are high 
then ¢ is high. In terms of binary digits, if a and b are equal to 1, ¢ is equal to 1; 
otherwise c is equal to 0. Therefore, c can be expressed by the formula c = a-b. 1 


A, A 
a d 
x ps e — 
A, nA 
(0) 
. (c) 


A A 
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k 
p(t—k) —>(____ +> p(t) 


nA 
(d) 


(e) 


Fia. 16.15. Digital circuits. 


The circuit of Fig. 16.15c is called an or. If either d or ¢ is high, then f is high, or 
the effect can be expressed by the formula f=d-+e, if it is agreed that 1 +1 =1, 
This type of algebra is called Boolean algebra. 

The circuit of Fig. 16.15d is a delay circuit. If a signal p(t — k), that is, a pulse 
train at time ¢ — k, is applied to the input and the delay is equal to k clock-pulse 
intervals, then the signal appearing at the output would be p(t). Thus, if a pulse is 
put into the delay line at a given time, it appears at the output / units of time later, 
This description has been in terms of pulses; such a circuit works equally well with 
pac to d-c signals, or gating signals, which last for more than a single clock-pulse 

ime. 

The cireuit of Fig. 16.15¢ is called an inverter and has the effect of developing the 
complement of a given signal. For example, if A is high, then nA is low, or if Aisa 1 
nAisa0. Likewise, if A is a 0, then nA is a 1. ’ 


16.13. A MEMORY UNIT 


. By making use of the logical elements as described above, and as shown in Fig. 16.15, 
it is possible to show a device which will store a number of pulses. This is a recirculat- 
ing memory and is shown in Fig. 16.16. 

In Fig. 16.16 information may appear on the input line and if the input control |» 
high this information feeds through the anp gate and through the or gate into the 


‘ 


Input 


Output 
control 


Input control Output 


Fra, 16.16. Recirculating memory. 
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delay line. After coming out of the delay line it comes back to an input gate which 
allows it to enter the line, provided the input-control signal has now been removed. 
By supplying a proper input-control signal it is possible to transfer an arbitrary pulse 
train of appropriate length into the delay line. Likewise, an output-control signal 
can cause the pulse train stored in the delay line to appear on the output terminal. 
This type of recirculating memory system characterizes the type of memory used in 
the early delay-line computers, such as the SEAC, which was built at the National 
Bureau of Standards. 

It is possible to transform the memory circuit of Fig. 16.16 into a serial accumulator, 
as shown in Fig. 16.17, by inserting a binary-addition circuit in the recirculation loop. 
The effect of the binary-addition circuit is to take pulse trains occurring on two inputs 
and to put out the pulse train, which represents the binary sum of the numbers repre- 
sented by the pulse trains on the input. Reference to Fig. 16.17 shows an ADD and a 

AD (1) Output 
(3) control 


aXe 


cP 
Fig, 16.17. Serial accumulator. 


CLEAR AND ADD input to the serial accumulator. There is also an input labeled MB, 
which corresponds to the memory buffer shown in Fig. 16.5. If an app signal is 
present, then information from the memory buffer (which might be a serial memory 
unit such as shown in Fig. 16.16) passes gate 1, enters the adder 3, and the sum enters 
the delay line 4. If there is a cLEAR AND ADD signal, the information from the memory 
buffer passes gate 2 and the inverter inhibits gate 5 so that new information is fed 
into the delay line. 


16.14. PARALLEL AND SERIAL REPRESENTATION OF INFORMATION 


In a computer, a word might be stored in an array of 36 flip-flops (Fig. 16.15a), 
cach flip-flop being set to either its 0 or 1 state in a one-to-one correspondence with 
the information shown. When represented in this manner by a spatial array of 
storage elements, the information is said to be stored or represented in parallel, as all 
digits of a given word may be inspected simultaneously. 

Alternately, the whole word may be stored in a memory unit such as discussed in 
Sec. 16.13. In this case, the point B (Fig. 16.16) first assumes the state corresponding 
to the least significant digit of the word and remains in that state for a short predeter- 
mined time interval, then assumes the state of the next most significant digit, and so 
on until it has sequentially represented each digit of the whole word. Information 
represented or stored in this manner is said to be stored serially, as only one digit is 
available at a time. A clock (CP) is again commonly used to govern the rate at which 
digits of the word are passed through or shifted into the circuit. In the case of a 
dynamic flip-flop, this clock is usually the same as that used to control the flip-flop 
itself, 

A “word”’ in a computer may thus be represented either in parallel as a spatial 
arrangement of a simultaneous pulse pattern (or voltage levels), or it may be repre- 
sented serially in the time domain on a single pair of terminals as a sequence of pulses 
(or voltage levels), 

Various combinations of the two methods mentioned above are also possible, In 
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this case, the information within the computer is said to be represented in a seri 
parallel fashion. It is, for instance, common that the binary digits comprising 
character are represented in parallel, while the characters are represented seriall: 
within the word structure. 


16.15. PERIODICITY OF INFORMATION FLOW 


In any case, whether represented serially or in series-parallel, the word structure, 
being fixed, imposes a certain periodicity onto the information flow. To facilita’ 
processing and transfer of information, these periodicities may be marked throug’ 
the use of additional timing sources, denoting, for instance, character rates or wor 
rates, or both. These additional timing sources are always submultiples of the mas 
clock, and generally synchronous and in phase with it. The use of a “word clock’ 
to control information flow within a given section of a computer is common and lea 
to efficient information exchange within that section. 


16.16. TRANSLATION OF INFORMATION FROM SERIAL TO PARALLEL 
REPRESENTATION AND VICE VERSA 


Parallel representation, on the other hand, imposes no periodicity related to t 
structure of the word, and machines organized in this fashion are often asynchrono 
in their operation. The choice as to whether information is organized into serial 
parallel information patterns depends both on the means used to represent the info 
mation and on the logical function to be performed by that specific portion of t 
machine. Thus, in one section of a computer one may find the information arrange¢ 


Fic. 16.18. A flip-flop shift register. 


serially, while in other areas, a parallel representation is called for. Translation 
from one type of representation to another is accomplished in buffer memories, often 
of the shifting-register type. Typically, such registers consist of a series of flip-flops 
which can accept and deliver information in parallel as well as being capable of shift« 
ing the stored information pattern, spatially, either to the left or right, one digit space 
at atime. A flip-flop shifting register of this type is shown in Fig. 16.18. 


16.17. TIMING AND SYNCHRONIZATION OF MEMORIES 


16.17.1. General. The rate at which specific information can be transferred to 
and delivered by a memory is often the factor limiting the computational speed of &. 
system. Careful organization of the memory for effective information transfer 1 
other portions of the computer is essential. 

16.17.2. Influence of Physical Characteristics of Memories on Timing and Syn= 
chronization. The memories in practical use today can be categorized as either pore 
manent or transient, depending on their nature. 

Memories based on physical properties such as wave-propagation phenoment 
(acoustic, electric, etc.) and charge-decay phenomena fall into the transient class. 
Memories based on polarization properties (magnetic, electric), electromechanioal 


. 
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devices, etc., fall into the permanent class. The table below shows a classification 
of the memories now most commonly used. 


Permanent Memories 
1. Magnetic-core memories of 
parallel coincident-current 


Transient Memories 
1. Delay-line memories 
a. Acoustic 


type b. Magnetostrictive 
2. Magnetic-core shifting reg- c. Electric 
ister 2. Charge-storage-tube memories 


3. Magnetic drums—parallel, 
serial 


3. Diode-condenser memories 


16.17.38. Periodicity Imposed through Regeneration. Transient memories require 
regeneration. That is, before the information decays or gets distorted to an unrecog- 
nizable form, it must be read and rewritten so that the original pattern (wave, charge, 
ote.) is reestablished. This regeneration process is normally carried out systemati- 
cally, bit by bit, or word by word, and thus imposes a certain cyclic character upon 
the memory. 

Memories of the transient class are therefore usually organized to operate in a 
synchronous fashion. This is particularly true of memories based on wave-propaga- 
tion phenomena, as this characteristic also imposes stringent periodicity requirements 
on the information patterns. 

Memories of the permanent class, such as those based on magnetic or electric 
polarization, require no regeneration. These memories can be organized in either 
periodic or aperiodic fashion and made to operate either synchronously or asynchron- 
ously with other sections of the computer. 

16.17.4. Periodicity Imposed through Scanning and Selection. As mentioned 
before, the memory must be able to deliver or accept information to or from any 
arbitrary storage cell called for. Rather than endowing each storage cell with the 
capability of producing an electric output signal, many memories are so organized 
that reading and writing can be carried out only at a few specific stations. Access 
to the various memory cells is had here by periodically having the reading and writing 
stations scan the entire memory in sequential fashion. Reference to a specific cell 
inay be had only periodically. 

Thus it is evident that the selection mechanization may also impose a cyclic charac- 
(er upon the memory, independent of whether the memory is of transient or perma- 
nent nature. Magnetic-drum memories which belong in the permanent class usually 
are organized into a synchronously operating memory system in this manner. 

16.17.65. Access Time and Information Transfer. The retrieval of information from 
i memory system involves at least two, and sometimes three, distinct processes, each 
requiring a characteristic time interval for its completion. 

The first consists of the time required to get access to the specific set of memory 
cells from which one wants information. This time interval is often loosely termed 
“access time” T'a. 

The second process involves the read-out of the information once the proper mem- 
ory cells have been located. The time required for this process may be called the 
characteristic interrogation time 7’; of the memory. 

Information read-out of some memories involves a destructive process. Therefore, 
if the information is to be retained in the memory, it must be rewritten. The time 
required for this process has been called ‘latency time” 7’, expressing the thought 
that for this period the memory is latent and no new information may be requested 
of it until this process is completed. As far as economically possible, the designers of 
computing systems strive to keep the three characteristic times mentioned as short 
as possible. 

The physical characteristics of a memory system have been shown to impose definite 


-patterns on the information flow to and from amemory. T',, 7'7, and 7’, are usually 


closely related to the physical structure of the memory, although the information 
organization also influences these parameters in a significant manner, 
Thus, for a memory based on wavespropagation phenomena, 7', depends on the 
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length of the delay line used, whereas 7’; depends on the frequency response of this 
delay line, i.e., on how narrow pulses may be propagated down the line. 7'z for 
circulating memories of this type is zero. 
For memories of the magnetic-drum type, 7'4 depends on the rotational speed of 
the drum and 77 on the time response of the transducers, i.e., how fast a binary digit 
can be recorded or read. 7’; is again zero, as the information stored is permanent and 
not destroyed upon read-out. In the cases cited above, 7'4 is usually many times 
(often hundreds of times) greater than 7;. An increase in information communica- 
tion rate with the memory is had only through providing as many parallel communica- 
tion channels as economically feasible under the specific situation at hand. 
Memories of the permanent class, such as ferroelectrics and memory cores, usually 
are organized such that 7'4 is of the same order of magnitude or even less than 7", 
This is possible when each memory cell has the capability of producing an electri 
output signal and the selection of a specific cell involves only electronic switching o 
terminal leads. Thus, in a typical core memory, 7’4 depends on the speed of th 
electronic switching circuits, but 7; depends on the inherent properties of the co 
material. 
Information read-out of magnetic cores is usually destructive. 7'z depen 
primarily on the characteristics of the core material and is usually close to 77 i 
magnitude. 
A table of characteristic times for the more common memories is given below: . 


ee 


Typical values, usec 


Memory 
Tg ry Ts, 
Magnetic drums................ a4 500-—50,000 4-50 0 
Acoustic delay lines................. 50-500 0.5-5 0 
Electric delay lines................6. 1-50 0.1-2 0 
NESERG UC COPCR castiice 6 5 APT oe 4 3 Niencet 1-5 1-5 1-5 
Charge-storage-tubes................ 1-4 0.1-1 2-5 


The value shown for 7'4 is the maximum value encountered. Depending on 
particular instant information is requested from the memory, the access time 74 
vary all the way from zero to the value indicated. For a random request rate, 
average value of 7’4 would be 1g ast ok 


16.18. TRANSFER OF INFORMATION BETWEEN MEMORIES OF 
DIFFERENT CAPABILITIES 


A memory embracing all the desirable properties needed for computer applications 
has not yet been developed. Thus the associated complexity of high-speed memor 
demands that their capacity be limited. High capacity at low cost and less complex- 
ity (for each binary digit) as yet can be had only in medium- or slow-speed memory 
devices. Several compromises have been worked out for those cases where both hig 
speed and large memory capacity are required. These in general involve the use 
more than one type of memory in the computing system. A high-speed low-capacl 
memory may be used to communicate directly with the arithmetic unit, with an au 
iary low-speed memory replenishing data in the high-speed memory as it is used W 
The slow memory may either communicate directly with the high-speed memory 
communicate with the high-speed memory via the arithmetic unit. The mode 
operation is commonly such that block transfer of information from one to the other 
involved. As the significant time parameter characterizing the low-speed mem 
is usually the access time 7'4, the simultaneous transfer of a large number of w 


. 


TIMING AND SYNCHRONIZATION OF ARITHMETIC ELEMENTS 16-17 


results in a timewise efficient process. This is so because, although 7'4 may be large, 
the average digit time 7’; from memories in this category still is small, and once the 
information to be transferred has been located, a high transfer rate can be maintained. 

In achieving efficient information transfer to and from the two types of memories, 
one again is faced with the problem of synchronous vs. asynchronous operation. Here 
again, both schemes are currently in use. If the two memories chosen are of such 
character that they demand their own internal timing clock, only asynchronous 
operation is possible. Such is generally the case, for instance, in the operation of 
magnetic drums and acoustic delay-line memories. If, on the other hand, only one 
of the memories demands operation on its own internal clock, then this same clock, 
or a multiple or a submultiple of this clock, may be used to govern the operation of the 
second memory. In this case, synchronous operation between the two memories 
can be achieved. Examples of this type of operation include a magnetic-drum mem- 
ory operating together with a magnetic-core or a cathode-ray-tube storage system. 

Asynchronous operation demands the use of some buffer storage. This require- 
ment may vary all the way from a single binary digit to a storage for complete words 
and even blocks of words. Needless to say, if the requirement for buffer storage goes 
up, the complexity of the associated equipment may increase to a point where it no 
longer is economically feasible to operate the two memory systems together. 

A second need for buffer storage between two memories arises when the organization 
of the information in the two systems is different, say serial in one case and parallel 
in the other. Thus, for instance, information storage in a magnetic-drum memory is 
conveniently arranged in serial fashion. On the other hand, information in the high- 
speed memory often is arranged in a parallel fashion to achieve speed. Here, a buffer 
register of at least one word is required between the two memories so that the informa- 
lion may be translated from a serial to a parallel pattern; the shift register of Fig. 16.18 
can be used for this purpose. As the arithmetic unit often is idle during this process of 
information transfer between memories, the storage registers of the arithmetic unit 
may be used for this buffering purpose. Most of the high-speed high-capacity com- 


puters on the market today have found it necessary to rely on more than one type of 
internal memory. 


16.19. TIMING AND SYNCHRONIZATION OF ARITHMETIC 
ELEMENTS (GENERAL) 


The arithmetic element in most general-purpose and special-purpose digital com- 
puters consists of several storage registers and a logical unit called an adder (or 
subtracter). 

The timing problems in the arithmetic unit of a machine can be divided into two 
basic classes. The first is the control of the transfer of the information when it is 
being shifted from one arithmetic register to another or when it is flowing between 
the arithmetic unit and storage or input-output equipment. The second timing 
problem is associated with the functioning of the adder (or subtracter) and has to do 
with the timing related to the carry (or borrow) operation. The second problem is 
usually important only in parallel arithmetic units where a long carry through many 
stages may occur. 

Synchronization and timing problems are significantly affected by the choice of 
equipment used to construct the storage units that make up the arithmetic registers. 
If a static binary storage element is used (e.g., a flip-flop or magnetic core) and, if two 
static storage units are associated with each binary position in the register, then 
synchronization and control-pulse-duration problems can be virtually eliminated. 
The machine can be essentially asynchronous. That is, control pulses can occur 
nonperiodically and be arbitrarily long. Any single storage unit must not, of course, 
be given simultaneous conflicting commands. 

- Timing and synchronization become somewhat more critical if dynamic, continu- 
ously regenerated, binary storage devices are used, Then information transfer can 
occur only at definite times, The timing is usually under the control of a constant- 


frequency contrel-pulae generator called a clock, Such a machine is synchronous, 
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The use of delay devices (electrical, acoustic, or magnetic) as the storage units of 
the arithmetic registers is common in machines that operate serially. Pulses repre 
senting individual digits will arrive at a given point in the system in sequence. Precii 
periodic synchronization of operations is essential. 

As a general rule, a machine may be made faster and perhaps more reliable 
asynchronous operation is used even though more equipment is involved. A machi 
that handles information serially and is synchronous will, in general, be slower ani 
less expensive and will use less equipment. 

The number of components in a machine can be significantly reduced by using # 
portion of the main storage unit for the arithmetic registers. An outstanding examp 
is the use of “circulating registers” on a magnetic drum. 
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16.20. SERIAL ARITHMETIC-ELEMENT TIMING AND SYNCHRONIZATIO: 


In transferring information in a serial computer, time is a necessary coordinate 
the identification of the individual bits of each word, since the successive bits are se 


Main serial register 


O Shift right 


Delay equals 
1 digit time 


© No shift 


hift f 
Delay equals O Shift left 


‘2 digit times 
Fia. 16.19. A serial shift register. 


serially over a single path. Note that time is also a coordinate defining informatio 
in a parallel machine, but an entire word is identified with a particular time and th 
separate bits of a word are transferred in parallel over many paths. A serial arit 
metic unit has the advantage that the adder need handle only one pair of operand bh 
(plus a possible carry) at a time. Carry delay presents only a very minor probl@ 
in a serial arithmetic unit since the logical operation of forming the single binary 
digit representing the sum and the single binary digit representing the carry is sim 
enough to allow it to be performed very rapidly. { 

Most serial machines use a constant-frequency clock for the control of intern 
operations. This is not fundamentally necessary. Static storage can be used thw 
allowing aperiodic timing of basic operations. Usually the various basic tran! 
operations require approximately the same amount of time and there is ordinarily 
particular advantage to be gained by using an aperiodic source of control p' 
Communications with input-output equipment of on-line (real-time) computat 
may sometimes be made easier by adopting aperiodic timing. 

Shifting in a serial machine is most commonly accomplished by the insertion 
deletion of ‘external’ storage units in the serial path. Assume that information 
being circulated from left to right through a serial register of Fig. 16.19. The outy 
emerging from the right-hand end is fed back through an external path to the inp 
No shift may be defined as one unit of storage allowed in the externa! path. (It 
assumed in this definition that the shift register is N — 1 positions or clockepu 
periods in length and that a ‘‘minor cycle’’ always consists of N clock pulses for 
word time.) If two units of storage are included, the word in the register will } 
shifted one place to the left with each circulation. If the external unit has no stor 
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then the word will be shifted one place to the right, with each minor cycle consisting 
of N pulses. 

Many serial machines use delay-line storage devices both for main storage and also 
for the arithmetic registers and are therefore highly synchronous in their operations. 
The “external” units of storage in Fig. 16.19 will ordinarily be static storage (such 
as a flip-flop) to simplify synchronization and timing. 

Much of the hardware in data-handling systems is concerned with making sure that 
the output of a given gate is presented only when the various inputs to the gate are 


A we riba CUR rome pal Direct input signal 
B Dido ah Ckkae wahrws ane Delayed signal from inverter 
7 Spurious output 
Cc pee Nee ee ees) Nee Erroneous signal at point C 
Clock eee [ew 2 Se ms Vee J Pe Reshaping or sampling clock 
D sd) Nila daha Reshaped output signal 


+ 


CP (clock) 
Fiac. 16.20. Signals in a two-input clocked aNp gate. 


guaranteed to be at meaningful levels. The determination of the exact time to sample 
the cy a gt of inputs becomes more difficult as one presses for higher operating 
speeds, 

The logical design of any machine, serial or parallel, will require the combination 
of several signals as inputs to one AND gate. The signals may originate in widely 
separated parts of the machine. Further, the logical negation or inverse operation is 
frequently required. A slight delay ordinarily occurs while the inverter operates 
when this is realized with a tube or transistor device. The arrival of the delayed, 
inverted pulse at the input to a gate may not be synchronous with other pulses which 
have not been inverted and therefore not delayed. The output of the anp gate may 
be made narrower than the input, or a narrow pulse may sneak through when none 
should. Synchronous systems therefore require that a given logical output function 
of several input signals be reshaped or “reclocked” before it can be used. The logical 
funetion is strobed (sampled, multiplied) by a narrow clock pulse. This reshaping 
clock pulse is timed to occur during the period when the output signal is guaranteed 
lo have the correet value, The resynchronized output pulse, D of Fig. 16.20, is 
necessarily narrower than the input pulaes A and B which are sampled, If the process 
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of producing an output narrower than the input is repeated through several stages of 
gates, with the sampling pulse being made narrower each time, the information will 
soon disappear altogether. Therefore, before an output signal, such as that repre- 
sented by D in Fig. 16.20, can be used, it must be “stretched”’ back to the standard 
length represented by inputs A and B. 

If it is important to operate at the highest possible speed, the basic period of a 
clock cycle can be subdivided into ‘‘phases.’’ For example, a given vacuum-tube 
pulse reshaper may take 14 usec to operate. If the basic clock period is 1 usec, then 
34 usec would be wasted by waiting a full period to reclock the output. A clock pulse 
of the proper phase (delayed 14 usec from that used to form the inputs to the reshaper) 
is therefore used to reclock the output. 

This basic problem is present in all synchronous machines—serial or parallel. It 
has perhaps been magnified in serial-machine design by the desire to operate at the 
fastest possible basic information-transfer rate in order to make up for the inherently 
slower over-all information-processing speed of the serial machine. 


16.21. PARALLEL ARITHMETIC-ELEMENT TIMING 
AND SYNCHRONIZATION 


In a “parallel’’ arithmetic element, all the binary digits of a word are manipulated 
simultaneously. A single command pulse from the control unit is all that is necessary 
to accomplish the transfer of an entire word of, say, 36 bits from one register to 
another. To allow this, it is necessary to provide 36 separate paths through 36 gates, 
The control leads of all the gates are tied together to receive the command. Exame« 
ples are given in Secs. 16.22 through 16.25. 

Shifting and transfer operations in a parallel arithmetic unit can be self-timing or 
asynchronous. Both the duration of and period between command pulses can vary 
over wide ranges. Synchronization and sequencing of operations in this type of 
system can have a self-checking or interlocking property. That is, the control may 
be arranged to assure that the (n + 1)th step cannot start until the nth step is succes 
fully completed. When this is done, precise matching or compensating for transmis« 
sion delays or operating times is not necessary. 

Some large parallel machines have been built in which the only synchronous arithe 
metic-unit operation, in the sense that it always takes the same amount of time and 
is not determined logically, is that associated with ‘‘carry delay.” This is the delay 


of a subsequent operation for a time sufficient to allow for the longest possible carry, 


Many parallel machines use a synchronizing clock for timing basic internal opera 
tions. In this case the controt unit can supply command pulses to the arithmeti¢ 
unit only at predetermined periodic times. The clock-pulse period is ordinarily 
chosen to be the least time that can be safely allowed between the elementary arith» 
metic operations such as clearing a register or gating or transferring information from 
one register to another. An operation that requires more time to execute is handled 
by inhibiting the issuing of the next command signal for the necessary number of 
clock-pulse periods. 

Timing and synchronizing methods of arithmetic elements also differ on a higher 
level. A machine can use a periodic clock as a source of basic timing signals but use 
different numbers of periodic clock cycles to execute complete arithmetic operations 
depending on the value of the operands. The operation of the machine can be syn 
chronous in the timing of the basic or elementary steps but still be asynchronous itt 
the over-all operation of the arithmetic and control sections. 

For purposes of illustration, consider the way binary multiplication is commonly 
performed. If the current multiplier digit is a 0, the partial product in the aceumte 
lator is merely shifted. If the multiplier digit is a 1, the multiplicand must be added 
to the partial product in the accumulator, time must be allowed for carry to propagate, 
and finally the new sum in the accumulator is shifted. These two cases will not take 
the same amount of time, and the speed of the machine can be increased if advan 
can be taken of this fact. : 
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Many machines are entirely synchronous. The execution of each type of arith- 
metic operation always takes a fixed length of time, independent of the value of the 
operands. The advantage of this arrangement is the relative simplicity of the control 
unit. Also, communication with a synchronous storage or memory unit is much 


easier to arrange. 


16.22. TRANSFER AND SHIFTING IN DOUBLE REGISTERS (STATIC 
PRIMARY STORAGE) 


In the series of machines constructed according to a basic philosophy developed at 
the Institute for Advanced Study, information is never stored in the transient state. 
This premise leads to the “double-register” design (Fig. 16.21). If a number in 


Ar, register 


fe Se. Lt ae mt re ae 


A, register 
00000 01010 01010 01010 
01010 01010 00000 00101 
Step 1A,—Ap Step 2 Ap—Ap 


Fig. 16.21. Shifting in a double register. 


register Ay is to be shifted one place to the right, this operation takes place in basically 
two steps. The number is first transferred or gated directly (without shifting to the 
left or right) into the temporary register A; (clearing out any information that may 
have been in A;). In the second step, the information is transferred back into Ap, 
with the appropriate shifting taking place. The old information in A, is cleared out 
in the process. The important things to notice are: (1) the gates connecting Ay to Ar 
may be open for an arbitrarily long time in step one; (2) the shifting gates connecting 
A, to Ay may be open as long as you please; (3) the second gate signal can start imme- 
diately after the termination of the preceding gate signal. The gating signals must 
be long enough to allow the receiving register to be properly set but there is no harm 
if they are longer. The removal of the upper bound on control-command pulse 
length makes the control timing problem less critical. It is also possible to use error- 
detecting interlocks. Various methods for generating and controlling the timing of 
gating pulses for double-register operation are described in Sec. 16.32. 

The storage elements in the double-register scheme need not be constructed of tube 
‘or transistor bistable circuits. The static magnetic delay line as originally conceived 
used two magnetic cores per bit, one for temporary storage and one for permanent, 
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16.23. TRANSFER AND SHIFTING IN SINGLE 
PRIMARY STORAGE) 


The duplicate temporary storag 
scheme may be eliminated by usin 


ing process. A commonly used system is illustrated in Fi - 


i high and B; low for some time. 
high; B; and B, will both be low. 


REGISTERS (STATIC 


Normal static 


flip-flop 
This symbol is 


equivalent to 


Lis ole ALM 
Transient storage 
6 


Fia. 16.22. Shifting in a single 


register with static primary storage but transient (RC) 
temporary storage. 


flip-flop is changed (A; low and B; high) the previous voltage levels will be “ 


remem 
bered”’ for a short time in the capacitors such that A, and B, will remain substantially 
at their previous voltage levels, 


A gating signal may be used to connect the delayed 
output signals to the input of another flip-flop even though A; and B; are changing, 
This gating signal must terminate before the output signals being transiently rememe 
bered have had a chance to chan 


e ge appreciably. The next operation cannot proceed 
until a sufficient time has elapsed to allow the capacitors to charge to the new values 


— that the output signals (A. and B,) agree with the signals at the flip-flop 
Ag and B,). ; 


Relatively inexpensive flip-flops may be caused to ch 
microsecond. This means t 
need to be sampled only for 
RC transient storage networ 
inputs to the gates will not 
pulse) time. 


Other means of temporary storage may be used, 


ange state in a fraction of a 
hat the gates determining the new state of the flip-flop 


a fraction of a microsecond. If a charging time for the 
k is made to be several microseconds, the value of the 
change appreciably during the short sampling (or cloek« 


In particular, the (isuially 


The voltages 
If the state of the 
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i temporary 
idesirable) minority carrier-storage effect in transistors can serve as p 
undes | 
no i i t ient storage of the type described 
i i i egisters based on trans ; : ‘ 
i a ete “elock”’ pulse of a definite aeecienand ee hig 9 
he acon fe be fixed There is a lower limit to the time Jona pai . on es = 
orate : is, however, no upper 
i the new value. There is, er; c ea” 
ee Ron 7 (Gc ois “lock” pulses. In this sense the goccettpn, 7s sy 
. noha However, the sampling or clock pulses usually are de 
synehr : ! : 
sonstant-requency —— ie ni rag ge a line. Assume for definiteness that 
of temporary storage 1 ne. A i ey ae 
Bry ae oa SE with it a l-usee delay line (Fig. 16.23). 
eac it ar 


Phase 2 gate 
Pulse at (T', + 1 psec) 


Phase 1 gate 
Pulse at T, 


Flip-flop register 
1 ; { 
i delay line of delay 1 usec 
->[___}— isa symbol for a . TEN Re 
1a. 16.23. Shifting in a single register with static primary storage and transient ( 
‘1a. 16.23. 
temporary storage. 


es ; , ae 

| 1 gates are enabled, and all digit positions with Sinfione, ea 
paaen he, to enter the corresponding delay lines. em es Se 
P we ea at To + 1 usec just as the information comes out o : Sie ee eee 
aig ti d back into the flip-flop register but shifted one p mig a ears 
a oo in this example that the operation of reading oe anne s ape Ag 1 
oe the delay lines resets all flip-flops to zero. Both the eK Re Sean S88 
rs 8 pulses and the separation in time (1 psec in this examp 
@ 

infor- 

oot ne 2 gate signal lasts too long (for instance, longer than 1 ysec) the in 
mation in the delay lines will no longer be present. 


IC OR REGENERATED 
ER AND SHIFTING (DYNAM 
ne saga PRIMARY STORAGE) 


i i ry storage 
The 1-ysec delay line in the ea oy: pene.) (ee we ed ae tk y ping 
san be used as primary storage. he flip-flop may | : 

pape to a ‘dynamic toggle”’ or dynamic ap rege Pee ee 3 
In the machines patterned after the SEAC, the delay REN RR 8) 
‘tic delay line. It is also possible for an exceeding ys oe eae 
rag ey se 1 Tl e IBM “microsecond delay unit’’ is perhaps e si P eet 
pay inf Weyer te ix alternately stored in the magnetic field of " were tik spe 
nal } dali field of a single capacitor. In either renee Fi Paper Aelageling 
pat atio : is continuously passed back and forth or regenerate ; epee te 
iat 4 oe shronizing clock pulses must be accurately periodic and Fee ene} 
res noida ‘with the delay of all delay lines used, In the ry og 5 ys foe , me 

Gmalnata the transfor of information is relatively insensitive to th 
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inductance and i iati i 
peasy nd capacitor, and small variations of the clock-pulse period can be 


A dynamic-toggle shift register is logi imi i 
( ‘ gically similar to the double-register devi 
ie aaa in Sec. 16.22, Tf information is being held in the register, whine is verti 
etween corresponding digit positions to afford the required continuous regeneration 


One or the other of these must pulse during each clock period haa 


Phase 2 hold bus Mitr 
O 


Pulse for hold or shift during each clock period 


Phase 2 PRES TL oe BND 


Via, 16.24. Shifting with dynamic primary storage. 


If a shift to the right i i i i 
aan Pe A ua is to be made, a vertical transfer is followed by a diagonal transfer 


16.25. TRANSFER AND SHIFTING (DELAY-LINE PRIMARY STORAGE) 


The use of a magnetic-drum delay li i i 
: r y line as primary storage for arithmetic registe! 
* ‘s popular way for producing a machine with a minimum number of active clemenian 
: e arithmetic registers in such a machine are essentially a special case of the maigi 
sae unit. The shifting and transfer of information between circulating registers 
Ms saree en Bein a circulating arithmetic registers and the main storage 
mized by the inclusion of external stati i i 
shy AREA pbs al static storage units which usually take 
‘ age der information is accomplished by including additional delay or removing, 
: , i! in 2 e external serial path of the circulating register, as was described in Sea, 
u a Pee al gaia aR units also provide a means for handling the problem 
ve delays between reading f i iti 
poly eatin gy g from a track on a magnetic drum and writing 
é hf hore ag arithmetic registers may also be either an electrical or an acoustic 
elay line. The former has been used more often as an arithmetic register. Tho 
priitecdess delay line has been used extensively for main storage. Synchronization of 
e delay times in arithmetic-register delay lines with those in the main storage unil 


can be a seriou i 
eae s problem. It often requires the use of very accurate temperature 


16.26. COMPARISON OF SHIFT-REGISTER METHODS—A-C VS. 
D-C COUPLING 


Many machines use a-c coupli it i i 

mi J upling and transmit information as pulses. Usually th 

two ee ante for a binary digit are: presence of a pulse (when one may be expe 

re inary 1; absence of a pulse (when one may be expected) means binary 0, 
ere is a hazard peculiar to computing devices in using a-c coupling. ‘The duty 
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cycle is often quite variable. It is a painstaking task to consider all possible combina- 
tions of duty cycles in a complex system in order to be sure that transformers and 
other energy-storage components used in a-c coupled circuits have had a chance to 
recover adequately in time for the next pulse. The advantage of being able to trans- 
mit a pulse of very short duration at low impedance over relatively long distances is 
very often offset by the need to wait for a settling period before another pulse can be 
sent. Some systems have attempted to solve this problem by always transmitting 
symmetric signals with no d-c component. 

A-C coupling has the strong advantage that pulse transformers may be used. This 
allows good matching to low-impedance transmission lines. When a computing 
system becomes physically large, it is necessary to use transmission-line techniques 
and not depend on “chassis ground” or ‘‘frame ground” as a signal reference. A 
transformer can convert an ungrounded input from a distant source to a locally 
grounded signal to drive ground reference circuits. 

When vacuum tubes are used, a minimum 1,0 signal amplitude of 5 to 10 volts is 
required to assure complete on-off transition. The signal is usually referred to a 
common “frame” ground and the amplitude must be large to avoid confusion from 
“ground noise.” The capacity that is unavoidably associated with a long signal lead 
must be charged from a driver if the machine is to be fast. 

Transistors are essentially current-operated devices. The input-voltage swings 
need, in principle, be only 1 volt or so. Greater care must now be taken to avoid 
trouble from ground noise. Circuit capacity charging is lower both because the 
voltage swings may be smaller and because the capacities may be considerably reduced 
by the compact packaging possible with transistors. 

The use of direct-coupled circuits has become very popular as a means for avoiding 
duty-cycle difficulties. One disadvantage of d-c coupling is the difference in d-c level 
of the input terminal and output terminal of a vacuum-tube voltage amplifier. The 
ordinary resistance-divider coupling networks will attenuate. the signal. This is 
further aggravated by the necessity of allowing for the drift of coupling resistor 
values. Most irritating of all is the fact that the output tap of the resistor divider 
is usually at a relatively high impedance. A cathode follower or other amplifier must 
be included before any significant load may be driven. 

With transistors it is possible to use direct coupling without resistor-dividing net- 
works between stages to reestablish the d-c level. The output collector may be 
connected directly to the input base of successive grounded emitter stages. With 
germanium transistors, this implies that the on transistor is saturated and that the 
1,0 signal level is very small (about 0.3 volt). Transistor saturation will make the 
basic operating time longer because of the necessity of removing stored minority 
carriers from the base region. The alternating use of n-p-n and p-n-p transistors in 
successive stages allows interesting direct-coupled nonsaturating circuit possibilities 
for very fast computing applications. 

The complexity of the double-register d-c coupled system is justified by its apostles 
on the ground that only the d-c level of a gating signal is important—the duration 
can be arbitrarily long. Further, the amplitude can be any value larger than the 
threshold value. Too large a gating signal cannot produce an error. 

Often, a mixed strategy is used in that “logical signals” are d-c coupled but the 
strobing clock pulse is a-c coupled. Since the clock signal is periodic, the duty-cycle 
problem is relatively easy to solve. 

Several methods commonly used to construct arithmetic unit registers are compared 
in Table 16.1 on the basis of restrictions on gating-pulse duration and period. 


16.27. TIMING OF THE CARRY OPERATION 


Timing of the carry operation is a problem only where the carry must propagate 


- through many positions in parallel machines. In a “simultaneous” parallel adder, 


the two operands are presented on two sets of wires. Let us assume that the adder 
is binary and, for definiteness, 40 digits long. Turther, assume that one of the 
operands consists of 40 1's and the other consists of 39 0's and a lin the least significant 
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place. In this situation, a carry is produced in the least significant place and passed 
to the next-to-least significant place. A new carry is then produced and passed to 
the third, ete. In this example, a carry must “propagate” through all 40 binary 
stages. Since a finite amount of time must elapse for the signal levels in the various 
stages of the adder to change, the sum digit in the most significant place cannot be 
correct until the carry digit which started in the least significant place has affected 
all the digits in sequence and finally reached the most significant position. 
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Table 16.1. Types of Arithmetic Register Systems 


Type of register 


Duration of gating pulses 


Time between successive 
gating pulses 


Lower bound 


Upper bound 


Lower bound | Upper bound 


Double register with 
static storage ele- 
ments 

Single register with 
RC temporary 
storage and static 
permanent storage 

Single register with 
delay line (d, psec 
long) static per- 
manent storage 

Single register with 


| 


Long enough to 
set toggle 


Long enough to 
set toggle 


Long enough to 
set toggle 


Long enough to 


Unlimited 


Must terminate 
as soon as 
possible 


Not longer than 
dy usec 


Must terminate 


Immediate Unlimited 


Wait for RC cir- | Unlimited 
cuit to settle 
to new value 


Must occur d, psec after start of 
preceding pulse that gated in- 
formation into the line 


An integral number of clock- 


dynamic toggle regenerate as soon as pulse periods 
possible 
Delay-line register. ..| Long enough to | Must terminate Set by delay time of line and 
regenerate as soon as number of bits held. Must he 
possible periodic 


a ee 


One method for handling carry-propagation timing is to provide a ‘“carry-delay” 
device which inhibits the initiation of the next step in the sequence of arithmetic 
commands long enough to allow the longest possible carry to propagate through the 
entire ‘‘simultaneous”’ adder. If the internal timing is controlled by periodic clock 
pulses, a sufficient number of clock pulses is allowed to tick by to guarantee complete 
settling of the adder network before a pulse is chosen to gate the output of the adder 
in the next step. 

Since the speed of all four basic arithmetic operations depends on the basic carry 
time of the adder, it is worthwhile to consider methods for reducing this time. In 
the addition of two operands chosen with a random selection of digits, the number of 
places through which a carry (or borrow) must propagate is, on the average, only 
about 15 per cent of the full length of the adder. This fact allows one to increase the 
speed of operation by logical means after the choice of basic hardware (and therefore 
the fundamental transfer speed) has been made. Figure 16.25 is a logical diagram 
of one method for determining the occurrence of carry completion by logical means," 

Only the carry-determination components are shown; other elements form the 
combinations (00)’, (11)’, ete., of the two digits to be added in each position. Before 
the start of the addition operations, two special conditions must be met. First, the 
least significant carry input is not 1 and also not 0; i.e., the Cin = 1 and Ci, = 0 lines 
are both orr. This is a three-state device. The second condition is that the output 
of each digit position of the adder is forced to be in the (00)’ or the (11)’ state, Por 
this case, all inputs to the carry-completion gate are orr. At the start of an addition 
operation, the appropriate least-digit carry input is turned on at the same time as 
the operand (A;,B;) inputs are presented. An input to the carry-completion gate 


p 
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yi immediately for a given stage if the operand digits are both 0 or both d 
00) eee In either of these cases, the carry-output indie 9H Espiyb ib ™ 
independent of the carry-input digit. The state of the carry for that stage “d bs 
immediately determined and the corresponding signal to the Se galas is ¥ ane 
is turned on. If the local digits are not alike (00) or (11)’ then t repo ; ue ties 
signal will be determined by a carry signal propagating from stages : e gia pee . 
Two carry-propagation lines are used—one for carry equals 1, t ‘ 0 “ wiper ‘y 
equals 0. As soon as a given stage receives a signal from the Poors Re ae 4 ae 
that the carry digit is 0 or that the carry digit is a 1, then the a ecision 
and an input for that stage to the carry-completion gate is turned on. 


TIMING OF THE CARRY OPERATION 


Inputs from 0, 1, 2, 3, etc., stages of partial adder 


(00), (1), (00), ql 1), (00), (1 1, (00); 


N way AND gate detects carry completion 


Carry completion signal 


Cin =00 


(11), (00), 


Primes denote negation 


A, = The addend digit in the ith digit position 
B, = The augend digit in the ith digit position 


Pra. 16.25. Logical scheme for detecting carry completion in a parallel arithmetic unit. 


ulators used for scientific computing or real-time control, multiplication is 
onsen the most common “‘long”’ Met mun ot pisthercis ae hate Beg A yee 
lly oceurs less frequently. e infor -pro' speed 
ie ba ale Pres be increased by rearranging the method by which multiplication 
; eet 2 addition method of mechanizing multiplication can be ers 
up by using an auxiliary carry register and an adder which does not popes 
carry all the way. This is useful in coded decimal machines. Sear pio g —— 
in the Nth step (if addition without carry is used) can be added to the ni ja La tam 
along with the multiplicand on the (V + 1)th step. Each adder posi eink eet id 
two operand digits and-a carry digit during each step. A separate — - Bags 
per-decimal-digit carry register must be provided. If seein e nea Me A _— 
is considered, the first 10 steps are accomplished using addition withou co" Ms td 
(thus avoiding the long carry delay). On the last step, the adder is Seung — 
“simultaneous” mode such that all carries are added in and ange or Pa et < 
ously, ‘This will speed up multiplication but is no help in division, w as a en e c h 
carry (borrow) must be used to find out if the trail division “goes” or does no, 
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16.28. TIMING AND SYNCHRONIZATION IN THE CONTROL 
SECTION—INTRODUCTION 


In the familiar block diagram of a general-purpose digital computer, the control 
unit is indicated as a simple block. The arithmetic unit is another block. One may 
think of the arithmetic unit which processes the information as having a hopper for 
input information and chute for processed information and handles which control 
the processing of information. There may be one handle which, when operated, 
clears a register, resetting it to zero. Another handle may cause the contents of two 
registers to be added. A third may shift the number in a register one place to the 
right. It is the job of the equipment in the control block to manipulate the handles 
in the proper sequence in order to cause the steps necessary to process the information 
to be carried out. 

A differentiation is needed between the concept of an “instruction” and that of a 
“command.” An instruction is taken to mean a complete operation from the point 
of view of a programmer, or coder, fora machine. In asingle-address parallel machine, 
the single instruction “reset and add absolute magnitude” might, for example, consist 


of the following seven commands: (1) Clear the accumulator register, resetting it to 


zero. (2) Transfer the word to be added (the addend) from storage into a register, 
(3) Examine the sign of the addend. (4) If the addend is negative, complement the 
contents of the register. (5) Add the number in the register into the cleared accumula- 
tor. (6) Signal the control unit that the execution of the instruction is complete. 
(7) Request the next instruction from the storage location determined by the program 
counter. More complicated instructions, such as multiply or divide, of course, will 
require many more commands. 


16.29. SEQUENCING OF INSTRUCTIONS 


The basic mode of operation of a machine is dependent upon the manner in which 
successive instructions are made available to the control unit. Various methods are 
discussed in detail in Sees. 16.6 to 16.11. Perhaps the simplest form of instruction 
sequencing is that used in wired-plugboard program-controlled machines. The 
nature of the successive instructions is determined by the locations chosen for the 
wires inserted in the plugboard. 

Figure 16.26 represents a rudimentary arithmetic-control system for producing the 
command pulses necessary for the execution of the individual steps of an instruction, 
The control section must also generate a series of “‘program-step”’ pulses. These 
pulses are connected to the individual arithmetic-operation control units by wires 
inserted into the plugboard. The particular arithmetic-control operation chosen 
then routes the individual command pulses to the arithmetic unit and determines 
what each command pulse is to do. For example, ‘‘clear the accumulator,” ete. 

In Fig. 16.26, the command-pulse distributor and the instruction-pulse distributor 
can each be a special form of a shift register. In this device, a single 1 is transferred 

. from position to position, sequentially. The end of the shift register is connected 
back to the input so that the 1 is circulated. This arrangement is also called a ring 
counter. Another method of distributing command-control pulses which requires 
less storage equipment but requires more logical or gating equipment is to use a binary 
counter, the output of which is decoded into the required number of output lines. 

If we assume in Fig. 16.26 that the start-stop control toggle is set to the ao state, 
gate A, will allow successive clock pulses to cause the command-pulse distributor to 
step. With each step, a control pulse is emitted on the next line in the sequence, 
The device performs the function of a rotary. switch. 

For simple arithmetic operations such as addition and subtraction, each complete 
cycle of the command-pulse distributor can complete an instruction execution. Mor 
such a situation, the instruction-length counter will allow the last command-control 
pulse to pass through gate A» and cause the instruction-pulse distrtbutor to step to 
the next position. In more complicated arithmetic instructions (like multiply and 
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ivi of the command-pulse distributor loop must be executed before 

age oe i acielirs Each ah of the command-pulse distributor is referred 
2. . . 

bad ‘ circ ES machine, the instructions are not wired se M1 in 
but are stored as digital information in the main or auxiliary storage ug st e ne 
program steps are ordinarily carried out in two basic phases. The ’ meas 
the acquisition of the instruction from storage. This part is sometimes referre 
the ‘‘fetch.’’ The second phase is called “‘execute. 


Periodic clock 
pulse generator 


Start Finish 


1 Instruction 
length counter 


Program step pulses 


Plugboard for 
sequencing instruction 


Arithmetic operation 
control units 


Arithmetic registers 
and adder 


Fie. 16.26. Basic organization of a wired-plugboard computer. 


nit must keep track of where it is in the sequence of instructions. 

tities oe storage lothtlon. from which the next instruction is to ey Te 
must be held in the control. In a single-address machine, instructions ee 4 jae sid 
stored in sequential locations. A program counter is used to generate t hese . ~~ 
in sequence except where this normal flow is interrupted by a “jump : a en 
In the case of a jump instruction, the address for the next instruction . - et . 
comes from the address part of the present instruction being executed (the o 
instruction) instead of from the program counter. _ The state of the ib ee ~ sak 
must be changed to agree with this gine = that it will count on from the new s 
i iti termined by the jump instruction. ; 
ee ae mie allotted for the fetch operation is used to allow the case of oe 
instruction to be interpreted by the operation decoder. The output, pie nh “er - 
operation decoder will prepare the state of gates in the control ~— or - a 
distribution of pulses during the second or ‘‘execute” part of the basic cycle g. 
16.27). ; ! } fey 

i te phase, command signals are routed to the arithmetic unit | 
Pie ae eabe ths of control gates established by the operation decode logic. 
Examples of particular realizations are given in the following sections. ep re 

The fundamental distinctive feature of a stored-program machine is the a y 


alter its own instructions. This can be accomplished by having an instruction call 
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for information from a storage location which contains another instruction. This 
second instruction is read into the arithmetic register. The address part (for example) 
of the instruction may now be altered by adding a number from still another storage 
location to the address part of the instruction in the arithmetic unit. This altered 


instruction may now be returned to storage and used later on in the program as a new 
instruction. 


Storage address register 


Control phase 
flip-flop 


Program 
counter 


Execute 
finished 


Arithmetic 
operation counter 


Jump instruction 


Instruction 
Operation decoder 
Store 


sal 


adbticken boca aa PO Ce 
registers ; 
and adder EL operation control 


Fia. 16.27. Simplified diagram of control organization for a stored-program computer. 


Some computers use the stored-program concept but do not allow instructions to be 
altered by the arithmetic unit. This is particularly true in digital computers designed 
for use in real-time control such as guidance of an aircraft. They are, in a sense, 
logically equivalent to the wired-plugboard-program machine. 


16.30. SEQUENCING OF COMMANDS SYNCHRONOUSLY (FIXED 
MINOR CYCLE) 


If high-speed operation is not the most important consideration, it is usually easier 
to have all simple instructions take the same amount of time. This basic unit of time 
is often called a minor cycle. Consider an elementary serial decimal machine where 
decimal digits are transferred serially by looking for a pulse during one of 10 pulse 
times. A minor cycle might consist of 25 clock-pulse times. This defines the length 
of the command-pulse distributor of Fig. 16.26. The first 10 are used for clearing 
registers (if necessary) and to set up gates according to the instruction to be executed. 
The next 10 clock-pulse times are used for transferring any numbers between storage 
registers and/or an accumulator. The balance of the clock-pulse times in the minor 
cycle are used for handling carries and other miscellaneous functions. 

A fixed minor cycle is essential for serial or scrial-parallel machines in which the 
basic storage element is a delay line or a magneti¢c-drum circulating register. Hach 
minor cycle will control the transfer and identification of the successive digits of the 
words being manipulated. F 

Synchronous minor-cycle-control organization can also be useful in parallel come 
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puters. If a volatile storage unit is used (for example, Williams tube electrostatic 
storage) words may be transferred to or from storage only in synchronism with the 
basic regeneration timing. A minor cycle time equal to the basic regeneration period 
of the memory is convenient. Arithmetic operations are then constrained to occur in 
multiples of the basic minor-cycle time. ; 

A fixed minor cycle may be a restriction in that some operations can be completed 
in less time. On the other hand, the design of a fixed-minor-cycle control unit is 
probably the least complex. 


16.31. SEQUENCING OF COMMANDS SYNCHRONOUSLY (VARIABLE 
MINOR CYCLE) 


The delays inherent in a fixed-minor-cycle system can be avoided by using only . 
the number of periodic command pulses basically required for each operation. Con- 
sider a parallel machine with a minor cycle consisting of a maximum of eight pulses. 


Instruction register 


Operation decode and 
arithmetic step counter 


Execution 
finished 


Instruction 
sequence control 


Arithmetic logic for 
+, “i oe 


Arithmetic commands 


Arithmetic unit 


Fia. 16.28. Variable-minor-cycle command-pulse distributor. 


PG = Single pulse generator 


If an operation is short (such as a jump instruction) and can be accomplished in five 
pulses, then, at the completion of the fifth pulse, a reset signal is sent to the minor- 
cycle pulse distributor. This same pulse is interpreted as a ‘‘completion-of-execu- 
tion” signal by the major cycle or execute-fetch control. 

Another variation has been used in which the duration of the individual command- 
signal pulses of a minor cycle may be different from each other. Such an arrangement 
is intended to make use of the possibility that clearing a register may take a different 
amount of time from that required to gate a number into a register, Successive 
command signals in such an arrangement are derived in the manner of Fig. 16.28 
where each block can-omit a command pulse of arbitrary length, The sequence, in 


il 
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which the pulses are emitted is under the control of the operation decoder. This 
arrangement of command-signal distribution is synchronous only in that the durations 


of the command-signal pulses are fixed and independent of the operation of the con- 
trolled circuits. 


16.32. SEQUENCING OF COMMANDS ASYNCHRONOUSLY (SELF-TIMING) 


It is possible to design a command-pulse distributor in such a way that it proceeds 
at a speed determined by the operation of the arithmetic circuits themselves. This 
arrangement has been used only with double-register machines (see Sec. 16.22). 
The basic shifting operation of such a machine may consist of four steps. These are 
clear the temporary register, transfer from permanent to temporary, clear the perma- 
nent register, and transfer (shifting) from temporary back to permanent. This 
fundamental sequence of commands is a part of almost all arithmetic operations. 

Three methods have been used to determine the time to terminate the command 
pulses. P In the first, a logical check is made to verify the correctness of each transfer 
in all digit positions. If, and only if, this verification is obtained, the gate signal is 
terminated and the next step is initiated. The occurrence of random undetected 
errors in arithmetic-unit transfers is extremely unlikely. A significant number of 
components must be used to construct such a command-signal control unit. For 
example, if the word length is 40 binary digits, then a 40-digit AND gate must be asso- 
ciated with each pair of registers between which information is to flow. 

A second method requires less equipment. A check is made to verify that the level 

of the gating signal has exceeded by a safety margin that required to operate all gates. 
If this has occurred, and a given length of time has passed, the gate signal is termi- 
nated. A further check that the gate level has been reduced past the ‘‘off”’ level is 
made prior to the initiation of the next step. A “speed bus” can be used to control 
the length of time allowed for the check. 
‘ In the third method, a reference or ‘‘master’’ toggle (or flip-flop) is used which is 
identical with all other toggles in the register. The gating signal that transfers 
information is used to change the state of the “master” toggle that controls this gating 
time. The completion of its transition is used to allow the termination of the gate 
signal. The master toggle derives its power from the same source as all the other 
toggles in the register. 

For all three of the systems described, changes in the speed of information transfer, 
caused, for example, by variations in gate-bus-driver characteristics, need not intro- 


duce errors. The over-all speed of operation of the machine will change—it always 
runs as fast as it can. 


16.33. MICROPROGRAMMING 


The idea of the subroutine (see Sec. 17) occurred to programmers early in the 
exploitation of stored-program machines. Certain sequences of instructions occur 
repeatedly and cyclically in the solution of problems. A similar observation can be 
made about the sequencing of command steps in the execution of the various instruc- 
tions. The concept of microprogramming suggests that the machine be designed and 
constructed in such a way that the individual basic command steps, such as clear the 
accumulator or left shift one place, are accessible for alteration.44 : 

One suggested mechanization is the use of a plugboard by means of which the 
sequencing of command steps may be controlled. The instruction list of a machine 
can therefore be altered, depending on the particular wiring present in the plugboard. 
Once a given set of instructions has been designed into the machine by the wiring of a 
microprogram plugboard, the machine may be used as a stored-program computer 
in the normal fashion. 

Various alternates to this scheme are possible. For example, the information that 
defines the sequencing of the commands to make up an instruction may be stored in 
the main accessible storage unit of the machine. In the simplest use of such af acility, 
the instruction list of a machine would be fixed throughout the execution of a given 
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program of instructions for the solution of a problem. It may be desirable, however, 
to change the instruction repertory of the machine in accordance with the type of 
calculation required at different parts of certain large problems. The programming 
complexity made possible by such flexibility may seem frightening, but the probable 
improvement in machine performance may warrant such an arrangement. 

Machines designed to take advantage of the enormous flexibility and generality 
that the microprogramming concept provides must be slower than machines designed 
with a fixed instruction repertory. This is so because extra equipment must be driven 
or extra storage consultations must be made. 
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The process of solving a problem may be broken up into the following steps: (1) 
formulation, (2) analysis, (3) programming, (4) coding, (5) computing, and (6) analy- 
sis of results. Analysis includes finding a suitable numerical method for the problem, 
determining how many significant digits are required at each step in the process, and 
determining in what form the results are to be displayed. This discussion is concerned 
with the process after such steps have been taken. In particular, programming and 
coding are the only steps which will be considered in this chapter. 

Programming consists of determining the proper sequence of events required to 
accomplish the computation. Generally, such a process depends upon the numerical 
methods chosen and the required accuracy, and it may involve certain optimization 
processes to minimize the number of arithmetic or logical steps required to arrive at the 
solution. 

Coding is the process of translating the program into the language of a particular 
computer. Whereas programming is usually independent of the computer upon 


which the problem is to be done, the process of coding varies from computer to 
computer. 


17.1. THE LANGUAGE OF PROGRAMMING 


A language suitable for specifying the computational process described above has 
been evolving in the computer field. This language is not only useful for describing 
processes which are to be run on a computer but it is a medium of communication 
relative to computational processes. For example, it can be used to publish computa- 
tional methods or algorithms. 

An ideal language of this type must (1) be readable by those who are interested in 
computational processes without the need of further explanations, and (2) it should be 
sufficiently complete so that any computational process can be described in it without 
difficulty or ambiguity. 

Sections 17.2 to 17.9 describe some of the characteristics of such a language. Actu- 
ally, a somewhat simplified version of an algorithmic language called ALGOL?® is 
described. Sections 17.10 to 17.32 describe in some detail command systems and the 
process of coding for various systems. An introduction to ALGOL 60 is given in 17.33. 


17.2, CHARACTERS OR SYMBOLS 


The symbols used in statements defining computational processes are usually limited 
by characteristics of input and output equipment used on computers. In publication 
the limit is in terms of available type that can be used by the printer. A more 
extensive list of symbols is presented here than is found on most input or output 
equipment. The symbols can be classified into groups such as (1) digits, (2) letters, 
and (3) operational symbols. Operational symbols are further classified as (a) arith- 
metic operators, (b) relational operators, (c) logical operators, (d) sequential operators, 
(e) separators, and (f) grouping symbols. 

Of these symbols, strings of digits and operation symbols have conventional mean- 
ings either well known in mathematies or to be explained in what follows. Individual 
letters and strings made up of a letter followed by a string of digits and/or letters are 
labels or identifiers and will be referred to as variables hereafter. 

The various operational symbols are given in Table 17.1. 

17.2.1. Relational Operators. Relational operators are used with two operands, 
and for any two given operands the relationship may or may not exist. For example, 
a < bis either true or false. It may be convenient to interpret a relational operator 
and its two operands as a Boolean variable, equal to 1 if true and equal to 0 if false, 

17.2.2. Logical Operators. There are three logical operators given in Table 17.1, 


and the operands are Boolean variables. “The meaning of the operators is given by 
the following statements: 


OVO=0 OV1I=1V0H1V18]1 
L1A1l=1 _0A0=1A0=0A1=@0° 
]0=1 J1=0 
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Table 17.1. Symbols 


Category | Symbol | Contextual form Meaning 
Arithmetic + a+b a plus b 
- a-—b a minus b 
: a:b a times b 
/ a/b a divided by b 
i a b a less than b 
Reletifusl $ a < b a less than or equal b 
= a=b a equal b 
> a>b a greater than or equal b 
s a>b a greater than b 
F ax#b a not equal to b 
i la Not a 
ig a Vv aVb aor b 
A afNb a and b 
Separators : a=:b,c =: d, 
: s:a =:)b, 
: a=: bsc+ - 
= a:=b a is replaced by b 
= a=:b a replaces b 
10 5710 — 3 57 X 1073 
4 a=:b. 
Grouping om) (a +b) —c=i2 ] 
{] a(t] a@ sub 
ay {a =: d} 
Tal atb| a to the power b 


The operator / is called ‘‘and” and V is called “or.’”’? Sometimes, where no ambi- 
guity occurs, some authors use - (times) and + (plus) for A and V. : ; al 
17.2.3. Sequential-control Operators. A computation usually consists of a fee? : 
of arithmetic statements to be performed in a particular order. _The sequen i 
control operators make it possible to oe the order and the conditions under which 
; i tatements are to be executed. , 
ar free bay The symbols , ; and . play the usual punctuation role and the 
. is also used as a decimal point in the conventional way. The colon (:) is used to 
separate the name of a statement from the oe (al itself and to separate conditions 
lated statement (see Art. 17.5.6). 
Hoole =:and:= ae are considered as two single symbols ee 
from existing typewriter symbols) are read as “‘replaces” and ‘‘is replaced a 
respectively. In most mathematical literature these two symbols are yeas 4 
the symbol ‘‘=”’. The two new symbols are introduced here to remove the 4 iguity 
and the equality symbol (=) is used only in the relational sense. The symbol 19 sepa- 
rates the significant figures of a number from its exponent or scale factor. — ; 
17.2.6. Grouping Symbols. Parentheses, ) and (, are used in the conventiona bad 
in mathematical expressions. The square brackets ({ and ]) are used to ee 
subscripts, as illustrated in Table 17.1. This use represents a RAS aime ~ 
facilitating single-line printing of formulas and still retaining, hopefully, ease o 


- reading and interpretation. The brace symbols ({ and }) are used to enclose state- 


ments. Note that in ALGOL® instead of braces the words “begin” and Lip 
were used, The up and down arrows (f and |) are used to enclose exponents, A 
these aymbols.may be nested in the:eonventional way, 


17-4 INTRODUCTION TO CODING AND PROBLEM LOGIC 


17.3. ITEMS 


Computation is the processing of information. Uni i i i 
{ : : nits of information i 
computation process will be called items. One kind of item is called nditbers Nae 
bers may be classified into integers, floating-point numbers, and Boolean numbéel 
In this classification, fractions and mixed numbers have been grouped with floatings 
point numbers: (numbers given in two parts, a significant-figure part and a scale 
ota part, as sag in Table 17.2). Note that integers also qualify as floating» 
oin : : ; 
cr numbers, but they are of sufficient importance to be considered as a separa 
In this presentation it becomes im istingui i 
portant to distinguish between ite 
names. When one speaks of the variable “x” or of the “credit Balance thee a 
the names of certain numbers occurring in the computation. On the other han 
when one says “3.14” this is the actual number being considered. Following co 
ventional mathematical practice variables (see Sec. 17.2) such as “2,” “ABC” will 
used as the names of certain items of information. Parentheses will be used to in 
cate that the enclosed item has become the name of some other item. For examph 
‘a is me name of some item, whereas “‘(x)’’ denotes that item whose name is nam: 
“2. na similar way (3.14) denotes that item whose name is 3.14, and a priori 
= saad =e no numerical relation to the number 3.14 ; : 
ote that there is an inconsistency in this notation For ex: baer fae , 
a inco1 I : ample, “x” is the na 
= some number but 3” is a number itself. The reason for this inconsistaai 
oh: sora abies gi items most often referred to are variables or numbers 
principle of minimum effort” dictates t i ionw 
stele Sieh ancta. es that esl use the simplest notations 
Since variables are the names of other items it i i 
: 4 ; 1 S it is necessary to introduce further 
ie dee nay in order to make it possible to specify manipulations of the abel 
— sir _ To ar ee ae ihe “gz” denotes the symbol x itself. Considerin 
lons mentioned in the precedi 
poe Saale preceding paragraphs, note that “3.14” and 3.14 
The purpose of the above discussion ma i i 
D : y be more easily understood in term: 
neokint ab vie machines. Such machines store items of information in meal 
sens ga which are usually numbered 0, 1, 2, . . . , 9999 (say). A variable x may be 
send in location 507. Therefore, both z and (507) serve as names for the number 
stored in location 507. As another example, suppose that location 603 contains the 
integer 507, then the variable x has three names: z, (507), and ((603)). 


Table 17.2. Numbers 


lite ALGOL Excess-50 
representation | representation 
507.3 507310 — 1 53.5073 
15 15 52.1500 
0.0167 0.0167 49.1670 


17.4. ARITHMETIC AND BOOLEAN EXPRESSIONS 


4 é 2 
an hala! rebate whose range of values is a subset of the rational numbers is 
f E and F are expressions then +2, +H, E+F, HE —-—F,E-F,E 

po power F), and (B) are expressions provided they are defined pat Oh cA pelt 
oe si ambiguity in the meaning of possible arithmetic expressions is eliminated 

fo Sia evaluation rules: (1) innermost parentheses are evaluated first, io 
: : any level of parentheses, multiplications and divisions are done first in order 
rom left to right, then additions and subtractions in order from left to right. The 


. 
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exponentiation symbols are treated like parentheses. If logical operators occur inside 
a given level of parentheses first all “1” are done in order left to right, then all 
“A,” followed finally by all “V.’? The scope of the ‘‘7” operator is the first 
item to its right. 

Boolean Vector Expressions. The value of an expression H is represented by a 
sequence of binary bits. The expression Z = Ey, A Ez has a 1 bit in each position 
of E for which the corresponding positions of Hi and EZ, both contain a 1 bit. The 
other positions of E contain 0 bits. 

The expression E = FE; V Ez has a 1 bit in each position for which there is a 1 bit in 
the corresponding positions of either EZ, or Ey. 

A Boolean vector variable p is said to be “1” if each bit position of p contains a 
| bit. Likewise, p is said to be “0” if each bit position of p contains a 0 bit. This 
makes it possible to mix Boolean variables and numerical variables. For example, 
suppose a, b, and ¢ are numerical variables and p and q are Boolean vector variables, 
then it is possible to write p A a +q A b =: ¢, where ¢ can have the value 0, a, b 
or a +b, depending upon the values of p and q. 

This scheme makes it possible to deal with units of information which are different 
in length or structure from units normally processed by the computer. For example, 
p may have any grouping of 0’s and 1’s in its binary positions. 

Contrast this discussion with the conventions of ALGOL (Art. 17.33.4). 


17.5. STATEMENTS 
Statements are classified as follows: 
Declarative statements 


Assignment 
Array 
Type 
Imperative statements 


pO 
Go TO 
Return 
For 


Conditional statements 


17.5.1. Assignment Statements. If Z is an expression and V is a variable, an 
assignment statement has the form EZ =: V or V:=E. If N is the name of the 
statement it may be written N: HE =:V. When such a statement is executed the 
rational number resulting from the evaluation of the expression # is assigned as the 
value of the variable V. 

17.6.2. Array Statements. Array declarations indicate the number of elements in 
the array represented by a variable V. For example, V(10,15) indicates that the 
variable V denotes the elements of a matrix with 10 columns and 15 rows. 

17.5.3. Type Statements. Type declarations specify whether a particular variable 
takes on integral values, Boolean values, or rational values. If not specified, it is 
assumed that variables take on rational values. 

17.5.4. DO Statements. A computation is specified by a number of statements, 
and some of these statements must be executed in a specific order. po statements, 
uo.'ro statements (see Art. 17.5.5), make it possible to specify the order of execution 
of the various statements. 

The form of a po statement may be N5 and in context may appear as + + + + b=:6, 
N5,a@— +++. This implies there is a statement whose label is N5. The scope of 
the pois from the label Nb to the first semicolon (;) or period (not inside braces), The 
termination of the po process may depend upon dynamic circumstances in that it may 
itwelf contain. alternative statements and: have more than one exit, Normally the 


wil 
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exit is a “return” to the higher-level program. In the example above, continuation 
is with the statement starting with “x — --- ”’, 

17.5.5. GO TO Statements. A Go ro statement marks the termination of the 
current process and specifies which statement is to be executed next. The form of a 
Go To statement is N5. The next statement to be executed is labeled N5. 

17.5.6. Conditional Statements. Alternative or conditional statements are state- 
ments of any of the above types preceded by a condition which must be met in order 


for the statement actually to be executed. For example, suppose that S is a state- 


ment of one of the above types, then an alternative statement may appear as 
DLO Spm t- or If a > b then §; 


in which case the execution of the statement S occurs only if a is greater than b at the 
time of the computation. In order to arrange to execute one of several statements 
depending upon certain conditions, the following convention is used. If a statement 
is executed, the next statement to be executed is that following the next semicolon (;) 
or period. For example, consider the following compound statement 1 


CaS lus van, 


If at the time of the computation ¢ is greater than d, statements S, U, etc., will be 
executed; whereas if c is less than or equal to d, statements Rk, T, U, ete., will be 
executed. 

For the ALGOL form of conditional statements see Art. 17.33.5. 


Table 17.3. Examples of Elementary Statements 


Type of 


statement Example Remarks 


The sum of the numbers called a and b replaces the 
number called c 

There are 150 elements called a in the form of a 
matrix with 10 columns and 15 rows. The individ- 
ual elements will be referred to by the subscripted 
variable a[z,j], say 

There are five items named j and they assume inte- 
gral values only. In many computers this indi- 
cates that fixed-point arithmetic may be used 
instead of floating-point. In any case if this 
variable is about to be assigned a nonintegral value 
the number must be rounded to the nearest integer 
before assignment 

vo the statement named N. The scope of the po is 
from the label N to the next following semicolon or 
eh (in the dynamic sense and at proper brace 
eve 

GO TO- N. Execute statement N next 

Conditional} ¢c > d:N,M;P,... If c greater than d execute N and continue with P. 

Otherwise, execute M and continue with P, The 

symbol > may be replaced by any relational 

symbol 


a eh cs gp 
17.6. SUBSCRIPTED VARIABLES 


_ if Vis a variable and Eis a generic notation for expressions then V (LE, . Re A) 
is a subscripted variable. If any of the expressions do not have integral values they 
have to be rounded to the nearest integer. 


Assignment | a +b =: ¢, 


Array a(10,15), 


Type J(1,5) 


bye) N, or N; 
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17.7. GROUPING OF STATEMENTS 


If S is a generic notation for statements then {S,S, . . . ,S} is also a statement. 
This device, with the possibility of nesting such symbols, makes it possible to extend 
the scope of po statements or to do complex operations as a part of conditional 


statements. 
17.8. INDEXING 


In computational mathematics it is well known that the statement 7 = 1(1)10 
means that 7 is to take on the values 1, 2, 3, ..., 10. Likewise, x = 0.1(0.01)5 
means that x takes on the values 0.1, 0.11, 0.12, . . . , 4.99, 5. In some branches of 
mathematics it is the practice to write sequences in the form 


{: : SS ‘ 


or in the evaluation process of a definite integral to write 


b 2= 
ei f(x) dx = F(z) 

a z=a 
Therefore, if a statement is to be evaluated for a sequence of parameters (such as an 
index) it can be written in the form 


{S}i = 1(1)10,... 


which means that statement S is executed 10 times with 7 taking on the values 1, 2, 
8) 3, steeeeloe 


17.9. FUNCTIONS 


A function is a rule or law which for each “point” in the range space associates a 
point or points in the value space. The point in the range space is called the argument 
of the function. If for each argument there is a single point in the range space the 
function is said to be single-valued. 

Functions which occur in computational programs tend to be of two types. One 
type is rational-valued functions of one or more rational arguments. The other type 
might be called “‘mappings”’ of certain information from auxiliary devices into the 
computer or from the computer to the auxiliary devices. For example, the printing 
of a report (results of a computation) is a mapping of certain information in the 


computer onto printed pages. 
Functions such as sin(x) or out5(a,b,c) can be defined by use of the appropriate 


statements and then used in the specification of the computation. 


17.10. PROGRAMMING EXAMPLE 


The Evaluation of a Polynomial. A polynomial p(x) may be written in the form 
p(t) = a + ae + aoz? + - ++ + a,2". However, the most efficient method of 


evaluation involves expressing the polynomial in the form 
p(x) = x(a(a(: - -(2Qn + Gn-1) + An-2)- + +) + a0 
‘This can be expressed in terms of an iterative formula as follows: 
pi(x) = 2(pi-s(z)) + ana 
where po(x) = dn, 


i= 1(1)n, and py(x) = p(x) 


This last form is a good computational algorithm for the evaluation of a polynomial 
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with given coefficients. Using the techniques of the preceding sections a more 
detailed computational algorithm is as follows: 


80: 0 =: p, {x-p +al[n — i] =: p} zt = O(1)n, 
sl: subsequent computation 


In the above example the quantity p is initially made equal to zero. After the 
execution of the second part of the statement (i = 0) p is equal to a[n]. A second 
execution produces x -al[n] + a[n — 1]. When the second part has been executed 
for all the values of 7, p has assumed the value of the polynomial. 


17.11. STRUCTURE OF PROGRAMS 


A program may consist of a single sequence of statements which are to be executed 
only once. Such a program is said to be a linear program. Alternative statements 
may be used to provide branches in the logic of the program. If, for each set of con- 
ditions to be tested by the conditional parts of the alternative statements, the resul 
ing program is linear, then the program is said to have the structure of a tree. If the 
structure of the program is such that some statements are executed more than one 
time, the program is said to contain cycles. Generally, a practical program has 
combined tree and cyclic structure. Cycles may be simple if a sequence of statements 
is repeated a fixed number of times. On the other hand, there may be cycles within 
cycles combined with tree structures in a complicated way. 

To help the programmer visualize and understand the computation process @ 
technique of describing the structure of the program in terms of a so-called flow 
diagram has been developed. 


17.12. FLOW DIAGRAMS 


The program for a computation is usually expressed in a flow diagram. This is L 
diagram or map illustrating the sequence of steps necessary to accomplish the compu 
tation. The elementary entries on such a flow diagram may be actual statements 
or even machine commands, or they may represent sequences of statements ca 
routines or subroutines. In the following material three methods of presenting 
programs in flow-diagram form will be given. These three methods differ only in the 
symbols used, In all cases it is a matter of indicating the logical interconnection o 
the various steps which must be done to accomplish the computation. . 

Most calculators do only one operation at a time so that the problem is accomplished 
by executing a single time sequence of commands. However, many problems invol 
iterative formulas or simple formulas that are repeatedly applied to a sequence = 
numbers. Thus from the spatial point of view the commands which accomplish the 
computation may have a very complicated pattern of interconnection. 

In order to specify the computation process the flow diagram must specify both this 
spatial interconnection and time dependence. A very complicated problem is usually 
presented in terms of symbols at a number of different levels. There may be a master 
flow diagram in which most of the units are collections of subroutines accomplishing 
quite erudite mathematical operations (line integrals, for example), the subroutines 
represent the next lower level, and finally, the actual machine commands represent 
the most detailed language used in the flow diagram. d 

Arithmetic operations are specified as units in a flow diagram using symbols very . 
similar to that used in the actual mathematical formulas. An arrow can be read as 
“‘replaces’’; a —> b means a replaces b. Note that in ALGOL the arrow is replaced 
by the symbol :=. Branch points are used in flow diagrams where there is a choice 
of two sequences of operations to perform. Whenever there are more than two 
choices to pursue the choice is determined by a distributor or switch. Whenever tw 
sequences of commands come together and continue as a single sequence the fi 
operation common to both sequences is called a junction. Sometimes status states 
ments appear indicating the condition of certain quantities. These frequently occur 


. 
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after branch points to identify and distinguish the two branches. Conditional 
branches may be used where the choice for continuing depends upon some variable 
quantity in the problem. 

Figure 17.1 shows a box flow diagram for the problem of finding the roots of the 
quadratic equation az? + br +c = 0. At the end of the process an exit is indicated, 
permitting the computation to continue with the next part of the problem. If this 
was the last operation to be performed the EF would be replaced by a “‘halt.”’ 


—b/2a =T, 
b +4ac ~T, 
@- ow 


+ +b Operation box 


Choice box or decision box 


Oo Te 
Print 7, —T, 
Print T, +Z> 


(—T,)/?/2a +T> 
Print 7; 
Print T> 
Print Ty 

Print —T> 


# 


—+() Exit (link), connector 


Fie. 17.1. Flow diagram for quadratic equation. 


—b/2a— T1 
t 
b? + 4ac— T2 
T2 > 0? 


an Rnd 


De 
(T2)4— T2 (—T2)4— T2 


T2/2a— T2 


Print T1 — T2 T2/2a— T2 
1 
Print T1 + T2 Print Tl 
Print T2 
Print — <0 
Ky Print —T2 


Sxit 
Fie. 17.2. Columnar flow diagram for quadratic equation. 


Figure 17.2 shows the flow diagram for the solution of the same quadratic equation 
in a form not requiring so much drafting effort. ‘ ‘ 

Figure 17.3 shows a typed form of the same flow diagram. It is interesting to 
consider the possibility that a computer with alphanumeric output might type its 
own flow diagrams. . , 

Various conventions in the use of flow diagrams have been established at different 
computing laboratories. Schemes similar to that of Fig. 17.1 are in widest use. In 
some systems arrows are only from left to right or from top to bottom, and in others 
arrows may go in any direction, The various boxes have distinet names, as indicated 
in Figs. 17.1 and 17.4. The bottom of Fig. 17.4 shows the tse of fixed and variable 
connectors, ie ae 
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(1) —b/2a— T1 
b? — 4ac > T2 
T2:0 
LANE 
(72) — T2 
T2/2a > T2 
Print 71 — T2 
Print 71 + 72 
To (2) 
T2 <0: 
(-—T2) % > 72 
T2/2a — T2 
Print (7h 
Print 72 
Print: -71 
Print —7T2 
(2) Exit 


2 eS Se 
Fia. 17.3. Tabular flow diagram for quadratic equation. 


Assertion box 


Operation box Decision box Substitution box 


Fixed 
connector 


a,b,c 
Variable connector 


Fig. 17.4, Flow-diagram example, 


17.13. MACHINE LANGUAGE 


Each computing machine has a limited list of i i 
b ! operations that it can perform. These 
operations are characterized by the command list for that particular machine. There 


systems. Besides arithmetic operations all computers have commands which make’ 


( ( S of | repeating them an appropriate number 
of times or using them as an entity in a larger sequence of commands. Each computer 


also has input and output commands which provide for communication with the out- 
_ world. Such input and output commands may not provide all the desired facili- 

les with respect to output format or the form in which input data are supplied to the 
computer, Sequences of commands may be established and then used as units to 
provide for certain patterns of input and output. 
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17.14. SUBROUTINES 


The groups of commands used as units as described in the preceding paragraph are 
called subroutines. If the built-in arithmetic operations are fixed-point binary then 
the group that uses the machine will program subroutines which accomplish floating- 
point binary operations and binary-to-decimal and decimal-to-binary conversion 
routines for each kind of number. Sooner or later multiple precision routines will be 
developed, and perhaps even routines for doing arithmetic using complex numbers. 
Subroutines have been developed for other than arithmetic operations, such as sorting, 
collating, and printing. 


17.15. TRANSFER OF CONTROL 


Problems to be done on automatic computers are usually characterized by the fact 
that they involve application of the same process to a sequence of numbers. For 
example, a problem in numerical integration may involve the application of an itera- 
tive formula to a sequence of numbers to produce an extrapolated value. The process 
“marches” in the sense that the extrapolated value is now used to produce a new 
extrapolated value, and so forth. Or in another case a formula may be evaluated 
for many different values or combinations of values of the parameters. 

The evaluation of the formula may itself involve iterative processes (Newton’s 
method for solving equations, for example); so that instructions for doing the compu- 
tation must involve not only the sequence of arithmetic operations that are to be 
performed, but also instructions about how many times certain subsequences. of 
instructions are to be performed. Furthermore, the number of iterations of these 
subsequences may depend upon rates of convergence that cannot be easily known 
in advance. 

Once the particular computation is completed it is usually necessary to move on to 
the next set of arguments and finally to terminate the process after a certain range of 
arguments has been covered. 

Transfer of control commands provide the links to connect together the various 
sequences of arithmetic operations. Unconditional or absolute transfer of control 
can cause the computer to repeat a certain sequence indefinitely. Conditional trans- 
fer of control commands make it possible to repeat sequences of commands either a 
prescribed number of times, or numbers of times which depend upon some of the 
variables involved in the computation. Conditional transfer of control may depend 
upon the signs of numbers, whether they are zero or not, whether overflow has oc- 
curred, whether certain switches have been set, or whether input or output processes 
have terminated. 

In most calculators the conditional transfers of control are made to depend upon 
the contents of an arithmetic register called the accumulator. In a few cases they 
can depend upon numbers stored any place in the operating memory. 


17.16. INDEX REGISTERS 


Whenever a sequence of commands is to be applied to a sequence of numbers the 
addresses of the commands which refer to operands or perhaps to results must be 
modified as the computation progresses. There is one exception in that the operands 
may be moved so that they are always processed out of the same addresses. 

In some machines such modification of addresses must be done in the accumulator 
where all other arithmetic operations are done. In some computers the addresses 
in the command may be modified as they are executed by the addition of the contents 
of another register called a B or index register. The contents of the index register 


* may be changed from time to time, thus allowing the program to be applied to a 


sequence of numbers without modification of the actual commands in the code, 
In the simplest form there is one index register. Mach command mayor may not 
refer to the index register, Tf it docs the address is added to the contents of the index 
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register before the command is executed. The command list contains commands 
which can set the index register to a given value, decrease it by unity, and provide 
for transfer of control until the index register is decreased to zero. 

In more elaborate arrangements there may be several index registers and it may 
be possible to change them other than by unity; they may be increased as well as 
decreased. Limits may be set for each one so that processes may be terminated 
when a particular index register is incremented to or beyond its limit. 
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17.17. COMMAND LIST 


In order to explain coding and programming, a list of commands such as might be 
found in some particular computer will be presented here. The command list pre- 
sented here is not the command list of any actual computer, but at least one computer 
has been programmed to operate in an interpretive mode as if this were essentially 
its command list. 

The commands will be discussed in three groups, (1) arithmetic commands, (2 
input and output commands, and (3) program logic commands. Each comman 
consists of three parts: (a) an operation code, (6) an address, and (c) an inde 
register designation. For the purposes of this chapter it will be assumed that ti 
memory stores 1,000 numbers or words (commands) addressed by the numbers 
to 999. It will be assumed that there are nine index registers numbered 1, 2, 

, 9. The digit 0 in the index-register position indicates that no index regis 
is involved in that command. 

An index register stores a three-digit decimal number. Whenever the index 
is not zero the contents of the corresponding index register is added (modulo 1, 
to the address portion of the command before execution. This resulting address 
referred to as the effective address. 

The following three sections will present the three groups of commands. This w 
be followed by an explanation of index registers and by coding examples to illustrate 
the various points of interest. 


Table 17.4. Arithmetic Commands 


Command Mnemonic Effect 
code f 
$$ $$ ee 

1. CLEAR ADD CA Transfers the contents of the effective address to the 
accumulator 

2. CLEAR SUBTRACT CS Transfers the negative of the contents of the effective 
address to the accumulator 7 

3. ADD AD Adds the contents of the effective address to the con 
tents of the accumulator and leaves the result in the 
accumulator 

4. SUBTRACT SU Subtracts the number from the accumulator ; 

5. MULTIPLY MU Multiplies the contents of the effective address by the 
contents of the accumulator and leaves the result i 
the accumulator 

6. DIVIDE DL Divides the contents of the accumulator by the con. 
tents of the effective address and leaves the result in 
the accumulator 

7, ABSOLUTE VALUE AV The absolute value of the contents of the accumulator 
replaces the contents of the accumulator 

8. SQUARE ROOT SR If the contents of the accumulator was nonnegative it» 
square root is left in the accumulator 

9. NEGATE NE Change the sign of A 

10. stToRE ST The contents of the accumulator replaces the contents 
of the effective address (it is also left in the acoumie 
lator) 
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17.18. ARITHMETIC COMMANDS 


Numerical information is stored in the main memory (1,000 addresses) or in the 
accumulator (1 number). The results of all the arithmetic commands are left in the 
accumulator, and in the case of the store command the result is also placed in a 
specified address in the memory. Word length is not pertinent to this discussion; it 
can be assumed to be 10 decimal digits and a two-digit exponent, making it possible 
to handle numbers whose absolute value lies between 107*° and 105°. Arithmetic 
operations may be in decimals, may be programmed in a fixed-point arithmetic unit, 
or may even be done in the binary number system. 

If any arithmetic operations produce answers greater than 10° or less than —105° 
the computer halts and gives an alarm. If the operand for the square root is negative 
the computer halts and gives an alarm. If any answer lies between 10-*° and —10-*°, 
then 10~°° is left in the accumulator. Thus 10-*° plays the role of zero in the number 


Table 17.5. Input and Output Commands 


‘ Mnemonic 
Command type aa Effect 
1. Input | TI Computer halts and waits for the operator to type a 


number which will be transferred to the accumulator 


2. Card input cr Numbers are read from punched cards and placed in 
the effective address and those that follow it until a 
“flag’’ appears on the cards. The accumulator is 
not disturbed 

3. Magnetic-tape MI The next 100-word block is read from the tape unit 


input and stored in the effective address and the 99 ad- 
dresses which follow it 

Types the contents of the accumulator and operates 
the tab key on the typewriter. The contents of the 
accumulator is undisturbed 

As in TT except the carriage-return key operated in 
place of tab 

Types the effective address. Thus, if the index 
digit + 0 the contents of the corresponding index 
register is added to the address before typing. 

If the digits of the specified address are a1, a2, and az 
in order of significance then a2 carriage returns (and 
line feeds) are performed followed by as tabs 

If the index digit of the command is zero the word 
specified by the address portion of the command is 
punched onto a card and the card is flagged with a 
special punch. 

If the index digit is not zero then the contents of the 
designated index register is added to the effective 
address and the contents of this memory address is 
punched onto the card. The index register is in- 
creased by its increment and another number is 
punched. This process continues until the index 
register reaches its limit. The last card punched is 
“flagged’’ 

A block of 100 words starting at the effective address 
is recorded in a forward direction on the tape. This 
erases information previously recorded in that block 

The magnetic tape is reversed the number of blocks 
specified by the effective address. No recording or 
reading of data is done 

Aa in reverse search, but in forward direction 


4. Type and tab ie 


or 


. Type and carriage TR 
return 
6. Type address | TA 


7. Space | SP 


8. Card output co 


9. Magnetic-tape MO 
output : 


10, Magnetic-tape MR 
reverse search 


11, Magnetic-tape MPR 
forward search 
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system. If the number A X 10? is subtracted from itself the answer is written as 
10~*, All answers are normalized; that is, the significant figures are shifted left 
until there is a digit in the most significant position, and the exponent is adjusted 
subject to the conditions stated above. 


17.19. INPUT AND OUTPUT COMMANDS 


The input and output commands account for manual input of numbers, printed-page 
output, recording on magnetic tape or punched cards, and input from punched cards 
or magnetic tape. For the purposes of this discussion the magnetic tape can be con- 
sidered as auxiliary memory and the punched cards as a means of reading in data 
prepared at other locations. 

Transfers to and from magnetic tape are in terms of 100-word blocks. Thus the 
commands need to specify only the location of the initial word of the block. Like- 
wise, input from cards is in terms of variable-length blocks. The end of the block 
is marked by a “flag” and only the address of the initial item need be specified in the 
command. 


Table 17.6. Program-logic Commands 


SSS ee 


Command Mnemonic Effect 
code 
1. Transfer control TC The source of commands becomes the effective address 
and those that follow it 
2. Transfer on TN If the contents of the accumulator is negative the effect 
negative is the same as for 7C. Otherwise the source of com- 
mand continues in sequence 
3. Transfer on | bd Similar to TN except positive instead of negative. 
positive | Note that “zero” = 1075° is positive 
4. Mark-place MT The contents of the mark-place registers is shifted 
transfer M;— M4: for j = 3, 2, and 1; and the normal loca- 
tion of next command is placed in Mj; and the effee- 
tive address becomes the location of next comniand 
asin TC 
5. Return transfer RT The contents of Mi becomes the location of next com- 
mand and the contents of the mark-place registers is 
shifted Mjyi— M; forj = Ae Fia> 
6. Increment index II Let B be the contents of the index register specified by 
register the index digit of the command, D its increment, and 
L its limit. B-+D— B (mod 1,000). If B + Dis 
not more than Z the next command is specified by the 
address of the command. Otherwise commands are 
executed in sequence 
7. Decrement index DE If B, D, and L are as in (6) then B —-D—> B (mod 
register | 1,000). If B — D is not less than Z the next com- 
mand is specified by the address in the command. 
Otherwise commands are executed in sequence 
8. Set index register | SI If a is the address in the command and B is the con- 
i tents of the index register specified in the command,: 
| the effect of this command is a— B 
9. Set index SD a— D where a and D are as described above 
increment 
10. Set index limit SL a— L where a and L are as described above 
11. Halt HA Computer stops. If the Go switch is operated the 
computer continues as if this were a transfer-of- 
control command 


————EeE———— Es 
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17.20. PROGRAM-LOGIC COMMANDS 


The program-logic commands provide for the termination of iterative processes, 
for the interconnection of groups of subroutines, and for other organizational details 
of the complete program. 


17.21. SOLUTION OF A QUADRATIC EQUATION 


In Fig. 17.1 the solution of a quadratic equation was shown in flow-diagram form. 
This example will now be coded in the computer language presented in the preceding 
paragraphs. First it is necessary to assign storage. This is indicated in the following 
table: 


Location Contents 

500 a 

501 b 

502 c 

503 ie 
504 “ee 4 ” 
505 T1 
506 T2 


In the initial pass at coding the problem it usually pays to use symbolic addresses 
and assign storage only at the very end. To illustrate this the symbols in the above 
table under the heading ‘‘contents”’ will be used as symbolic addresses. This has a 
further advantage in that its mnemonic character will make it easier for the reader 
to follow. 

If the roots are real they will be printed on the same line. If the roots are complex 
then four numbers will be printed, the real part followed by plus the imaginary part, 
and then the real part again followed by minus the imaginary part. Note that this 
program will not work if the coefficient a is too near to zero. 

The index digit is always zero in the commands of this code since there is no occasion 
to make use of index registers. 

The example of Table 17.7 has the structure of a “tree” in that there are branch 
points but no cycles. Conditional transfer-of-control commands are illustrated 
(command location 012) as well as unconditional transfer of control (023). The next 
example illustrates the use of subroutines, index registers, and cycles. 


17.22. AN EXAMPLE USING A SUBROUTINE 


The problem is that of solving an algebraic equation for a real root using Newton’s 
method. It should be emphasized that blind use of Newton’s method in the manner 
coded here may not produce answers because the derivative may turn out to be nearly 
zero at some point, or the method may produce a sequence of points which repeat 
instead of converging to a root. 

Let the degree of the equation be n and suppose that the coefficients are stored in 
addresses a + i wherei = 0,1, . . . , n and the coefficient in a is the constant term. 
Newton’s formula is 


_ f(&n) 
f' (&n) 


The evaluation of f(z,) and f'(a,) will be done by subroutines. f(x) can be written 


Tn41 = Tn 


OnE" + Ane"! + +++ + ain + ao 


-but in order to minimize the number of arithmetic operations it will be evaluated 


in the form 


Os fy fim afin tay jen-1n-2...,1,0— 


Table 17.7. Solution of a Quadratic Equation 


—— ee’ Or" 


Flow diagram Location | Command Remarks 
(1) —b/2a— T1 000 CS bO|-—-bO A 
001 DI a0Q|A/a—- A 
002 DI 20|A/2— A = —b/2a 
003 ST T10\|A—>TI1 
b2 — 4ac— T2 004 cS 40|*-4"—-> A 
005 MU a0Q|Aa-A 
006 MU c0|Ac>A 
007 ST 720|A— T2 
008 CA bO|bO A 
009 MU bO|bba A 
010 AD 720|A+T72— A = Bb? — 4ac 
011 SP ocTR OV A> 22 
T2? 
T2> 0: 012 TN 0240|A < 0 to 024 
(T2)2/2a— T2 013 SR 0000 |WA—> A = Vb? — 4ac 
014 DI 20|A/2- A 
015 DI aQ|A/fa-A 
016 ST 72:0 A= T2 
Print T1 —T2 017 CA -71-0°| TIA 
018 SU 720|-T2+A-A 
019 TT 000 O | Prints T1 — T2 
Print 771 + T2 020 CA” TANGO Pir 
021 AD T720\|A+T2—-4 
022 TR 000 O | Prints 71 + 72 and carriage returns 
To (2) 023 TC 087 0 | To halt : 
T2 <0: 
(-T2)4%— T2 024 CS %720|-T2-~A 
025 SR 0000|VWA—> A =i Vb? — 4ac 
T2/2a— T2 026 DI 20|A/27 A j 
027 DI aQ|A/fa-A 
028 ST 720 |A— T2 
Print T1 029 CA T10/TI—M A 
030 TT 000 O | Prints T1 
Print 72 031 CA T720|T2-A4 : 
032 TT 000 0 | Prints T2 . 
Print T1 033 CA TLO\|TI- A 
034 TT 000 O | Prints T1 
Print —T2 035 CS 720|-T2-~A4 
036 TR 000 0 | Prints —72 and C.R. 
(2) Halt 037 HA 000 0 | Halts 


plats. ree aaaies PaaS a) |S, es ee 


Table 17.8a. Function Evaluation ' 
a 


Flow diagram Location Command Remarks 
(1) n- 9 000 SB a+nil |“a+n” becomes the contents of the 
first index register 
001 SL al | “a” becomes the limit of index register 
number 1 
002 SD 1 1 | the increment is set to “1” 
an— fa 003 | CA 000 1 ja,.7 A 
004 | DE 005 1 |j a . j 
2) af; a;— f; 005 MU 20 |\zA— 
aes nahi ELE, Gee am eae <a cyte 
j —1—j to (2) 007 DE 005 1 |j -—1—> 3,7 2 a go to 005 
(3) Exit 008 RT 000 0 | f(a) = A, returr transfer 
ee ee ee ent pelea 


A SCALAR-PRODUCT EXAMPLE 


Flow diagram 


Q) n> j 


Nan — fn 


(2) afja1 + ja; f} 


(3) j -1>j 2a +1 to (2) 
(4) Exit 


Table 17.8b. Derivative Evaluation 


17-17 


Location Command Remarks 

009 SB a+n1 | See 000 above 

010 SD 1.4 

011 CA nO in-A 

012 ST T10 |A>Tl=n 

013 MU 000 1 | Aa,— A 

014 ST T20 |A— T2 = nay 

015 SL al 1 | Sets limit for first index 
register 

016 DE 0171 «|j -1> 3 

017 CA T10 |TI- A 

018 SU TD VA em BOA? eg 

019 ST T10 |A>T1l1=j—-1 

020 MU 0001 |ja;—> A 

021 ST T3 0 |A— 73 

022 CA 720 |\T2- 4 

023 MU 20 |t2A-A = afljyi 

024 AD T30 |A+T3—54 

025 ST T20 |A—> 72 =f! 

026 DE 017 1 |g -1 ~~ j >D>a+11t0 017 

027 RT 000 0 | Return transfer 


Similarly, the derivative will be evaluated in the form 


nan — fi, ti Lf 


and 17.8). 


af ja + ja; 


j=n —1, 2% — 2, . n+ 5 2,1 
Subroutines to evaluate the function and the derivative are shown in Tables 17.8a. 


The main routine is shown in Table 17.9. 


Table 17.9. Newton’s Method Applied to a Polynomial 
Se ee eae SU th aete 


Flow diagram Location Command 

(1) OS @ 028 Caner D 
029 ST z 0 

(2) f'(a) 030 MT 009 0 
f(a) 031 MT 000 0 
032 NE 000 0 

—I(a) /f'(@) + tn Sagi 033 DE <sF2°0 
034 BT Tth 

035 AD xz 0 

036 ST z 0 

|tnz1 — 2n| —b >O0: 037 Ca¥ T10 
038 AV 0000 

039 SU b 0 

Go to (2); 040 TP 0300 
041 CA z 0 

Print x 042 TR 000 0 
Halt 043 HA 000 0 


Remarks 


“ov A 
ema 

f'(@)— T2 
f(a) A 
—f(z)7 A 
A/T2— A 
Lnp1 — &n— TI 
A + ta Trl 
A > Tn41 


lang1 — 2n| 

A=to A 

A > 0 go to 030 

> A 

Type « and carriage return 
Halt 


a 


17.23. A SCALAR-PRODUCT EXAMPLE 


Assume that the numbers a; are stored in addresses 100 -+ z, and y; in addresses 


rogister to accomplish the computation, 


800 +7, for i= 1(1)100. Suppose that S = ayi + xeye +: - : 
address 299 is required. Table 17.10 shows a c 


++ root/io00 in 


yelie-code making use of an index 
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The basic operation is given by the following iterative formula: 


0— So 
Si = Sin + xiyi 4 = 1(1)100 


Inspection of Table 17.10 shows that 506 commands are executed to accomplish 
the computation. This same example is used to show various approaches to coding 


Table 17.10. Cyclic Code for a Scalar Product 


Flow diagram Location Code Remarks 
(1) o- 8S 000 GA O1F 0 
001 ST 299 0 
to=1 002 SB 001 1 
Ai=1 003 SD 001 1 Establishes index register 
tz = 100 004 SL 100 1 
(2) S+ayi—- 8 005 CA 1001 
006 MU 300 1 
007 AD ei 0 Adds another product 
008 ST 299 0 
t+1>1,ifi S tz 009 II 005 1 | Increment 7, finished? 
to (2) 
Halt 010 HA 000 0 | Yes, halt’ 
O11 zero 


problems, and finally in Sec. 17.27 the characteristics of the various approaches are 
summarized. 


17.24. THE SCALAR-PRODUCT EXAMPLE WITHOUT INDEX REGISTERS 


If there are no index registers and a cyclic code is used, then the addresses of some 
of the commands must be modified. 


Table 17.11. Scalar Product without Index Registers 


Flow diagram} Location | Command Remarks 
0o—- 8S 000 CAecO1e 
001 ST 299 
S+xy—- 8 002 Cay Al 
003 MU 1 
004 AD pod Adds another product 
005 ST 299 
t+1->% 006 CA 002 
007 AD 015 
008 ST 002 3 
009 CA 003 Modifies addresses 
010 AD 015 
011 ST 003 
‘> tr? 012 SU 016 nok 
No: to 002} 013 TN 002 } Test limit 
Yes: Halt 014 HA 000 
015 00 001 | Address increment 
016 MU 401 | Limit 
017 zero 4 
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17.25. SCALAR PRODUCT WITH A LINEAR CODE 


Assumed that all the commands take the same length of time. The index-register 
code (Table 17.10) requires the execution of 506 commands to accomplish the compu- 
tation, whereas the code of Table 17.11 requires the execution of 1,203 commands. 
Thus the index-register system is twice as fast on the basis of the above assumption. 

A linear code can accomplish the above computation with the execution of 400 
commands. The only way to improve substantially on this speed is to have an 


Table 17.12. Scalar Product with a Linear Code 


Flow diagram | Location | Commands | Remarks 


ay 8 000 CA 6501 
001 MU 701 
002 ST 499 
zy2+S—>S8 003 CA 6502 
004 MU 702 


005 AD 499 
006 ST 499 


ay3+S—> 8S 007 CA 503 
Ziooyi00 + SS 395 CA _ 600 
396 MU 800 


397 AD 499 
398 ST 499 
Halt 399 HA 000 


arithmetic unit in which it is possible to accumulate products without intermediate 
storage of partial results in the memory. 

Since 400 commands are required to accomplish the computation, the data must be 
relocated. The z; are in locations 500 +7, and the y; are in 700 +7. The result 
is to appear in 499. 


17.26. A GENERATOR FOR THE SCALAR-PRODUCT LINEAR CODE 


As indicated above, the linear code is the fastest code but uses up the most memory 
space and requires more time for input. If memory space is not a problem the input 
information can be reduced to reasonable size by devising a generator code which is 
usually cyclic in character and can produce the linear code. If the calculator which 
is to be used has a magnetic-tape unit the generated code may be semipermanently 
stored on magnetic tape. 

The code in Table 17.13 makes use of index registers in an interesting way to gen- 
crate a linear code which does not use index registers. 

Note that the number of components in the vectors may be changed by changing 
the command in location 804. 


17.27. COMPARISON OF THE CODING METHODS OF THE LAST 
FOUR SECTIONS 


In Table 17.14 a comparison of the various methods is given. If it is assumed that 
all commands take the same length of time for execution the linear code is the fastest 
way to accomplish the computation, but it uses the most memory space and poses 


in input problem, The input problem is solved by use of the generator. Somewhat 


more difficult to compare is the difference in competence of the coding personnel that 
is required by the various methods, ; 
Vor this particular example, the eyelic index-register code (See, 17.23) shows up 
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Table 17.13. Generator for Scalar-product Routine 


Flow diagram Location | Command Remarks 
Set index registers 800 SD 0011 
801 SL 004 1 
802 SB 001 2 
803 SD 001 2 
804 SL 396 2 
805 SB 001 1 


Command— A 806 CA 8211 
Store it 807 ST 002 2 
Increment it 808 AD 825 1 
809 ST? 821.4 
Step second index-register 810 II. 820.2 
811 CA 830 0 | Store special commands at beginnin 
812 ST 000 0 and end of program — 
813 CA 831 0 
814 ST 001 9 
815 CA 819 0 
816 ST 399 0 
817 CA 8250 
818 ST 002 0 
819 HA 000 0 


Step first index-register 820 IT 806.1 
821 TC 805 0 
822 CA 6502 0 | Constants 
823 MU 702 0 
824 AD 499 0 
825 ST 499 0 
826 00 001 0 
827 00 001 0 
828 00 000 0 
829 00 000 0 
830 CA 6501 0 
831 MU 701 0 


very favorably. It is probably true that for some average class of 
V i problems 

speipragh pee: 17.23 is as good as the other methods. However, small oi ferenaal 
e logic of the computers as well as in the methods used ma, k 

methods more attractive. y makeone 0) a 


Table 17.14. Comparison of Coding Methods 


Discussed No. of No. of commands 
in Sec. Mame commands executed Result 
17.23 Cyclic code with index 12 506 Answer 
register 
17.24 Cyclic code, no index 18 1,203 Answer 
register 
17.25 Linear code 400 400 Answer 
17.26 Generator 32 2,306 A linear code wh 
will do the problem 
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17.28. INTERPRETIVE SYSTEMS 


Almost all general-purpose digital computers have sufficient facilities that it is 
possible to establish command systems in the computer that make them operate like 
any other given digital computer (provided there is sufficient memory space). In 
actual practice interpretive systems are in limited use since they tend to make the 
computer slower. 

In fixed-point binary computers an interpretive system may make the calculator 
look like a floating-decimal computer to the operator. Even in a decimal floating 
point machine, computer systems may be devised that double the precision or that 
make the operations handle complex numbers. In fact, a given interpretive system 
may be made to do operations on floating-point numbers, on complex numbers, on 
vectors, or on matrices, just by changing the system of subroutines. 

pages hee ter a 2 ee eee 


(b) (c) 


(a) 
“0”? — (CC) ne oe ee wy 


((CC)) * (CR) 


Test Operation Code 


ae 


Operand Type ei eas TC — 
J 
(m) > (MB) (A) > (m) m— (CC) 
(Subroutine) | | 
| 
(b) ¢b) (c) 


CC: Command Counter A: Accumulator 
(..): Contents of MB: Memory Buffer 
m: Memory address CR: Command Register 
SS 
Fia. 17.5. Structure of an interpretive system. 


Constants 


Main 


Routine Subroutines 


(Interpretive Routine) 


Fic. 17.6. Allocation of memory space. 


Figure 17.5 shows the general structure of an interpretive system. There is a 
portion which imitates the command counter in a computer and which keeps track 
of where to obtain the pseudo commands from the memory of the computer. Another 
portion interprets the command and enters the proper subroutine. The subroutines 
all exit back to the command-counter portion. 

Entry a sets the command counter, CC, to zero. The statement (CC) > (CR) 
means that the contents of the address specified by CC are transferred to the command 
register as the command (actually pseudo command) to be executed. All the com- 
mands of the pseudo code are classified into three groups. The first group is those 
that require an operand. This group includes all the arithmetic commands and the 
output commands. The second group is the store type and includes the store com- 
mand and the input commands, Transfer-of-control commands (conditional, uncon- 
ditional, mark transfers, return transfers, ete.) fall in the third group. ° In transfer 


decimal arithmetic operations and that the com 
_ both MARK PLAcE and RETURN commands 
—— of the subroutines and Table 17.16 shows the 
. hie abet ney subroutine does a single float 
y = © where A, B, and C refer to fixed mem 

bec - nat ieee assigned to be address 099 in th 

ator in the arithmetic unit of th 

tor. Each subroutine termi rapt 
control back to the next follo 
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of control-type commands th 
counter, CC. ers 


Figure 17.6 shows the general allocation of memory space 


includ i 

nein a > papier gs by a the various arithmetic operations (floating 
I i output conversion, etc. The floating-poi i 

pitches Bid constants for command modification. All the ig ene 
Usually th i = plage: may = used to store pseudo commands gree 
l J S may be intermixed wi i ; 
Oe ogeap of Fig. 17.6 should be considered as Poti lee Pdiaiibla ilies 
next section will consider a MARK TRANSFER approach to the problem of sub 


routine organization, which i - 
anaes , is an alternate method to the interpretive scheme described 


Ss may replace the contents of the command 


The interpretive routine 


17.29. A 
A “MARK TRANSFER” APPROACH TO SUBROUTINE ORGANIZATION 


Table 17.16. Subroutine Characteristics 


Routine Entry Operation 


li eS od AM 050 | (099) + A— (099) and A* 
JET eee 052 (099) — A— (099) and A 

% | (099) - A— (099) and A 

Aen ae | 080 | (099)/A —> (099) and A 

* A is 


the actual accumulator, 


single command could 
17.23 to 17.26. lilies 


Suppose that the calcul i 
: 3 ator operat -poi i 
interpretive system had been sae er a0: fon alr 


plish the scalar product which was discussed in Secs 


x inary-number system, and 
d supplying subroutines which did the arithmenll 


th . eye . eye b i 
e initial address of the z;, and the initial address of the y; id een apices to pla 
ty ce 


ould be necessary t i 

boi! V y to specify the number of i 

ies sah PPesnpey ate would be to use the word following the maaan oi 
on, and to have the scalar-product routine itself step the comune 


counter (CC) + “1” (CC), 


In thi son ae erly 
1s section it will be assumed that subroutines exist which accomplish floating 


puter has as actual machine com-- 
Table 17.15 gives the charac- 
coding required to accomplish 
ing-decimal operation such as 
locations. In the illustrative 
~ pea and B is to be the 
] is bo 9 an - 
nates with a return-transfer pee prt pat 

Wing command in the main routine, "a 
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Table 17.16. Scalar Product Using Subroutines 
ae EAA A Rah 6 A SR Ns PERE ES 


Flow diagram | Location | Command Remarks 
(— 6 500 | SB 001 1 | Set index register 
1-7 501 | SD 001 1 
| 502 SExy 10061. | 

o-S8S 503 CA 098 0 O- A 

504 ST 1000 |A—>S 
S+2y—-S8S 505 CA 100 1 

506 ST 099 0 

507 CA 300 1 

508 MT 070 0 Multiply 

509 | CA 100 0 

510 MT 050 0 | Add 

511 ST 1000 
#+1—-7 612 II 5050 

513 HA 000 0 


be Se ee ee 


17.30. COMMAND SYSTEMS 


Computers have been constructed which have what is called one-address, two- 
address, three-address, and four-address command systems. Of these the three- and 
four-address systems have not been exploited very extensively commercially. In 
the one- and two-address systems results are left in the arithmetic register usually 
called the accumulator. In some cases another arithmetic register may be involved, 
for example, to store the multiplicand during the multiplication process. Generally, 
in the three- and four-address systems all operands are obtained from the memory and 
results are left in the memory. 

The basic argument for three- and four-address systems was the statement that 
the operations specified by the commands were more nearly like the mathematical 
formulas involved in the computation than in the case of one- or two-address systems. 
Another basis of argument was the memory space required to specify the problem. 
This last issue was complicated by the question of whether the computer stored one 
or two commands in a given address. 

It seems clear that there are going to be more built-in index registers in future 
computers, and this is a strong factor favoring single-address systems, since indexing 
in multiple-address systems is relatively complicated. 

Single-address Systems. The list of commands of Sec. 17.17 is typical of a single- 
address computer except that very few computers have a square-root command or a 
negate command. On the other hand, most computers have a product command 
which produces the double-length answer for the product of two single-length num- 
bers. This command and adequate overflow detection make it possible to do double 
precision arithmetic. In all single-address systems a command counter causes com- 
mands to be taken from consecutive locations in the memory. 

Two-address System. Some computers have been developed in which the second 
address refers to an operand. However, the system which is most popular uses the 
second address, hereafter referred to as 6, to specify the location of next command. 
Thé computers in which this system is used have a cyclic memory, and this use of 

the second address makes possible coding with minimum memory-access time. The 
first address is used in the same way as the address of the single-address system 
deseribed above, 

Threeeaddress System. In the threesaddress system the first two addresses refer 
to the locations of the operands -and the third is the location of the result, This 
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system, in effect, makes every memory location play the role of an accumulator. As 
in the single-address system the location of the next command is determined by a 
command counter. In three-address systems there is little use for clear and add, or 
clear and subtract, commands. If a number must be transferred into a particular 
location it may be necessary to store a 0 in some location so that the appropriate 
addition may be performed to accomplish the transfer. 

, Four-address System. Only a few computers have been built using four addresses 
in each command, and probably no more will be built. The reason for this is the 
extreme length of the command word in order to contain the four address for a reason- 
able size memory and, as was mentioned above, the difficulty in handling built-in 
indexing systems. The arithmetic operations here are similar to those of the three- 
address system. The fourth address provides for the location of the next command. 
In one such computer the next command is normally that next in sequence in the 
memory as determined by a command counter. However, in the case of overflow in 
addition and subtraction the fourth address determines the location of the next 
command. This allows the programmer to correct for overflow situations or to use 
this feature for branching in the program logic. 


17.31. COMMANDS OF SPECIAL INTEREST 


A number of commands appear in particular computers designed for special types 
of problems. Some are quite general in application while others are for particular 
fields. For example, some commands are particularly useful in business-applications 
problems. Usually the rest of the commands in the system are designed so as to work 
well in conjunction with these special commands. 

17.31.1. Add-multiply Command. Consider a two-address system wherein the 
command is of the form OP, a, b where OP specifies the operation and the letters a 
and b specify two memory addresses. Conventional commands in such a system 
include addition, subtraction, and multiply commands similar to the single-address 
systems (cf. Sec. 17.18) where b may specify the location of next command; or the 
operations may be of the form (a) + (A) > (6), (A) — (a) > (0), (A) - (@) > (), 
In either case if the computer is to be used very extensively on vector- or matrix-type 
operations then an accumulate-multiply command is very useful. This would be 
of the form (A) + (a) - (6) > (A). This permits operations such as scalar products 
with a minimum number of commands. 

17.31.2. Repeat Command. Given a two-address system such as that described in 
the preceding section a repeat command is very powerful. For full flexibility it in 
convenient to have two more ‘“‘address modifiers” as part of the command. Suppose 
that the command is of the form OP, a, b, c, d, where OP, a, and b are as described 
above. The c and d are modifiers of a and b, respectively, and consist of one digit 
each. If the repeat command is written as RZ, a,, b;, c,, d; then the next following 


’ command is executed a, times and with each operation the addresses a and 6 aré 


increased by c, and d,, respectively. After the repetition is finished the location of 
the next command is specified by b,. 

. With such a repeat command input and output commands can be relatively simple. 
For example, a magnetic-tape transfer command can transfer one word, with aspecify- 
ing the high-speed memory location and b specifying the tape location. The repeat 
command would control how many words were transferred. : 

17.31.3. Shift-jump Command. In some problems it is required to choose the path 
at a branch in a certain fixed pattern (five times one way, three the other, two the 
first, etc.). If the total number of choices is less than the number of bits in a word 
and the computer is binary, such an operation can be specified by a jump-shift com 
mand. In a two-address system with negative numbers in complementary form the 
command causes a jump to location a if (A) is positive and to location b if (A) is 
negative, and the number in A is shifted left once. With negative numbers in come« 
plementary form the most significant digit is the sign, and left shifts can bring any 
pattern of 1’s and 0’s into that position, giving a corresponding pattern of jumps to 
locations a or b. 
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In a four-address computer this same operation has been mechanized as follows: 
Three of the addresses specify the operands and location of the result and the fourth 
is the location of the next command in case the operation overflows. If the three 
operand and result addresses are the same the number is doubled (equivalent to 
shifting left in the binary-number system) and stored back in the same location. 
Thus, with the same pattern of 1’s and 0’s as in the example above, the branching 
can be controlled in a similar fashion. The two possible paths are the location 
specified by the fourth address or the next in order. 

17.31.4. Normalize. Many fixed-point decimal or binary computers have commands 
to facilitate programmed floating-point operation. An example of such a command 
is a normalize command which shifts a number left until there is a nonzero digit in the 
most significant position, and stores in some register the number of positions shifted. 

A ‘position’? command can do the inverse operation. That is, it will shift a num- 
ber right an amount specified by the contents of another register. In applying this 
command in adding two floating-point numbers the exponents are subtracted, deter- 
mining the amount that one of the operands is to be shifted right. Then the position 
command moves one of the sets of significant figures into position so that it can be 
directly added to the digits of the other operand. 

17.31.5. Merge. In business applications items tend to have a relatively large 
number of digits, partly to identify the item and partly to furnish information about 
various aspects of it. For example, the identification may be a catalogue number and 
the item may also contain such information as the number on hand, the number on 
order, the value of each unit, reorder levels, and even such things as the manufac- 
turer’s or vendor’s name and address. The sets of such items are called files and may 
be stored on punched cards or magnetic tape. When new items are to be added to 
the file they must be placed in the proper position, perhaps in order with respect to 
their identification number or code. This process of assembling two files to obtain a 
single file ordered in the same way is called merging. 

A computer has been designed in which this process is accomplished by a single 
command provided that all the required information is in the high-speed memory 
and there is space for the resulting file. If there is not space then a single command 
will carry on the process until one of the two input files is exhausted or the resulting 
merged file has filled the allotted space, and will specify one of three places as the loca- 
tion of the next command, depending upon which of the three possibilities happened. 
This makes it very easy to program the merging of large files of data partially stored 
on magnetic tape. 

17.31.6. Sift. Another example of a command which has applications in business- 
type problems and in scientific computing involves table look-up. The sift command 
counts in a list the number of items which have their code less than a given code, and 
finds the location of the first item whose code exceeds the given code. 

17.31.7. Summarize. This command accumulates algebraically the contents of 
specified fields contained in successive multiple-word items stored in the memory. 
This command and the sift command described above can be used to provide a sum- 

marization of all those items whose control keys (identification) are identical. This 
is very useful in summary-report preparation. 


17.32. COMPILERS 


In Sees. 17.1 to 17.9 a general language of programming was discussed. In Secs. 
17.10 to 17.31 details of various kinds of command systems and the process of coding 
were studied. In the past there has been no well-defined language in which to express 
the details of a computation, and the process of producing the commands for a problem 
on a computer was a manual process. This is changing in both respects since an 
algorithmic language is being developed?® and compilers (computer programs to 


- produce problem codes) are being developed which will accept such an algorithmic 


language and produce computer codes for particular computers. 
Various compilers each with some of the features which are required in a complete 
algorithmic aystem have been developed and tried over the last few years. ‘These 
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have been sufficiently successful so that many persons are looking forward to a solu- 
tion of their coding problems (not programming problems) in terms of automati¢ 
techniques. 


17.38. AN INTRODUCTION TO ALGOL 60* 


This is an account of the more important features of the algorithmi 
ALGOL 60. The aim is to explain rather than to define the ee ae fall 
details reference should be made to the Report published in Numerische Math., 2 
106-136 (1960) or in Comm. Assoc. Comp. Mach., 3, 299-314, May, 1960. This 
description of ALGOL was first published in The Computer Journal vol. 3, no. 2, in 
July, 1960 and is republished here by permission of the honorary editors. This article 
Sec. 17.33, is published with the permission of the Director of the National Physical 
Laboratory. 

17.33.1. Introduction. Purpose. ALGOL 60 is a formal symbolic language for 
expressing processes of computation (‘“‘algorithms’’), 

4 The order code for any individual computer is in fact such a language—it has a 

syntax or set of rules specifying what are meaningful combinations of symbols, and 
a semantics” or set of rules specifying the meanings of these combinations that is 
to say the action taken by the computer when the orders are executed. P 

Such “machine languages” are burdened with details of the particular structure 
arithmetic facilities, input-output and storage arrangements of the computer cons 
cerned. The purpose of ALGOL 60 is to provide a language for the expression of 
computation processes to the extent that they are independent of these details, and 
ina form which can be translated automatically into any particular machine code by 
a aie eens ator Poet written for the computer concerned. The “machine 
oriente etails of the computation are t ied i 
EOCENE IAC Eee p o be embodied in the translator rather than 

A second use of ALGOL 60 is for expressing processes of computation in a form 
suitable for human consumption. Whereas an unbroken sequence of symbols of a 
few different sorts is satisfactory for input to a computer, legibility requires a display 
on the printed page and a variety of forms of expression which will reflect the natural 
subdivision of the process. To accommodate these varying requirements there are 
three forms of ALGOL 60. It is defined in a form known as the “reference language" 
(employing a total of 116 basic symbols but in a linear fashion), used as input to 
translators in an appropriate “hardware representation” (employing, e.g., 5-bit 
characters on punched paper tape), and used in publications in the form of “publich= 
tion language.” The latter admits the use of suffixes (a;,; corresponding to a[i,j] in 
the reference language), exponents (a corresponding to a73), Greek letters spaces 
and line groupings of characters. Apart from such relatively trivial differences the 
a sige of ALGOL 60 are identical in content. 

ords printed in bold type such as begin i i 
oer ees pee nds oe gin represent single basic symbols. In type 

Subject M: atter. The computing processes described deal principally with ordinary 
real numbers, integers, and arrays of these. The real numbers are of necessity 
approximated digitally, but how this is done is not expressed. 

In order to avoid reference to particular storage locations a notation is introduced 
for variable quantities in store, and it is important to be clear as to its precise signifix 
cance. A letter, or a string of letters or decimal digits of which the first is a letter, is 
called an identi, fier. An identifier may be used in an ALGOL 60 program as a simple 
variable. This means that the program when ultimately translated and run on & 
computer will associate a particular storage location with that identifier. The nume 
ber held in this store at any stage in the calculation is called the “current value!’ 
of the variable. An instruction or “statement” in the ALGOL 60 program whieh 
contains this identifier calls either for the use of this number in calculation or for ite 
replacement by the result of calculation—the latter is referred to as “assignment of & 
value to the variable.”’ . 


* By Michael Woodger. 
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Calculation Rules. The course of the computation process described by the ALGOL 
60 program may be visualized as a succession of assignments of values to variables. 
The program expresses rules for the calculation of these assigned values, and these 
rules take a variety of forms. The simplest rules are provided by ordinary algebraic 
expressions compounded from simple variables and numerical (decimal) constants by 
the usual symbols for addition, subtraction, multiplication, and division. If H denotes 
such an expression the instruction in ALGOL 60 which calls for the assignment of the 
current value of # to a variable V is written 


V:=H 


E may well contain V itself; for example the assignment statement V := V + 1 
increases the current value of V by 1. 

To indicate that the variable V is to be treated as a real variable (say), rather than 
as an integer or other “‘type” of quantity, a type declaration 


teal V 


is used. A succession of type declarations for the variables employed, followed by a 
succession of assignment statements, each statement and declaration being separated 
from its neighbours by a semicolon (;), and the whole being enclosed between the 
“statement brackets” begin and end, would constitute a simple ALGOL 60 program. 

Arrays. Large blocks of numerical data are commonly treated as arrays, the ele- 
ments of which are specified by sets of integers. The number of integers in such a 
set is the “dimensionality” of the array. Thus a matrix A is a two-dimensional 
array for which a set of two integers, the row number 7 and column number j, is used 
to single out a particular element. This element is denoted by the suffixed symbol 
A;;. If the elements of a matrix A of n columns are stored in consecutive locations 
row by row the position number of element A;; relative to A1; as number O is (7 — 1 )n 
+ (j — 1), and this rule for finding the (¢,j) element must be available to the com- 
puter whenever the value of this element is called for. 

An array is in effect a function of a number of integer variables, the values of the 
function being explicitly listed (stored) and the values of the variables being used to 
locate the function value in the list (store). This may be contrasted with the situa- 
tion with an algebraic expression, which is effectively a function of the variables it 
contains. In that case no function values are stored but the values of the variables 
are used to calculate the function value by a formula. A formula can generally be 
used for arbitrary values of the arguments. An array on the other hand is limited, 
for reasons of storage, in each of its dimensions. ALGOL 60 deals only with arrays 
whose dimensions are independent, i.e., generalized rectangular arrays, and in par- 
ticular only those employing consecutive integer suffix values. The extent of an 
array is specified by the lower and upper limiting values of each of its suffixes and this 
information for each array, together with the type of its elements, is provided by an 
array declaration. 

Each element of an array may be assigned a value independently of the others. 
The general form of such an assignment statement is 

V[E,E,...,E):=F 
or in “publication language’? ALGOL 60 (which permits the use of suffixes instead 
of square brackets) 
Vayz,... Ri=F 
Here V is a subscripted variable (the identifier naming the array), each E (a subscript) 
is an expression whose current value is used to locate the appropriate element of the 
array, and F is the expression whose current value is to be assigned to that element. 

Constituents of a Program. The basic constituents of an ALGOL 60 program are 
thus statements which are executed as instructions in the order in which they are 
written and have the effect of assigning values to certain variables, and declarations 
whieh are not themselves executed as instructions but provide information necessary 
to the execution of the statements fallowing them. * 


— 
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There is a third (unnamed) category of constituents which corresponds to the 
control or “red tape” instructions in machine language. These make it possible 

1. To break off a sequence of calculations and start again somewhere else in the 

program (the “jump” or go to statements) 

2. To skip certain statements in a sequence if certain conditions are not satisfied 

(conditional statements), and 

3. To repeat the next statement for a succession of values of a variable (the for 

statements) 

Since no reference is made to storage locations of the ALGOL 60 statements them- 
selves they have to be labeled to be identified as destinations for go to statements. Any 
identifier or unsigned integer may be used as a label, written in front of the statement 
labeled and separated from it by a colon (:). 

Sequences of statements may be combined within the statement brackets begin 
and end to form compound statements, which again may be labeled. 

Blocks and Declarations. Each identifier used in an ALGOL 60 program, other 
than as a label, is introduced by a declaration which gives information concerning it 
and which is referred to by the translator when executing the statements in which 
the identifier appears. This declaration is written (possibly with others) following 
the begin symbol of some compound statement (possibly the whole program). A 
compound statement containing declarations in this way is called a block, and each 
declaration is valid only for the block to which it is attached. This means that each 
identifier I is “local” to the block B for which it is declared, in the sense that on exit 
from B either via the end (on completion of the last statement in B) or on execution 
of a go to (jump) statement leading outside B, I has no longer the declared significance 
and may be used afresh in a new declaration to denote some entirely different thing, 
Alternatively, if the block B is itself a component statement of a larger block A for 
which J was already declared, then while B is being executed J has the local significaneé 
declared for B but on exit to A it reverts to the significance it had when B was entered 
its value (if a variable) remaining unaffected by passage through B. Identifiers 
in A and not declared for B retain their significance within B. Thus every block 
automatically introduces a new level of nomenclature. 

Labels are automatically ‘“local”’ to the blocks in which they are used, so that # 
jump into a block from outside is not possible—that would bypass the governing 
declarations. 

A declaration D, attached to a block B and governing an identifier J representit 
a variable or array, may be prefixed with the symbol own. This has the effect t 
on reentering B the value of the variable (or values of the array elements) is as it wall 
left at the previous exit from B. 

Functions and Procedures. We have noted that an algebraic expression can be con 
sidered as a rule for evaluating a function, the constituent variables in the expression 
being the arguments of the function. More generally, the same is true of any ALGOL 
60 program if we single out one of the variables to which the program assigns a valid 
as being the value of the function. ALGOL 60 provides for the definition of a function 
in this way, giving it a name and indicating the variables concerned, and for using it# 


name (followed by a parenthesized list of expressions to be used as its arguments) af 


a constituent of algebraic expressions elsewhere, i.e., as a ‘function designator,” 
A notation is also provided for defining as a ‘“‘procedure” any ALGOL 60 program 
even when its effect is not simply the assignment of a value to a single variable. In 
this case the procedure name (followed by a parenthesized argument list as before) 
appears not as part of an algebraic expression but as a statement—a “procedure 
statement’’—in the program. Both functions and procedures are introduced and 
defined by procedure declarations which comprise the defining block of program or 
statement (the “procedure body’’) prefixed by the symbol procedure, the name of 
procedure (any identifier), and details regarding which identifiers in it are to be trea’ 

as the arguments or ‘“‘parameters’’ and how they are to be used when the procedure 
is called. A type declaration in front of the symbol procedure indicates that a function 
is being defined and gives the type of its value. - 

For example the procedure declaration 


real procedure sumsq (P, Q, R, 8S); sumsq : @ Pt 4 Qt + Rt 4 St 
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might be used to define the function designator appearing in a statement such as 
y:= T* + sumsg (a — m, b — m, ¢c — m, d — m)/3 


When this statement is executed the effect is as if sumsq represented a simple variable 
to which a value was first assigned by substituting the ‘actual parameters’? a — m, 
b —m,c¢ — m, d — mrespectively for the ‘‘formal parameters” P, Q, R, S in the pro- 
cedure body and then executing the resulting assignment statement. 7% + sumsq/3 
is then calculated and its value assigned to y. 

It should be noted that the letters P, Q, R, S (in general any identifiers) bear no 
relation to other identifiers outside the procedure body and do not represent ‘“‘varia- 
bles’’—they are used simply to mark positions for substitution in the procedure body 
and for this reason are called formal parameters. 

A simple example of a procedure statement is 


TEST (bt — 4 Xa Xc, Li, L2, L8) 


which might be used as a three-way discrimination using current values of variables 
a, b, ¢ to continue the program at statements labeled L1, L2, or L3 according as 
b¢ —4 Xa Xc is positive zero or negative. The procedure declaration defining 
TEST (which must appear in the head of a block in which the above statement 
appears) could be as follows: 


procedure TEST (a, P, Z, N); if a > O then go to P else if 
a = O then go to Z else go to N 


This illustrates also a simple form of conditional statement. If B represents some 
condition which may or may not be currently satisfied and S, 7' represent statements 
the effect of 

if B then S else 7’ 


is the same as that of S if B holds and is the same as that of 7’ if B does not hold. 
The statement 
if B then S 


has no effect (is skipped) if B does not hold. 

Standard Functions. It is recommended in the Report that the following identifiers 
should be reserved for standard functions which may be available with a particular 
translator without explicit declaration, through the use of a library of subroutines. 
« denotes the current value of the expression E. 


abs (E£) the modulus (absolute value) of x 
sign (B) +1lifz>0 
O if x = O }of type integer 
—lifx<0 
entier (Z) the integral part of x (largest integer not greater than 2), of type integer 
sqrt (E) square root of x $ 


sin (BE) sine of 

cos (E) cosine of x 

arctan (Z) principal value of arctangent of x 
In (E) natural logarithm of x 

exp (E) exponential function of x 


Input and Output. The input of data and the output of results have been excluded 
from detailed consideration in the reference language but it is intended that suitable 
procedures be available with individual translators which will perform these func- 
tions. These procedures would be referred to by name in the ALGOL program and 
might require as parameters information concerning the layout of data on the external 
medium, i.e., information not expressible in the language. For this purpose arbitrary 
strings of ALGOL 60 symbols may be entered as actual parameters of procedures 


_ through the use of two special “string quotes’? symbols, and the body of a procedure 


declaration may be expressed in machine code while the heading remains expressed 
in ALGOL 60 for reference. : 

1783.2, Examples. Before indicating the full generality of the various vategorios 
of aymboliam provided in ALGOL 60 we give first some elementary examples, 
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The following procedure declaration defines maz (a, n) as the function whose argu- 
ments are a vector (one-dimensional array) a of n elements, and the integer n, and 
whose value is the modulus of the largest component of the vector. 


real procedure maz (a, n); 
L1: begin real m; m : = 0; L2: fori : = 1 step 1 until n do 
L3: begin real 2; x: = a;; if <Othenz:= —z;if x > m then m: = z end; 
L4: max : = mend 


This illustrates a simple kind of ‘‘for”’ statement—the statement labeled L2 causes 
the statement L3 to be executed n times with 7 taking the values 1, 2, . . . , nin turn 
before proceeding to statement Z4. The labels are superfluous in this case since no 
go to statement is used. 

It is worth noting that one cannot eliminate m and write the procedure body simply 
as 


L1: begin maz : = 0; L2: fori : = 1 step 1 until n do 
L3: begin real x; x : = ai; ifs <Othenz: = —z;if x > maz then maz : = x end end 


because wherever the identifier maz appears other than on the left of an assignment 
statement—in this case in the condition ( > mar)—it calls into use the procedure 
maz itself, which is not the intention here. 

; To illustrate the use of the above procedure declaration by a function designator 
in an algebraic expression, suppose we have a matrix B of r rows and c columns and 
we wish to normalize its rows to have largest elements unity (where the rows have at 
least one nonzero element). We could write: 


for 7 : = 1 step / until r do 

1: begin array a [1 : c]; forj : = 1 step 7 until c do a; : = B;,;; 
for j : = 1 step 7 until c do 
if maz (a, c) ~ O then B;,; : = B;,;/maz (a, c) end 


Here an array a local to the block labeled 1 has been introduced and a copy of the 
current ith row of B assigned to it simply in order to have a one-dimensional array 
to use as actual parameter of maz. a is defined by the array declaration array a 
[1 : ¢] as being one dimensional with suffix values ranging from 1 to c, and because no 
“‘type” is indicated the type real is understood (a special convention for array declara- 
tions). B could have been introduced by a declaration of the form } 


atray B[1:7,1: c] 


The following example from the ALGOL 60 report illustrates a more general form 
of the heading of a procedure declaration. 


procedure/nnerproduct(a, b)order:(k, p)Result:(y); 
value k; 

integer k, p; real y, a, b; 

begin real s; s : = 0; 
forp:=1 step / until kdos:=s+aXb; 
y:= send Innerproduct 


The formal parameters of this procedure are a, 6, k, p, y and could have simply 
been listed between a single pair of parentheses in the first line. The convention 
used here is that any separating comma (‘‘parameter delimiter’””) may be replaced 
without effect on the program by a string of letters followed by a colon and enclosed 
between reversed parentheses thus ; 

Jorder: ( 


By this means the various parameters may more easily be recognized by the reader, 
The last line illustrates a similar convention that the symbol end may be followed, 
without effect, by any sequence of symbols not containing end or else or a semicolon, 
The second line of the declaration is known as the “value part,’’ and has been 
absent from the examples given earlier. It indicates those parameters which are to 
be “called by value” rather than ‘called by name” as hitherto. This means that 


. 
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at a procedure call these formal parameters in the procedure body are not to be 
replaced by the actual parameters but are to be treated in the execution of the pro- 
cedure as if they were identifiers local to the procedure body, representing variables 
or arrays to which were initially assigned the current values of the actual parameter 
expressions. 

The third line of the declaration is called the ‘‘specification part” and provides in 
general information concerning the kinds and types of admissible actual parameters. 

In this example the “running variable” p of the ‘for’ statement has deliberately 
been made one of the parameters so that it may also appear as a suffix in the actual 
parameter expressions substituted for a and 6. Thus a particular procedure state- 
ment employing this procedure to form the inner product of a vector B of order 10 
and a vector defined by fixing the first and third suffix of a three-dimensional array A 
might be 

Innerproduct (A [t, P, ul, B [P], 10, P, Y) 


Of course the procedure could also be abused (presumably successfully) by writing 
Innerproduct(C, D, n, i, E) to have the same effect as 


B:=nxXCxXD 


in which C, D, and n are simple variables, the last a positive integer. 

By omitting the parameter y, replacing the last assignment statement by Inner- 
product : = s, and preceding the symbol procedure by real this procedure declaration 
would be changed into a definition of Innerproduct as a function designator. 

17.38.38. Syntax. In order to describe precisely what combinations of symbols are 
meaningful in ALGOL 60 a special notation is used which is best explained by an 
example. Given that the symbol (letter) names any one of the fifty-two lower or 
upper case Latin letters, and that (digit) names any one of 0, /, . . . , 9, we can define 
the name (identifier) by the formula 


(identifier) : : = (letter)|(identifier)(letter)|(identifier) (digit) 


in which the vertical strokes may be read “‘or.’’ This is to be read as saying that an 
identifier is either a letter or is an identifier followed by a letter or is an identifier 
followed by a digit. It defines the notion of identifier recursively. Thus V28a is an 
identifier because V23 is one, V23 because V2 is, and V2 because the single letter V is. 
This corresponds with the verbal definition under 17.33.1 above as “a letter or a string 
of letters or decimal digits of which the first is a letter.” 

In general, the juxtaposition of names in these ‘‘metalinguistic formulae” is used 
to name the juxtaposition of the sequences of symbols named, and any ALGOL 60 
symbol appearing is used to name itself. Thus examples of sequences named by 
+(digit) - (digit) would be +3.7, +0.0, +9.9. 

In the next section the full extent of the more important means of expression in 
ALGOL 60 will become apparent. 

17.33.4. Syntax of Expressions. Numbers. Constant numbers are expressed in 
ALGOL 60 in the decimal notation with sign, integral part, decimal point, fractional 
part, and finally a signed power of 10 to be used as a scale factor. The exponent 10 
is brought down to the level of the text by using a special suffix symbol jo for the 
radix, and this and various parts of the general form may be omitted when superfluous, 
e.g., —1.08319—02, .7300, +107. The precise definition in several steps is as follows. 


(unsigned integer) :: = (digit)|(unsigned integer)(digit) 
(integer) :: = (unsigned integer)|-+(unsigned integer)| — (unsigned integer) 
(decimal fraction) :: = ‘(unsigned integer) 
(exponent part) :: = io(integer) 
(decimal number) : : = (unsigned integer)|(decimal fraction)| 
(unsigned integer)(decimal fraction) 


(unsigned number) :: = (decimal number)|(exponent part)| 


(decimal number)(exponent part) 
number) :: (unsigned number)| (unsigned number)| — (unsigned number) 
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Variables 
(simple variable) :: = (identifier) 
(array identifier) :: = (identifier) 


Although strictly speaking redundant these definitions help to convey part of the 
meaning at the same time as the structure is defined. 


(subscript list) :: = (arithmetic expression)|(subscript list), (arithmetic expression) 
(subscripted variable) :: = (array identifier) [(subscript list)] 
(variable) :: = (simple variable)|(subscripted variable) 


Function Designators 


(actual parameter) :: = (string)|(expression)|(array identifier)|(switch identifier)| 
(procedure identifier) 


Strings are not discussed in this article. Switches are defined under Switches, Desig- 
national Expressions. 


(letter string) :: = (letter)|(letter string)(letter) 
{parameter delimiter) :: = ,|)(letter string): ( 
(actual parameter list) :: = (actual parameter)| 

{actual parameter list)(parameter delimiter)(actual parameter) 
(procedure identifier) :: = (identifier) 
(function designator) : : = (procedure identifier)| 

(procedure identifier)((actual parameter list)) 
Simple Arithmetic Expressions 


(adding operator) :: = +|— 
(multiplying operator) :: = X|/|+ 
(primary) :: = (unsigned number)|(variable)|(function designator)| 
((arithmetic expression)) 

(factor) :: = (primary)|(factor)}(primary) 
(term) :: = (factor)|(term)(multiplying operator)(factor) 
(simple arithmetic expression) :: = {term)|(adding operator){term)| 

(simple arithmetic expression)(adding operator){term) 


The operators +, —, X have the conventional meaning and yield expressions of 
type integer when both operands have type integer, otherwise real. 

The operator / denotes division, to be understood as a multiplication of the preced- 
ing term by the reciprocal of the following factor, the result having always type real. 

The operator + also denotes division, but is restricted to operands of type integer 
and yields the integral part of the quotient, defined by 


m+n = sign (m/n) X entier (abs (m/n)) 


The operator T denotes exponentiation, the preceding factor being the base and the 
following “‘primary”’ the exponent. If the exponent is a positive integer 7 the result 
is a product of ¢ equal factors of the same type as the base, if a negative integer then 
the result is the reciprocal of such a product and of type real, or is undefined if the 
base is zero, while if the exponent is zero the result is unity of the same type as the 
base. If the exponent r is of type real and the base a is positive the result is exp 
(r X In (a)) of type real; if a is zero the result is zero of type real for positive 7, and 
otherwise is undefined. 

The sequence of operations in evaluating an expression is from left to right subjeet 
to the usual use of parentheses and to the following rules of precedence between the 
operators, which are reflected in the syntax above: 


firs. wn i 
second: X / + 
third: + — 


Boolean Expressions. These are used chiefly to express conditions for use in condi 
tional statements and, as introduced below, in conditional expressions. For thee 


. 
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purposes a condition is essentially a two-valued thing, it either holds or does wr —s 
and one can manipulate conditions as two-valued variables by the assets oO ogie, 
ie., Boolean algebra, which is available as part of ALGOL 60. A varia = nae e 
declared to have type Boolean, and its value is then either true or false (t _ ‘eh 
basic symbols). Such a variable may be assigned the current value of ‘ —_ 
expression just as in iesats ce eee A function designator may have type 

one can have a Boolean array. y ; : 
oo ees conditions are relations of equality or inequality between arithmetic 
expressions. From any condition we can derive the reverse condition by sg 
it by the logical negation sign Mm, and from any two conditions we can idee by : e 
logical operators A (and), V (or), _-) (implies) and = (equivalent) erate : 
tions expressing respectively that both hold, that at least one holds, that ei - : 
first does not hold or the second does hold or both hold, and that they either both ho 
or both do not hold. 


st 
ye gery if (a >b +1) V (a <b — 1) then go to L 


This is equivalent to 
“ if abs(a — b) < 1 then go to L 


F Iso t 
shire B:=abs(a — b) < 1; if B then go to L 


which illustrates the “calculation”’ of a condition. : 
The sequence of operations in evaluating a Boolean expression follows the rules for 
arithmetic expressions, with the rules of precedence extended thus: 


4th:< Ss =2># 


so the condition in the first example above could be written without parentheses as 


> Od ra = 0 ae ‘ 
r The syntax built up following this order of precedence is as follows: 


lational operator) :: = <|<l=|21>14. ; j : 
pi pere : es (arithmetic expression)(relational operator)(arithmetic expression) 


(logical value) :: = true|false , ‘ ; 
i i= ical val variable)|(function designator)| : 
BOR NOI Apt eaten cg (relation)|((Boolean expression)) 


(Boolean secondary) :: = (Boolean primary)|7 (Boolean primary) 


Boolean secondary) 
Boolean factor) :: = (Boolean secondary)|(Boolean factor) / ( 
‘aicleie term) :: = (Boolean factor)|(Boolean term) V (Boolean factor) 
(implication) :: = (Boolean term)|(implication) =) (Boolean term) 
(simple Boolean) :: = (implication)|(simple Boolean) = (implication) 
ita i i McCarthy) for select- 

Conditional Expressions. These provide a method (due to J. 
ing one of a sequence of expressions #7, He, .. . according to the current bd Pe a 
corresponding sequence of conditions (Boolean expressions) ByiBe, 6 578 a k 1S 


the first condition to hold, i.e., to have the value true, then the value of the ne 
conditional arithmetic expression is that of Ey, regardless of whether or not Bz+1, 
Biya, « . . Or Enyt, Erie, . . . are even defined. 


if B, then I; else if Be then Hg else . . . else EL, 


In particular £;, Ee, . . . may themselves be Boolean expressions. ; : 
This enables us to complete the syntax of arithmetic and Boolean expressions 


follows: 


a 
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(if clause) : : = if (Boolean expression) then 
(Boolean expression) :: = (simple Boolean)| 
’ [ f (if clause)(simple Bool i 
(arithmetic expression) = (simple arithmetic Sea co ee nan 
(if clause)(simple arithmetic expression)else(arithmetic expression) 


Discontinu us f ¥ 
unctions are natura, 
0 urall expressed. as conditional expressions. For 


sign (E) is equivalent to if FE > 0 th 1 i = 
and abs (E) is equivalent to if H < 0 teen won acetate Fe 


per? wrem pteib geese bye Expressions. _ Just as an arithmetic expression is a rule f 

prs rnsred : ee yee value, so a designational expression is a rule for obtainin a 

Spo rig ao ronvcpes, le, a label. The only such expression so far innenn a 

me neat el itself, but we now provide a notation—the “switch ””—for usin ; 

hi aig wees whose value is a positive integer to select one from a ist - 

i hoe: in In general designational expressions). This is in some ways analo 

aun ce “cerapagetindt: eee = array declaration merely specifies ie, 
L J switch declaration actuall hibi i : 

a 8, r ually exhibits the | 

: ee ee Pais Mabon is the kth label in this list is me ON 4 

- é x an e switch identifier as identi 
For example if the switch S were defined by the dedeas an, cae 


switch S: = LZ, P, 4, L 


th “ . > ” 

i Ve “Silene clean Sl and S[4] and S[3 + 11] have each as value the 
. y th appear in go to statements withi i 

the switch declaration is attached, or as entries in other awtEK pares ‘em 


Finally one can have conditi i i 
: y itional designational expressions j i 
i 8 
arithmetic and Boolean expressions, and the full nie is as relies yr 


(label) : : = (identifier)| (unsigned i 
. . t 
so identifier) :; = (identifier) gad 
switch designator) :: = (switch identifier) [(ari i 
\ i or) :: arithmet i 
(simple designational expression) :: = debe eth denieraeet 


. . . . d i i . i 
(designational expression) :: = (simple designational he ia o_o 


{if clause)(simple desi i i " 
‘ s I gnational expression)els i i i 
(expression) :: = (arithmetic expression) ((Bodlean ean ae oS a 


(designational expression) 
17.33.5. Syntax of Statement i 
: S 1 S. Assignment Statements. Th i 
@ Bi provision for simultaneous assignments such as a[b[1,1]! : heaps 2 Bud ee: oa 
assigns the current value of 3 X zx to a certain element of the one divieaiaall 


array a (depending on the current i 
‘tek ay seat value of 61,1), to x itself, and then to 61,1. (All 


If the expression assi i 
gned is E of type real, th i i 
and then the value assigned to them is that of anar onee ne 
a melee : = (variable) : = 
eft part list) :: = (left part)|(left i 
i part list)(left part) 
(assignment statement) :: = (left part list)(arithmetic expression)| 


Pe Ay (left part list)(Boolean expression) 


(go to statement) :: = go to(designational expression) 
Dummy Statements 


(dummy statement) :: = (empty) 3 
(empty) names the ‘empty’ sequence of symbols, 


. 
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A dummy statement is simply a blank—nothing is written. Its only purpose is 
to place a label. A go to statement which is simply to lead out of a compound state- 
ment to the following one can refer to a labeled dummy statement before the end, thus: 


begin... ;ifx <Othengoto END; ... ; END: end 


Procedure Statements. These are syntactically identical with function designators 
(17.33.4 above) but are used as statements instead of as expressions. 


(procedure statement) :: = (procedure identifier)| 
(procedure identifier)({actual parameter list)) 


The actual parameter list might be absent, ¢.g., in the case of a procedure which simply 
sounded an alarm; the procedure itself would then be in machine code. 

For Statements. A “for clause” causes the statement S which it precedes to be 
executed zero or more times, and performs an assignment of a value to a “controlled 
variable” V immediately before each execution. The ‘‘for list” defines these con- 
secutively assigned values. An element of this list which is an arithmetic expression 
causes the assignment of its current value to V and a single execution of S. An ele- 
ment of the form AstepBuntilC where A, B, C are arithmetic expressions causes the 
assignment of the current values of A, A + B, A + 2B, . . . to V and corresponding 
execution of S, the operation terminating as soon as V — C has the same sign as B 
(this test being made just prior to each execution, so that S is never executed if 
initially A — C and B have equal signs. An element of the form EwhileF where E 
is an arithmetic expression and F a Boolean expression causes the assignment of the 
current value of E prior to each execution, this being repeated until the current value 
of F is false, the test being made prior to each execution as above. This additional 
facility enables the number of times a loop is executed to be made to depend on the 
results of calculation without the necessity of writing a special test instruction. 

If S is left by a go to statement, interrupting the execution of the for statement, the 
then current value of V continues to be available outside; otherwise V is treated as 


local to the for statement. 


(for list element) : : = (arithmetic expression)| 
(arithmetic expression)step(arithmetic expression) until (arithmetic expression)| 
(arithmetic expression)while(Boolean expression) 
(for list) :: = (for list element)|(for list),(for list element) 
(for clause) :: = for(variable) : = (for list)do 
(for statement) :: = (for clause)(statement)| (label) : (for statement) 
The last definition shows that for statements may be repeatedly labeled. This is 
true of all kinds of statement, as will be seen. 
Conditional Statements, Compound Statements, Blocks. The following completes 
the syntax of statements: 
(basic statement) :: = (assignment statement)|(go to statement)| 
(dummy statement)|(procedure statement)| (label): (basic statement) 
(unconditional statement) :: = (basic statement)|(for statement)| 
(compound statement)|(block) 
(if statement) :: = (if clause)(unconditional statement)| (label): (if statement) 
(conditional statement) :: = (if statement)|(if statement)else(statement) 
(statement) :; = (unconditional statement)|(conditional statement) 
(compound tail) :: = (statement)end|(statement);(compound tail) 
(compound statement) :: = begin(compound tail)|(label) : (compound statement) 
(block head) :: = begin(declaration)|(block head);(declaration) 
(block) :: = (block head);(compound tail)| (label): (block) 


17.33.6. Syntax of Declarations 


(declaration) :: © (type declaration) |(array declaration )|(switch declaration)| 
: : (procedure declaration) 
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Type Declarations 


{type list) :: = (simple variable)|(simple variable),(type list 
(type) :: = reallinteger|Boolean —e , 
(local or own type) :: = (type)|own(type) 

{type declaration) :: = (local or own type)(type list) 


Array Declarations 


(lower bound) :: = (arithmetic expression) 

{upper bound) :: = (arithmetic expression) 

(bound pair) :: = (lower bound): (upper bound) 

{bound pair list) :: = (bound pair)|(bound pair list),(bound pair) 


(array segment) :: = (array identifier) [(bound pair list)]] 

‘ (array identifier),(array segm 
peor ee 2 . bogie segment)|(array list),(array segment) p. 7a 
array declaration) :: = array(array list)| (local i 
Dandine y list)|(local or own type)array(array list) 


arraya,b,c[1:n,2:ml],s,u[—2 X 7:10] 
declares three matrices a, b, c and two vectors s and u. 
own Boolean array peter3[1 + (if n > O then n else 0) : 20] 


declares a vector called peter3 with elements each ei iti 
c " either true or false, the definition 
of the lower bound of its suffix involving a conditional arithmetic expression. 


Switch Declarations 


(switch list) :: = (designational expression)|(switch list),(desi i i . 
i 5 ; national ex 
(switch declaration) :: = switch(switch identifier) : = (ewiteh list) eae ; 
Procedure Declarations 

(formal parameter) :: = (identifier) : 
(formal parameter list) :: = (formal parameter)| 

(formal parameter list)(parameter delimiter)(formal param: ’ 

eter 

(formal parameter part) :: = (empty)|((formal parameter list)) a 
(identifier list) :: = (identifier)| (identifier list), (identifier) 
oe :: = (empty)|value(identifier list); 
specifier) :: = string|(type)|array|(type)array|label|switch| procedure|(type)proced 
(specification part) :: = (empty)|(specifier)(identifier list);| ee “ 


’ _ (specification part)(specifier)(identifier list’ 

(procedure heading) :: = (procedure identifier)(formal parameter part); - yi 
val t i i 

(procedure body) : Si (statement)|(code) rane Par 
(procedure declaration) :: = procedure(procedure heading)(procedure body)| 

({type)procedure(procedure heading)(procedure body) 


17.33.7. Classification of Basic Symbols. As stated earlier the Reference language — 


embraces 116 basic symbols. 


(basic symbol) :: = (letter)|(digit)| (logical value)| (delimiter) 
(delimiter) :: = (operator)| (separator) |(bracket)|(declarator)|(specificator) 
(operator) :: = (arithmetic operator)|(relational operator)|(logical operator)| 


{arithmetic operator) :: = +|—|X|/|+|T (sequential oP 


(logical operator) :: = =|D|V|A|n 

(sequential operator) :: = go tolif|then|else|for|do 

(separator) :: = ,|.|10|:|;|: =|tu|step|until|while|comment 
(bracket) :: = ({)|[|]|‘|’|begin|end 

(declarator) :: = own|Boolean|integer|real|array|switch|procedure 
(specificator) :: = string|label|value 
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The separator Li denoting a space and the brackets ‘ and ’ are used in forming strings 
used as parameters of procedures. The separator comment is used to introduce 
explanatory text in an ALGOL 60 program without affecting the meaning of the 
program; the convention is used that 

;comment(any sequence of basic symbols not containing a semicolon); 
is equivalent to a single semicolon. 


17.33.8. Example 
procedure Bisection(F)initial: (1,d1) precision: (d0)result bounds: (xP,xL); 


comment Finds bounds xP and xL (with difference less than dO) for a zero of the func- 
lion F(x) at which its derivative is positive. Evaluates F(x) at x1, x1 + dl and then at 
equispaced values of x until the zero is passed (indicated by b = true) when it is located by 
the method of repeated bisection, xP being the final value and xL the previous value the 
other side of the zero; value dO; real xL, «P; real procedurel’; begin Booleana, b, 6; 
realz, d}a:=b: = false; x: = 21; d:= dl; 


A:ze : = sign(F(z)) = sign(d); 


:=cAaVb; 
if cAa then zl : = x —d; 
a:= true; 
if b then d = 4/2; 
if c thend: = — d; 


ifabs(d) > dOthen beginz : = x + d;go toAend; 
aP : = x endBisection 


This process has been used for nonlinear eigenvalue problems in which the largest 
part of the calculation is the evaluation of the function F(x) and this function involves 
empirical data so that its derivative is not available. The Boolean variable a is used 
to distinguish the first passage through the sequence of instructions (when it has the 
value false). The formula for the Boolean variable 6 is equivalent to b:= (cAa)Vb 
by the precedence rules for the logical operators. This shows that once b has been 
assigned the value true it will “stick” at that value—indicating that the required 
zero of F(z) has been ‘‘bracketed.”” The part c/a ensures that this will not happen 
on the first step (when insufficient information is available for this decision). ¢ = true 
indicates (when a is true) that addition of d to x will move it further from the required 
zero, i.e., that the sign of d is to be changed. 
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18.1. PUNCHED PAPER TAPE* 


The perforated-tape storage medium has been in use for many years. As far back 
as 1833 in Europe, Gauss and Weber invented a five-unit code to replace the old 


* By Morton M, Aatrahan, 
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semaphore system of communication. Later contributions in the nineteenth cent: 
were made by Hughes and Baudot. The present teletype system, using five-channel 
paper tape based on the five-unit Baudot code, dates back to experiments begun in 
1902. 

The virtues of the perforated tape as an economical storage medium have been 
noted by many. As a result, the code system has expanded to use more than fi 
code holes. Generating equipment now produces five-, six-, seven-, or eight-channel 
perforated tape. Five-channel tape is most widely used because of its adaptability 
to transmission on standard equipment; it is the common-language tape and continues 
to grow in popularity. Use of perforated tape for six-, seven-, or eight-channel 
information is much less frequent. 

The common-language five-channel tape is generated as chad or chadless tape, 
Chips are completely removed from chad tapes forming a clean hole, while chadlegs 
tape contains a hinged chip so that interpretation printing can occur on the sam J 
tape (see Figs. 18.14 and 18.16). In general, a keying operation will directly produee 
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Fig. 18.1a. Five-channel chad tape. 


Fig, 18.1b, Five-channel chadless tape. 


achad tape. Tape reperforated following wire transmission will be chadless. Inter 
pretation of chadless tape, which is done at the same time as punching, serves as visual 
instruction in a communications switching center. 

18.1.1. Physical Description. The material used in the tape is usually a 0.004-in« 
thick wood-sulfide paper of good quality, which has been impregnated with about 
12 per cent mineral oil. For increased mechanical strength, 100 per cent rag bond, 
100 per cent rag fiber, or plastics may be used, but the life of the punching mechaniami 
may be affected. 

The paper can be purchased in fanfolded form or in a 1,000-ft reel capacity. Mont 
generating equipment employs a blank reel of paper tape. 

Paper-tape widths vary with manufacturer but are approximately as follows: 


PP BRB NINE foc 6 ons 5 ota ais 0.686 in. 
6; Gichanwel.(......22 <G! 0.875 in. 
8 channel. .....0..%! 1.000 in. 


The tapes will contain from five to eight recording positions used in various com 
binations to represent letters, numbers, special symbols, and control signals. ~The 
recording is made by punching holes in the appropriate positions in one column across 
the width of the tape. These holes in present equipment are circular and are referred 
to as “‘code holes.” Another, usually smaller hole, is punched in each column to 
provide a means of accurately moving the tape from column to column along ite 
length. Like the code holes, the ‘feed hole” or “sprocket hole’ is circular. Figure 
18.2 shows the Electronic Industries Association standard dimensions as of Octo 1 
1959, for 1-in. tape for six, seven, or eight channels. Figure 18.34 shows the teletype 
code for five-channel tape. A good survey of punched media is given in Ref, 33, 
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ications. Communication machines are major users of punched tape. Trans- 
nia to and from outlying plants or warehouses produces wena — 
can be used in data-processing systems. Typewriter tape punches, ee 3 , 
Flexowriter, are available, wherein the tape is produced directly or as a by-pro ms 
of typing the original document. It can then be used for input to a data-processing 
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Fria. 18.2. EIA Standard RS-227 for 1-in. tape. 
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Fra. 18.3b. Bight-channel code for tape-to-card conversion. (Courtesy of IBM Corporation.) 


system, for conversion to punched cards for subsequent use in Langa tst <r 
ing systems, for transmission, or for Semiautomatic typing of ony ing — — 
Accounting, bookkeeping, adding, and calculating machines are en pi ao 
punched-tape output to eliminate subsequent key-stroke — we a» *pa- 
ration of records to be handled in a data-processing system. The detection and ¢ 
rection of operator errors are one of the major problems in such systems, 
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Many computer systems accept punched tape directly as an input. In others, 
the tape is first converted to punched cards. Figure 18.3b shows the eight-channel 
code used with the IBM 046 tape-to-card punch. The check channel provides an odd 
parity count for each character. The control characters, such as End Card 1 (EC1) or 
Program Level 1 (PL1), are instructions to the tape-to-card punch. 

18.1.2. Reading. Mechanical pin-sensing readers cover the range from 6 to 
60 characters per second. The Teletype 60-character-per-second reader is shown 
schematically in Fig. 18.4. Figure 18.4 shows one of the five sensing pins, along with 
its associated read-out contacts. The eccentric drive and main bail are common to 
all sensing positions. 

A vertical reciprocating type of motion is transferred to the main bail by means 
of the bail follower and eccentric drive. On the upstroke, the tape is sensed; on the 
downstroke, the tape is advanced to bring the next character into the sensing position. 


Contact springs 


Contact 
h terminals 


Bail drive follower 
Fira, 18.4. Tape-sensing mechanism. (Courtesy of Teletype Corporation.) 


_ The sensing pin extends through a hole in the main bail and rests on the switch bar’ 
insulated extension. At the other end of the switch bar is a contact assembly co! 
sisting of marking and spacing contacts. The sensing pin is shown in the do 
position, having been pulled there by the main bail. In this position the swi 
bar makes contact with the spacing contact. 

As the eccentric drive starts the upstroke, the main bail is allowed to move 
under the tension of the main bail return spring. When the bail moves, it allows the 
sensing pins to move up under the force of the sensing pin springs. If there is a ho 
in the tape, the sensing pin continues its upward motion, passing into the hole. The 
switch bar, which follows the sensing pin, rocks from the spacing contact to the mark 
ing contact as the sensing pin enters the hole in the tape. This completes a ciroull 
from the contact spring, through the switch bar and out the marking contact, putting 
out a marking pulse. : i 

If there is no hole in the tape, the upward motion of the sensing pin is halted hy 
the tape and the switch bar remains on the spacing contact. 

On the downstroke, the main bail returns all sensing pins, switch bars, and contaat 
to the spacing position and advances the tape. The tape-feed mechanism is basi 
a pawl-and-ratchet arrangement. i 

An interesting feature of the feeding operation is that the sensing pins are # 
projecting through the holes at the beginning of the tape advance. The sensing 
yield to the forward motion of the tape until they are withdrawn from the holon, 
which time they snap back to their normal position, ready to sense the next char 


. 


PUNCHED PAPER TAPE 18-5 


Photoelectric sensing provides a faster means of reading tape. Commercially 
available photoelectric readers for fully punched tape read from 50 to 1,500 characters 
per second, The tape is guided past a mask which contains apertures of the size and 
spacing for each possible hole in arow. Illumination through the holes in the punched 
tape, from a constant light source, is gathered optically and focused on photocells. 
llectrical signals are generated in the photocells, when a punched hole passes over the 
mask aperture. In addition to making possible greater reading speeds, photoelectric 
sensing eliminates one source of tape wear, since there are no pins or fingers pressing 
against the tape. The signals generated in the photocells, when amplified to usable 
levels and decoded, are in a form convenient for computer input. 

18.1.3. Punching. Electromagnets actuating mechanical punches have been 
employed in tape-punching equipment. The inertia inherent in the mechanical 
mechanism restricts punching speeds to several characters per second. 


Armature of energized 
selector magnet 


Magnet core 


Punch bail drive link 

Ball bearing 

Eccentric portion of main shaft 
Punch bail 


Armature of deenergized 
selector magnet 


Stop mae” 


Blocking pawl 


Spring post 
Long toggle arm 
Short toggle arm 
Punch pin Drag links 
Len nnd 
Fia. 18.5. Punching mechanism. (Courtesy of Teletype Corporation.) 


Figure 18.5 shows a schematic of a Teletype 60-character-per-second motorized 
punch. A similar mechanism now operates at 110 characters per second. The figure 
shows two punching mechanisms, one behind the other, with their respective selector 
magnets. 

The eccentric main shaft generates a continuous 60-cycle-per-second reciprocating 
vertical motion which is transmitted to the punch bail. This motion is then trans- 
mitted from the bail to all toggle arms, drag links, and finally to the punch pins. 
The total peak-to-peak vertical displacement is 0.090 in. 

The eccentric main shaft is shown in the lowermost position. Note that the long 
toggle arm of the outer mechanism has cleared its blocking pawl as a result of the 
energizing of the selector magnet spring, and that the long and short toggle arms 
behave as one stiff member, fully transferring the displacement of the eccentric 
to the punch pin. This complete displacement is sufficient to drive the punch pin 
through the paper tape. 

The selector magnet for the other mechanism is deenergized, causing its blocking 
pawl to block the long toggle arm. This causes the long toggle arm to rotate slightly 
counterclockwise, throwing the joint between the long and short toggle links to the 
right as shown, Since part of the drive displacement is taken up in collapsing the 
toggle joint, the punch-pin is not driven a sufficient distance to puncture the paper tape. 

Identical linkages are used to operate the tape-feed mechanism. Tape feeding is 
also selective, so that tape is fed only when a character has been perforated, 

Punches are now available with speeds up-to 300 characters per second, 
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18.2. LINE PRINTERS* 


Among various computer output devices, the line printer is perhaps the most 
important. This is more true today, when the emphasis is on data processing, than ii 
was in the early 1950s when the emphasis was chiefly on scientific computation. 

The line printer, as its name implies, is capable of printing a complete line o ; 

see, information foreach machinecycle. Ch 
acters may be either numeric or alphabe ) 
At the present time, the available equip 
ment provides a variety of line lengths, 
ranging from 48 to as many as 130 che 
acters per line. 

The first line printers evolved from th 
punched-card tabulator. These printers 
are primarily mechanical and produce 80 to 

150 lines per minute. The wheel prin 
is an example of this type of line printer! 

The mechanical wheel printer uses 
type wheel for each character position ant 
operates through mechanical setup of the 
wheel for each character to be printed. 
typical type wheel for the IBM 407 accoun 
ing machine is illustrated in Figs. 18.6 
and 18.6). This mechanism is used { 
many IBM 700 seriessystems. Each prin 
wheel starts to rotate at a time determined 
by the character to be printed. The motio 
of the wheel against the ribbon and pap 
cancels the rotation. The result is that th 
print wheel is, in effect, momentarily stopped at the time the wheel moves againal 
the paper. Alphabetic, numeric, and symbolic characters are arranged around 
periphery of the wheel. 

The next developments for the 500- to 1,000-line-per-minute speed range were th 
so-called “on-the-fly”’ printers and wire printers. ‘“On-the-fly”’ printers are prim 
electronic, but the actual printing is done when a hammer strikes a rotating p 
wheel. An electronic store for all the characters of the line to be printed is need 


Fic. 18.6a. Print wheel from IBM 407 
accounting machine printer. (Courtesy of 
IBM Corporation.) 


Fia. 18.66. Close-up of print wheel showing type. (Courtesy of I BM Corporation.) — 


The print wheels are arranged on a horizontal shaft, or the characters are on a cylin 
drical surface equivalent to a stack of print wheels. The angular position of thi 
cylinder is monitored by a timing mechanism, usually optical. A hammer for enc 
character position is fired at the appropriate point in the cylinder revolution. Many 
printers are based on variations of this method.16 

“The wire printer makes use of a matrix of 35 wires to set up the character to 
printed. Figure 18.7 shows the matrix arrangement as well as the layout of wh 
from the code rod to the print head. Binary-coded decimal information is used 
cause rotational and vertical movement of the code rod. There are seven rotatio: 
positions of the code rod and eight vertical positions. The combination results 
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56 possible character configurations. The IBM 720A printer reaches 500 lines per 
minute using 30 heads and 4 printing positions per head for 120-character lines. 4 

Burroughs makes an electrostatic printer in which a charge pattern is deposited 
by styli moving across high-resistance paper.? The printing is made visible by a 
toner which is attracted to the charged areas and thermally fixed. , 

The IBM 370 printer is a 50-character-per-second serial printer using a character 
stick which moves incrementally across the page. The stick is rotated and trans- 
lated vertically by metal bands for character selection. : 

More recent printer developments include the chain printer and the Charactron 
printer. 


Head 1 Ps 
Head 2a 


Code rod aN 


e ee —< 
Print wire pattern as _ 

seen from printing ae 
end of head 


Fie. 18.7. Wire-printer principle. (Courtesy of IBM Corporation.) 

One problem with the cylindrical ‘“‘on-the-fly”’ printers is the difficulty of getting 
the printed characters to lie exactly on a horizontal line, partly because of variations 
in hammer characteristics. On the theory that such vertical misalignment is more 
noticeable than horizontal misalignment, the chain printer moves the characters 
horizontally on a flexible band. A hammer is fired in each character position when the 
appropriate character goes by. The IBM 1403 prints 600 132-character lines per 
minute. : 

The Charactron printer uses a special cathode-ray tube to generate a line of char- 
acters on a phosphor screen. The writing electron beam is shaped by passage through 
character-shaped openings in a mask. The output, optically coupled to the screen, 
can be microfilm or, with xerographic techniques, full-sized printing on paper. Speed 
depends on format and is claimed to be over 4,000 100-character lines per minute 
with the Stromberg-Carlson 5000 printer, and up to 15,000 characters per second on 
microfilm with the SC 4000, - 

The use of any of the equipment discussed above in a computing system.involves 


probleme of synchronization, translation, and buffering, Because of the mechanical 


: 
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nature of the printers, these machines are asynchronous with the internal com 
timing cycle. 

Although it is not too difficult to tie directly into the computer, thus eliminating 
the need for external buffering, it is not generally desirable to delay computing oper- 
ations for the relatively slow transfer of information to the output printer. In some 
cases also, the information from the computer is available only serially by character, 
while most line printers require a parallel input. A buffer may serve not only for 
temporary storage of information, but is also capable of effecting a serial-to-parallel 
conversion. The magnetic core is ideally suited for use as a memory element in such a 
buffer, since a matrix can readily be wired to provide the necessary conversion. These 


considerations also apply to the use of a buffer in a separate magnetic-tape-to-printer 
operation. 


puter 


18.3. PUNCHED-CARD INPUT AND OUTPUT* 


Punched-card input and output equipment for electronic digital computers has 
evolved from the standard card-handling mechanisms which have been employed 
extensively in electromechanical accounting equipment. The standard card allows 
high-speed input and output in a form which can also be prepared and further processed 
by the large variety of existing punched-card accounting machines. Existing files 
of cards can also be used. 

The cards are key-punched from source data or are punched automatically ag 
by-products of bookkeeping-machine operations, of factory data-gathering systems, 
or of other source-recording terminals, such as character-reading systems. They are 
available in many special combinations for use as source documents. Systems are 
available for transmitting them over telephone circuits. 

The most widely used card is the 80-column card shown in Fig. 18.8a. There are 
12 punching positions in each column and information is ncrmally punched oné 
character to a column, as shown in Fig. 18.8. The cards can also be punched with 
binary information, as shown in Fig. 18.8). This greatly increases the density of 
information storage. Reference 33 shows other types of punched cards. 

For some uses it is satisfactory if the card-reading and -punching mechanisms 
connected directly to the computer. For faster information transfer, separate card 
to-tape machines are used. These allow the information from many cards to’ be 
stored on magnetic tape and later be entered into the computer very rapidly. Cardy 
punched with decimal or alphabetic characters can be prepared on one 
available card-punching machines. Both programs and data can be entered in th 
way. With a binary computer, a translation program must be used to convert thi 
information from decimal to binary. 

Binary punched cards are often used for programs on binary machines and are pre 
pared by the computer. Automatic-programming techniques take statements Of 
cards in alphanumeric form and provide the detailed program on binary cards or Of) 
magnetic tape. 

18.3.1. Reading. Card-handling mechanisms are designed to pick one card fi 
the bottom of a stack, move it past a sensing or punching station, and deposit it 
another stack. A reading mechanism is shown in Fig. 18.9. The cards are hi 
in a hopper under a weight. A pair of picker knives with shoulders slightly low 
than the thickness of a card push the bottom card through a throat which is sligh 
higher than the thickness of one card. The card is caught by feed rollers and mo 
past the reading stations. The picker knife motion is controlled by a-clutch, allowin 
selective reading. Holes are sensed by stranded metal brushes riding on a metal P 
The card passes between the brushes and the roll and allows electrical contact wh 
holes are punched. The card is moved edgewise (the direction of motion is per 
dicular to the long dimension) and there is a brush for each of the 80 columns, 

card motion is accurately timed in relation to cam-operated contacts, so that sign 
are available to mark the points at which each of the 12 rows of punching positions 
under the brushes. 4 


* By Morton M. Astrahan. 
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Fria. 18.8a. Alphanumeric card with IBM code, 
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Fria. 18.8). Binary card. 


\) 
a) S Hopper contact 
Upper card lever 


it 


Control brushes a 
a 
Read Lower card | 
brushes 


bee 
Stacker 
Pp Say AN 


Fra, 18.9, Type 711 card-reader schematic. (Courtesy of IBM Corporation.) 
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Figure 18.10 shows the card flow through the IBM Type 1402 Card Read-Pune 
which reads cards at a maximum speed of 800 cards per minute. At this speed th 
limited capacity of a standard hopper would result in excessive operator attentio: 
Therefore, a file feed is used. This consists of a portable tray holding up to 3, 
cards and a mechanism for automatically feeding cards from the tray into the hopper. 
The Type 1402 has five card-stacker pockets. Cards from the read feed can be 
directed into any one of the three pockets nearest the read feed. Figure 18.11 shows 
schematic of the radial card stackers. The selection mechanism stops the card’ 
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Fig. 18.10. 1402 card-feed Dasaeed ie of ‘ried Corporation.) 
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Fie, 18.11. 1402 stacker schematic. (Courtesy of IBM Corporation.) 


forward motion and drops it into a stacker in a horizontal position. The rear end 
the card falls, guided by the guide assembly. The radius of the guide assembly 
such that as the rear of the card approaches the bottom, the front falls.from the 
restraining lever that has been supporting it. The card rests temporarily on the @ 
alignment lever until four to six cards have accumulated. Their weight overe 
the lever spring tension and the group of cards is lowered onto the card pusher 
The pusher slide oscillations work the bottom of the cards forward until they 
standing against the card deck support. 

Long lines are usually needed from the reading brushes to the sensing circuits, 
these lines usually are physically near relay circuitry. Thus noise pickup is high 
the sensing circuits should be low-impedance and insensitive to short (relative 
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msec) pulses. Pencil marks on cards can cause errors in circuits with impedances 
above several thousand ohms, by giving rise to current paths between brushes. The 
sensing circuit must reliably respond to ragged pulses of less than normal dura- 
tion resulting from the brush bounce and dirt to be expected after long periods of 
operation. 

Figure 18.12 shows the type of circuit used for sensing in early computer systems. 
The brushes were connected through a plugboard to key triggers. These were flip-flop 
circuits which were desensitized by means of a condenser between the grids of the 
tubes so that a pulse of at least 1-msec duration was required to set them. The pulse 
from the brushes was cam-controlled so that current interruption took place at a 
cam contact rather than at the card. The full pulse time (about 9 msecs, at 150 cards 
per minute) was allowed to elapse before the state of the key triggers was sampled 
and the information sent to the high-speed memory. 


+ 


Cam-operated 
contact 


Plugboard 


= Sample pulse 
Key trigger 


Fie, 18.12. Card-sensing circuits, IBM 701-704 Data Processing Systems. (Courtesy of 
IBM Corporation.) 


Thirty-six brush outputs were sampled at once and entered into memory as a 36-bit 
binary word. Two such words were read from each row of the card, making a total 
of 24 words covering 72 of the 80 card columns. Binary information was utilized 
directly. Decimal or alphabetic characters were translated by means of a program 
which operated in the interval between the sampling of successive rows. 

Card-feeding mechanisms which move the card endwise (motion perpendicular to 
the short dimension) are also in use for computer input. An example is the first 
Univac card-to-tape converter.!_ In this system the cards were scanned a column at a 
time by a block of 12 photocells. The photocell outputs conditioned thyratron con- 
trol grids, and sampling was done by a pulse on the screen grids. The 12 thyratron 
outputs were encoded into eight lines which caused a character to be recorded on the 
magnetic tape. The NCR Type 380 feeds cards endwise at a speed of 1,500 cards per 
minute. 

Another Univac card-to-tape machine uses edgewise feed and brush sensing. Here 
a contact surface is impulsed for each card row and touches individual brushes through 
the card holes. Each brush feeds one column of an 80-column magnetic core array. 
‘The array has 12 cores per column, so that there is a core for each of the 960 possible 
holes. The proper row in the array for each card row is selected by switching of bias 
currents, Thus each punched hole causes the corresponding .core to be switched 
by coincidence of the brush current and the proper bias current. The array columns 
are then read by current pulses applied to cach column in sequence through a plug- 
board, whieh allows a format control, . Bias currents may also be switched during 
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readout to prevent ‘‘control”’ rows in selected columns from reading out until a later 
readout signal is fed to the same column, thus permitting column splits in which con- 
trol information is entered in the same column as an alphanumeric character. The 
characters are read by sense wires in each row, translated from card code to machine 
code, and stored on magnetic tape. The tape record is then reread and checked 
against a second reading of the card. 

Cores are widely used for input-output buffering. They are small, economical 
reliable, and consume no power when not active. They provide the signal integration 
needed for noise protection. They also provide the parallel to serial conversion that is 
usually required with edgewise card feeds. 

The highest speed readers use optical sensing. For example, the Uptime 2000 
which handles up to 3,000 cards per minute, uses optical sensing both for reading the 
holes and for timing the card position. 

18.3.2. Punching. A widely used mechanism for punched-card output is the 
100-card-per-minute punch used with the IBM 700 series systems. One card row is 
punched at a time. A separate solenoid for each of the 80 columns can move an 
interposer into the path of a bail, forcing a punch through the card into a die. The 
card is at rest during each of the 12 punching cycles, the intermittent motion being 
supplied by a geneva mechanism. 

Card punching requires even more precise control of the card position than does 
reading. For this reason, the punch feed of the IBM Type 1402 Card Read-Punch 
which operates at 250 cards per minute, has an alignment station. At this station the 
card is momentarily released from the drive rolls and is pushed into precise registra- 
tion with the punching mechanism. The card is then advanced intermittently 
through the punching station under control of the geneva mechanism shown schemati- 
cally in Fig. 18.13. When the geneva pins ride into the deep cuts in the geneva disks, 
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Fic. 18.13. Geneva mechanism. (Courtesy of IBM Corporation.) 
the feed rolls are driven by gears attached to the geneva disks. As the geneva pine 
leave the deep cuts, the cam surfaces of the geneva drive disk enter the shallow cule 
on the geneva disks, holding the disks and their associated feed rolls stationary. - 
The punching station operates on one card row at a time by means of 80 units like 
the one shown schematically in Fig. 18.14. The bails are common to all units and 
punching is caused by the extension of an interposer between the oscillating punel 
bail and a punch. However, the interposer motion is not caused directly by 
magnet armature motion. Instead, the armatures are closed by latches pulled d 
by the interposer setup bail. A small holding current is applied to those ma 
which are to cause punching. The armatures of these magnets hold their late 
down when the setup bail moves up. This causes the associated interposer links 


. 
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pivot, extending the interposers. Since the magnet holding current is much lower 
than that which would be needed to close an armature against a load, the unit is 
called a ‘no-work-magnet”’ unit. 
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Fic. 18.14. Punch unit operation. (Courtesy of IBM Corporation.) 


18.4. MAGNETIC-TAPE INPUT AND OUTPUT DEVICES* 


The use of magnetic tape for the recording of audio signals is well known. Tape 
recorders are extensively used in the radio industry, in homes, and as analog-recording 
devices in real-time processes. Digital computers have used magnetic tape for 
wuxiliary memory devices and for input/output media almost from the time of the 
development of the first automatic calculator in the late 1940s. 

As is indicated above, magnetic-tape units have been extensively used in both the 
analog- and digital-computer fields. The nature and requirements of these appli- 
cations are sufficiently different to warrant separate descriptions. 

18.4.1. Analog Tape Devices. Of the two applications (analog and digital) the 
requirements of the analog systems are more like the requirements encountered in 
high-fidelity audio tape recorders. Indeed, although the analog tape units have many 
special requirements, they have usually incorporated the techniques used in audio 
work (see Fig. 18.15). 

Data Recording. The principal use of magnetic tape in analog work is the recording 
of data produced by a real-time system for later input to some type of analog-com- 
puter equipment or analog-to-digital converter. The real-time system quite fre- 
quently involves a telemetering link between an airplane or missile and a ground 
station, The frequencies to be recorded in such an application are usually in the 
wudio range, less than 10 ke. However, unlike broadcast and analogous work, these 
signals are not usually recorded directly on tape. Instead, they are presented to 
the tape unit as an FM carrier in the ultrasonic range (between 50 and 100 ke) in 
order to obtain the accuracies desired. 

Playback of the data so recorded presents a problem because the accuracy of the 
data read from the tape is dependent upon the frequency of the carrier being read 
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from the tape, which in turn is a function of the speed of tape transport in both the 
recorder and playback unit. Since accuracy is of primary interest, elaborate equip- 
ment is employed to control the speed of the tape. Although tape-drive mechanisms 
of high quality are employed to reduce wow, an additional timing track must be used 
for tape-speed control. In a typical system, a 60-cycle signal obtained from a tuning 
fork is used to amplitude-modulate an 18-ke carrier which is recorded on the timing 
track at the same time as the analog signal. On playback, the modulated signal is 
compared with the tuning-fork frequency by means of a differential motor which 
drives the tape-movement capstan. Accuracies of the order of 0.02 per cent variation 
in carrier frequency can be obtained in this manner. 


Fig. 18.15. An analog magnetic-tape unit. 


Other Applications. Magnetic tape is used, but not extensively, for function input 
on analog computers. A variation of this procedure is the use of tape for function 
storage or function delay, in which an output of an analog computer is recorded ot 
tape and later read to become a function input to the computer. 

Characteristics. Analog tape units usually employ a number of channels all recorded 
simultaneously but with different data on each track. Tape speeds vary from 
approximately 7 to 100 in. per sec, with 30 and 60 in. being common speeds. Many 
of the recorders are multispeed devices with a very fast rewind speed. Tapes are 
rarely read in reverse direction. P 

18.4.2. Digital Magnetic-tape Equipment. The operational requirements of tape 
equipment for use in digital applications differ markedly from those of analog equipe 
ment. The applications are quite similar to that of the analog tape equipment, how- 
ever, there being two basic uses of digital tape equipment: 

1. As auxiliary memory devices q 

2.. As input and output media 

Memory Systems. In the section on memory systems various types of memorl 
have been mentioned. In all these there is a practical limit to the amount of informa: 
tion which can be stored, this limit being determined by economic considerations, 


. 
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In magnetic-drum-type memories, for example, the limit is in the order of a few 
million characters, while other types have even smaller limits. 

In most computer applications a need exists to store much more data than can 
be stored economically in normal computer memories. In many of these cases the 
access time is relatively unimportant or can be minimized by special procedures. 
Magnetic tape offers a convenient means of storing data in such cases, since many 
millions of characters can be stored on one reel. Random-access times, however, are 
quite great—often in the order of minutes. The special procedures mentioned above 
for reducing time lost for access include the operation of storing data in some logical 
order on the tape. Processing occurs in this order as the tape is transported from 
one end to the other. 

When more and more data need to be stored, extra reels can be used. In some 
applications these reels are changed manually on one tape unit; however, in many 
instances, multiple tape units have been successfully employed. In one inventory 
application of the Federal government, 100 tape units, all capable of independent 
operations, have been used to store the inventory records. In this application, a 
computer accepts input data, selects the proper tape unit, and reads the pertinent 
inventory record. The computer then combines the data to produce an updated 
result which is then recorded on the tape. . ; 

In some applications, the volume of data is not excessive, but the type of operations 
performed make magnetic tape admirably suited for the main storage. These 
operations involve sorting, collating, separating, selecting, etc. Systems have been 
developed consisting almost entirely of magnetic-tape units which are designed to do 
these operations. If the system is made up of four tape units, it can perform any 
one or all of these operations at the flip of a switch. . : 

Input and Output. Devices used for input and output are inherently of a mechanical 
nature and hence are much slower than electronic computers. Frequently, therefore, 
when a great deal of input and/or output is needed for a particular problem, the 
speed of the computer cannot be fully utilized because of the slow terminal devices. 

In order to conserve expensive computer time, input and output devices are often 
not connected directly to the computer. Instead, magnetic-tape units serve as a 
buffer between terminal devices, such as printers and keyboards, and the computer. 

If a great deal of output is required, for example, a magnetic tape is connected to 
the computer and the output data recorded on the tape at the rate of a few thousand 
characters per second. At the completion of the run, the tape is removed to a tape 
reader which reads the information at a much slower rate and supplies it to a direct 
output device such as a printer. : , 

The inverse process can also be accomplished. Equipment exists which will take 
information from a direct input device and record it on magnetic tape. The tape runs 
quite slowly in such instances, even stopping and starting under control of the input 
device. When controlled by the computer, the tape is then read at a high speed. 

Equipment which is available for going to and from magnetic tape from direct 
terminal devices is described in Arts. 18.4.3 through 18.4.5. ; ; 

18.4.3. Converters to Magnetic Tape. Equipment used for input consists prin- 
cipally of punched-card-to-magnetic-tape converters and punched-tape-to-magnetic- 
tape converters. Data from punched tape are not extensively converted because 
punched tape can often be read fast enough so that magnetic-tape buffers are not 
economically sound. The card-to-tape converters, on the other hand, are used exten- 
sively. The big advantage to this operation is that cards can be easily sorted into 
order before the data are recorded on tape. Relatively expensive tape sorters are 
not required in this case. ' 

Some work has been done on keyboard-to-magnetic-tape converters. However, 
technical difficulties resulting in high costs have prevented large-scale acceptance of 
this method. In the future this may be a more important use of magnetic tape. 

18.4.4. Converters.from Magnetic Tape. Again, cards play an important role, 
receiving the data from tape with the use of tape-to-card converters, _ Of a great 
deal more importance, however, are magnetic-tape-to-printer converting devices, 
Line printers are particularly well matched to magnetic tape because thé tape can 
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be transported at reasonable speeds. Still, magnetic-tape-to-typewriter converters 
have been on the market for some time and are extensively used. 

Tapes produced by computers are used extensively for controlling other processes. 
Of coming importance in this respect is the controlling of machine tools and similar 
applications. 

Requirements and Operational Details. The very fact that data are in discrete form 
allows digital tape units to be operated at varying speeds, as has been pointed out. 
This points up the principal difference in requirements between digital tape handlers 
and analog handlers, since the latter are run at constant speed. Indeed, the digital 
handler may be stopped and restarted in the middle of the tape without losing data 
if a short space is provided for stopping and gathering speed. Furthermore, the 
tape can be read in reverse because of the discrete character of the data. 
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Fia. 18.16. A digital magnetic-tape unit. 


The space provided for starting and stopping suggests the principal operation 
requirement of a digital tape handler; namely, the tape must be accelerated | 
decelerated in a short time to minimize the space that must be left between datu 
points. The general standard for stop and start times of tape is in the vicinity of 
3 to 5 msec for stopping from full speed and starting to full speed. To obtain these 
fast times, various manufacturers have used various techniques, a few of which will 
be described. J 

Figure 18.16 is a drawing of a tape handler similar to a type which is commercial 
available. Notice that the tape does not go directly from a reel to the head an 
drive unit. Instead, loops of tape about a tension arm provide slack between t 
reels and capstans (there are two capstans, one for each direction of tape travel), 

As one of the capstans is energized (a solenoid-driven pressure roller presses t 
tape against the capstan), it need only accelerate the tape in the loops instead 
overcoming the inertia of an entire reel of tape. Because the tension arms are pul 
against each other, the capstan need not overcome tension-arm pressure, As 


. 
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tension arm moves, a point is reached (shown by dashed lines), at which a signal is 
sent to the reel motor to unwind tape. Hence the tension arm and the reel motor 
form a servo loop. Similarly, the take-up motor is servoed with the take-up tension 
arm. 

Figure 18.17 shows another reel-servo-controlled unit which uses a vacuum column 
to keep tension on the tape slack left between reel and capstan. When the tape 
rises in the column to a certain point because of capstan actuation, a vacuum switch 
signals the reel motor to unwind tape; when the tape gets down beyond another point, 
the reel takes up tape. 


Vacuum 
switches 


Vacuum area” 
lia, 18.17. Digital magnetic-tape unit with Fie. 18.18. Magnetic-tape unit with tape 
vacuum chambers. bins. 


A technique first developed by the National Bureau of Standards lets the tape 
accumulate in and play out of tape bins, as shown in Fig. 18.18, instead of winding on 
reels. Similar units have been commercially available. 

Speeds and Recording Density. Tape speeds vary from about 7 to 200 in. per sec, 
depending upon the frequency of the pulses being recorded. Pulse densities range 
from 50 to 700 pulses to the inch of tape; so that, when high recording frequencies are 
required, faster tape movement is used to keep pulse densities within the range 
mentioned. 

Recording Techniques. Unlike magnetic-drum systems, most magnetic-tape read 
and write heads actually touch the tape as the tape is moved. Signal voltages 
obtained as output of the read head are usually in the range of a few millivolts (typical: 
5 mv). Generally, a single set of heads is used for both reading and recording. 
‘Typical heads used for this purpose employ cores made of laminated-iron and nickel- 
alloy strips. Track widths are about 0.040 in. and from 6 to 14 heads per inch width 
of tape are*typical. The number of windings varies widely with the application, but 
typical values are 100 to 300 turns. This gives inductances of less than 10 milli- 
henrys and d-c resistances of 20 to 40 ohms. Record currents are 20 ma or less. 

Characteristics of some recording methods are of interest. One method involves 
single-ended record amplifiers. This requires the degaussing of the tape with a-c 
signals, either with bulk erasers that demagnetize the entire reel of tape simulta- 
neously, or with high-frequeney acc signals impressed on the head. The single-ended 
record currents then polarize the tape in one direction where a 1 is recorded; the tape 
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is left unmagnetized where a 0 is to be recorded. One disadvantage of this method 
is that rewriting on the tape cannot be made until the tape is erased. 

Ordinary push-pull recording, in which the tape is magnetized in one direction for 
a 0 and in the other direction for a 1, is often used. An interesting variation of the 
push-pull recording technique takes advantage of the fact that the signal when read 
from the tape is a differentiation of the signal that was recorded. Figure 18.19 illus- 
trates this technique. The magnetism has two directions of possible polarities, 
and the polarity is changed from bit to bit only when a 1 is to be recorded. Hence 
signals are obtained from the read head only when a 1 is recorded, and although 
successive 1’s result in opposite-polarity signals, these signals can be rectified to 
provide a single-polarity wave. 

18.4.5. Special Magnetic Input and Output Devices. The principles of magnetie 
recording are incorporated in special devices which do not employ ‘‘tape”’ in the 
normal sense of the word. These are described only briefly, as they are not as yet 
widely used. 
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Fie. 18.19. Magnetic-tape signals. 
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Fig, 18,20, Rotating-head tape system, 
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Rotating-head Devices. Figure 18.20 is a depiction of a device which does use a 
tape. The tape is moved endwise as before, but its movement is not necessary for 
the reading and recording of the information. Instead, the heads are mounted in a 
rotating hub and the information is read when the heads are rotated past the tape. 
This method necessitates the use of slip rings, and the hub is equipped with a fast- 
action clutch to obviate the necessity of continuous rotation. 

Magnetic Page Writer. When used in the scheme presented in the preceding para- 
graph, the tape can be conveniently divided into parts, each part containing as much 
information as can be read by one rotation of the hub. These parts are often called 
“pages.” 

If, now, the hub is expanded in both length and diameter and more heads are 
added, the tape becomes very wide and can truly be said to resemble pages con- 
nected edge to edge. The movement of the tape selects the page to be read and the 
head or heads select the lines to be read on each page. 

The hub, being quite large, is called a drum and must continually rotate at a few 
hundred rpm. To prevent wear, the tape does not actually rub upon the drum when 
not being read or recorded; the wind layer and centrifugal forces set up by the drum’s 
rotation are sufficient to hold the tape away 
from the drum. When reading or writing Seis re 
is to be accomplished, the movement of rotating drum Read/write 
rollers clamps and pulls the tape tightly ——_— 
against the drum (see Fig. 18.21). The ———— 
tape, which is usually an endless strip y 
stored in a bin, offers a convenient means 
of auxiliary storage. 

Magnetic Cards. Pieces of paper or card- 
board have been coated with magnetic dis- 
persion so that information can be recorded 
on one or both sides. The normal method Clamping 
is to coat only one side so that information rollers 
may be recorded on one side and the same 
information, or at least part of it, printed 
on the other side. These cards conceivably 
can be used much in the same way punched 
cards are used, although extensive use of 
them has not been done as yet. One endless 
advantage of magnetic cards over punched tape — 
cards is that much more data can be 
recorded per card. Five hundred to a 
thousand alphanumeric characters can 
easily be recorded on one 3 by 5 card. 

The mechanisms for handling the cards 
are the most intricate part of this equip- 
ment and are much the same as punched- 
card-handling equipment. Cards move at 
a speed of about 10 in. per sec. 

An interesting application, for which equipment is available commercially, is that 
of up-dating bank statements. The normal statement that the customer eventually 
receives is a magnetic card with all the pertinent data recorded on one side as well as 
printed on the other, including the account balance. As each entry is made, the old 
balance is read from the card automatically, and the up-dating is accomplished by a 
computer using data entered from the keyboard. The new balance is then printed 
and recorded magnetically in place of the old balance. This eliminates the necessity 
for the operator to read the old balance and enter it manually. 

Check Reading. Considerable effort has been devoted to printing of checks with 
magnetic ink to facilitate automatic reading. Equipment exists which will read 
cheek account numbers printed in coded magnetic ink, The most interesting aspect 
of this equipment is, again, its papershandling feature, The paper checks tnust come 


Fic. 18.21. Magnetic page writer. 
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into contact with the read heads in order to be read; as a result, check mutilization is 
of primary concern. The equipment uses a pneumatic system in which a partial 


vacuum is used to transport the checks successfully past the read h i igi 
error in reading the information. oy BAe 


18.5. SYMBOL DISPLAYS* 


Symbol displays are employed foremost for presenting data for immediate human 
consumption in contrast to printers, plotters, punched cards, etc., whose primary 
purpose is recording. Data should be displayed in a form which is readily interpret- 
able by observation. Data inside the computer, though decipherable, are seldom 
immediately recognizable because of being coded in machine language. ; 

The symbols most often used are the English alphabet and the arabic numerals 
plus a few others such as the period or radix point and + and — signs. The displays 
are normally a composite aggregate of these symbols with the computer in control 
of the symbol choice and sometimes even the display format. In some instances, the 
display is eminently involved in the machine’s operation—for example, most desk 
calculators where cams, cogs, and gears on the display wheels control the arithmetic 
operations to some extent. In other cases the display exercises a form of control over 
the machine’s operation. This usually takes the form of a time control wherein the 
read-out tells the machine it is set up and the machine then commences operation. 
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Fra. 18,22; Minimum symbol height (inches) 
vs. viewing distance (feet). = Fria. 18.23. 


The machine may handle its information in either the serial or parallel mode. 
The information is best displayed when made available in its entirety or in symbol 
groups of reasonable size because the observer can more readily comprehend data 
presented in this manner than in smaller sequential groups. 

The conversion from machine language to display code can be a major factor in 
over-all system design and to the designer is often of more importance than the 
appearance and possibly even the performance of the display. If the display code is 
chosen to be a “select one out of n” (one hot) code, nearly any display scheme can 
be used. But this is often expensive from the standpoint of equipment. Buffering 
equipment is normally used between the machine and the display. There are, at 
times, advantages to be gained by time sharing this buffer among the outputs and 
occasionally even among the inputs. ; 

For maximum intelligibility the design of all symbols should be without flourishes. 
The critical details such as corners, openings, and intersections of the figures should 
be simple but prominent. Words should normally be oriented horizontally and * 
should read from left to right. Other orientations lead to misreading of data. The 
spacing between symbols in a word should be approximately one stroke width, and 
space between related words on a single line should be approximately one symbol 
width. The height-to-width ratio for most symbols should be 3:2, though in the 

special case of drum displays a ratio of 1:1 is better. The stroke width of a black 
symbol on a white background should generally be about one-sixth of the symbol 
* By William A, Farrand. 
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height; but with white on black one-seventh, and glowing symbols one-eighth, for 
the stroke tends to spread. In the English alphabet the capitals are more distinguish- 
able than the lower-case letters. 

The display is always more presentable when the symbols are formed in the plane 
of the bezel, eliminating parallax. This is especially true if the characters in a word 
are not formed coplanar, for the symbols then shift in position with respect to each 
other as the viewer shifts position. It is often of value to have the display intensity 
variable. This, of course, means general lighting as well as symbol-stroke illumination 
and is especially true in operational military equipment where night vision should 
not be hampered by the displays illumination. 

The speed of operation and the mode of use will be discussed after the description 
of the various forms and types of displays. 

18.5.1. Selectively Positioned Symbols. These are usually rotating indicators. 
In gear, bar, or string linkage machines, such as Babbage’s, these displays did the job 
adequately. They have many characteristics which make them useful in today’s 
machine, but here they are often remotely positioned rather than directly positioned 
units. The remote-positioning systems used for 360-deg indications are the various 
electromagnetic ones such as resolvers, synchros, magnesyns, and telegons; the coded 


rotate less than a full revolution and many of these 
make use of 100- or 240-deg D’Arsonval meter 
Wee. 
teers \ 
[sisi 


movements. 

Drum Displays. The most common device which 
functions as a symbol display is the number wheel used 
in the odometer of an automobile (see Fig. 18.24). It 
gives a digital representation of an analog quantity and, 
as such, provides a very compact presentation of high 
precision. In this use the over-all accuracy is far less 
than the precision due to inaccuracies of the metering Fia. 18.24. Odometer. 
wheel. In many desk calculators the only displays for 
intermediate and final results are wheel displays in which the wheels are designed in 
such a manner as to effect the computation. 

The decimal counter wheels, as depicted in the odometer, constitute a highly accu- 
rate and precise device made from low-accuracy parts. They use intermittent gear 
carries with the backlash of no consequence as long as the sum of the backlashes in 
the carry position is less than }4 digit in all columns. A decimal device of n digits 
with the shaft on the least significant digit maintains full precision with a carry back- 
lash of up to +(18/n) deg at each station. Other than this, 1 part in 20 is sufficient 
accuracy to maintain full precision in the decimal counter. If used for following a 
slowly varying quantity, these counter wheels are excellent, for all the wheels are 
geared together and a single shaft is, therefore, all that needs to be controlled. If the 
number to be displayed does not vary at a low rate, the input shaft must go at a high 
rate and the entire unit becomes complex. 

Independént drum displays are available without this disadvantage. They, in 
general, demand a complicated drive device if many symbols are utilized on a single 
drum. Another difficulty in the utilization of drum indicators is the large center-to- 
center distance necessary because of the thickness of the wheels mechanism and the 
large diameters necessary for a large character selection. On small drums a height-to- 
width ratio for the symbol of 1:1, instead of 3:2, is best because of the possible mis- 
placement of the dial behind the bezel and the curvature of the dial. 

Tapes.. These disadvantages are mainly offset by the use of tape for the display 
when a large group of characters must have one of its symbols selected. These tape 
units can be thought of as flexibly rimmed wheels which have most of the character- 
istics of wheels. 

It is possible further to compress the size (a factor of 2) by making the tape into a 
Mdébius band and having symbols printed on both sides; however, this will not allow 
ono to transilluminate the tape. Another use for the Mébius band is to increase the 
apace between character codes on the drive wheel by effectively interplexing the 
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symbols. Transillumination is applicable here. The code used for selection can be 
on the band itself, giving positive registry even with loosely coupled drive equipment. 

Disks. Disks are also widely used for symbol displays. They possess many 
unique characteristics of form and shape, but in use they are almost identical to 
drums (Fig. 18.27). 
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Fig. 18.25. A four-band alphanumeric dis- Fic. 18.26. Two Mébi — 7 
play with staggered tape drives, umerie deta, The 


taining alphanumeric data. The larger 
band reads consecutively every other char- 
acter. The smaller band cannot be trans. 
illuminated, for different symbols are on 
opposite sides of the tape. 
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Fia. 18.28. 


Pointers. One of the simplest read-outs is a galvanometer. The number is decoded 
by a weighted-resistance method into a current and this current is indicated on the 
meter. The meter scale is replaced with one containing the set of symbols correspond= 


ing to the coded currents; 90-, 100-, and 240-deg D’Arsonval meters are available with ~ 


their pointers swinging in the plane of their faces, and edge-reading movements are 
available with their needles swinging orthogonal to their faces (Fig. 18.28). 

: This display leaves much to be desired from the standpoint of appearance and logi« 
bility, for the selected symbols must necessarily be separated by many times their 
symbol width. They are not well aligned for they are position-selected and the 
pointer may not indicate on the symbol center. 

18.5.2, Selectively Illuminated Symbols. Strobed Indicators. Drums, tapes, and 
disks can be utilized by cyclically moving them in such a manner that the characters 
are displayed if illuminated. Then, once each cycle, the display is strobed at the 
time necessary to select and illuminate the intended symbol. his operation, as 
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exemplified in a very simple transilluminated 
decimal wheel rotating at nearly constant 
speed, appears in Fig. 18.29. 

In order for a clean image to be viewed the 
light source should not be on for more than 
one-tenth of a character. This gives a duty 
cycle of one-hundredth, which even at 60 
flashes per second is very fatiguing for the 
viewer. The image should be formed near yg 18.29, A strobed indicator: A 
the plane of the bezel so that motion of the motor; B, coded disk; C, drum; D. 
viewer does not obscure or deteriorate the light; Z, reading brushes; F, bezel; G, 
image. comparator; H, blocking oscillator; J, 

The flicker can be overcome by casting input register. 
the image upon a phosphorescent material 
with sufficient lag to increase the duty cycle above the critical point.* This alone 
is not sufficient, for much of the light from the strobe passes through the phosphor 
without spectral frequency conversion so that even though there is phosphor after- 
glow the main intensity still is of low duty cycle. This is taken care of by a choice 
of phosphor and of illumination source, such that most of the light is of suitable fre- 
quency for exciting the phosphor, and then a light filter can be used to reject the 
strobe’s light and to pass the phosphor’s glow. This over-all technique is very simple 
to apply and yields excellent results. 
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Fra. 18.30. A, filter-rejection curve; B,phos- Fria. 18.31. A, light; B, lens; C, reflection- 
phor glow; C, phosphor sensitivity; D, light- symbol drum; D, viewing bezel; EZ, motor. 
source spectrum. 
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Fie. 18.32. 


In certain installations it is better if the data are projected to the viewing bezel, 
and in such cases, a simpler geometry and a higher efficiency are often available using 
reflection} rather than transmission. 

Images with Fixed Register. Certain information can be symbolically displayed 
with clarity only if the various symbols are viewed in a given positional word struc- 
ture. Displays which maintain this register irrespective of the particular symbol 
selected are, discussed below. 

Edge-lit Symbols. These normally take the form of a stack of sheets of clear plastic 
or glass on which the symbols are engraved, one symbol per sheet. By selectively 
illuminating the edges of these sheets the desired symbol, and it alone, can be forced 
to glow. This symbol is then viewed through all the preceding sheets and, as 


* The critical point varies with frequency and is at 30 per cent duty cycle for 24 images 


per second, 
+ One of the beat ultraviolet reflectors known is polished aluminum, 
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these sheets are translucent in the small area of their symbol shape, there is some 
intersymbol interference. To alleviate this, the symbols are sometimes shifted in 
reference to the bezel center and their stacking order changed. Another apparent 
shift of symbol position is due to parallax. This occurs when the observer’s position 
is not in line with the symbols. The problem 
is emphasized by the images being formed in 
different planes. 

This form, one sheet per symbol, demands 
the minimum of decoding equipment. When a 
large set of symbols must be stacked it is often 
desirable from the standpoint of intersymbol 
interference and symbol misalignment to dissect 
the symbols so as to give fewer sheets in the 
stack. This requires a more complicated symbol- 
selection scheme (more than one wire per symbol 
and these wires are seldom symbolwise unique). 
Because of the low luminous efficiency, rather 
high intensity light sources such as filamentary 
bulbs are often resorted to, and this normally 
demands relay, thyratron, or magnetic-amplifier 
symbol switching. 

Since these symbols are edge-lighted, care 
in the symbol shape should be emphasized in 
order to provide a uniform glow. A small amount of shape distortion (changes 
from the Futura or Groton bold fonts) often yields more legible characters. ‘ Care 
must be taken in the engraving of the symbols, as any tool loading or tool chatter 
yields an uneven symbol. If all symbols do not have the appropriate stroke width 
the display appears uneven, and because of the large commercial tolerances on plastic- 
sheet stock, care must be taken to set the graver depth from the 
engraved side and not from the engraver bed, as is standard 
practice. 

Shaped-electrode Glow Tubes. These tubes consist normally of a 
single anode and a stack of individually symbol-shaped cathodes 
in a cold-cathode glow tube. The shaped cathodes are stacked 
one behind the other. These tubes have most of the properties 
of the edge-lit symbols and can be made in a similar multitude 
of configurations. Their high luminous efficiency makes direct 
electronic selection possible. Because of the small line size of the 
cathode and large size of the glow, there is very little intersymbol Fra. 18.34, Syme 
interference and therefore no need for symbol misalignment. bol showing aps 
Anode glow tubes can be made; they have similar characteristics. propriate distor- 
Tubes have been made in which the selected element is the cath- tion for edge 
ode and all other elements act as the anode. These tubes must _ lighting. 
very definitely be fed d-c voltages of the proper polarity for if 
alternating current or the reverse polarity were applied all symbols would glow, 

Selected Projector Display. Each image in the display can be formed by means of a 
group of simple projectors (one each per possible symbol) each of which is capable 
of projecting its image on the same screen and in the same register. The particular. 
symbol to be displayed is selected by energizing its light source. These projectors 
can be extremely simple for a single symbol is the image, and if the lens systems 
contain distortion, the stencil can contain the complement of this distortion and the 
displayed image will be distortion-free. 

Images with Functional Register. Where binary-coded decimal read-out is sufficient, 
positional notation similar to that shown in Fig. 18.36 is often useful. With the 
exception of radix point display nearly all these systems have as their main advantage 
simplicity of construction and decoding and have a major disadvantage of poor 
legibility. Glow transfer tubes and quantized beam-deflection tubes are examples of 
the extreme simplicity available in displays of this form. 


Fria. 18.33, Edge-lit display. 
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Dot-formed Characters. Ever since the advent of the electric light bulb symbols 
have been displayed by the selective illumination of bulbs mounted in a planar array. 
An analysis of the alphanumeric characters shows that ad by 7 rectangular ath 
of dots on constant center distance is sufficient to yield fairly recognizable symbols. 
As can be seen from Fig. 18.38, a few of these symbols, namely, 7, 8, M, Q, and W, 
leave much to be desired in their presentation. 
Many variations of the exact symbol shape are 
possible, especially if one is not limited to a con- ? Mirror 
stant center distance. Figure 18.39 shows the dot 
form of the numeric symbols and the + and — sign liens ‘Steficil 
using a 3 by 6 array. It is to be noted that the 
horizontal and vertical connectivity is excellent, 
although the diagonal connectivity leaves much to 
be desired. If an X is used instead of a dot the 
diagonal connectivity is increased sufficiently to 
cause good symbol form with a decrease in horizon- 
tal and vertical connectivity so slight as to go 
unnoticed. The changing of the illuminators’ shape 
from a dot to an X can be simply accomplished by 
masking the bulbs on the top, the bottom, and the 
two sides, leaving the four corners unmasked. By 
placing a diffuser (ground-glass screen) between the 
symbol and the viewer, the display can be made 
even more intelligible. ; 
A simple selection matrix for the lights can be 

formed using one single secondary transformer per dot 
with multiple primaries. All dots which should be é j - we 
selected to display a single symbol can be threaded with one primary ee is 
gives n primary threads for n symbols, but not all threads pass through ye cores. 
If any one of these threads is a-c excited all the transformers which it links will ne 
their respective lights to glow. There will be no intersymbol interference due to 
coupling by the other primaries if the unchosen leads are left open-circuited. 
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Special tubes are available which are admirably suited to this task in that a spot 
glow can be formed at any intersection of many horizontal and vertical wires by 
activating the appropriate single vertical and single horizontal wire. They can — 
-fore be digitally selected. These tubes have the glow formed in such a manner tha 
their face (a phosphor screen) glows and has considerable retentivity. ‘ 

18.6.8. Cathode-ray Methods. Conventional tubes have been used to write as 
with a pencil and special tubes have-been constructed which are able to write as with 
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a typewriter. Both have been used with holding guns to delete the rewriting process 
when the images are to be displayed for any length of time. 

Conventional Cathode-ray Tubes. Symbols can be formed on the face of a cathode- 
ray tube if adequate control can be maintained over the electron beam. In a con- 
ventional cathode-ray tube control is available on intensity, focus, and position. 
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Fie. 18.38. Figures formed by a 5 X 7 array of dots. 
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Fra. 18.39. Numerals formed by a 5 X 7 array of dots. 
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Fie. 18.40. tor formed with increased diagonal connectivity. 


ia wis methods of controlling these in order to trace out the symbols are described 
elow. 

With the advent of the thin flat cathode-ray tube it is highly possible that this 
display form will take up the minimum of control-panel space and weight. Control 
applications exist where this is extremely important. In some of these tubes digitally 
selected deflection is used. This increases their electrical compitibility with the 
computer, 
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Monoscopes. Monoscopes are similar to iconoscopes in construction but in place 
of the photocathode there is a fixed pattern on an oxide coating. The secondary 
emission of the printed portions is low while that of the oxide is high, giving rise to 
a variable secondary electron current to the collector as the imprinted cathode is 
scanned. If one cathode-ray tube were used per sym- 
bol and an ensemble of monoscopes were available (one 
per character) from which the symbol selection could be 
made, the symbol selection and format control would be 
obvious. 

The amount of equipment in the display can be decreased 
in two ways at the expense of control complexity. The first 
is the use of a single monoscope containing all characters. 
The sweep would then be a raster scan just large enough to 
cover one symbol. A second deflection potential (applied 
to the same deflection plates) would select the appropriate 
symbol from the array for interrogation by the raster- 
scanning beam. ‘The second way is the use of a single pres- 
entation tube with a sweep in synchronism with the mono- 
scope’s raster scan and of such a magnitude as to give the 
appropriate size and shape to the displayed symbol. The 
location of the selected symbol on the face of the viewing Q 
tube can be controlled through the deflection circuits that ae i coaaa dea 
control the scan. 

Dot-formed Characters. If the information concerning the dots which form a given 
character is available, then it can be sequentially sampled; and if the beam of a 
cathode-ray tube is swept in such a manner that its Position at the instant of a given 
dot sample is at that dot’s position (and the beam is either intensified or attenuated 
according to the value 1 or 0 of the sample), 
then the symbol will be dot-formed on the face 
of the cathode-ray tube. The position of the 
character on the face of the tube can be con- 
trolled by means of the deflection circuitry for 
the tube, as can the size and shape of the image. 
Suppose that a memory system contained the 
dot information for all the characters which 
might possibly be selected and that the dots were 
time-sequentially scanned. A simple memory 
for this consists of an array of switch cores (one 
per dot) which can be used with circuitry which 
sequentially sets and then resets each core in 
turn. If a reading thread now passes through 
only those cores corresponding to the dots that 
are to be made luminous for a specific symbol, 
the signal out on that line will correspond to the 
desired intensity signal as the cores are interro- 
gated. A core array is similar to the trans- 
former array discussed under Dot-formed 
Characters. One core array will suffice for any 
; { number of characters. 

Fu BGs £2 Se ot ry Sore A magnetic drum can also be used effectively 
read theped Yor the ant f a Bie “3% the MASUD EY, ; for the dot-formed characters, 
shown). and its addressing and information sequencing 

can control the sweep of the cathode-ray tube, 
producing the symbols on the face of the tube. This technique can easily be exploited 
hy utilizing other memories. . 

Deflection-formed Symbols, Lissajous figures can be utilized to produce symbols 
for a display. However, to do this with sine waves would demand many harmonics 
and aceurate phase and amplitude control, Since most symbols can be thought of as 


We 
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combinations of straight lines and segments of ellipses, segmented sine waves and 
d-c values can be combined with proper blanking control to give clean-cut images 
with very little circuitry. Figure 18.43 shows the form of the symbols +, —, and 
0 through 9; while Fig. 18.44 lists the functions which will adequately produce them. 


iper oS ke 
+S 


Fia. 18.43. Deflection-formed symbols. 


Symbol ex ey Blanking 
0 A sin 2wt B cos 2wt None 
1 0 B cos wt None 
2 A sin 2wt —2¢B + 9B sin wt 225 to 315 deg 
3 A sin 2wt B/2 — B/2 cos 2wt; 0 < @ < 180 135 to 180 deg 
—B/2 + B/2 cos 2wt; 180 < 0 < 360 315 to 360 deg 
4 A sin 2wt;0<6<180 0;0<6< 135 None 


0; 180 < 6 < 360 B+Bsin 2wt; 135 < 6 < 225 


+B sin 2wt; 225 < 0 < 360 


5 —B/2; 292 < 0 < 387 —B/3 + 2B/3 cos 2ut;90 <8 < 270 90t0135 deg 
A sin 2wt; elsewhere +B sin 2wt; 270 < 0 < 337 

B; 337 < @ < 450 

6 A sin 2wt —B cos 2wt;0 < 6 < 180 22 to 45 deg 
—B/2 — B/2 cos 2wt; 180 < 0 < 360 

a 293A — F.W. Rect. 2A .586B — 14W. Rect. 2B sin wt None 

sin wt 

8 A sin 2wt B/2 + B/2 cos 2wt;0 < 6 < 180 None 
—B/2 — B/2 cos 2wt; 180 < @ < 360 

9 A sin 2ut B/2 + B/2 cos 2wt;0 < 6 < 180 225 to 360 deg 


B cos 2wt; 180 < 6 < 360 


Fia. 18.44. Deflection functions for symbol presentation. 


It should be noted that some of the symbols can be very easily formed by this 
technique (e.g., the figure 7 which is a full-wave-rectified sinuosoid beat against # 
half-wave-rectified sinuosoid). The circuitry involved in display of the numeral# 
becomes considerably simpler when a height-to-width ratio of 2:1 is used (e.g., 
8 is given by A sin wé vs. B sin 2wt and 3 is the same as 8 with appropriate blanking), 
The blanking is less critical for 2:1. 

Image-converter Tubes. This type of tube is most commonly remembered as used 
in the sniperscope of World War II fame. In that form it consists of a monomolecular 
photocathode sensitive to infrared radiation, a deflection system and electron optics 
which control and focus the image formed on the photocathode to the phosphor anode 
in such a manner that the image is visible. In a form suitable for use in a symbol 
display the photocathode would be replaced, as in the monoscope, by a fixed pattern 
on an oxide coating with the secondary emission of the printed portions very low 
while that of the oxide would be very high. 

If a flood of low-velocity electrons were to illuminate the image plate (secondary 
cathode), the image could be made visible on the phosphor anode. An extremely 
useful device can be made by having all desired characters prmted on the cathode, 
with selection accomplished by means of the flood-gun deflection and format cone 


. 
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trolled by the tube’s deflection system. This system is then effectively a monoscope 
and a viewing tube all in one. 

Shaped-beam Display Tubes. Special cathode-ray tubes have been constructed in 
which an electron beam of considerable cross section can be selectively deflected in 
such a manner as to illuminate any symbol in the stencil matrix. The stencil shapes 
the cross section of the beam to the form of the selected symbol. This beam is then 
deflected by a second deflection system to its prescribed place on the face of the tube 
where the phosphor changes the electron image into a luminous one. Most designs 
attempt to bring the beam back on axis before the second deflection plates (the image- 
positioning plates) act upon it. If it is not brought completely back on axis then 


H 
Fie. 18.45. A shaped-beam display tube: A, electron gun; B and C, symbol-selection plates; 
D, symbol-stencil matrix; E, electron lens; F and G, image-positioning plates; H, viewing 
screen, 


some of the signal applied to the first deflection plates (the symbol-selection plates) 
can be subtracted from the format signal applied to the second, thus effecting reason- 
able control over the symbol placement. This axial alignment is accomplished by 
means of the second set of electron optics, which is conventionally a magnetic system 
at least in part. 

Shaped-beam display tubes are especially useful as the P.P.I. (Plan Position Indi- 
cation) scope in surveillance radar work for they readily allow identification markers 
to be displayed by the side of or in place of bogies. The radar map is traced by using 
a small hole, usually the central symbol in the stencil matrix, and the sweep and inten- 
sity controls are used as in conventional P.P.1. tubes. 

A hold gun can be used in the tube to spray low-velocity electrons onto the screen 
and maintain the potentials of the printed pattern if the screen has appropriate 
secondary-emission characteristics. Normally these tubes do not have provision for 
selective erase as erasing is accomplished by disabling the flood gun. 

These tubes have been made in sizes ranging from 3 to 19 in. Because of the com- 
plicated electron optical structure and the difficulties of folding it these tubes are all 
quite long. 


18.6. ANALOG-TO-DIGITAL CONVERTERS* 


These devices convert from analog magnitude to digital value. The analog vari- 
ables sometimes interpreted are from a large class of which a few are acceleration, . 
altitude, capacitance, current, energy, fluid flow, light intensity, mass, orientation, 

* By William A, Farrand, : : ; 
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repetition rate, shaft position, temperature, time, voltage, and volume. When 
computation, documentation, or storage of these magnitudes is needed the con- 
version to digital value is often necessary. Some converters are especially useful 
in measuring quasi-static variables (upon command of the machine or its operator) 
rather than dynamic data. All converters are essentially counting, weighing, or 
reading devices. Converters can be incremental or value-measuring devices. If 
operating as value-measuring devices they are either value-reading or value-searching. 


Incremental Value measuring 


Value reading] | Value searching 
Unidirectional Bidirectional 


If value-searching they search in either a unidirectional or bidirectional manner and 
they initiate their search either at the last value of the function or at a predetermined 
value. * 

The precision, stability, accuracy, resolution, sampling time, and sampling rate 
are extremely important properties of each converter. Sampling-time accuracy, 
value accuracy, t and sampling rate completely denote the functional distortion due to 
the digitizing operation. In sweep-balance converters and some others the sampling 
instant is not a priori defined for it is a function of the value of the variable. The 
output from the converter should be compatible with the machine that is to accept 
and operate upon its digital data. The code form of the output should therefore be 
essentially that of the machine. 

18.6.1. Voltage-to-number Converters. In instrumentation, the transformation 
of measured variables to voltage is common because of the general simplicity of the 
equipment and the ease of distributing the voltage. This makes a voltage-to-number 
converter quite compatible with present-day process-control systems, for the instru- 
mentation already in existence is often of this form. When the voltage does not 
vary greatly during the sampling interval 
accurate encoding can be performed with 
only a power amplifier between the encoder 
and its input. Often, however, the input 
voltage is not so limited and it is neces- 
sary to form a second voltage equal to the 
input at a given instant (the sampling in- 


Sweep balance 


Fra. 18.46. 


Fie. 18.47. A function sampled and stant) and to maintain this voltage even. 


clamped over the sampling interval. under load until the next sampling instant. 
There are applications in which it is not 
of consequence that the input has varied appreciably during the sampling interval 
and clamps are therefore not necessary. When clamps are used in high-accuracy 
converters they generally contribute error, especially when setting time must be short 
and clamping interval long. They have errors in amplitude due to stability, load 
regulation, and sensitivity and errors in instant of sampling due to timing and fre 
quency response. boyy 
* This is usually the mean value, the least upper bound, or the greatest lower bound, 
} The value accuracy is dependent upon both the quantum and the accuracy of the 
bounds of the quantum, 
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Ramp Compare. These devices are truly voltage-to-time-to-number converters 
and utilize the coincidence of the input voltage with a voltage-time ramp as the event 
that is timed. It is conventional to enable a gate between a clock and a counter 
when the ramp starts or crosses datum and to disable this gate when the input voltage 
is of the same value as the ramp. The precision of this device is with respect to full 
scale and is a function of clock rate divided by ramp-repetition period. The stability 
is a function of clock stability voltage, comparator stability, and the stability of the 


Fic. 18.48. Ramp compare converter waveforms. 


ramp function itself. The accuracy is a function of the accuracy of the above- 
mentioned three items. The resolution is closely allied to the precision but is also 
a function of the short-time stability, for the resolution is the least count provided it is 
immediately repeatable. The sampling rate is determined by the repetition rate of 
the ramp, and the sampling instant is clearly a function of the value of the variable 
unless the sample is clamped for the measuring interval. The actual sampling 
instant is a function of the voltage. In Fig. 


18.49 it can be seen that the actual sampling Ep, Cray 
instant t; = t, +7’ +¢ where ¢t = e7’/E where 
e is the voltage at t;. C, 


The sweeps are commonly, though not neces- 
sarily, linear, and when the over-all accuracy is 
to be no better than 0.05 per cent and the sam- 
pling rate is to be in kilocycles a phantastron a ti (n+2)T 
ramp generator is often used. For a lower r-—-| 
accuracy (approximately 14 per cent) constant- 
current pentode relaxation oscillators are often ‘ot”Z = t,+(n+1)T 
used. For even less accuracy (approximately 5 Fie. 18.49. 
per cent) delay lines or even simple capacitor- é 
charging devices are used. For higher accuracy special mechanical potentiometer 
circuits seem to be necessary, with a resultant lowering in the sampling rate to below 
a thousand sweeps per second. The d-c trigger pair and the multiar are the two 
most common voltage comparators; however, when more sensitivity is desired stabi- 
lized amplifiers often precede these voltage comparators. 

The transient response of the comparator circuitry affects the accuracy of the 
values at the beginning and at the end of the sweep much more than it does the 
values in the central portion. This can be seen from a Fourier approximation to the 
ramp in which the higher frequencies are attenuated more than the lows. In limited- 
band-pass systems this problem can be alleviated by having the range of the ramp 


‘larger than the range of the voltage to be encoded. The zero-crossing detector can 


usually be made more sensitive and more stable if it is measuring one voltage with ; 
respect to ground instead of one voltage with respect to another, This can, be done 


if the input and the ramp are subtraéted atid their difference is compared with sero. 
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Cathode-ray Tube and Mask. Figure 18.50 shows a mask which when illuminated 
by a sheet beam of narrow width illuminates the receptors in the normal binary code 
for the value of the sheet’s position. This output is in parallel form; however, if all 
the receptors were tied together and the beam (now a pencil beam) were to be posi- 
tioned as before and then swept across the sheet the output would be the serial form 
of the normal binary code for the beam’s position. The output could either be least 
significant or most significant digit first, depending on whether it was swept up or 
down. 

The cathode-ray tube is a convenient means of forming the beam for either serial 
or parallel operation. The mask is either inside or outside the cathode-ray tube. 
When inside, electron illumination is used and simple wires are the receptors. When 
the mask is exterior to the tube photon illumination is used and photosensitive ele- 
ments are the receptors. When the mask is in- 
side the tube it is possible to quantize the signal 
(that is, cause it to not be halfway between two 
discrete values) by means of a grid structure 


‘Ss which forms a knife-edge electron lens. When 
Ss! N the mask is exterior to the tube and a nonpro- 
Nos SS gressive code is being used, quantization can be 
SS5 formed by an auxiliary circuit consisting of win- 


dows in the mask outside the code area and a 
photocell together with circuitry which servos the 
beam always to the center of one of these win- 
dows. This output, if not cyclic-coded, contains 
carry ambiguities and therefore reading is often 
inhibited while carries are being processed. The 
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Fia. 18.50. 5-bit mask with sheet- Fic. 18.51. Cathode-ray tube and external mask 
beam illumination: A,B,C,D, and for photoelectric reading showing two channels for 
EH, receptors; F, coded stencil; G, servo quantizing. 

sheet-beam illumination. 


normal accuracy of these devices is 0.5 per cent with 0.1 per cent being almost the 
maximum obtainable because of the nonlinearities in the cathode-ray tube. Mirrored 
galvanometers are sometimes used in place of the cathode-ray tubes. 


Voltage-to-shaft Rotation-to-number Converters. ‘These normally consist of a voltages — 


to-shaft position servo together with a shaft position-to-number converter. The 
shaft position-to-number converters and the voltage-to-shaft position servos are 
discussed elsewhere. These units are characterized by high precision and slow speed 
and are best used to follow a function rather than to establish a value. 
Digital-potentiometer Servos. The digital potentiometers are described later. As 
their title indicates, they are number-to-voltage converters, and therefore, when used 
in the feedback of a servo, form voltage-to-number converters. i 
Selective Subtraction. These methods involve the subtraction of weighted voltages 
from the unknown until the resultant is negative, then the removal df the last weighted 
voltage and the continued subtraction until the resultant is again negative and ite 
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removal, etc. As an example, consider any positive nonfractional decimal number 
of n digits. This can be expressed as 


Gn 10%"? + Gp-110"-? + Gn_210"-3 + + + + + 210! + a1 = Gn, Gn—1,n—2, . . . ,02,0 


The values of the a’s are limited to the integers 0 through 9. The problem is now 
to determine the coefficients. First, assume a, = 1 and try this by subtracting a 
voltage corresponding to 10"~! from the voltage being converted. If the resultant 
voltage is negative then a, is made zero and the subtracted voltage is removed. If, 
however, the resultant is greater than or equal to zero, another 10"~! worth of voltage 
is either subtracted, or the first subtracted voltage is removed and a voltage corre- 
sponding to 2 X 10"-1 is subtracted. The value of a, is determined by successively 
trying all values 1 through 9 and testing until one of them produces a resultant voltage 
that is negative; then an is decreased in value by 1 and its corresponding voltage 
deleted, or if none produces a negative resultant the value is 9. @n_; is now assumed 
to be 1 and the process is repeated for all values of all a’s until the correct one for a, 
is determined. This process yields a decimal number in serial form, most significant 


T, Ks, 73 Ka: Ts; Kai Tz, Ko, T) Kyx 


Fra. 18.52. Relay binary subtractive potentiometer servo. Ki, Ke, Ka, Ka, and K's corre- 
spond to the bits of the binary number where K: represents the least significant bit, Ke 
the next least, ete. Kg detects the value of the summing point and the 7’s are from a 
timing stepping switch. 


digit first. This form of number delivery is useful for transforming the number to 
parallel or to simple cyclic code but is rather cumbersome for normal serial work 
which needs the least significant digit first. 

The above process can be modified to encode a voltage into any radix-numbers 
system. The device which determines whether the result is negative or not must 
have a stability and sensitivity equal to the precision expected. 

In the above description the assumption is made that all the numbers are positive 
and nonfractional. Actually, fractions fit the theory perfectly and the methods there- 
fore apply. The mathematical expressions shown were chosen to promote clarity in 
the explanation. Negative voltages can be made positive by subtracting a full-scale 
negative voltage from them and then adding its value numerically to the results. 
Another method is to detect the sign initially and, if negative, prime all the oper- 
ations stated in the description. 

Selectively Add-subtract (Binary). It can be easily demonstrated that dn, @n—1, @n—», 
or + » @, a1, —2”~! > 0 if and only if a, is 1, and conversely it is negative if and only 
if ay is 0. 

“This characteristic can be used to generate the binary number corresponding to 
a voltage. First, subtract a voltage corresponding to 2”~! from the voltage being 
converted, Tf the resultant voltage is, greater than or equal to zero, the value lis ° 
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taken as dn and a voltage corresponding to 2"~? is subtracted; but if the resultant is 
negative, the value 0 is taken as a, and a voltage corresponding to 2"? is added. If 
this resultant is greater than or equal to 1, the value 1 is taken as a,_; and a voltage 
corresponding to 2"~* subtracted, etc. This process is continued in sequence until 
a, is determined; it produces the binary number in serial form, most significant digit 
first, 

In comparing this scheme with the preceding binary subtraction method it should 
be noted that two power supplies are necessary rather than just one, for voltages 
must be both added and subtracted. The selective subtractive method costs two 
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Fig. 18.53. Syne timing plot for binary subtraction and binary add-subtract relay servom, 


operations (trial and possible retraction) per bit, while the selective add-subtract 
method uses only one operation per bit. Therefore the selective add-subtract method 
is synchronizable at maximum clock rate, and this is of value when computation cat 
be performed on this most-significant-digit first serially presented number. ; 

Add-subtract Counters. If a register is interconnected with logic so that it can 
operate as an add-subtract counter and control a weighted resistor matrix so as to 
produce a current or voltage proportional to the number stored in the register then 
this can be servoed by gating in clock pulses on the add or subtract bus at the control 
of a comparison circuit. The comparison circuit causes the counter to add clook 
pulses when the register’s decoded voltage is lower than the input voltage, and to 
subtract when above. This comparator must have a dead zone in the vicinity of 
zero or the counter will be caused to hunt at clock frequency for a static input, 
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Capacitor Discharge to Least Significant Digit. This is a voltage-to-time-to-number 
converter in which the voltage-to-time relationship is not linear. As can be seen 
in Figs. 18.55 and 18.56 if the voltage to be measured is placed on a capacitor and this 
capacitor is discharged through a resistor R the time to discharge to the least signifi- 
cant digit (one unit) will be RC In H/E,. If instead of a fixed resistor a constant- 
current load is applied, then a linear, not a logarithmic relationship, would hold. 


Je = Add Subtract Counter Log Subtract Counter Je = Add Subtract Counter Log 


add 


D-c 
trigger E, 
pair 


= 
e(t) =E;,e°° 


Unit E=E, 


Fre. 18.55. Capacitor discharge to least- Fic. 18.56. Discharge waveforms. FE, unit 
significant-digit circuit. value of voltage; ¢ times to the least signifi- 
cant digit. 


The time ¢ can be quantized and evaluated by any of the means described in Art. 
18.6.3. However, the most common method is that of counting clock pulses from 
start of discharge to coincidence with least-significant-digit value. 

Other means for controlling the decay can be applied, and these will give other 
relationships between the number and the voltage. 

18.6.2. Position-to-number Converters. For the convenience of discussion, posi- 
tion will be considered to be angular position, and for the instances where this i is not 
correct, two recourses may be considered. First, the position might be transformed 
to angular position by racks and pinions or other linkages; second, the various con- 
verters described can also be constructed as the layout developments (planar repre- 
sentations) of the circular units described. 

The feature of shaft position-to-number converters which seems to control their 
forms, complexity, and utilizability is the suppression of carry ambiguities. Each 
time that there is a shift in the value of any digit other than the least significant one, 
there is also a change in the least significant digit if its code is that of a radix-number 
system. If special care is not taken it will be possible to sample this output during 
this carry time and give an erroneous answer, 

Tnoremental Techniques. The simplest way of digitizing a shaft position is perhaps | 
to count the number of revolutions or segments of revolution that a shaft makes past 
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some fixed reference point. If the shaft rotates a sufficient number of times or is 
divided into sufficiently small countable segments, almost any accuracy can be 
obtained. A shift of datum due to a loss of pulses is a shift that remains with the 
converter until the datum is reestablished. It is normally necessary that the counter 
which is keeping track of the counted segments be an add-subtract one and further 
that there be intelligence available concerning the direction of rotation of the shaft. 
It is obviously necessary that the code for this be totally unambiguous, for it is within 
reason to assume that the shaft could rock to and fro across a count station and if 
ambiguity were present it might rack up a large and erroneous count. 
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Fig. 18.57. Layout no ee of 5-bit binary wheel. 
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Fic. 18.58. Photoelectric shaft sector coun- Fia. 18.59. Sector-detector waveforms: (a) 
ter: A, light; B, slit mask; C, sector wheel; one photoelectric-cell voltage; (b) other 
D, photoelectric cell; Z, beam-splitting mir- photoelectric-cell voltage; (c) d-c trigger 
ror; F, d-c trigger pairs. pair output for A input; (a) d-c trigger-pair 
output for B input; @ shaft rotation. 


The output from a single sector detector can often be assumed to be sinusoidal, 
If a second sector detector is placed to read the same sector as the first one, but spi- 
tially displaced from it so that its output is spatially phase-shifted from it by 90 deg, 
the output can have its direction of rotation interpreted. |The output from these two 
sector detectors is similar to the output of a resolver and is therefore often referred to 
as a resolver output. By referring to Fig. 18.59 it can plainly be seen that phase A 
leads phase B in time for clockwise rotation and that phase B leads phase A in time 
for counterclockwise rotation. A little study will show that this is true irrespective 
of the rate of change of @. . 

Zero-crossing detectors and logical circuits can be used to give four outputs per 
cycle along with the sense of rotation. A schematic of a circuit which performs this 
function by means of derivative logic can be seen in Fig. 18.60. A set of clocked 
nonderivative logic which will perform this function is outlined below. 


1a, = Ac od, = A’e, 1b, = Be ob) = Bre 
and 1 unit clockwise = AB’B,c A'BBic BAA(\c B'A' Aye 
1 unit counterclockwise = ABB{c A'B’B,c BA'A\ec B'AA‘e 
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These four points per cycle are not necessarily of equal weight, for the distance 
represented by the gaps between them is determined by the form, shape, and place- 
ment of the sector detectors and the sensitivity and backlash of the zero-crossing 
detectors. An unobvious feature of the zero-crossing detector which is imperative 


Fra. 18.60. Schematic using derivative logic of a circuit which yields four pulses per revo- 
lution and sense. 


for nonambiguous operation of these incremental position-to-number converters is 
the backlash. Backlash is absolutely necessary, for without it the time constants 
of the logical circuits could be such as to produce errors if the shaft were to set at this 
zero value and jitter. The special features of this device are the simplicity of datum 
setting due to the ability to clear the counter at any position. The disadvantage is 
the possible datum shift due to pulse losses 

from such things as power interruptions. 


Sweep-count Devices. These devices count the ue 
segments of a revolution from datum on a second Backlash 
constantly rotating shaft until its position is co- ee 
incident with that of the input shaft. The False 


counters utilized in these devices are unidirec- 


tional, redundant and the loss of pulses is of less True 
importance for the value is ascertained with | B | 
respect to datum once each sampling period. False 


Devices of this nature have been made without yg. 18,61. Waveforms showing 
step-up gearing to an accuracy of 1 partin 5,000 transfer function of the d-c trigger 
and sampling rates of 60 per second. Electric, pair including backlash: A, input; B, 
magnetic, and photoelectric segments are those output. 

commonly eounted. 

Resolver Phase-shift Converter. A simple electromagnetic resolver can transform 
an input voltage A sin wt and shaft angle @ into two output voltages A, sin 6 sin wt 
and A, cos @ sin wt, or it can transform two input voltages B, sin wt and By: cos wt and 
its shaft angle @ into.an output voltage By, sin wt sin 6 te B, cos wt cos 0; and if B, 
and By are so adjusted that By = By then this output is equal to By sin (wt + @). 
‘Th Saeenney of this transformation i is a function of the input waveforms and ofthe | 
resolver, 
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The amplitude ratio, the phase shift, and the harmonic content of the two input 
voltages must be very well controlled. 

Simple Timing Determination. If a gate is enabled between a clock source and a 
counter when the reference voltage passes through zero (positive-going), and the gate 
is disabled when the resolved voltage passes through zero (positive-going), the total 
count racked up will be equal to @ divided by the total number of pulses per cycle. 
This total number of pulses can be made exactly equal to 2” by counting the clock 
down by 2" and forming the reference voltage from this period. 


Iria. 18.62. Photoelectric-sweep count mechanism: A, motor; B, counting photoelectric cell; 
C, sector-counter disk; D, slit; EZ, light; F, reference slit; G, reference photoelectric cell; 


H, input photoelectric cell; 0, input shaft angle. 
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Fic. 18.63. Resolver vernier waveforms. 


Vernier Techniques (Decimal). If the reference sinusoids A sin wt and A cog wt 


are plotted against one another on an oscilloscope a circle results. If the cathode 
beam is disabled except when the resolved phase-shifted voltage passes through zero 
(positive-going), a bright spot will appear on the oscilloscope screen at the angular 
position 6. Expressed in decimal form @ = dn, Gn—2, . . . , Ga, a1 where the a’s can 
only have the decimal characters 0 through 9. If the reference voltages are each 
frequency-multiplied by 10, held at zero reference phase, plotted against one another, 
and the beam is pulsed on when phase-shifted nonfrequency multiplied voltage passes 
through zero (positive-going), a spot will appear on the scope at an angle of @ — a,10" 
If the reference frequency used above is again multiplied by 10 and held at sero 
reference, and this and its cosine are cross-plotted by the deflection circuitry of atill 


. 


ANALOG-TO-DIGITAL CONVERTERS 18-39 


another cathode-ray tube, and the beam pulsed on when the phase-shifted nonfre- 
quency multiplied voltage passes through zero (positive-going), a spot will appear 
on the screen at an angle @ — a,10” — a,_10""!. This frequency multiplication 
cross plotting and strobing can be profitably continued until the full precision is used 
up. If collector plates were decimally placed in a circle around the face of the cathode- 
ray tubes the beam conductivity of each tube would denote the number corresponding 
to the a’s representing the angle 6. The control would have to be extremely precise 


Iie. 18.64. Cathode-ray-tube faces including spots for a three-decimal digit display showing 
the strobed position both without and with subsequent digit-value biasing. 


Iie. 18.65. Single-channel code wheel of 5 bits with parallel read-out. As the wheel 
rotates by the brushes the code contained on the brushes corresponds to a binary number 
equal to the decimal value appearing at the arrow. 


in order to quantize these beam conductions. In order to alleviate this quantizing 
problem the value of a subsequent digit can be subtracted from the phase-shifted 
sinusoid before it enters the zero-crossing detector which forms its beam pulse. If 
this compensation is utilized with proper scaling the beam will fall at the same point 
on the target for all values of 0. 

Resonant Members, The transverse resonant frequency of a rod, reed, or string 


is a function of the longth of the string, If. member is caused to change in length | 
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then the resonant frequency will change, and if the beam is excited into resonance 
and the number of traverse vibrations are counted then this count is a function of 
the time integral of the frequency. 

Code Wheels. Code wheels have been made using all sorts of binary pickups, such 
as brush, switch, photocell, capacitive, or inductive pickups. Single binary wheels 
have been made which divide a single revolution into 2! distinct sectors. Many 
revolutions can be encoded if more than one code wheel is used with gearing between 
them. A special code can be used which has properties such that only one channel 
needs to be read in order to determine uniquely the position of the shaft (see Fig. 
18.65). 

When the single-radix binary code is used there will always be ambiguous output 
at the carries, for the binary detectors will not switch instantaneously and in unison, 
Several methods of getting around this are possible. One of them involves a special 
coding and the other standard coding but special switching. 

Carry-ambiquity Suppression. Probably the simplest carry-ambiguity suppression 
method to understand is the use of a second code wheel shifted one-half bit out of 
register with the first, thereby ensuring that when one wheel is propagating a carry 
the other is not. The selection of which code wheel to read can be done on the basis 
of the value of the least significant digit of either. The possible ambiguity at switch 
time in the least significant digit causes no trouble, for it is within the precision of the 
device no matter which value is taken. Care must be taken in order that back circuits 
do not interconnect the two wheels. This is commonly done with diodes or relays, 
The two disks are commonly one with two sets of brushes appropriately phase-shifted 
from one another. The position accuracy of the brushes can be lessened with no 
loss in over-all accuracy if the appropriate brush for the mth digit is selected by the 
value of the m-1th digit and the shift for the mth digit pickup is }4 (m-1th unit), 
This is called ‘‘V-scan.”’ 

It should be noted that even though the pickup is binary the coding could have been 
any binary code utilizing an alternating least significant digit. 


A method often used is to knife-edge toggle the detectors and to inhibit the encoder’s 


output during the carry. Another method often used is the physical motion of all 
but the least significant bit pickup just before read time in accordance with the value 
of the least significant bit. 

Cyclic Codes. These codes all have a form such that at most one bit is changing 
atatime. A simple cyclic binary code is shown in Fig. 18.66. A method of decoding 


0 00000 16 11000 
1 00001 LV LIOOT 
2 00011 18 11011 
3 00010 19 11010 
4 00110 20 11110 
5 00111 2) tae 
6 00101 22 11101 
7 00100 23 11100 
8 01100 24 10100 
9 01101 25 10101 
10 O1111 26 10111 
11 01110 27 10110 
12 01010 28 10010 
13 01011 29 10011 
14 01001 30 10001 
15 01000 31 10000 


Fia. 18.66. A 5-bit reflected binary code. 


this which utilizes the data in a serial manner most significant digit first is shown in 
Fig. 18.67. Think of the single-radix binary number as being NRZ codes, mont 
significant digit first; then think of its derivitive as being a fnll-wave rectifier WZ 
coded number, most significant digit first. This number is a cyclic number, Mont 
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conversions from this cyclic number system to normal binary function are done as the 


above example depicted. 


18.6.3. Time and Frequency. Z%me-to-number Converters. A time interval can be 
easily converted to a number by counting the number of equally time-space-clock 


pulses which occur during the time interval. This num- 
ber times the period of the clock pulses equals the time 
interval. In order to have high precision for short- 
duration time-interval measurement it is necessary to 
have a very-high-frequency clock source or to resort to 
vernier techniques. 

The vernier pulse-timing method is generally one in 
which the position of a pulse between two clock pulses 
is determined by means of a secondary clock source whose 
frequency is quite close but not equal to the primary 
clock source. The methods of computing this use a 
vernier-pulse source in which m vernier-pulse periods are 
equal to M + 1 clock-pulse periods. The 11-10 verniers 
common in inch and metric measurement operate via the 
same principles. It can be seen from the two top wave- 
forms of Fig. 18.68 that the errors in direct measurement 
are ¢; plus és, or ¢; plus ¢3 minus one clock period, accord- 
ing to the method used. 

As can be seen from the next three waveforms in Fig. 
18.68 the coarse error ¢; can be determined by means of 
the vernier pulses which start at the terminating pulse. 


(C)inew Tu OSG. sys SO 


Fic. 18.67. Reflected-to- 
binary conversion wave- 
forms for the number ‘'38”’: 
(a) reflected binary num- 
ber; (b) RZ coded reflected 
binary number; (c) B with 
every other pulse inverted; 
(d) RZ coded C, also RZ 
coded, single-radix binary 
number; (e) binary number. 


When a vernier pulse and a clock pulse coincide the num- 

ber of vernier pulses is its fractional measure of P, — ts. This method initiates 
clock and vernier pulses at the instant of the initiating and terminating pulse, 
respectively. 

Two possible errors exist in this system, and they are the pulse-train-starting error 
and a conceivable loss of one count for ft, due to variations in switching time when 
the time being measured is nearly an integral number of clock periods. The latter 
can be completely overcome and the former reduced by using the method shown in 
the bottom three waveforms of Fig. 18.68. The pulse-train-starting-time error is 
reduced, for two identical ones are used, each of which cancels out the other. The 
method to be described is useful only for measuring times greater than M vernier 
pulses where 1/m is the vernier ratio. 

A count of the vernier pulses from initiation to vernier-clock coincidence is a frac- 
tional measure of ¢; and a count of the vernier pulses from termination to vernier-clock 
coincidence is a fractional measure of P. — ¢t3. In order to obtain an unambiguous 
clock-pulse count it is necessary that pulses not be counted in the vicinity of initiation 
and termination. This can be accomplished by counting vernier pulses until vernier- 
clock coincidence (number of vernier pulses = proper number of clock pulses), then 
counting clock pulses to termination vernier-clock pulse coincidence, then counting 
vernier pulses until the Mth termination vernier pulse. This yields M +1 more 
pulses than the number of clock pulses contained in f2. This M + 1 excess is always 
present and can be readily subtracted, or the clock-pulse counter can have it (M + 1) 
for an initial negative bias. 

Though vernier methods allow operation at a lower frequency there is nothing in 
them that allows more timing errors than direct-count techniques. In fact, since 
coincidence.is detected instead of count-gated, and since accurate timing waveforms 
must be generated of arbitrary phase, the timing problems are amplified. 

Frequency-to-number Converters. There are at present no direct instantaneous 
frequency-to-number converters available. The direct. frequency-to-number con- 
verters which do exist, count the number of pulses of the input frequency which occur 
in a given time interval. When this is properly sealed the count is the frequency. 
Devices can be built which measure the instantaneous period of the input frequency, 
and this is the reciprocal of the frequency, Frequeney to shaft position or-voltage - 
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and then to number converters can be made. The integral of frequency with respect 
to time can be accumulated in a counter which counts cycles. 
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Fig. 18.68. Vernier pulse-timing waveforms. 


18.7. DIGITAL-TO-ANALOG CONVERTERS* 


The conversion from digital (quantized, coded, and sampled) data to analog form 
is one that is necessary for on-the-line computers, for plotters, and for many automa 
tion systems. 

These devices perform the complementary function of the analog-to-digital con« 
verters (Sec. 18.6). Any operation that was performed in the forward loop in Sec. 18.6 
can be placed in the feedback loop of a servo, and the device will then be capable of 
operating as a digital-to-analog computer. In general the analog output is desired 
as a continuous function, and therefore smoothing must be applied, for the digital 
data are always discrete. When a single converter is being multiplexed between 
many outputs the smoothing should not be performed inside the converter but rather 
after the separation switch. Some converters are inherently of high-frequency 
response, and others inherently contain considerable smoothing. All these con» 
verters are essentially weighing or counting devices. The precision, stability, aceue 
racy, sampling rate, and response time are all extremely important properties of each, 

The problem of converting from machine language to converter code is often & 
difficult one, but for true binary machines the problem does not usually exist, for 
most decoders ¢an operate very well from the binary code. A few of the decoders 
are quite well suited to other codes, and some of the decoders operate incrementally 
so that any counting code offers no difficulty. Very few of these decoders are of 


* By William A. Farrand. 
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the sweep-balance type, and therefore very few have sufficient frequency response to 
jump indiscriminately about in their range on successive samples. ’ 

18.7.1. Number-to-voltage Converters. Voltage has been used as an intermediary 
in the measurement of almost all variables in nature. The high-frequency response 
and ease of construction of circuits which transform voltage are well known. Many 
of the converters derive a voltage at an instant, and if this voltage is not clamped and 
held until the voltage is derived from the next sample, the output will be useless. 
Clamps are discussed in Art. 18.6.1. 

Serial Binary Weighted Discharge. The device makes use of a condenser and decay 
circuit such that its voltage will be reduced to one-half during each clock period. The 
circuit is charged with a given number of coulombs each clock time, as the serial num- 
ber is read least significant digit first. It is charged only at a specific clock time if 
the value of that particular digit is 1, and is 


left alone if the particular digit is 0. Since p ET, rs sol 
the nth significant digit has had its charge cut ; 

in half n — 1 times when the most significant ¢ ILL. 
digit charges the condenser, the value of volt- 

age on the condenser will be proportional to the 4 | | | i | 

serial binary number which controlled its charge. os 

Another binary weighted-discharge technique, 
which is not so dependent on absolute time and 

on decay constants, consists of one condenser 
which is charged or discharged dependent upon £, 


the value of the binary bit each clock time. 
Between clock times it shares its charge with 


0 
Eo, 
0 ; 
Time 
Iie. 18.69. Serial binary weighted-discharge Fic. 18.70. Waveforms in the serial 
circuit. binary weighted-discharge circuit. 


that of another condenser of equal capacitance. Its theory is similar to the RC case 
above, but the discharge is of staircase instead of exponential form and voltage, not 
coulomb charging, is required. 

It is conventional to clamp this voltage one clock time after the most significant 
digit has charged it and to maintain this voltage in the clamp until the next number 
is decoded. In this manner a voltage can be generated such that at the end of each 
number interval it is of value corresponding to the serial binary number. The stair- 
case circuit has a built-in output clamp, the capacitor. 

Digital Potentiometers.- A digital potentiometer can be defined as a number-to- 
voltage ratio converter which uses resistors as the voltage control. The most accurate 
of these devices convert from a parallel contact-closure code through a weighted- 
resistor network. These contact-closure devices though of excellent accuracy are 
definitely restricted in speed of operation. When high operating speed is desired 
electronic switches are utilized in place of the contacts. The accuracy of the weight- 
ing is not so severe as might be expected for the least significant bit weight could be in 
error by 100 per cent and contribute only one least-count total error. 

There are three general methods of resistor decoding, voltage summation, current 
summation, and simulated potentiometer. In a voltage-summation circuit the load 
remains fixed, for the resistors tie either to datum or to reference. In a current- 
summation circuit the summing point is forced to zero by an amplifier and a feedback 
resistor. In a simulated potentiometer the resistors are assembled into a ladder in 
auch a manner that the impedence ratio depicts the number being decoded, When 
oxtreme necuracy is desired the resistor decoding net should be used in a currents 
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Fie. 18.71. Voltage-summation network Fia. 18.72. Current-summation network 
eo = An2”71 + Ani12"-2 +--+ + Ao2Q! + Ai €0 = An2™1 + An12"-2 +--+ 4+ Ao21 + Al 


summing circuit followed by a drift-stabilizer operational amplifier, and great care 
should be taken with respect to guard ringing. 

Sequential Control. A register which is logically interconnected to operate as & 
counter can be used as a digital potentiom- 
eter if a resistor matrix is appropriately 
attached through suitable switches. This 
type of potentiometer can be set to give any 
output in its range by cycling it to the pre- 
scribed value. 

A binary-coded commutator with resistor 
decoding constitutes an analog-to-digital-to- 
analog converter with the digital data sequen- 
tially controlled. 

Coded Control. A register which can have 
its members individually controlled can be 
used as a digital potentiometer if a resistor 
matrix is appropriately attached through 1 
suitable switches. A binary-coded decimal 
resistor decoder of three decimal digits is An 2"R 
shown in Fig. 18.75. <A reflected binary-to- 


Fria. 18.73. General potentiometerform. Nisthe  Fia. 18.74. Single-radix binary-nuti« 
number. C isthe complement. ber decoding potentiometer circuit. 


analog-voltage converter using double-pole double-throw relays as the register in 


shown in Fig. 18.76. 
Number-to-boxcar-to-voltage Converters. This type of converter forms a rectangular 
pulse of fixed amplitude and of variable length (controlled by the number being con= 


. 
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verted) at a fixed repetition rate into a low-pass filter whose output is then propor- 
tional to the number being converted. The most convenient method of forming the 
boxcar is to form two pulses separated by the number of clock pulses indicated by 
the number to be converted. These two pulses are then used, by means of an elec- 
tronic switch, to gate the fixed voltage into the filter. The repetition period of this 
process must not be in excess of the number of clock pulses representative of the 
largest number to be converted. The filter must be extremely well designed or the 
output ripple will be too great (more than one bit). 


100’s digit 10's digit Unit's digit 


M1 ®/®| ©| @] ee] Bg] @] 
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Fira. 18.75. Binary-coded decimal resistor decoder. 


Ag: A, | A; | A, | A, 
I I I 
I I | 


Fic. 18.76. Relay reflected binary voltage decoder. 


If a magnetic drum is used in the converter one drum revolution can represent the 
period of one cycle of the boxcar, with the origin pulse enabling the reference-voltage 
gate, and number coincidence with clock-pulse counter or number coincidence with 
a drum register disabling the reference-voltage gate. In this type of device the speed 
of the druni does not have to be precise on a long-term basis; it only has to be uniform 
over a single drum revolution. 

Number-to-position-to-voltage Converter. Code-wheel servos, step-motor servos, or 
open-cycle step motors followed by potentiometers form number-to-position-to- 
voltage converters. The code-wheel servos, the step motor, and step-motor servos 
are described in Art, 18.7.2. A code-wheel servo can utilize the code wheel as a 


feedback element for the servo and ‘leo as the register and switch for a resistor- , 
decoding matrix, : 
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Fie. 18.77. Number-to-boxcar-to-voltage converter. 


7-bit 
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Fra. 18.78. Code-wheel servo using code wheel as the register controlling resistor decoding 
matrix. 


18.7.2. Number-to-position Converters. For the convenience of discussion, posi- 
tion will be considered to be angular position, and for the instances where this is 
not correct the converters described can also be constructed as layout developments 
(planar representations) or the position can be transformed by means of various 
mechanical linkages. 


Number-to-shaft position converters make possible the use of many conventional - 


plotters for the graphical display of computation results. In simulators, process: 
control applications, and other ‘‘on-the-line” installations the positioning of a shaft 
is one of the most important functions of the computer. The frequency response i# 
generally quite low but the accuracy can be exceedingly high, and if the device is used 
to follow a function the low-frequency response of the converter is not always the 
determining factor in system frequency response. 

Incremental Converters (Step Motors). Solenoid-ratchet Motors. Most step motors 
derive their torque from solenoids which are pulsed. In some cases the solenoid is 
directly connected to the ratchet; in other cases the solenoid pulls the pawl againat 
a spring and the spring then forces the ratchet wheel around on the return stroke, 


. 
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The relative merit of these two mechanisms is a function of their over-all design, for 
with a spring-type detent the second mechanism gives an output torque which is 
more nearly constant than the first though utilizing a slightly more complicated 
mechanism. The large amounts of energy necessary for solenoid actuation make it 
difficult to control these by means of normal 
low-powered computing elements. Relays, thy- 
ratrons, and magamps are usually used. 

Bidirectional step motors can be constructed 
from simple (unidirectional) step motors by 
intercoupling them through a differential or by 
having their separate solenoids each capable of 
turning the same shaft but in opposite directions. 
With the latter type of bidirectional motor, care 
must be taken to asynchronize the two inputs, for 
if either solenoid is activated while the other is 
operating erroneous results may occur. In fact, Fig. 18.79. Input asynchronizer. 
in some designs the device will jam. 

Spring type detents are commonly used to insure that the output shaft is driven 
only by the solenoid. It is common for the initial motion of the solenoid to apply an 
additional detent which only its final motion can overcome. 

Energy-release Motor. These devices normally consist of a prime mover and an 
escapement. They are capable of very high torques and very high operating speeds 
with very little complexity. The disadvantages are shorter life due to a constantly 
running motor and low efficiency in low-duty-cycle operation. A common high- 
acceleration energy-release control consists of a simple gear differential and two 
brakes, one on each side wheel. The prime mover drives the spider and the side 
wheel attached to the load has its brake full on in 
the deenergized position. When the prime mover 
is to be connected to the output, the other side 
wheel of the differential is braked to a stop and 
the load side brake is released. If this braking 
and unbraking are controlled to give a fixed 
quantum of output motion an excellent step 
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Fie. 18.80. Watch escapement. Fic. 18.81. Differential with brakes on both sidewheels. 


motor results. For bidirectional operation two of these differential escapements are 
used on one prime mover. The characteristics of this device can be such that arbi- 
trary input to the clockwise and counterclockwise controls causes no difficulty in 
the output. The quantum of displacement release can be set by the brake if it is a 
dog clutch. 

A-C Synchronous Motors. A permanent magnet or constantly excited wound-rotor 
two-phase electric motor can operate as a stepping motor if the excitation to the two 


fields is properly sequence-controlled. The proper control and a relay sequencer are 


shown in Fig. 18.82. This device uses magnetic detents for its operation. 
A single-phase A-C synchronous motor with notched permanent-magnetic rotor 
will also work if permanentemagnetic field.pieces are inserted in the stator in such * 
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a manner as to lead the wound-stator poles. These permanent magnetic field pieces 
ensure the direction of rotation of the motor and provide the detenting force for its 
shaft. 

Number-to-voltage-to-position Converters. These devices conventionally take the 
form of a voltage-to-position servo preceded by one of the number-to-voltage con- 
verters discussed in Art. 18.7.1. Many positioning problems have torque, frequency 
response, space, and environmental requirements such that a voltage-to-position 
servo can be used with a minimum of development. For these and for situations in 


Pulse input 


Fic. 18.82. Two-phase d-c synchronous motor bidirectional impulse sequencer: A, phase A 
control flip-flop; B, phase B control flip-flop; C, direction-control flip-flop. 


which such a servo already exists on the shaft a number-to-voltage converter can 
be uscd to develop the servo’s input with good over-all performance. Accuracies of 
the order of 0.05 per cent have been obtained by this method on single-speed systems, 
When multispeed servo systems are utilized special coding between the number-to- 
voltage converters can increase the accuracy. The voltages generated from the 
number may take many forms and for low-accuracy work resolvers and synchros are 
sometimes simulated. 

Code-wheel Servos. These devices utilize the code wheel-to-number converters 


described in Art. 18.6.2 and electromechanical servos which position the code wheel to. 


the appropriate number. One interesting characteristic of these devices is the possible 
elimination of the carry-ambiguity-suppression equipment by means of appropriate 
servo design. If the servo can be so designed as to overshoot any carry ambiguity 
and yet settle on a single value even when but one count away from a carry then no 
error will exist in the output of this converter in spite of the ambiguous carries which 
the code wheel emits. 

Step-motor Servos. If a bidirectional step motor is capable of emitting a pulse when 
its shaft is moved one step clockwise and a separately distinguishable pulse when it is 
moved one step counter clockwise, then these pulses can be accumulated by adding 
or subtracting into a register, and power pulses fed to the step motor in such a manner 
as either to null the register or to make its value equal to that of the input number. 
This entire mechanism is then a true step-motor servo with good reliability, even 
though the step motor may fail to actuate on a few of its inputs. 


+ 
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18.7.3. Time and Frequency. Nwumber-to-time Converters. <A register containing 
the number to be transformed to time can be counted down by equally time-spaced 
clock pulses, and when the counter is at the value zero the time duration is accurately 
the number of pulses times the time duration between pulses. The accuracy of this is 
limited only by the speed at which the register may be counted down and the time 
duration between the pulses. The spacing between the clock pulses can be controlled 
very accurately (1 part in 10° is now being controlled in the field). 
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Fie. 18.84. Step-motor servo waveform with unreliable motor. 
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Fria. 18.85. Vernier number-to-time decoder waveforms. 
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Vernier techniques are useful when the necessary count rate is excessive because of 
either the accuracy or the brevity of the time interval. All the characteristics and 
methods discussed in Sec. 18.6 apply here equally well. 

- With magnetie-drum machines and other recirculating register machines the time 
from origin pulse to register value can be equivalent to the register’s value. This is not 
normally an extremely accurate or necessarily an equipmentwise efficient operation 


unlows the recirculating registers are very simple and their timing very precise, 
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Number-to-frequency Converters. Direct devices of this nature do not exist but are 
often called for. A frequent use is as an aid in first-order interpolation. The devices 
conventionally take the form of number-to-voltage or number-to-shaft position con- 
verters followed by voltage or shaft position-to-frequency converters. Voltage-to- 
frequency converters which utilize Miller feedback are commercially available at 
0.05 per cent accuracy. Another indirect method is to convert the number to its 
reciprocal and convert this to time, immediately repeating the process so that this time 
is the period of the pulse train or square wave. When the frequency is high with 
respect to the time rate of change a servo to produce it can be formed. This may con- 
sist of an oscillator and a reactance tube whose output cycles are counted for a fixed 
interval and the control voltage to the reactance tube shifted in a direction to shift the 
frequency appropriately. 


18.8. PLOTTERS* 


A valuable aid in the solution of certain problems is often a cross plot of two of the 
problem variables. This plot, though seldom of full machine precision, often portrays 
more information than a simple tabulation of values, for it gives at a glance not only 
the value but also the derivative and past history. These data in plotted form readily 
point out relative maxima, relative minima, inflection points, limit cycling, oscillation, 
convergence, and divergence when present. 

In the analog field many forms of plotters are readily available, and therefore the 
usual practice in digital work is to utilize a digital-to-analog converter and one of the 
analog plotters. However, there are a few strictly digital plotters available and in 
some instances the analog field has made use of these digital techniques. 

Most plotters utilize their base frame as reference and take measurements by one 
means or another along it. A few devices have been built which count the squares on 
the graph paper; this automatically corrects for paper warp or uneven ruling. A 
property of these devices which is sometimes valuable is their ability to turn out a 

functional plot by the simple use of appropriately ruled paper 
Se (e.g., a log plot on log paper). 
is 18.8.1. Writing Means. The digital data being recorded 
are the coordinates of a series of discrete points. The plotter 
may, however, plot the discrete points or it may trace a curve 
© through them. The form of the curve is then a function of 
the response of the recorder and the time and position dis- 
placement of the points. If it plots the points discretely and 
@ the symbols plotted are selectively distinguishable then more 
than one curve may be plotted in a single set of coordinates 
Fia, 18.86. An eight- and it is even permissible to intermix the points being plotted 
symbol stamp record from curve to curve. 
head. The mechanism of writing determines to some extent many 
of the characteristics of the plotter such as frequency response, 
legibility of the plot, distinguishability of the plots one from another, viewability 
while plotting, permanence of the record, and ease of plotter maintenance. 
The record heads can be honed to proper contact-face contour on most plotters by 


replacing the chart paper with crocus cloth and operating in some manner without 


ine?” Y 

Symbol Stamps. The writing head of many plotters consists of a stamping device 
with means for selecting the appropriate symbol to be marked for the plot of ‘that 
particular point. The selection scheme for the particular symbol varies greatly, but 
since the symbol choice is limited, simple solenoid, or solenoids and cams, normally 
suffice. The symbol selection is conventionally a fixed time sequence or a “select+ 
upon-demand”’ selection. 

If the slope of the curve can be plotted along with the coordinates of the point far 
fewer points than might be considered necessary for the conveying of the information 
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may be plotted. A symbol stamp (@) does this well when its center represents the 
point and its orientation represents the slope. 

Ink Pens. Capillary flow is a common means of ink feed. Capillary-flow pens 
normally have a high mass and fair friction, for the pen is in forced contact with the 
paper. This limits the upper frequency response considerably. However, because of 
the mechanical gain available, ink-throwing pens are sometimes used. They have a 
special advantage in digital work, for the ink flow can easily be made intermittent. 
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Fig, 18.87. A four-symbol plot. Fia. 18.88. A plot of value and slope. 


Writing with solids rather than liquids is quite common, the lead pencil, ball-point 
pen, and ball-point pencil being the most obvious of these methods. Normal graphite 
pencils have the disadvantage of wearing down and therefore are continually in need 
of adjustment. Ball-point pens have to date been rather unreliable slow-writing 
instruments. Solid leads, inks, dyes, and pigments have the great advantage of sim- 
ple long-lasting “‘ink’”’ supply. 


Fie. 18.89. An ink-throwing pen plotter: A, ink pump; B, ink feed line; C, ink nozzle 
mounted on galvanometer; D, ink. 


Carbon Papers or Transfer Ribbons. This means of imprinting normally demands 
very large impression forces and therefore a low over-all speed. When carbon is used 
the production of multiple copies is simple, for an interleaved stack of carbon and paper 
may be formed with the thickness limited only by the impression force of the record 
head. Multiple copies are available when transfer ribbons are used, for an offset- 
printing master can be imprinted in this manner. The speed of imprinting a single 
copy through carbon transfer can be increased by raising the record-head temperature 
(for some carbons a 10°C rise decreases the legible imprint force by a factor of 100). 
Carbon paper is paper-coated on one side with a mixture of waxes and oils into which 


_ color is added, not necessarily carbon. Inks, dyes, pigments, and graphite are the 


usual coloring agents. : f 
Hlectrosensitive Paper, These papers are marked permanently and indelibly by pass- 
ing current through their thickness, - The intensity of the marking is dependent on the 
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writing current, making various contrasts, even halftones, available. The required 
voltage as well as the current for marking are a function of the writing speed. Figure 
18.90 shows a representative curve of impedance and current vs. writing speed for a 
small-area writing pen. When symbol stamping this paper it is normally of value to 
dissect the stamp into several individual circuits so that a point breakdown of the 
paper will not reduce the voltage on the rest of the stamp to a value below the break- 
down threshold. These papers are normally insensitive to light and relatively 
unaffected by heat. 
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0 50 100 150 .200 250 300 
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Fic. 18.90. 


Dry Electrosensitive Paper. A typical dry electrosensitive paper consists of an 
aluminum backing on a conductive carbon-bearing paper with an opaque insulating 
electrosensitive coating on the face. This electrosensitive chemical breaks down when 
sufficient voltage is applied across it, making visible the black carbon underlayer. 
This is normally a nonelectrolytic process. In some papers the breakdown of this 
opaque insulating layer has as a by-product a poisonous gas. This gas is normally 
very low in concentration but in poorly ventilated cabinets could present a hazard. 
These papers stand up very well throughout the extreme ranges of temperature, and 
some are not affected by moisture. Papers are now available which can be used as 
masters for many of the offset-printing machines. 

Moist Electrosensitive Paper. Many of these papers are moistened and their 
sensitivity is a function of their moisture content, for they contain electrolytic material. 
Since the papers are nearly dry in less than 10 min of normal air exposure the containers 
which feed the paper in strip-chart recorders or the total recorder in other recorders 
should be kept vaportight in order to ensure maximum sensitivity. The moist 
papers warp slightly upon drying, and in some instances it may be worthwhile to 
install calendaring rolls and heaters to alleviate this paper-warping tendency. If the 
moist electrosensitive paper has been exposed to the air for but a short time previous 
to marking, the environmental conditions of humidity and temperature throughout 
extreme ranges will not affect the legibility of copy. 

Xerography. The literal translation is ‘“‘dry writing,’”’ the lithographic nomen- 
clature “dry writing by means of electrostatic charge.’”’ The basic process of xerog» 


raphy involves the electrostatic charging of a piece of paper in a selective manner and ~ 


the brushing of this surface with oppositely charged powder (the dry ink). This 
powder adheres only to the charged areas and can be fused to the paper with heat, 

Two techniques are usually added to the basic process, making a dry photographie 
reproduction using electrostatic techniques. The first of these is the use of a photo» 
emissive material so that the entire insulator can first be positively charged and then 
selectively discharged by exposure to light. The second of these is the use of a posi 
tively charged copy sheet upon which the dry ink is transferred from the selectively 
charged plate and then affixed. : 

In plotters the write head will discharge the plate either electrostatically or by mean# 
of a light beam. : 
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Ferrography. The basic process of ferrography involves the magnetic induction of a 
special sheet of paper in a selective manner and the brushing of this surface with a 
ferrous powder (the dry ink). This powder adheres only to the magnetized areas and 
can be fused to the paper with heat. In printing with this process it is possible to 
use unprocessed paper by selectively magnetizing a special drum and brushing its 
surface with the ink and then offset or impression transferring this to paper. 

Photography. ‘The literal translation is “light drawing.’’ A sensitized paper nor- 
mally coated with silver chloride or silver bromide when developed will produce a 
black image of the areas exposed to light and a white image of the areas unexposed. 
By a variation in the amount of light exposure a complete gradation throughout the 
gray scale can be obtained. Color processes are, of course, available by which the 
three primary colors or any combination thereof may be reproduced along with full 
intensity control. The grain size of the photographic process makes it possible to 
record large amounts of information in a very small space. The extreme light weight 
of the writing head makes possible excellent frequency response. The main disad- 
vantages are the processing-time delays and the inability to view the plot as it is 
progressing. 

Wax Papers. Wax papers, as discussed here, are not wax-impregnated. They 
are usually a dyed paper coated on one surface with a very uniform and thin coat of 
wax. These papers can be permanently and indelibly marked by rubbing their 
surface. Many of these require but }4 oz of force to produce a thoroughly legible line 
with a pressure stylus, and even this force can be reduced by heated-pressure-stylus 
recording. A method of marking these wax papers without direct contact, and there- 
fore very low drag friction, consists of an are discharge, through the paper, melting 
the wax and thus producing the mark. These papers are quite hardy and can stand 
humidity and temperature very well, as long as their melting point is not exceeded. 
The wax on most of the commercially available papers melts above 55°C (well above 
any normal room temperature). The very low temperatures do decrease the marking 
sensitivity, but this is seldom a problem. 

Soot recordings have also been attempted, with some success. Their main attri- 
bute is the extremely negligible force which produces an excellent mark in pressure- 
stylus recording. These records can be made permanent by properly lacquering 
after imprinting. 

18.8.2. Displacement Control. The problem of controlling the motion of the 
recording head with respect to the paper is very important, for it normally deter- 
mines the maximum frequency response of the plotter. These controls are commonly 
two-axis record-head motion or single-axis record-head motion and single-axis paper 
motion. Two-axis paper motion is seldom used in digital plotting. It is not uncom- 
mon for at least one of the axes of the record-head motion to be only an apparent 
one and not an actual physical motion of the record head. 

The choice of displacement control and mechanical configuration is as much a 
function of the personnel who operate the plotter as it is a function of the data to be 
plotted. Often such things as flat undistorted plots which can be viewed while being 
traced on peculiar-scale-factor preprinted paper are requested. This along with 
response time, data interplexing, curve definition, and over-all accuracy makes the 
plotter designer’s task a difficult one. 

Fixed Styli. In plotters utilizing fixed styli there are normally a multitude of 
styli positions across the full range of value of the variable, and the one corresponding 
to the variables value can be selected and caused to write. These styli normally use a 
purely electrical writing technique and therefore the common electrical selection 
schemes are used. When a mechanical motion of the selected stylus is necessary 
to cause writing, combs are commonly used as the selection mechanism. 

Galvanometer. One of the most used displacement controls in recorders is a device 
based upon the principles of a moving-coil galvanometer. Usually, however, it is an 
extremely powerful movement and is commonly a servoed device. Since the gal- 
vanometer-type drive does not operate with an infinite lever arm there is some dis- 
tortion. This is a sinusoidal compression of its variable and also a cosine cross 
coupling in the case of an orthogonal plot. Occasionally the galvanometer-to-pen * 
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linkage is one which removes either the compression or the cross-coupling distortion 
or both. 

Drums or Disks. This form of paper drive is very common. In fact the most 
plentiful plotters in production are the strip-chart or disk-chart recorders, and these 
utilize drums or disks as the basic paper drive. Since the plotter is usually located 


Fig. 18.92. Galvanometer plotter showing distortion: A, pen arm; B, paper; C, actual 
trace; D, orthogonal trace. 


Fira. 18.93. A cable-driven XY plotter. Fia. 18.94. 


remote to the computer the positioning systems used include such devices as synchros 
magnesyns, telegons, and resolvers, or coded combs or cams, step motors, or digital 
servos. Oftentimes gears, bar linkages, and string linkages are used between the 
prime mover and the drum. . 


Another drum-type drive places the paper on the inside surfate of the drum and 
revolves the write head past it. 
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Cable Drives. Linear. When the record head can be constrained to have but one 
degree of freedom and this a simple translation, then the cable or band is an extremely 
practical drive linkage. This is true because of the extremely low mass of not only 
the drive but also the constraints. The cables are further extremely simple and can be 
utilized with very little backlash and in such a manner as to be extremely rugged. 


aay. 
| AL © YE 


AUNT ff xX] | MMMM >< 
=z 


( 
i 
tA 
< | WILL, © WELLL. 


A 
Z 
Z 
Z 
Zz 
Z 
zZ 
Z 
Z 
Zz 
Z 
Z 
Z 
Z 
Z 
Z 
Z 
Z 
= 
x 


(| mM J S<] 


Fig. 18.96. Twin-lead-screw plotter. 


Functional. Unique properties of string linkages have occasionally been utilized 
in the solution of the plotter design. One of the nicest of these systems for an orthog- 
onal cartesian-coordinate flat plot is a simple mechanical drive system that can be 
obtained using an extremely light carriage. If the cable configuration is that shown 
in Fig. 18.94 and the drives are x — y and x + y instead of x and y alone, the record 
head is appropriately positioned. 

Lead-screw Drives. ~ A very direct and simple method of translationally positioning 
an object such as a record head is to place it on a threaded nut and to pass a lead serew 
through the nut, As the serew is rotated the nut is translated if it is constrained to | 
not rotate, : : : 
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Lead Screw and Guide. If a guide is used to mount the nut irrotationally a simple 
mechanism results which works very well as long as the distance from guide to lead 
screw is shorter than the guide-bearing length. If this is not true the system may well 
have positive feedback with respect to forces injected through coulomb friction in 
the guide. (This means that when the carriage starts to jam from static friction 
any force entered through the lead screw will only amplify the static friction.) 

Twin Lead Screws. A second nut on a second synchronized lead screw may be the 
irrotational mount and with this the positive feedback is eliminated, but the problem 
of lead-screw whip and alignment is emphasized. However, any backlash between 
the two lead screws amplifies the necessary drive torque. 

Servo-drive Systems. The prime movers are often controlled by feedback-error 
data and to this end nearly all digital-to-analog shaft-position converters show merit. 

Incremental Drive Systems. The prime movers may be conventional open-cycle 
step motors or they may be closed-cycle using incremental pulse feedback to either a 
conventional prime mover or astep motor. Data must be available in the incremental 
feedback concerning the direction of the increment. Incremental feedback and 
incremental pulse direction sensing are discussed in Sec. 18.6. 

Strobed Helix Bar. In this type of device a linear helix conventionally rotates at a 
constant speed, and therefore the strobe timing is a constant function of mark position 
across the chart. With a straight helix there is a linear relation between the time 


Paper 


Contact 
bar 


Plot position 


Strobe time 
Fie. 18.98. 


delay and distance across the chart. However, the helix is not restricted in form so 
severely. The helix can be so shaped as to give any single-valued functional rela- 
tionship (the function need not be monotonic) desired for time delay and distance. 


The frequency response of this type of recorder can be rather excellent, as the value of - 


the variable can be followed if it makes a full-scale change during the period of one 
sampling time. These recorders, though conventionally used with electrosensitive 
paper, are not so restricted, for photographic, carbon, and ink-transfer techniques 
have been employed. 

Three or more styli can be equally spaced around a belt: which moves perpendicular 
to the paper motion in such a manner that when one stylus leaves the edge of the paper 
another one enters at the other edge. Normally, all styli print the same symbol but 
they can be different, and when this is the case interplexing can yield more than one 
rit seis used with photographic writing a whirling mirror is often used instead 
of a spiral. i 
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One of the most important characteristics of a strobed helix-bar recorder is the 
particular time-delay generator utilized. One system is to place a shaft position 
analog-to-digital converter on the helix; upon coincidence of the number to be plotted 
and the shaft-position decoder the helix bar is caused to print. Another method is to 
count pulses into the register containing the value to be plotted in such a manner as to 
count the counter down to 0. When this carry occurs the helix bar is caused to 
print. It should be noted that this counter could have been counted up to full 
scale and the print initiated at this point had the helix simply been rotated in the 
opposite direction. A variation on the above system is to count a register up until 
its value matches that which is to be plotted and at this point initiate the print. 


Fie. 18.99. 


Fia. 18.100. Electronically formed grid lines on a cathode-ray-tube plot. 


18.8.3. Cathode-ray Techniques. In these devices the drive method encompasses 
all the digital-value-to-analog-voltage converters and the driving and linearizing 
circuitry is that common to the cathode-ray art. 

Although it is common to have the grid line embossed in a fixed plastic window 
through which the cathode-ray tube is viewed, it is possible to generate these grids 
electronically and to have them pass through all the circuitry contributing to the 
distortion of the presentation. Therefore, the graph when considered with respect 
to the grid line is distortion-free. This allows curves to be produced containing 
inaccuracies of less than the maximum linearity presently obtainable in special 
cathode-ray tubes (0.1 per cent). Special techniques come to play in the recording 
of these data. It is necessary to use a shuttered optical recording system for it takes 
time to draw the curve and care must be exercised to select the proper phosphor for 
the recordings being made. 

Photographic Recording. All the techniques common to cathode-ray photography 
are applicable here, with the added condition that the camera be controlled by the 
machine, It is common to allow simultaneous viewing and recording of the plot. 
This is sometimes done with the aid of two cathode-ray tubes in parallel, or a half- 
ailvered mirror or the newer dichroic techniques. (A dichroic mirror is one in which 
nearly perfect reflection exists for.certain wavelengths of light and nearly perfect 
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transmission exists for others.) One of the major advantages of the photographic 
recording of cathode-ray-tube plots is the vast amount of knowledge and experience 
available to the designer. 

Xerographic Techniques. These methods are described in Art. 18.8.1. Their main 
advantage over the normal photographic process is the decrease in processing time, 
the completely dry operation, and the lower cost due to the use of ordinary paper. 
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Viewing screen 


Fra. 18,101. Xerographic recording of cathode-ray-tube plot while viewing through a 
dichroic mirror: A, paper; B, paper-charge transfer bar; C, dielectric drum; D, drum- 
charging brush; EF, dry-ink feed; F, lens. 


This short processing time can be of the order of seconds, and in these instances view- 


ing of the recorded trace is not very different from viewing the cathode-ray-tube 
screen. 
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19.1. SPECIAL-PURPOSE DIGITAL COMPUTERS* 


A computer is a machine designed to carry out calculations or to perform specified 
transformations of information. Mechanized data processing, interpretation, and 
computation are an expanding art. Large-scale computers have placed a general 
emphasis on numerical methods. This emphasis stems in part from an interest in 
greater accuracy in solving more complex systems. This interest has led to applica- 
tions of digital techniques to problems having special characteristics. A special- 
purpose digital computer is defined here to be a computer which can only be used for 
certain special problems; the methods of solution for such computers must involve 
the processing of discrete numbers. This definition does not include computers 
which have certain features adapting them to special classes of problems if the general 
applicability of the computer is not limited. 

The basic reason for the appearance of special-purpose digital computers is that 
these machines often satisfy a need for economic solutions to a given class of problems. 
There are many types of mathematical operations for which the large general-purpose 

* By Robert RK, Johnson, 5 : 

a ; 19-1 


19-2 SPECIAL-PURPOSE COMPUTERS 


computers are not very efficient. The examples to follow illustrate certain cases for 
which such special computers have been designed. Another uneconomical aspect 
of the large general-purpose machines is the programming requisite to any problem 
solution. Many special-purpose computers are designed to accept a class of problems 
in its normal form and produce solutions in a form familiar to the scientist. It is 
often the case that the special machine can generate solutions much more rapidly 
and with far less equipment than the general-purpose machine. In addition, the 
small special computer can be made available to many more scientists, and it can 
relieve the large and versatile computers of many typically tedious and commonplace 
problems. 

On the other hand, the special-purpose computer often depends on a peculiar feature 
of its problem for an economic circuit implementation. This means that such 
machines usually require a large amount of special design and engineering, both quite 
expensive. Also, there are many applications requiring solutions to several special 
types of problems.*4 One general-purpose computer with certain features could 
provide a much more economic solution to the over-all application than could several 
small special computers. Another objection to special computers is that it often 
develops that a computer must be built before the problem characteristics are known. 

Following the paths of evolution, however, many problems have arisen demanding 
special computers for their solution. The principles of problem formulation, logical 
design, and the methods employed in solving these problems could be of value to the 
designers of general-purpose and special-purpose digital computers. 


19.2. COMPUTER DESCRIPTIONS* 


19.2.1. Simultaneous Linear Algebraic Equations. Problems in all branches of 
science lead to systems of simultaneous linear algebraic equations. Many mathe- 
matical techniques have been devised to obtain solutions to systems ranging from a 
few to infinitely many independent variables. General-purpose digital computers 
are commonly programmed to solve such systems of equations, but these machines are 
expensive, difficult to program, and slow in their effective operation. Since problems 
involving many linear equations arise so often, at least two special-purpose digital 
computers have been developed to generate their solutions. Haller, Raymond & 
Brown Co. has manufactured a computer capable of handling systems involving up 
to 1,200 equations with a possible accuracy of 1 part in 10,000.69 Fairchild Engine 
and Airplane Co. has constructed another computer under contract with the United 
States Air Force. This computer can handle up to 300 equations and carries 4 deci- 
mal digits per word. 

Both computers utilize the Gauss-Seidel iteration. Other more elegant iteration 
methods can produce solutions more rapidly, but the advantage of the Gauss-Seidel 
technique is its computational simplicity. Writing the system of equations 


aX) + aXe + +++ + 4inXn = bi 
GX, + da2Xe + +++ + nXn = be 
An1X 1 + AnzX2 lee + AnnXn = bn 


the first step in the solution is assuming any set of initial values for the z;. The values 


(Dee ay = 2 ay) = On 
1 2 ee Phe n 
ai 22 Ann 


are suggested as the initial approximation. Using these assumed values, the first 
residual is computed: 


Rx® = anXiM + ++ y + ainXa — dy 


* By Robert R. Johnson. 
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The improved approximation X, is found: 


Ri(1) 
ai 


X,® = X,o — 


Using Xi the second residual is computed and used to find X 2°): 
RY) = anX1@ + aiXe +--+ +anx™ — by 


Xai Nw ee 


This process is continued through all n variables using the newest values for each X,‘); 
repeating this entire sequence for j iterations produces a continually improving 
approximation to the exact solutions Xg. The values of R,’ are a measure of the 
accuracy of the approximations X,‘. As pointed out in Whittaker & Robinson,” 
iteration techniques such as this one have the advantage that calculation errors 
continually correct themselves in subsequent steps of the computation. 

Haller, Raymond & Brown Computer. The binary computer made by Haller, 
Raymond & Brown, Inc., uses a magnetic-tape loop to store the coefficients ap,, and 
a magnetic drum for random access to store the values X,‘7). Conventional hard- 
tube flip-flops and gating circuits are used to implement the logical design. Input 
is via a keyboard entry device with outputs being programmed out into a display 
panel. Approximately 400 individual plug-in units constitute the arithmetic and 
control equipment, with most of the arithmetic operations being performed in parallel. 
Multiplication is by repeated addition. 

The logical design of this computer is arranged to save computation time by omit- 
ting all vanishing coefficients ap,. The nonvanishing coefficients are entered on the 
tape loop along with adequate coding information to indicate the type of coefficient 
(App,Apqp) and the column index g. The unknowns X,‘/) are stored serially on the 
drum in 19 tracks of 64 words having 25 bits per word. The column index X, acts 
as the drum-memory-address information for each unknown. 

The computational procedure is simple, and it is more or less fixed by the machine 
structure. Hence very little programming problem-preparation time is required. 
The matrix coefficients are read sequentially into the arithmetic unit from the tape. 
Kach residual is computed using part of the drum as ‘“‘scratch-pad”’ storage. From 
this the new value for each unknown is computed. The computation of the residuals 
and of the new values for the unknowns is controlled by a simple programmed routine 
stored on the drum. 

The machine is in use at Haller, Raymond & Brown, Inc. Its operational speed is 
indicated by noting that 3 min per iteration are required for a 73-equation problem 
while 20 min per iteration is the required computing speed for a 793-equation problem. 
An improved version of this same computer was completed in September, 1955. — Cir- 
cuit and component simplicity and reliability are the major features of the improved 
model. Computation services are available from the manufacturer. 

USAF-Fairchild Computer. The USAF-Fairchild computer is a special-purpose 
decimal digital computer designed to handle simultaneous equations involving up to 
300 variables. Two synchronous magnetic tapes are used for storage. A long tape 
loop holds the coefficients and their associated orders, while a short tape loop holds the 
unknowns. The computational principle utilized by the computer is the Gauss- 
Seidel iteration. The matrix coefficients and their corresponding unknowns are read 
simultaneously from the tapes. No special treatment is afforded zero coefficients. 
Wach residual is accumulated and the improvement in the corresponding unknown is 
computed in sequence. Improved values in the unknowns are used in computations 
for subsequent residuals. 

Input to the computer.is performed with a keyboard, and the output is printed, 
Approximately 2,000 tubes constitute the electronic equipment of the machine. The 
arithmetic operations are carried out with a multiplier, accumulator, a temporary 
storage rogivter, and the necessary control equipment, The multiplier uses excess-three 
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binary coded digits and a diode matrix which generates all possible products from this 
configuration. The 16 sets of partial products obtained from multiplying two 4-digit 
numbers are accumulated successively from each multiplication used in computing 
the modified residuals. No division is required since the initial system of equations 
has each row divided through by aii; hence the modified unknowns are computed: 


XD = Xi) — Rp{) 
@ & G) a12 F Qin ; bq 
where RY® = XO + — XL) 4+ --- +X, — + 
ai au au 


The temporary storage register is used to store the new values X/+” until the short 
tape returns to the properly synchronized location. 

The computer was completed in February, 1950, and was placed in operation at the 
Oak Ridge National Laboratory in 1951. Subsequently, the machine was dismantled, 
and many of its features have been included in the ORACLE computer. 

19.2.2. Partial Differential Equations. DINA. The solutions of many problems 
in mathematical physics are represented by the solutions of the following four partial 
differential equations: 


Laplace: Vu = 
Poisson: V4u =p 
Diffusion: Vu = 42 OU 
Ot 
2. 
Wave: Vu = VOM 
v2 Of 


Solutions for these equations are uniquely specified in terms of the equation and a 
corresponding set of initial and boundary conditions. 1° 

Many special analog techniques have been developed to describe the behavior of 
physical systems governed by these and other sets of partial differential equations. 
To obtain more accuracy and versatility, numerical methods are often used to obtain 
solutions for many such equations. The partial differential equations are generally 
replaced by some form of finite-difference equation to facilitate the numerical work. 
These differences are usually based on the values of the function at a set of points 
selected in any prescribed manner in the region of interest. 

A special-purpose digital computer has been designed to solve any of the four equa- 
tions listed above.** The computer is mechanized to solve the finite-difference 
equation corresponding to each analytic equation. Using the Richardson iteration, 
tome oe ago equations for the two-dimensional case are tabulated below. 

aplace: 


4u("t) (21,29) = Um (ay + h,x2) + ue) (21,202 + h) 
+ u(x, — hyve) + u™ (21,22 —h) = yum 


Poisson: 4utD (41,20) = ) ul — h%p(x1,22) 


. . 2 
Diffusion: ts [> yom) — sum (errs) | = ~ fut) (41,22) — wo (x1,22)] 


24-2 
a 4u™*)(ar,,a9) = yum fon. Alm “ 


Wave: 2uS™2) (a1 ,%9) = yum — ul) (2) for h? = 2v2(At)*? 


This is for a square lattice with interval h = Az; with the function n computed at the 
coordinates x; for the mth application of the iteration. No attempt is made to use 
general relaxation methods. 4 

‘ Since a three-dimensional machine is a straightforward extensian, the two-dimen« 
sional computer is designed to handle any of the four basic equations in terms of two 


* 
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coordinates. A magnetic drum is proposed in the reference to store a table containing 
the values of the function at each point of a 100 X 100 lattice. Using serial binary 
numbers of about 20 bits each, this requires storage for 2 X 10° bits for the table. 

The computational principle used in solving these equations is the repeated applica- 
tion of the difference equation. The initial input to the table introduces the bound- 
ary values, the initial conditions, and the assumed solution value at each lattice point. 
The computation proceeds starting in one corner of the table by recomputing the 
value of the function with the Richardson method for the Laplace equation. This 
gives the function at one point as the average value of the function at each of the 
surrounding four points. Using this principle, the computer traverses the lattice 
repeatedly until a solution of sufficient accuracy is attained. The convergence rate of 
these computations is considered by Frankel.?4 

The computational equipment varies somewhat for each equation. The technique 
is simply the evaluation of the finite-difference equation. The equipment required 
to perform this computation is determined by the terms present in each equation. 
Thus for the Laplace and diffusion equations, two extra storage channels are required 
to retain the old values u(™(a, — h, a) and u™(21, 2 — h). In addition, for the 
Poisson equation, a second complete table representing all 10‘ lattice points is used in 
storing p(x1,22). Similarly, a complete two-dimensional table is required for storing 
uD (x1,29) for the wave equation. In each case the proper terms are read from the 
memory shifted by the appropriate number of binary places to perform the necessary 
multiplications by constants selected to be integral powers of 2, added together and 
replaced in the memory tables. 

The equipment proposed to implement this machine is summarized as follows: 

. Input-output unit 

. Two complete two-dimensional storage tables; one two-column storage table, 
both approximately 4 X 10° bits 

. Selection matrices 

. Four serial binary adders 

. Four temporary storage channels 

. Timing channels 

The advantage of a machine of this type is that it is cheaper to build, easier to 
operate, and generates solutions of these equations considerably faster than do most 
general-purpose computers. A disadvantage is that it still is not nearly so fast or 
easy to use as many of the analog methods, even though the digital technique pro- 
vides greater inherent accuracy. 

19.2.3. Logic Computers. The fundamentals of modern logical science were 
established by George Boole with the publication of The Mathematical Analysis of 
Logic in 1847,5 and Of the Laws of Thought in 1854.6 W.S8. Jevons contributed the 
concept of solving logical problems by eliminating classes of variables. The first 
machine for implementing the solutions of logical systems was constructed by Jevons 
in 1869.39 This computer is in the Museum of the History of Science, Oxford, 
Iengland. 

Jevons Machine. This first logic computer handled four variables. The heart of 
the machine was Jevons logical abacus.*!. This consisted of a framework holding 
wooden markers; each marker represented one of the 16 possible minterms of the four 
variables. A keyboard was attached to the framework by various mechanical link- 
ages. A set of keys representing each variable and its complement was provided for 
the predicate and another for the subject of the logical proposition. The linkages 
were constructed to select only these combinations consistent with the rules of the 
proposition inserted into the machine. Another set of keys denoted the logical 
relationships which were provided in the device.’ The computer output was visual 
inspection of the markers indicated in the abacus framework. 

A. Marquand designed an improved four-variable computer around 1885 which 
utilized levers, rods, and wires.'* He appears to have been the first to propose and 
design an electrical device to solve logical equations." 

Kalin-Burkhart Calculator, The Kalin-Burkhart logical truth calculator is the first 


Qo w Ne 


_ electrical implementation of the truth-table method for solving logical relationships,* 
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The computer handles 12 logical variables and scans the 4,096 possible combinations 
sequentially. Multiple-position switches set up the variables and specify the rules 
connecting the terms. The five internal operations are: complementation, conjunc- 
tion, inclusive disjunction, conditional implication, and biconditional implication. 
The computer examines one line of the truth table at a time. All combinations con- 
sistent with the rules are designated with lamps. Using relays to scan all lines of the 
truth table, the computer requires about 38 min to evaluate all the possible combina- 
tions of the 12 variables connected with the five rules above. 

Ferranti, Ltd., constructed a seven-variable relay machine to scan sequentially the 
128 possible combinations in the truth table.’7 The added feature over the Kalin- 
Burkhart machine is the inclusion of the exclusive disjunction in the available connec- 
tives. Input is via a plugboard, and output is indicated by lights or by stopping the 
scanning mechanism. 

IBM Decision Machine. Dr. M. E. Maron of the International Business Machines 
Corp. constructed a logic computer for eight variables using essentially standard IBM 
relays, plugboards, and switches. The machine uses the five logical operations 
of the Kalin-Burkhart device. In addition, it solves for one of three classes of 
propositions: 

1. Those which are factually true or false 

2. Those which are tautologically true 

3. Those which are logically false (self-contradictory) 

These are distinguished by the truth-table values of the propositions. Factually 
true sentences are true (or false) only for certain values of the variables; tautological 
propositions are either true or false for all values of the input variables. 

The decision machine constructed provides 14 inclusive disjunction circuits, 
14 conjunction circuits, 10 complementation circuits, 6 conditional circuits, and 
4 biconditional circuits. Each variable is represented by two 4-point relays; thus 
each variable appears on seven common, seven normally open, and seven normally 
closed points. A plugboard is used to connect the variables through the specified 
connectives to a final output relay. 

The conventional methods of representing logical rules with relay circuitry are used 
in the computer.*? Complements are considered the normally closed relay contacts 
while the variables are represented by the normally open contacts. Conjunctions 
are specified by connecting contacts in series and disjunctions are contacts connected 
in parallel. Conditionals are implemented using a disjunction: 

Conditional: A _) B is equivalent to A + B. 

Biconditional: A = B is equivalent to A - B + AB. 

Each complete operation is prewired onto the plugboard. In preparing a problem 
for the computer the appropriate variables are interconnected using these standard 
operations. The output lead from the specific proposition is connected to the output 
relay; a true value for the statement closes the output relay. 

The totality of combinations are scanned by connecting an eight-stage binary 
counter to the input logical variables. The input to each variable corresponds to one 
counter stage. Supplying 2° pulses to the counter cycles all eight variables through 
all possible combinations. Lights indicate true and false combinations. To deter- 
mine tautological truth or falsity, two latching relays are used. These relays close 
if there are one or more false or true combinations, respectively, in the truth table. 
ct iia 50 sec suffice to inspect the 256 possible combinations of the eight 
variables. 

Ferranti. A different type of truth-table computer was built by Ferranti in 1951 
to illustrate the feedback principle. Four variables can be manipulated by the 
machine. Twenty relays are interconnected to set up the proposition and sean 
the truth table. Combinations which fail to satisfy the proposition generate 
feedback signals which are used to change the state of the input variables. A 
satisfactory combination of input variables terminates the cycle. On relatively 
simple problems the feedback machine can‘ be many times faster than the scan 
ning-type computer. Both the Ferranti computers are described in some detail in 
the literature.‘® 
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Vendac. Electronic digital computers for handling logical problems were con- 
structed as early as 1950.2 The Vendac, at the National Physical Laboratory, 
Pretoria, was designed to represent the Venn-diagram concept by means of a pulse- 
code technique. Four classes of variables and their complements are represented by 
individual pulse trains. Each pulse train is coded so as to present a different time 
sequence of pulses. The respective pulse trains are combined in coincidence, anti- 
coincidence, and mixer circuits to obtain the truth value of the equation represented 
by the patchcord interconnections among the gating units. The output is fed either 
to true-false jacks or to an oscilloscope for direct viewing. The output-pulse pattern 
yields these values of the input variables which satisfy the equation plugged into the 
computer. 

One unusual feature of this computer is the technique used to handle redundancies. 
The mixer circuits actually sum the pulse-voltage outputs of the gating circuits so 
that a redundancy of order n is indicated by a pulse of amplitude nA. Here A is the 
basic pulse amplitude. Contradictions are handled by using two different pulse 
amplitudes as outputs from gates. Inequality between two input variables is indi- 
cated by a positive output pulse of amplitude A. When the input variables are 
equal, a negative output pulse of amplitude A/2 is generated. A contradiction 
between two subclasses is indicated by a positive pulse of amplitude A /2. 

In essence, the computer is composed of a counter, logical operators, and an output 
device. The ‘‘pulse trains” are the time sequence of digits appearing on each flip- 
flop when the counter is cycled through all possible combinations. Each variable is 
represented by one stage of the counter. The logical gates are interconnected to 
operate on the signals from the counter. The outputs are derived from the gating 
network by conventional circuit techniques. A 100 Ke per sec clock rate is utilized. 

Burroughs’ Computer Using Polish Notation. A unique electronic computer has 
been developed by Burroughs Corporation.!1_ This machine is designed to evaluate 
logical formulas expressed in Lukasiewicz parenthesis-free notation.’ The advan- 
tages of this method of computation are: 

1. Formulas may be evaluated by one scan from right to left. 

2. With some practice, it appears to be as easy to write the Lukasiewicz form 

directly from a ‘‘compacted” Boolean expression as it is to expand it. 
However, it is easier to formulate a problem using conventional Boolean techniques. 
A Boolean expression which has been multiplied out is probably as simple a function 
to evaluate, even though more terms may be involved. Furthermore, there appear 
to be no simple basic theorems for use in manually simplifying formulas expressed in 
Lukasiewicz’s notation. 

One way to use the Burroughs computer in logical design problems is to provide 
the algebraic conditions as a set of simultaneous equations. The computer then would 
provide the various sets of values for the algebraic variables satisfying the set of 
equations. The user must select the set having the simplest formulation. In most 
applications the Burroughs machine provides the same functional operation as any 
of the other truth-value computers. 

The method of evaluating a formula expressed in the parenthesis-free notation is 
illustrated in terms of Boolean expression 


fea = abe + Gd + e) 


The notation here is as follows: lower-case letters denote variables, and upper-case 
letters denote Lukasiewicz logical operators. 


A = alternation (inclusive ‘‘or’’) 
K = conjunction (‘“‘and”’) 

N = complementation (‘‘not’’) 
The Lukasiewicz formulation f; is written starting from the left side of fx. The 
logical operators A and K refer to the two values denoted by the pair of variables 
following each appearance of the operators. Thus 


a+b corresponds to Kab 
a+ b+ corresponds to Kakbe 
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The operator N changes the state of the variable on its right and does not affect the 
region of influence of K or A. 


a-b-écorresponds to KakbNe 
The Boolean formula fz is rewritten without parentheses as follows: 
fr = AKaKbNcK NaAde 


The computer evaluates this formula by starting on the right end. The values of 
successive symbols are read and operated upon sequentially. The rank of an equation 
is determined by the number of variable values that the computer must store in 
evaluating pairs of variables. 

The equation above is of rank 3 and length 13. In operation the computer stores 
the following numbers. 


And stores in memory spots 
Computer reads 
No. 1 No, 2 No. 3 
e e 
d d e 
A ad+e d 
a a d+e 
N a d+e 
K d(d + e) a 
¢ c a(d + e) 
N é a(d + e) 
b b é a(d + e) 
K beé b a(d + e) 
a a bé a(d +e) 
K abe— a a(d + e) 
A abé + a(dte) abé a(d + e) 


The functions which the Burroughs truth-function evaluator can handle are listed 
below. 


Variable! Valué Comple- | Inclusive | Exclusive | Conjunc- | Bicondi- Condi- 
a S| ment of p | disjunction] disjunction tion tional tional 
‘3 . Np Apa Rpq Kpq Epq Coa 
0 0 1 0 0 0 1 1 
0 af 1 1 1 0 0 1 
| 0 0 yi 1 0- 0 0 
i 1 0 1 0 ni 1 1 


The actual computer is set up to handle formulas of length 98 and rank 6 using 
10 variables. The formula is plug-wired into the control panel. Two modes of 
operation are possible. In the first, the computer evaluates the plugged-in formula 
for a specified set of values of the variables. In the second mode, the evaluator 
generates in sequence all possible combinations of the 10 variables and tests each 
combination in the formula. The automatic mode is terminated when the value of 
the formula satisfies a preset switch setting (0 or 1). This computer is built using 
pluggable relays and diodes and operates at 10 characters per sec. _This speed corres 
sponds to a 234-hr time for 10 variables in a formula of length 98. 
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Bell Telephone Laboratories. The Bell Telephone Laboratories have constructed 
a relay machine which differs from all the preceding computers.*® This machine 
simulates a combinational relay circuit on a plugboard while having a set of switches 
which are used to set up Boolean formulas. Each switch represents one of the 
16 minterms of 4 variables. The unique feature of this machine is that each switch 
has three positions: each minterm can be true, false, or either. Hence the machine 
can provide reduced combinational circuits when the presence or absence of certain 
minterms does not matter. The five modes of operation of the computer are: 

1. Evaluate: indicates which minterms satisfy the plugged-in formula 

2. Compare: indicates which minterms disagree with the plugged-in formula 

3. Short: indicates which contacts of the plugged-in formula can be shorted out 

4. Open: indicates which contacts of the plugged-in formula can be opened 

5. Prove: indicates which kinds of contacts are necessary to satisfy the switch 
conditions 

19.2.4. General Mathematical Operations. Polynomial Root Extractor. A small 
digital computer has been constructed at the California Institute of Technology to 
extract the complex roots of high-degree polynomials.‘? This computer is designed 
to handle polynomials up to the sixteenth degree. It obtains the complex roots of 
polynomials having complex coefficients with a significance of 19 binary places. 
Solution times average about 16 sec per root. 

The general computational method is that of evaluating a polynomial in the complex 
plane. The computer is designed to (1) evaluate the polynomial for successive 
increments in its complex argument, and (2) select the complex increment that always 
decreases the absolute value of both the real and imaginary components of the 
polynomial. 

The computer generates the value of the polynomial at a given point by computing 
each value of the polynomial and its derivatives at a series of intermediate points. 
Each intermediate point is separated by a distance A: 

A= +6 or A= +36 
The value of the nth derivative of an nth degree polynomial is a constant. Starting 
with this highest derivative, each lower derivative is computed at each intermediate 
point using a truncated Taylor series. 


S™ (Zo +20) = f™(Zo) + Aft (Zo) (19.1) 


The computer actually retains and uses the real and the imaginary components of 
the polynomial f(Z) and its n derivatives. Thus, in computing the value of the 
polynomial at the point (Z) + A), the computer obtains either of two possible sums 
depending on whether A is real or imaginary. 


S(Zo)u(Zo) + 9V (Zo) 


u(Zo) + bul(Zo) 
v(Zo) + 6V'(Zo) 


For A = +38: 
u(Zo + A) 
v(Zo + A) 


u(Zo + A) = u(Zo) F 6v(Zo) 
v(Zo + A) = v(Zo) + 5u(Zo) 


Starting with the nth derivative at Zo, the computer evaluates the real and imaginary 
components of each lower derivative at (Zo + A) using this formula. 
The second design objective is to select a particular value of A from (19.1) such that 


\u(Zo + A)| S |u(Zo)| 
one |v(Zo + d)| < |v(Zo)| (19.3) 


The computer examines the 16 possible combinations of sign which occur in (19.3) when 
computing u(Zo + A) and V(Zo + A) from u(Zo), u(Zo), 0(Zo), and v'(Z). Tt ean be 


(19.2) 
For A 


ll 

I+ 
S. 

o 


_ shown that one of the directions from (19,4) can always satisfy the requirements (19,4), 
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At each intermediate point, the computer selects this necessary A and then evaluates 
the n derivatives of the polynomial before calculating the value of the polynomial 
by (19.3). 

Any polynomial is prepared for the computer in three simple steps. The first is 
to transform the polynomial to a new variable w such that all roots of f(w) are enclosed 
in the unit circle in the w plane. 


Z 
== 19.4 
w R (19.4) 


ak 
An 


where R > 


— 1 and (ax) is the largest coefficient in the polynomial 


S(Z) = anZ" + dniZ" + arZ + ao 


The second step is to divide f(w) by the quantity (2n:A,) where A, is the coefficient 
of w” in the transformed polynomial. This is to ensure that the absolute values of 
the derivatives never exceed unity when the computer is searching for roots. The 
third step is evaluating the real and imaginary parts of the polynomial and its n 
derivatives at w = 0. These quantities are entered into the computer as initial 
values. These initial values form the basis of the first direction decisions and com- 
putations, Eqs. (19.1) and (19.3), respectively. 

This method of computation was chosen because the associated computer is quite 
simple. One recirculating memory, 20 flip-flops, and about 200 germanium diodes 
are the principal computer elements. The memory has 19 word positions; each 
word consists of 62 binary-digit positions with 2 bit positions separating each word. 
The word structure is such that each word holds a derivative. One word contains 
the value of w which is the independent variable, and a second additional word holds 
a marker corresponding to A. Within each word, the values of the real and imaginary 
components of a derivative are represented as biplexed binary numbers. 

One of the basic features of the computer is the utilization of two values of 6. A 
large value of 6 = (27!) is used with an improved approximation formula: 


S(Zo + A) = f(Zo) + 5 [f\(Zo) + f'(Zo + A)] (19.5) 


A small value of 6 = (2~*°) is used with the approximation (19.2). This feature pro- 
vides rapid root locations without impairing the accuracy required to refine the root 
location with a small value of 6. 

The method employed to locate roots other than the one nearest the origin was 
selected using the criterion of computer simplicity. The computer has no internal 
programming for its normal add-subtract routine so that it would be very difficult to 
divide out roots as they are located. The method used is to continue the normal 
computation cycle but to force a desired A selection. The operator chooses the diree- 
tion in which he wishes to look for roots and forces the computer to move in that 
direction. When the operator releases it, the computer seeks the root nearest the 
release point. This technique allows the operator to look for roots in areas of interest, 
and it also allows him to find just one of each pair of conjugate complex roots. 

Digital Correlator. One of the mathematically useful concepts involved in studying 
stationary statistical phenomena is that of the correlation function.72 In many 
engineering problems, it is desirable to obtain correlation-function information about 
certain randomly varying signals. Many analog computers have been proposed to 
generate the autocorrelation and cross-correlation functions of experimentally avail- 
able data. An electronic digital correlator built at MIT obtains these correlation 
functions for electrical signals covering the broad frequency spectrum 0 to 12 Me 
per sec.®! 

The basic principle of the computer is to approximate the correlation function | 


tei ea file j 
AGS Tre 27 [fore +r) dt 
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by averaging a large number of samples taken at discrete time intervals ¢;: 


N 
< 1 2 ° 
60) => ry ftdfts + 7) 


The two input functions to the computer are electrical signals whose amplitudes 
are sampled periodically. The autocorrelation function is obtained if both inputs 
are the same, while the cross-correlation function is obtained if different input signals 
are used. Increments in the delay interval r are available in steps of 0.1 usec ranging 
from 1 psec to about 0.1 sec. The computer obtains the quantity N¢(r) where N 
may be any number of samples; this number is determined by the length of time the 
computer is allowed to operate with any single value of 7. 

The sum of the N products f(t:)f(t; + 7) is obtained by first sampling the amplitude 
of one input signal with a narrow pulse and converting this voltage level to a binary 
number. After an elapsed time 7 the second input signal amplitude is sampled simi- 
larly and converted to a binary number. These two numbers are multiplied in a 
serial binary multiplier. The products of successive pairs of these samples are 
accumulated in another register. 'The computer outputs available are graphical plots 
of the correlation functions as well as direct digital record of the sums. 

The logical design of this computer is implemented as follows: The input voltages 
are sampled using a sharp pulse from a blocking oscillator. This pulse is applied to 
the suppressor grid of a gate tube. A capacitor is charged to the sampled voltage 
and held at this value until the corresponding binary number has been generated. 
The number generator consists of a sawtooth generator and a gated fixed-frequency 
pulse generator. The sampling pulse initiates the sawtooth waveform. It also 
opens a gate supplying timing pulses to a binary counter. Equality between the 
sawtooth amplitude and the amplitude of the sampled waveform terminates the gate 
supplying the timing pulses. A 5-Mc clock rate is used for these timing pips. Each 
pair of numbers is placed in a 10-bit flip-flop register. A 10-bit accumulator sums the 
partial products of the two numbers representing f(t;) and f(t; +7). The additions 
are performed serially using an “‘exploring pulse.’”’ For multiplication, the additions 
of the multiplicand into the partial product are gated by the successive bits of the 
multiplier. Shift pulses are used to shift the multiplicand to the left and the multi- 
plier to the right. The product of each pair of samples constitutes one of the N sets 
of values corresponding to t;. The accumulated sum of all N pairs of samples repre- 
sents N times the correlation function ¢(r). 

Number Steve. One of the basic problems in number theory is obtaining solutions 
for linear congruences. By definition, if a — b is divisible by m > 0, one says that 
a is congruent to b modulo m. Thus if a and b are congruent, mod m, one obtains 
the same remainders in dividing a or b by m. 

Professor D. H. Lehmer at the University of California has designed a special- 
purpose electronic digital-number sieve. This machine is used in finding numbers 
such that each number will have a specified remainder when divided by any or all 
of the first 33 prime numbers. The input to the computer is the acceptable remainders 
corresponding to each prime. Thus possible remainders are: 


Remainder of Modulo 
1 2 
0,2 3 
0,1,2 5 
1,31,62,85 137 


The machine scans all natural positive integers until it finds a number satisfying the 
imposed conditions, 

The computer consists of 33 ring counters, A gating circuit indicates coincidence 
between the remainders specified with the-input switches and the remainders existing 
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in the counters. Each ring counter has a different prime number of stages. Th 
gating circuit on each ring simply indicates when a particular stage is present. Con- 
sider finding the first number that has a remainder of 2 when divided by 5, a remaind 
of 2 when divided by 3, and a remainder of 1 when divided by 2. The gates on th 
5, 3, and 2 ring counters are set to register when the count pulse is in the second and 
first stage of these respective counters. Preset all counters to 0, and then step all 
the counters simultaneously. During the seventeenth count, each of the gates on 
the 5, 3, and 2 ring counter will open and stop the computer. The number 17 is the 
smallest number satisfying the remainder criterion above. This number 17 is read 
from the ring counters themselves, although a separate counter could be used for 
this purpose. 

The computer can commence counting with any preset number. Any or all com- 
binations of remainders can be entered into the computer. And in principle, the 
computer could be extended to find congruences modulo any integer. The counting 
speed of the machine is 100,000 counts per second. 

19.2.6. Digital Techniques. A Digital Electronic Musical Instrument. This 
instrument™ simulates predetermined sound waveforms with the aid of standard 
Kccles-Jordan flip-flop circuits, voltage-level gating, and a digital-to-analog converter, 
The instrument, while actually capable of reproducing the periodic waveform of any 
sound at any audio frequency, was designed principally for musical sounds. The 
different sounds are ‘“‘plugged”’ into the instrument in the form of logical ‘Boolean’ 
equations on a plugboard located on top of the instrument. 

The mechanism of the instruments operation is as follows: A particular sound 
waveform is ‘‘quantized’”’ (that is, with step functions) to any desired degree of 
accuracy in the time domain (n intervals along the ordinate and m along the abscissa), 
These quantized levels are then given numerical values from 1 to n according to their 
position along the ordinate. Logical equations for a mod n counter are then written 
which describe, in binary code, the sequence of step functions. Next the equations 
are plugged into the instrument. 

The internal circuitry of the instrument converts the equations into diode voltage- 
level gating such that the flip-flops will count through the predetermined sequence, 
A precision-resistor ladder network converts binary numbers represented by the 
flip-flop counter outputs to an analog waveform identical to the original quantized 
waveform. This resulting waveform is then electronically smoothed and fed into & 
high-fidelity audio amplifier and speaker. 

The usefulness of this instrument lies in its great accuracy of reproduction of known 
sounds. This is done without the necessity of any analysis of the sounds in the 
frequency domain. 

Pulse-height Analyzers. In many types of physical research, data in the form of 
voltage or current pulses appear in large numbers. For example, in bombarding 
atomic particles with electrons or neutrons a large number of fragmentary particles 
may be split off. It is often desirable to count these fragments and sort them accord+ 
ing to their energy levels. Many analog and digital analyzers have been built to 
count and sort the voltage pulses generated by the detectors used in these nuclear 
experiments. 

At the California Institute of Technology a simple magnetic-drum digital pulse- 
height sorter was designed by Dr. S. P. Frankel. This sorter is unique in the sense 
of its ultimate simplicity. Two recirculating memory tracks are used on the drum, 
The short track contains a number of binary-digit positions; each bit position corre: 
sponds to one pulse-voltage level. A 1 indicates that a pulse of that magnitude 
occurred; a 0 indicates no pulse at that voltage level. The long track has a number 
of word positions corresponding to the number of voltage levels used in the short 
track. Each word in the long track contains the binary total indicating the number 
of pulses of that voltage level accumulated during the experiment. 

A linear sawtooth voltage is synchronized with the recirculation time of the short 
register. During each sweep the amplitudes of the incoming voltage pulses are 
compared with the amplitude of the sawtooth. Amplitude coineidence triggers a 
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‘lip-flop and places a 1 in the corresponding bit position of the short register. By 
arranging the length of the short register so that it precesses one bit position per word 
read from the long track, a simple one-bit adder adds each counted pulse of a specific 
voltage to the totals held in the corresponding word on the long track. 

A commercially available pulse-height analyzer is being marketed by the Pacific 
Klectro-Nuclear Co. in Culver City, Calif. This instrument quantizes the amplitudes 
of pulses derived from any detector into 100 discrete levels or channels. It stores 
the counts obtained on all channels until the desired spectral statistics are obtained. 
A printer ordinarily tabulates the totals accumulated in each channel. 

The amplitude of each input pulse is sampled and adjusted to a preset threshold 
level. A phantastron generates a sawtooth voltage whose amplitude is compared 
with the input-pulse amplitude. The memory-channel address corresponding to the 
input pulse is derived by gating a string of oscillator pulses into an accumulator. 
The gate is opened at the start of the sawtooth and closed by the amplitude coinci- 
dence. The channel address is thus a number proportional to the pulse amplitude. 
This number addresses a particular channel in the main memory, and the instrument 
adds one to the previous contents of the channel. This operation is repeated for each 
input pulse. The memory consists of rectangular hysteresis-loop magnetic cores 
mounted in twenty 10 X 10 matrix planes. 

The resolving power of the Pacific electro-nuclear analyzer is specified as follows: 
Input-pulse amplitudes are quantized into either 14- or 1-volt levels, +0.1 per cent. 
Nach input pulse requires 4n + 13 ysec for conversion and storage. Here n is an 
integer ranging from 1 to 100 corresponding to the channel number (pulse-voltage 
amplitude level). For a balanced spectrum, this rate corresponds to 4,500 counts 
per second; the maximum counting rate is 30,000 counts per second. 

Other basically digital pulse-height sorters have been designed at Cambridge 
University and at the Los Alamos Laboratories. 

Automatic Telephone Systems. The Bell Telephone Laboratories have contributed 
many fundamental ideas in the fields of digital computation, particularly in switching- 
circuit theory. Many of the functional operations basic to the telephone-communica- 
tion problem are identical with digital-computer operations. In the telephone system 
a subscriber can address (call) one of many other addresses. To provide this service, 
the telephone system accumulates specific input information (dialed number), inspects 
and selects one of many possible routes of communication (trunks), switches to one 
of many possible memory locations (called number), and provides several additional 
logical choices: busy signals, ringing signals, unlisted numbers, and answering and 
hanging-up signals. Code translations, timing-memory scanning functions, and data 
accumulations and interpretations are other computerlike functions performed in a 
telephone system. 

The DIAD telephone system has been built at the Bell Telephone Laboratories 
and demonstrates the use of modern electronic digital-computer techniques in a com- 
munications network.®* Large rotating magnetic drums are used to store two types 
of data in this ‘‘computer.” 

1. Temporary information about calls being requested or in progress, such as the 
addresses of the requested and requesting telephones, and the trunk interconnections 
available for such calls 

2. Permanent data: code identifications for all lines and trunks, code translations, 
programming techniques for placing and maintaining calls 

These drums and associated elements constitute one of the two major blocks of the 
telephone system.‘! This drum block is the control section; it controls the operation 
of the second block, the switching network. This network is the maze of switching 
elements connecting all subscribers with a direct conversational path. The unusual 
feature of this electronic approach to telephone switching is that all the subscriber 
connections are made one at a time.” This technique reduces the amount of con- 
ventionally common control equipment and replaces it with high-speed electronic 
equipment. ‘The corresponding switching array is enlarged to enable it automatically 
to connect subscribers and called lines, The specific paths for this connection are not 
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provided by the electronic controls; the control function is simply to indicate to the 
switching network the incoming and outgoing line addresses. An optimal method 
for designing these switching arrays has also been developed. 

General Applications. Electronic digital techniques are used for an extremely 
wide variety of special applications. To cite just a few, the television industry uses 
elegant digital counting techniques to generate the coded synchronizing timing 
sequences transmitted with the video signals. In the communications field, pulse- 
coded signals of many types are being employed. In transmitting video signals, for 
example, it may be practical to process pulse-code-modulated signals as computer 
data. One advantage of this approach is that the data may be relayed many 
times without deterioration.*! The coding techniques developed to eliminate errors 
in computers and coding methods in general make it favorable to trade bandwidth 
for noise reductions. 

Another area of great interest is that of print readers and pattern recognition. One 
of the basic approaches in many print-reading devices is to use a scanning system 
which produces a characteristic time sequence of pulses uniquely identifying each 
character of interest. Electronic digital smoothing, memory, and comparison 
techniques are then employed to identify the ‘‘read” characters and translate this 
information into a more compact digital form useful directly in data-processing 
equipment. Intelligent Machines Corporation of Arlington, Va., manufactures # 
variety of print-reading devices. Stanford Research Institute has constructed a 
machine to read standard-form characters on Bank of America Traveler’s Cheques. 
A large general effort is being devoted to this effort because the manual-input phases 
in data processors are a bottleneck. Clark, Farley, Selfridge, and Dinneen at MIT 
have contributed a number of unique concepts in the field of recognizing time-sequence 
patterns. !4/55.19 


19.3. THE DIGITAL DIFFERENTIAL ANALYZER* 


19.3.1. Introduction. The digital differential analyzer was originally developed in 
1949 in order to provide a relatively inexpensive digital computer for the solution of 
differential equations. The first group of these computers were serial magnetic-drum 
devices which, for a large class of differential equations, operated in the time range 
of medium-speed general-purpose computers. Since that time, as a result of the 
intensive development and extensive proliferation of general-purpose computers and 
techniques, the development of digital differential analyzers has taken two directions! 
toward relatively small special-purpose devices for control and other related applica+ 
tions and, more recently, toward high-speed parallel devices for real-time simulations, 
A further development is the fusion of a digital differential analyzer and a general+ 
purpose computer in order to provide for both types of computation within a single 
device. 

The fundamental principles of operation of a digital differential analyzer may be 
viewed as synthesis of the principles of the mechanical analog differential analyzer 
developed by Dr. Vannevar Bush and the techniques of electronic digital computers. 
As in the Bush analyzer, solutions are generated by interconnecting—generally in a 
closed loop—elements that have a fixed mode of operation. These elements, which 
for the most part consist of integrators and servos, require a relatively small amount 
of equipment as compared with a general-purpose arithmetic unit. Furthermore, the 
interconnections serve to transfer changes in the values of the generated variables 
rather than the values of the variables themselves; hence the amount of information 
that must be processed is substantially reduced as compared with more orthodox 
digital techniques. 

The most straightforward application of a digital differential analyzer, like that of a 
Bush analyzer, is to the solution of ordinary differential equations. However, the 
incremental nature of the intercommunicated information leads in a natural fashion 
to a generalized conception of incremental computation that is applicable to any com« 
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putation involving continuous variables. Incremental computation thus considered 
is a numerical method coordinate with more traditional methods. Although the 
following material will emphasize the solution of differential equations, it should be 
noted that a digital differential analyzer can perform all the elementary arithmetic 
operations and can generate all the elementary functions and so has a wider field of 
application. 

The advantages and disadvantages of digital differential analyzers as compared 
with other types of computers stem to a large extent from the synthesis of digital 
and analog techniques. Thus digital differential analyzer computations are not 
limited in precision, as are analog computations, by component tolerances; rather, 
since all information within the computer is digital, precision is limited only by the 
capacity of the registers. On the other hand, because each of the computing elements 
of a digital differential analyzer has, like the parts of an analog computer, a fixed 
rather than a variable or programmed mode of operation, the flexibility of this type 
of computer is somewhat limited. 

As compared with a general-purpose digital computer, a digital differential analyzer, 
like an analog computer, requires neither a close knowledge of numerical methods nor 
extensive programming. Furthermore, the digital differential analyzer solution is 
normally a close digital analog of the system under study so that the behavior of the 
various elements of the computer directly indicates the behavior of the system vari- 
ables. More importantly, in many applications the frequency response, accuracy, 
and reliability requirements are such that the use of an analog or a general-purpose 
computer is either impractical or impossible. For example, certain real-time applica- 
tions in the fields of aerodynamics, guidance, atomic physics, and mechanics require 
a greater accuracy than is obtainable with analog equipment while the complexity 
and frequency-response requirements could be met only by a general-purpose digital 
computer several orders faster than any that has thus far been contemplated. In 
other applications, particularly in the field of process control, the accuracy and 
reliability requirements preclude the use of analog equipment and severely restrict 
the number of components that may be employed. In many of these cases, a general- 
purpose digital computer that may be constructed from a given number of compo- 
nents is neither so powerful nor so flexible, within the solution times required by the 
application, as the comparable digital differential analyzer. ' 

The material that follows is intended, primarily, as an exposition of the principles 
of operation and design of a digital differential analyzer. Some material on program- 
ming and applications is included ; however, no attempt has been made at an extensive 
treatment of these subjects. 

19.3.2. Principles of Operation. The Integrator. The basic element of a digital 
differential analyzer, the integrator, is essentially a fixed-program device employing 
a simple quadraturing scheme. One such scheme will be described before the range 
of applicable techniques is considered. 

An integrator operates cyclically upon incremental inputs to produce incremental 
outputs. During any cycle, say the 7th, the integrator receives a primary incremental 
input (AX);, a secondary incremental input (AY),;, and emits an incremental output 
(AZ); (see Fig. 19.1). The primary input (4X); indicates a change of a predetermined 
magnitude h; in the variable of integration X. If (AX); = +1, X has increased by 
hy; if (AX); = —1, X has decreased by h; and with (AX); = 0, X has not changed. 
Similarly, changes in the variable Y are indicated by (AY); in units having the magni- 
tude hy. Unlike X, Y is allowed to change by more than a single increment during 
any given cycle. The magnitude of Y, however, is restricted to —1 < Y < +1. 

Each integrator consists of two registers, a Y register and an R register. The Y 
register accumulates the value of Y, i.e., the initial value Yo, plus the running total 
of the secondary inputs multiplied by he: 


Yi w ¥. + he ny (AY), 
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Because Y may change by more than a single unit, the individual AY increments 


must be summed to form (AY); before the addition that is to form Y;. During the 
ith cycle, Y; is added to the R register if (AX); = +1 or subtracted from the F register 


R,=R, +2(¥,(AX), - (AZ), ] 
k=1 


R register 
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(AZ), =R,_+Y¥,(AX), -R, 


(AY), 


Y, = Y, +h,3(AY) 
s=1 a 


Y register 
Fra. 19.1. An integrator. 


if (AX); = —1. If (AX); = 0, R is unchanged. Given a sufficiently large register, 
the R value at the end of the 7th cycle would be the sum 


: xX; 
Rai © y (AX)s¥. © Ro + ‘iE y aX 


s=1 


The R register, however, is restricted to the fractional portion of the sum while the 
integral portion, as shown in Fig. 19.2, takes the form of a series of incremental AZ 
outputs each having the predetermined 
magnitude hs. Only a single increment 
can be generated during any cycle because 
of the restrictions on the values of R; and 
Y;. This increment may be either positive 
or negative depending upon whether the 
Ri-1 + Yi(AX); addition generates a-posi- 
tive or a negative carry into what is essen= 
tially the next most significant place in the 
variable. If neither condition holds, no 
increment is produced and the output is 
zero. Because the carry represents a subtraction of the incremental output, the 
remainder at the end of the 7th cycle is 


Ri = Ry + Yi(AX)s — (AZ)3 


The AZ increments, which represent the integral part of R, either serve as a secondary 
input to another integrator—in which case, as shown in the figure, R (integral) se 

as the Y value of that integrator—or the AZ increments are used directly as a primary 
input elsewhere in the computer. 

Although the integration scheme that has been outlined is not practical witho 
certain modifications, it provides a simple conceptual model of the operation of # 
digital differential analyzer. Figure 19.3 is a graphical illustration of the operation 
of this scheme in which integration is represented as the summation of rectangular 
areas under a curve. Figure 19.3a shows the curve and the rectangular approximate 
tions while Fig. 19.3b represents the sum of these areas or the integral of the function 
Y. Figure 19.3c presents the same data in tabular form. 

Examples of Integrator Interconnection. Before considering integrator operation 
greater detail, it may be helpful to introduée several simple examples illustrating 
use of integrators in the solution of differential equations. For schematic purposes, 
it is convenient to replace the finite increments, AN, AY, and AZ, by differentials 


AZ 


R (fractional) 
R (integral) 


Fia. 19.2. The R register. 
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dX, dY, and dZ, respectively. Within any given problem these variables will be 
appropriately renamed. The schematic representation of an integrator is shown in 
Fig. 19.4. The relationship between the inputs and the output is dZ = Y dX. If 


THE DIGITAL DIFFERENTIAL ANALYZER 


Y 


1.0 y, 
08 } (AY), 


i 


1 


Fee 

fx] 
1 
a 
3 

etal 
5 
6 
7 
8 
9 
0 


Xx 


(6) 


Fia. 19.3. Rectangular integration. 


the output of the integrator is made the secondary input to another integrator, the 
Y register of the second integrator will accumulate the variable Z. The operation 


x 
of the two integrators is such that Z = i . Y dX + Z) where Z, is the initial condi- 
0 


tion of Z and Xo the initial condition Ce X. Figure 19.6 shows the more general case 
in which Z = Z) + Ci(X — Xo) + fy, Y dX. Figure 19.7 illustrates the genera- 


tion of e*, ie., the solution of Y’ —- Y = 0. Since the output of the integrator is 
eX dX = deX, the output provides the appropriate secondary input to the integrator. 
Figure 19.8 illustrates the integrator interconnections 
for the solution of Y’’ + Y = 0, which generates the dX 

sine and cosine of X. The output of integrator 1 dZ 
would normally be sin X dX = —d cos X. The y dY 
minus sign at the point of the schematic of inte- Fic. 19.4, Schemati t 
grator 1, however, indicates that the sign of the out- hea hehe SOLA Sah a as 
put is reversed so as to yield dcos X. With thisasa ; 
secondary input, integrator 2 accumulates cos X. The output of 2 is cos X dX, which 
is exactly the required secondary input to integrator 1, i.e., dsin X. Note that, if the 
output sign reversal is removed from integrator 1, the hyperbolic functions sinh X and 
cosh X would be generated. The next example (Fig. 19.9) illustrates the generation 
of 1/X. With dX as the primary input and 1/X as the integrand, the first integrator 
generates din X. With this as its primary input, 1/X as its integrand, and an output 
sign. reversal, the second integrator generates —1/X dln X = —1/X2dX = d1/X, 
which then becomes the secondary input to both integrators. As a final example, 
the multiplication of two variables U and V is shown in Fig. 19.10. The first inte- 
erator gonerates U dV, the second generates V.dU, while the third integrator sume 
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U dV +VdU =d (UV) and so holds 


U Vv 
uv = [, vau +f U dV + UoVo 
Uo Vo 


The Organization of a Serial Digital Differential Analyzer. A serial digital differ- 
ential analyzer employs a single set of computing elements to process, in turn, a num- 
ber of integrators. The device most commonly used to store the numbers associated 
with each integrator is a magnetic drum (or disk). The turning of the drum auto- 
matically sequences the information held on the magnetic surface. The number of 
integrators spaced around the drum within the limitations imposed by the diameter 


dx 
dZ 
4 dY 


Fra. 19.5. The accumulation of dZ gives Z. -F1a. 19.6. General relationship of dZ and Z. 


dx 
es Giles 


Fra. 19.7. Generation of e*. 


Fria. 19.8. Generation of sine and cosine. 


dU dV 


(1) 


(2) 


Fre. 19.9. Generation of 1/X. 


Fie, 19.10. Multiplication. 


of the drum and the recording density is determined by the precision and iteration= 
rate requirements of the application. Typical values are 24 to 36 bits per integrator, 
40 to 100 integrators, 60 to 100 iterations per second. A diagram of one possible 
configuration of the information stored on the drum is shown in Fig. 19.11 together 
with a detailed diagram of a single integrator. A recirculating memory is required 
for the arithmetic channels R and Y, since arithmetic information must at each pulse 
time be read from the drum and possibly modified before being returned to storage. 


Separate read and record heads are therefore necessary; furthermore, the remaining 


channels must also recirculate in order to remain in phase. A separate track with 


pulses evenly spaced around the drum synchronizes all operations so that the distance — 


from the record to the read head in the direction of rotation determines the number of 
bits of delay. In some instances, the spacing of the heads presents mechanical difficul« 
ties that may be overcome by doubling the number of tracks and employing on each 
a single head which alternately reads and records. Two additional memory arrange. 
ments are often useful, The first, by making the distance between the recording and 
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reading heads some submultiple of the drum circumference, obviates the necessity 
for recirculating the nonarithmetic channels. Although only a fraction of the avail- 
able storage is utilized, the limitation on the number of integrators is in some cases 
balanced by the resultant saving in circuitry and increase in speed. The second 
memory arrangement is especially useful in a computer for general computation 
since here the number of integrators required varies widely from problem to problem. 
Introducing a second set of read heads midway between the normal write and read 
heads permits the operation of the computer at twice the normal iteration rate with 
half the usual number of integrators. A switch on the control console permits the 
selection of either of the two modes of operation. This technique can be extended 
to any multiple of the operating speed at the expense of additional sets of read heads. 

The Arithmetic Channels. The method of integration described on page 19-15 permits 
the R register to take on the values —1.0 < R < +1.0. The FR value at any given 
time is essentially a remainder representing that part of the integral of Y AX that has 
not been transmitted as a AZ increment. Since the computations in an integrator 
affect the remainder of the computation only through these AZ increments, the R value 
represents the round-off error in Z. The magnitude of this error may be reduced by 
applying the rounding scheme normally employed in numerical calculations, i.e., 
generating an output whenever the absolute value of the R register equals or exceeds 
0.5. The value of the R register and, consequently, of the round-off error is thus 
restricted to —0.5 < R < +0.5. However, the automatic subtraction of the output 
from the R register that is performed in the unrounded case by the carry must be 
replaced by an explicit subtraction whenever +0.5 < R < +1.0or —0.5 > R > —1.0. 
The subtraction remains automatic if a carry is produced. In the following illustra- 
tion of the two methods, the explicit subtractions are underlined. 


Unrounded Rounded 

Ro +0.00 Ro +0.00 

Yi +0.76 Ya O76 
TAZ =0 +0.76 ZAZ = +1 +0.76 
Error = +0.76 ——————- Error = —0.24 

Ri +0.76 +0.76 —1.0 = Ri —0.24 

Y2 +0.75 Ys. 0570 
ZAZ= +1 <— +0.51 DAZ hn Dis Sr 51 
Error = +0.51 Error = —0.49 

R. +0.51 +0.51 —1.0 = Re —0.49 

Ys; —0.74 | Ys —0.74 
ZAZ = +1 —0.23 ZAZ= +1 <— —0.23 
Error = —0.23 Error = —0.23 

R3; —0.23 Rs —0.23 

Ys —0.75 Ys —0.75 
ZAZ= +1 —0.98 SAZ= 0s ——_—_ =0098 
Error = —0.98 er Error = +0.02 

Rs —0.98 —0.98 +1.0 = Ra +0.02 

Ys —0.74 Ys —0.74 
zAZ=0 — —0.72 ZAZ= -1 <—— -0.72 
Error = —0.72 Error = +0.28 

Rs -—0.72 —0.72 +1.0 = Rs +0.28 

Ye —0.73 Ye —0.73 
ZAZ= -1 <— —0.45 ZAZ = -1 —0.45 
Error = —0.45 Error = —0.45 


The explicit subtraction in the case of +-0.5 < R < +1.0 may be eliminated by 
increasing the number held in the 2 register by +-0.5 so as to generate a carry when- 
over the true value of #, A; is greater than or equal to 0.5, The carry also serves to 
signal an output of plus one, As a consequence, negative values of R + Y indicate 
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that a negative increment must be generated and explicitly subtracted from R. At 
the start of any iteration, therefore, the R register is positive. The first column in the 
example below illustrates this modified arithmetic. The necessity for subtracting a 
plus one in the event that the output is negative may also be eliminated by employing 
the complement of Y if Y AX is negative. In this case, the sum of Y and R registers 


Py, F,-1 Pn-2 Pei Bec JR Riga?) 


Fig. 19.11. Integrators on a drum. 


is (1 + Yr) + (Ri + 0.5) = (Ri + Y:) + 1.5. An output is generated whenever 
this sum is less than 1, i.e., when R; + Y; < —0.5. Since no carry is generated in 
these cases, the plus one that was added to the sum by employing the complement 
of Y; acts effectively as a correction for the negative output increment. This arith- 
metic is illustrated in the second column of the following example: 


| | 

Ro +0.50 0.50 

Yi +0.76 +0.76 

DAZ = +1 — +0. 26 +15 <— 0.26 


Error = —0.24 


| 

R: +0.26 0.26 

Y2 +0.75 +0.75 

DAZ = +2 — +0.01 +2 <— 0.01 


Error = —0.49 


R: +0.01 0.01 
Ys —0.74 —0.26 
2 AZ = +1 <—— —0:73 1, <= 0.27 


Error = —0.23 ial 
-0.73 +1.0 = R; +0.27 0.27 
Y, —0.75 —0.25 
2AZ=0 — —0.48 »., ss 0.52 
Error = +0.02 | 
—0.48 +1.0 = Ry +0.52 0.52 
Ys —0.74 —0.26 
2AZ = —] <—— —0.22 =], <—— 0.78 
Error = +0.28 
—0.22 +1.0 = Rs +0.78 0.78 
Ye -—0.78 -0.27 
ZAZ = -1 +0.05 —T - 0.05 


Error = —0.45 
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The following is a résumé of the rules employed by the final scheme for determining 
the value of AZ: 
1. If Y AX is positive, 


(Ri + 0.5) + Yt = (Ri: + Yi) +:0.5 


A carry out of the most significant place in the addition of R and Y indicates that 
(Ri + Yt) > +0.5; hence AZ = +1. Lack of a carry indicates that (R: + Y:) < 
+0.5; hence AZ = 0. 

2. If Y AX is negative, 


(Ri + 0.5) + (1 + Y.) = (Re + Ys) +15 


Lack of a carry out of the most significant place in the addition of Rand Y indicates 
that (Re + Y:) < —0.5; hence AZ = —1. A carry indicates that (Ri + Yi) > —0.5; 
hence AZ = 0. 

It should be noted that neither these rules nor the example above employs the sign 
of the number in the R register. The sign of R, therefore, need not be carried in the 
computation. 

The implementation of the arithmetic that has been developed may now be con- 
sidered. As the drum turns, the values of Y and R for successive integrators are 
read and modified before being rerecorded. As Y is read, it is summed algebraically 


Y register Start pulse 
= 
NN eed 


Integrand 
Fia. 19.12. Start pulse. 


with AY, and Y + AY is recorded in the Y channel. Negative values of Y and AY 
are represented as complementary numbers; so that the sum, if negative, is also a 
complement. 

The position at which the Y increments are added is determined by the relative 
magnitude of Y and the AY increment (i.e., by the precision of computation as 
expressed in the scaling of the problem). This position will vary from integrator to 
integrator in most problems and so must be specified in some manner. One means 
of establishing this point is to place a 1—called a “start pulse’’—directly to the 
right of the position to be specified, leaving the remainder of the integrator empty as 
shown in Fig. 19.12. If the number-representation system is such that each digit 
has at least one nonzero bit (e.g., excess-three binary-coded decimal) the least signifi- 
cant digit of Y is easily identified without this additional pulse. The precision of the 
integrand is not diminished by this rounding operation since it is limited by the 
significance of the AY increments. In certain cases, to be discussed on page 19—46, the 
accuracy of the integral of the function is affected by the bias entailed in rounding 
off. These effects may be virtually eliminated by holding either the start pulse or a 
number which indicates the pulse time of the least significant digit of Y in another 
channel. This number in conjunction with a counter can be employed to generate a 
signal which initiates the Y + AY addition. The register that holds the sum of 
the AY inputs during this addition is generally shorter than the Y register. The AY 
register may be artificially extended with a minimal amount of equipment by employ- 
ing the sign digit as the addend in the positions to the left of the sign of AY provided 
plus is represented by zero and minus by P — 1, where P is the radix. The addition 
of Y = —0.86347 and AY = —7 X 10~°, for example, has the form 


9.13653 
O.NONS 


O.13046 © 0.86354 
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Having formed Y + AY, the result must be added to R if AX ~ 0. In the event 
that AX is negative, the P — 1 complement of Y + Y is used and the carry into the 
least significant digit of R is set. The fractional portion of the sum is recorded in the 
R channel while the integral portion in conjunction with the signs of Y and AX deter- 
mines the sign and existence of the AZ increment. It is fairly simple, at this point, 
to provide for an output sign reversal under the control of a bit stored somewhere 
within the integrator. 

The operation of the computer is simplified if overflows due to improper scaling are 
sensed and faulty arithmetic operations are detected. In either case, computation 
should be halted and the fault indicated by a light on the control console. An inte- 
grator may intentionally be programmed to overflow in order to halt computation 
at a specified value of some variable. Any of the well-known types of error detection 
may be employed; however, because of the increase in equipment entailed, only the 
simplest are generally used. In a four-bit binary-coded decimal computer, for 
example, the occurrence of any of the six unused binary codes is easily detected and 
does not require any change in the arithmetic of the computer. 

The Output Distribution System. As each integrator is processed, the resultant out- 
put must be held so as to be available as an input to subsequent integrators. If 
static storage elements are employed, n integrators require 2n binary storage elements 
since each output may take on three values. Not only is this number of static storage 
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Fia. 19.13. Information on the Z line. 
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elements excessive for an n of almost any magnitude, but a complex switching system 
is required for both reading and recording the stored increments. An alternate 
approach is to employ a short track on the drum for storing the outputs as they occur, 
The operation of this track may be understood by considering a computer in which the 
number of integrators equals the number of pulse times within each integrator. A 
track one integrator in length that precesses one bit each integrator time provides, 
in this case, for storing each new output as it is produced and dropping each old out- 
put as it is replaced. The positioning of outputs within the track is relative to the 
integrator time at which the track is read. In what follows only a single track 
(Z line) will be considered on which a 1 signifies the existence of an output. An 
identical track holds the sign of the increment. 

The Z line briefly described in the previous paragraph is generally not feasible both 
because the number of bits per integrator usually does not equal the number of 
integrators and because the Z line must provide, in addition to integrator outputs, the 
computer independent variable (‘‘computer time” or simply ‘“‘time”) and, in some 
cases, its negation (‘‘minus time”). The latter difficulty may be obviated by replac- 
ing a specified integrator output by computer time; no loss in capacity results since 
at least one integrator in every problem is used merely to collect some quantity which 
either is to be printed and serves no further function, or is to control the initiation of 
input or output (see Art. 19.3.5). The solution to the former difficulty depends upon 
the relative number of integrators and pulse times within each integrator. The first 
case to be considered is that in which the number of pulse times is greater. _ For 
example, with 12 pulse times and 8 integrators, one possible arrangement of informa« 
tion on the Z line in integrator J; is shown in Fig. 19.13. ‘Times P; to Py are empty, 
P, holds computer time (a plus 1), and Py» holds the output of the integrator /; itwell, 


. 
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Fie. 19.15. Operation of the Z line. 


The pulse in Ps, the independent variable of the computer, supplies the output to 
which all other outputs are traceable much as the motion of the main shaft in a 
mechanical differential analyzer supplies the motion to which all other motions can 
be traced, Placing the output of J; in Py. is convenient since the output of an inte- 
grator is available only at the end of the integrator time and so may be placed directly 
onto the Z line rather than stored in some static device. Assuming the following 
arrangement of information in integrator 1, the information in Ps;,; comes from the 
drum, yy holds the output of the intogrator and P, is set to 1 in this and all other 
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integrators. Figure 19.15 illustrates the operation of the Z line. Eleven pulse times 
after being recorded from Z; the information is read by Z;, during integrator 2 time. 
At P, the information being read—the old output of integrator 2—is replaced by 
i and at Pi: the new output of integrator 2 is recorded. As the figure indicates, the 
process is cyclical so that, after eight integrators, eight precessions have occurred 
and the cycle is restarted. 

The 11 pulse times of delay may be supplied partly by delays in the reading and 
recording circuitry and partly by the switching circuitry. Generally, an 11-pulse 
track is not practical; so that a delay of 12k + 11 pulse times must be used, where k 
is the smallest integer which yields a viable system. In this case, information recorded 
during integrator J; does not arrive at the read head until I:4:41. & +1 bits of 
information, therefore, are ‘‘old,” only one of which is replaced by the output of 
integrator /;4x41 itself. The remaining outputs, if they are to be universally available, 
must be held statically in order to be available during integrator times J;,; through 
Ti, Furthermore, they must be placed on the Z line during these integrator times; 
otherwise the output of each integrator will appear only in integrators which fall in 
the same residue class modulo k + 1. 


Borger 450 5 4 3 2 1 


Fic. 19.16. Z line with more integrators than pulse times. 


Thus far, the ordering of information on the Z line has proceeded under the assump- 
tion that each integrator produces an output (1 or 0) during each memory cycle. If 
computation is interrupted, however, new outputs are not produced; so that after 
one cycle the information contained on the Z line would be destroyed. This may be 
remedied in several ways, the two most straightforward of which are to stop 
precession and to replace artificially the new output of the integrator by the old, 
The former of these involves adding an extra bit of delay to the Z line whenever 
computation is halted and connecting the record circuitry directly to the read cir- 
cuitry. When computation is resumed, both these changes must be removed at the 
same point in the computation at which they were entered. The latter remedy takes 
advantage of the fact that the previous output of an integrator is read from the Z line 
during the integrator time in which the new value would normally be computed. In 
the present example, as may be seen from Fig. 19.15, the old value is read during Py. 
This value may then be remembered and substituted during idling for the normal 
output of the integrator. 

A further complication is added to the Z line in the event that the number of 
integrators is larger than the number of pulse times. If the former is 60 and the 
latter 32, one possible arrangement of information is shown in Fig. 19.16. The posi- 
tion of any output within any integrator is given by Fig. 19.16; it may also be com- 
puted using the formula 


P = (q —I +30) mod 30 + 2 (19.6) 


where q is the desired integrator, J the integrator in which it is to be found, and P 
the pulse time. The use of (19.6) requires several other rules: 

1. p is rounded up. \ 

2. 30 mod 30 = 30. ’ 

3. If 7 is even, even q’s occur in Z;, odd q’s occur in Zs, and vice versa if J is odd, 
In implementing this scheme, it is advantageous to use a single track on the drum 
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with one recording head and two reading heads. Ignoring the physical problem of 
minimum allowable head spacing, one possible arrangement of information on the 
Z line at P32 of any given integrator is shown in Fig. 19.17. The recirculated informa- 
tion is taken from the Z; reading head; so the position of any given integrator 
will be shifted by one pulse time each successive time it appears in either of the read 
heads. Since this occurs in every other integrator, the given integrator output will 
precess thirty times in each line or sixty times each cycle. As in the previous case, 
I; is placed on the line at the final pulse time P32, and a 1 is recorded each P2 time to 
provide computer time. In the event that physical considerations require longer 
Z lines, essentially the same system can be extended. 

In both the examples that have been considered, empty spaces remain on the Z lines. 
The employment of these in connection with incremental inputs will be discussed 
on page 19-55. Finally, it should be noted that physically the Z lines may often be 
placed on the drum between the reading and recording heads of the long lines. 

The Address Unit. The incremental inputs to a given integrator must be collected 
and, in the case of secondary inputs, summed before the integrator is to be processed. 
If the addresses are placed in long lines, the portion of the drum that is read during 
integrator 7; must contain the addresses for integrator J;,;. A 1 in any pulse time 
indicates that the corresponding content of the Z line is to serve as an input. With 
multiple Z lines, universal addressing requires multiple address lines. - As the second- 
ary inputs are picked up, they are sent to a bidirectional counter which, in effect, 


32 pulses 31 pulses 


Fre. 19.17. Z line with two reading stations. 


sums them and represents negative numbers as complements. If multiple address 
lines are employed, the counter must provide for multiple counts during a single 
pulse time. After a certain point it may be more efficient to extend the counting 
process over several integrator times so as to reduce the maximum input to the 
counter during any one pulse time, even though this requires the use of several count- 
ers. In either case, at the end of J, the secondary input to integrator J;,: has been 
summed by the counter. This sum, however, cannot be employed until the start 
pulse occurs, whereas the counter must (after being cleared) start collecting the 
secondary inputs to the following integrator. A register is therefore required to hold 
the summed secondary input until it is to be used. 

Thus far only the secondary input has been considered. The primary input differs 
in that it is limited to the output of a single integrator (or to computer time). Ifthe 
primary input is the sum of the outputs of several integrators, an additional integrator 
(see page 19-39) is required to produce the sum. If the particular Z line which holds 
the desired integrator is specified, the addressing of the primary input requires only 
one additional line. Furthermore, the required specification may be held by some 
portion of the line which corresponds to empty Z-line positions. An alternate scheme 
for addressing the primary input is possible in the event that enough unused bits are 
available in the secondary-input address lines for specifying the number of any of 
the integrators. This number is placed in integrator J;_2. When read, a portion of 
the number sets a counter which counts down during integrator J;_;. The zero 
configuration of the counter in conjunction with the remainder of the number specifies 
the Z-line location that is to be employed as the primary input to /;. A memory line, 
therefore, is eliminated at the cost of a counter and its associated circuitry. 

The Control Unit. The control unit provides synchronizing and control signals. 
In addition to the clock, which is read from the drum, other synchronizing signals 


_ are required in order to identify certain. pulae times within each integrator, eg, the 
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pulse time in which the output of the integrator is formed and placed on the Z line. 
Furthermore, at least one integrator time must be identified in order that computation 
may be started and stopped at the same point. The monitoring of computation 
may also require that any of the remaining integrators be selectable. Either counters 
or drum channels may be used to develop these synchronizing signals, the choice 
being a function of the available circuitry and the exact requirements. In a small 
special-purpose digital differential analyzer a single synchronizing track is probably 
sufficient, whereas in a large computer for more general applications, counters are 
generally more efficient. 

Once computation is started, little or no control of the process is required since the 
program is effectively built in. It may be necessary, however, to stop computation, 
to vary initial conditions automatically (see page 19-40), or perhaps to effect a rescaling 
of the entire problem (Art. 19.3.8). In any of these cases, computation must be 
restarted automatically. In addition, either an overflow of one of the integrands or 
the detection of some functional error may be employed to stop the computer. Here, 
however, the restarting of computation requires manual intervention. 

Organization of a Parallel Digital Differential Analyzer. The integrators of a parallel 
digital differential analyzer, unlike those of a serial computer, are individual units 
which operate simultaneously. In this respect they are analogous to the operational 
amplifiers of an analog differential analyzer. One advantage of parallel operation— 
the higher iteration rate—is obvious. Not so obvious is the resultant increase in 
flexibility and simplification of maintenance. A serial digital differential analyzer 
has a fixed number of integrators which cannot be increased except by intercoupling 
two computers. Aside from the cost of such a procedure, the synchronizing of two 
drums raises serious difficulties. Furthermore, modifying the operation of selected 
integrators, which may be required by certain problems, is difficult in a serial digital 
differential analyzer whereas a parallel device requires only the addition of modified 
types of parallel elements. Maintenance is simplified since faulty units are easily 
replaced and repaired without rendering the entire computer inoperative. The 
disadvantage of a parallel computer is the increase in the number of computing ele- 
ments, which involves both an increase in cost and a decrease in reliability. 

The increase in cost of a parallel as compared with a serial digital differential 
analyzer cannot be justified, in general, without increasing the iteration rate of the 
parallel computer beyond that which results directly from the parallel mode of opera- 
tion: A parallel computer with an iteration rate of 6,000 integrations per second does 
not, except in special applications, warrant the manifold increase in cost as compared 
with a serial computer of comparable capacity with an iteration rate of 100 integra- 
tions per second. A further increase of from 10 to 25 is required which, in terms of 
present-day techniques, implies a pulse-repetition rate of the order of 2 Me for a 
parallel computer with serial arithmetic. The difficulties usually associated with 
frequencies of this order are to a high degree obviated, however, because each inte- 
grator can be constructed as a compact unit and only low-frequency signals need pass 
between units. 

Arithmetic Unit. The arithmetic operations which must be performed by a parallel 
digital differential analyzer are essentially the same as those of a serial computer, 
As in the serial machine, addition within each integrator is serial, not only because 
parallel addition is prohibitively costly, but because serial addition lends itself to 
some form of inexpensive storage, such as electrical delay lines, as opposed to unit- 
by-bit devices. 

Output Distribution System.and Address Unit. In a parallel computer the outputs 
that result from any iteration are used immediately and so need not be stored. The 
output distribution system and the address unit can therefore be combined into a 
single unit which may employ a plugboard as its central element. At the end of 
each iteration, consequently, the inputs to an integrator arrive in parallel, The first 
few pulse times of the following iteration may be used to sum the secondary inputs in 
order to avoid the parallel addition of more than three inputs in a single pulse time, 
Since the number of integrators which require multiple secondary inputs is, in any 
given problem, a fraction of the total number, it is wasteful to supply an adder in 
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conjunction with each integrator. Rather, this adder may be provided either as a 
separate unit which is attached as needed, or as an integral part of only some of the 
integrators. Le ane 

The Control Unit. Because of the high pulse-repetition rate, it is generally not 
feasible to distribute signals from a central control in order to identify pulse times 
within the integrator word. One synchronizing signal, however, is necessary for 
identifying the beginning of the iteration. It and the clock are sent to each integrator 
and employed to develop the remaining timing signals. Similarly, the starting and 
stopping of computation may present difficulties if controlled from a central location. 
These difficulties may be overcome by gating the one synchronizing signal and allowing 
it to control the starting and stopping of computation. An alternate scheme, which 
also avoids the necessity for distributing another time-critical signal, is to generate 
relatively long starting and stopping signals which are then transformed within each 
integrator into the exact signals which control computation. 

Arithmetic of a Binary-transfer Digital Differential Analyzer. Both the parallel 
and the serial digital differential analyzer considered thus far produce AZ increments 
which may take on the values +1, 0, and —1l. A less specialized scheme, called 
variously ‘‘binary transfer,” ‘binary intercommunication,” and “binary output, 
employs only two values, +land —1. Each integrator therefore produces a nonzero 
output during each iteration, the sign of the output being determined by the sign of 
the sum of Y and R. The R-register algorithm is 


R; = Riu + Yi AX: — AZ; ; (19.7) 


as in the ternary case; however, unlike the ternary case, the range of the round-off 
error —1 <¢ < +1 cannot be reduced without introducing an additional output 
state. The following example illustrates the application of binary-transfer arithmetic 
to the example employed on pages 19-15 and 19-19. In every iteration but the third, 
the 


e, Ro +0.00 
Y1 +0.76 
DAZ SS el SS 06 
Errors = —0.24 
+0.76 —1.0 = Ri —0.24 
Ye +0.75 
DAZ = +2. <——————_._ 40:51 
Error = —0.49 | 
+0.51 —1.0 = Re —0.49 
Y3; —0.74 
ZAZ=+1 <— —0.23 
Error = —0.23 
R3 —0.23 
Y, —0.75 
ZAZ=0 6 OS 
Error = +0.02 
—0.98 +1.0 = Rs +0.02 
Ys —0.74 
SAg a — err Ore 
Error = +0.28 
-—0.72 +1.0 = Rs +0.28 
Ys —0.73 
ZAZ =o) <= | — 0546 


Error = +0.55 


subtraction of 4Z entails an explicit arithmetic operation. — The adder required to 
perform this operation may, as in the ternary case, be eliminated (see below). On 
the other hand, the adder can be used in conjunction with an additional rogister—the 
S register--to provide each integrator with a constant multiplier by weighing the 


19-28 SPECIAL-PURPOSE COMPUTERS 

value of AZ that is subtracted from R. The algorithm for the R register in this case is 
Ri = Rit + Yi aX; — 8S AZ; 

: 


t 
so that > hay ee 5 (z Sey ¥ Y, AX,) 
p=l1 


where (1/S)(%o — R;) represents the round-off error. Because the number held 
in the S register must have the same range of values as the numbers in R, viz., 
—1 <8 < +1, 1/8 is greater than 1 in absolute value. As a consequence, the 
value of S may be employed in lieu of a start pulse to effect the proper valuation of 
secondary-input increments. That is, the secondary inputs to each integrator may 
be added to the last place at the right end of the Y register and this incorrect valuation 
compensated for by adjusting S. For example, if the inputs each represent 10-3 unit 
relative to the value of the Y register but are entered at the 1077 place, multiplying 
the constant to be held in S by 10~ will effectively multiply the inputs (and the out- 
put) by 10‘. Because the number in S may be employed both for scaling and for 
multiplication by a constant, it is generally called a “scaling multiplier.” It should 
be noted that, if S is negative, the sign of the output of an integrator is effectively 
reversed. Other advantages of multiplication by numbers greater than 1, particu- 
larly as related to a decimal computer, will be discussed on page 19-29. 

The disadvantage of employing scaling multipliers is that the unmultiplied value 
of the integrator output is not available. The output of every integrator, except that 
holding the lowest derivative, must, in general, serve as an unmultiplied input to the 
next lower order integration and, in addition, be multiplied by a constant in order to 
form an input to the integrator that is to close the loop. For this reason, constant 
multiplication should, except in special applications, be separate from the integration 
process. It is interesting to note that scaling multipliers are applicable only in a 
binary-transfer computer since only here is the output dependent upon the sign and 
not the value of R. If more than two output states are admitted, the value of R at 
which outputs are generated becomes a function of S. 

The implementation of scaling multiplication, as was noted above, requires an 
adder and a register and eliminates the start-pulse circuitry. Although this adder 
may increase the additions that must be performed during each pulse time from two 
to three, the over-all increase in equipment is smaller than for any of the other constant 
multiplication schemes to be discussed on page 19-29. The additions are generally 
performed in the following order: 


Yi1 + AY; 
(Yi-1 + AY.) Xi — S AZi-y 
((¥i-1 + AY) X: — SAZi-1]) + Ria 


The AZ employed must, of course, be the last output of the integrator rather than, as 
in Kq. (19.7), the AZ about to be produced. For this reason, the first iteration may 
increase the round off by the value in S unless F is started at the value S$ AZo, where 
AZ) represents the state of the Z line before the start of computation. An alternative 
is to block the addition of S during the first iteration. 

As noted above, if scaling multiplication is not introduced, the explicit subtraction 
of the AZ in Eq. (19.7) may be climinated. The first step to this end is to replace the 


true values of Y and R, Y; and R,, by 1 + Y;and 1+ R;. The unit’s digit in both — 


cases effectively represents and replaces the sign. The R + Y addition therefore has 
the form (1+ Y;) AX +(1+ R,). If AX is positive, this reduces to 2 + Y; + R, 
which produces a carry out of the addition in the most significant place whenever 
Yi + &: is positive. The carry not only indicates an output of +1 but effectively 
subtracts +2 (a +1 to compensate for the +AZ and +1 to compensate for the | 
added to Y,). On the other hand, if ¥Y; + R, is negative, no carry results, indicating 
an output of —1. The requisite subtraction of —1 is taken care of by the +-1 added 
to Y;. If AX is negative, a further step is necessary, viz., the complementation of 


* 
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(1+ Y:). The R + Y sum in this case has the form 
2-(1+ YY) + (14+ Rk) =2+(-Y:. + Ri) 


and the positive AX analysis applies. The following example illustrates the applica- 
tion of this arithmetic to the example above. 


Ro 1.00 

Fy -1-76 
ZAZ = +1 0.76 
Error = —0.24 

R, 0.76 

Yo 1275 
ZAZ= +2 0.51 
Error = —0.49 

R, 0.51 

Ys 0.26 
ZAZ = +1 0.77 
Error = —0.23 

Rs 0.77 

Ys. 0.25 
ZAZ=0 1.02 
Error = +0.02 

Rs 1.02 

Ys 0.26 
ZAZ= -1 1.28 
Error = +0. 28 

feud. 28 

Ys ..0;27 
Zz AZ -2 1.55 


Error = +0.55 


19.3.3. Generation of Special Functions. Multiplication of a Variable by a Con- 
stant. In addition to integration, a digital differential analyzer must often perform 
other kinds of operations. These include the 


multiplication of a variable by a constant or by dv 
another variable, the generation of inverse func- CdV 
tions, and the limiting of functions between Cc 


specified values. In a serial computer, provi- 
sions for performing each of these special opera- 
tions are included in the common arithmetic 
unit and selected by proper coding. In a parallel computer, special computing ele- 
ments may be supplied to perform these functions. The terms ‘‘integrator’’ and 
“integrand”’ thus take on extended meanings which encompass more than the simple 
process of integration. 

There are, in general, five schemes for the multiplication of a variable by a constant 
in a digital differential analyzer in addition to the scaling multiplier described on 
page 19-27. In the most straightforward of these, the constant is placed in an inte- 
grator, the variable provides the primary input, and there is no secondary input 
(Fig. 19.18). Although this is perfectly adequate, it is somewhat wasteful of computer 
capacity, particularly as compared with analog differential analyzers in which constant 
multiplication is performed by potentiometers. The four remaining schemes provide 
more efficient alternatives. 

The first of these (Fig. 19.19) employs a Y and an F register as in a normal integrator 
but eliminates the circuitry required for supplying Ay inputs and for performing the 

_Y + AY addition. In a serial computer, each such multiplier is aasociated with a 


Fic. 19.18. Multiplication by a con- 
stant. 
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specific integrator so that the primary input to the multiplier is the output of the 
integrator without the mediation of any output-distribution device (Z line). Only 
the output of the multiplier need be provided for general distribution while the 
unmultiplied output is usually available as an input to only the succeeding one or 
several integrators. If no constant is entered, the multiplier is automatically +1. 


Fie. 19.19. Constant multiplication. 


If this scheme is employed in a parallel computer, the individual multiplying units 
resemble integrators except that no provisions are made for the processing of secondary 
inputs or for the transfer of information to the read-out medium. Furthermore, in 
both the parallel and serial cases the initial conditions remain unchanged and so need 
not be reset if a problem is to be rerun. 

A second alternative scheme of constant multiplication takes advantage of the 
fact that the integrands in certain problems require only a portion of the integrator 
word length; the remainder may then be employed to hold a constant. An integrator 
of this type, called a “split integrator,” is illustrated in Fig. 19.20a. The point at 
which the split occurs is generally fixed so that only a single bit—somewhere on the 
address lines—is required to signify this type of operation. Furthermore, no addi- 
tional arithmetic circuitry is required. Only the control circuits must be modified 
so as to process information as shown in Fig. 19.20b. Additional flexibility may be 
provided by storing the unmultiplied output so as to make it available during the 
next integrator time. 

The third alternate is employed primarily to mitigate the scaling inefficiencies of a 
decimal radix. Ina binary computer, the number of scaling factors available between 
one and million is approximately 20 since 2?° ~ 10% In a decimal computer the 
number available is six. If the numbers to be scaled are assumed to have a rectangu- 
lar probability distribution, the efficiency E of a radix r is 


Ky f+ Ko eXs K cox 
pS va bes id = whey 
pf eho af a aX + afi Sax 


r—1l 


r3 


where the K’s are weighting factors. Integrating, 
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Because each term is identical and the sum of the weighting factors is 1, 


b= (1+) ; 
" 
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Constant Integrand pulse 


Position of split 


(a) 


dX, =YdX dY 
dZ=CdX, 
=CYdX (b) 


Fic. 19.20. Split integrator. 


As might be expected, E is the average of the extreme efficiencies. With other 
probability distributions this function changes. For example, if the logarithms of 
numbers are assumed to have a rectangular probability distribution, 


pein 


Inr 


The efficiency is a measure of the solution time required for a given precision or the 
precision resulting from a given solution time. What is of importance, however, is 
not this absolute efficiency, but rather the comparative efficiency of various practical 
radices. Using the first probability assump- 
tion, r =2 yields E = 0.75, while r = 10 
yields ZH = 0.55, so that the relative efficiency 
is 1.36. Although the increase in efficiency of 
the binary radix is small for a single integra- 
tor, in interconnecting integrators this effi- 
ciency is often multiplied, with the result that 
the relative efficiency for a given problem 
may become very large. For example, the 
efficiency of the interconnection in Fig. 19.21 Fra. 19.21. Scaling multiplication. 
is the product of the efficiencies of the indi- 

vidual integrators. A generalized estimate of the relative over-all efficiency of 
the two radices is difficult to make; in individual cases, however, the analysis is 
straightforward. 

The effects of the inefficiency of a decimal radix may be mitigated by the addition 
of output multipliers which, unlike the other constant multipliers considered in this 
section, increase the output rate, In order to be useful in a decimal computer, these 
multipliers must be provided in pairs which have 10 asa product, Considerations of 


K,YdX 


_ both conceptual simplicity and cireuit complexity limit such pairs to 2 and bor 24 
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and 4. Furthermore, the additional efficiency resulting from providing the second 
pair after one pair has been adopted is too small to warrant its adoption. The effi- 
ciency of the 2, 5 pair is 0.733; hence 


E(r = 2) 


and E(R = 10(2, 5)] = 1.333 


E(r = 10) 


The scaling for a single problem in the three systems will be found in Art. 19.3.7. 

In addition to increasing scaling efficiency, an output multiplier which increases 
the output rate of an integrator effectively decreases the round-off error by that 
factor. This follows from the decreased range of the remainder in the R register. 
A further advantage of this scheme is that it requires no additional memory capacity. 
Rather, it operates by changing the capacity of the R register. Thus, if the multiplier 
is 5, the capacity of the R register is contracted to 0 < R < 0.2 ; with a multiplier of 
2to0 < R < 0.5; witha multiplier of 4 to 0 < R < 0.25; and with a multiplier of 
2.5 to 0 <R<0.4. The advantage of the 2, 5 scheme is obvious—fewer digit 
positions must be altered. The size of the register may be changed in one of two 
ways, by altering the machine representation of zero and detecting overflows in the 
normal fashion or by altering the overflow point without changing the zero representa- 

AV. AU. tion. In either case, provisions must be 
“ =~ made for initially placing the correct ‘“half- 
full” value in the R register in order to effect 
the proper round-off. 

The fourth alternative output-multiplier 
scheme is appropriate only in special- 
fe U;,4V, purpose digital differential analyzers of a 
certain type. In such applications, a given 
rate must be multiplied by a variety of 

er AV, ben ee Mio con the 
" : a Be ither escribed multipliers, less equip- 
Vic. 19.22. Variable multiplication. ment is required and higher speeds are possi- 
ble with the so-called “operational” multiplier.**> This requires a single counter for 
the variable plus a register for each of the constants. Some attempts have been made 
to employ this scheme for integration by allowing the value in the register to vary; 
however, the process generates too large an error to be practical. 

Variable Multiplication. Increments of the product of the two variables U and V 
may be calculated in a digital differential analyzer by forming 


A(UV) = UAV+VAU 


using the integrator interconnections shown in Fig. 19.10. If the inputs AU and AV 
are generated in a serial computer by integrators which are processed before the multi- 
plying integrators, during the 7th cycle 


A(UiVi) = (Vi-sr + AVi)U; + (Ui + AU;) AV; 
= Vis AU; + Ui AVi + 2 AV; AU; 


Graphically, this means that the small square in Fig. 19.22 is counted twice. Negative 


values of AV; and AU; yield similar results, while if either AU or AV is zero, the result 4 


is exact. The error in the product may be avoided by spacing the multiplying 
integrators between the integrators which generate AU and AV (Fig. 19.23). Here, 


A(UiVi) = (Vi_-g + AVe_1) AU; + (Ui_1 + AUi) AV; 
= Vi-1 AU; + Ui AV; +AU; AV; (19.8) 


That this is the correct product may be verified by referring to Fig. 19.22. 
An alternate method of mechanizing Eq, (19.8) involves adding an additional register 
Y, to the normal integrator configuration and providing for the operations shown in 
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Fig. 19.24. The AV input is added to Y; and the result is added into R under the 
control of AV, as in the normal integrator. This forms the U;_; AV; and AU; AV; 
terms of Eq. (19.8). The AV input is also added into Yo, but before this sum is formed, 
the value of Y2 is added into R under the control 

of AU. This forms the V;_1 AV; term of Eq. 

(19.8). The output of this modified integrator du 
therefore represents increments of UV so that, as 

opposed to the scheme of Fig. 19.23, no device for 

adding the outputs of two integrators is required 

if A(UV) is to be employed elsewhere as a pri- 

mary input. Additional advantages include a 

reduction in the number of incremental signals 

that must be handled by the output-distribution 

system and a reduction from four to three in the 

number of registers and the number of adders 

required in a parallel computer for multiplication. dV 
This latter advantage is partially canceled by the 

complication that results from performing three 

rather than two serial additions in each pulse 

time. Ina serial computer it is difficult to justify 

the additional adder and memory capacity except UdV 
in special applications that require a relatively 

large number of multiplications. A more impor- 

tant disadvantage in the three-register scheme is 

the scaling restriction that it entails. Unlike the 

normal scheme, in which the range of the varia- 

bles to be multiplied has no special restriction, the 

three-register scheme requires, if double outputs ‘Fa. 19.23. Generation of products. 
are to be avoided, that the absolute value of the 

sum of Y; and Y2 not exceed 1. The resultant scaling, as compared with the normal 
scheme, will in many cases require at least twice as much computation time. When 
not employed for multiplication, the additional register permits a single integrator to 


VdU 


R register 


Y, register 


Y2 register 


Fira, 19,24. Alternate multiplication. 


form Ky AU + Ky AV, where K, and Ky are constants and U and Vf are variables, or 
(Yeon AVG + Vou) AX: =m 2(Ven + 1G AY) AX: The latter is the algorithm 
. for the interpolative form of the trapezoidal rule; additional equipment, is required in 
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order to generate the extrapolative form. In some applications the extrapolative 
form of integration need not be included, e.g., a control computer which requires no 
closed loops since the functions to be integrated are supplied to the computer rather 
than generated by it. 

In a serial computer, the first exact multiplication scheme may be inconvenient; 
while in a parallel computer, because all integrators are processed simultaneously, it 
cannot be realized by programming alone. The second scheme, on the other hand, 


Yo (from memory) 


Ri, 


(from memory) 


Fic. 19.25. Multiplication for parallel systems. 


involves economic and scaling difficulties. A third approach forms the exact product 
by using two modified integrators each of which form 


(Yi-1 + 44 AYi) AX: 
so that A(UiVi) = (Ui-1 + 34 AUi) AVi + (Vi-1 + 14 AVi) AU; 
= Uyei1 AV; + Vi-r AU; + AU; AV; 


Because the two inputs AU and AV result from the same iteration, the method is 
applicable to parallel computers and simplifies programming in serial computers, 
The implementation of this method of multiplication necessitates the generation of 
(Yo): = Yi-r + 14 AY; as well as the normal Y; = Yi-1 + AY:. Once (Y-); is added 
into R, however, it need not be remembered; so that no additional storage is required. 
(Y.)i may be developed directly from the algorithm for (Y,); or indirectly by forming 
Y; —14 AY;. A third alternative employs the fact that AY; is either +1, —1, or 0; 
so that 14 AY; is +14, —14,or0. The addition of (Y.); into R when (Y); # 0, there- 
fore, has a 14 as the least significant digit of the addend. If this 4 is merely appended 
to the Y; value in order to form (Y,);, the result is exact whenever AY; = —1 since 


Yi +34 = Yiu + AYi +34 = Yiu + AY: = (Vo)s 
If Y; = +1, however, 
Yit)g =¥ii1 t4¥i + = Vii tay +1 = (Ye) +1 
Subtractings | in this case produces an exact result, 
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Figure 19.25 illustrates one implementation of the scheme. Yi_1 and Yi are 
summed, with the result going back to the memory and to a correction adder. This 
adder requires little circuitry since it must perform only two operations—addition of 
Qand —1. The resultant (Y.); has 14 appended to it and the addition into R takes 
place in the normal fashion. 

Servos. In addition to integrators, the generation of certain functions in a digital 
differential analyzer requires the use of some type of digital servo. In generating U 
as a function of V, for example, where U 
is defined implicitly as a function of V by 
F(U, V) = 0, a servo must be employed. (1) F(U.V) 

F(U.V) 
Generator 


du 


The use of an integrator as a proportional 
servo for the solution of such problems is 
shown in Fig. 19.26. If 6F(U, V)/8U is 
different from zero and opposite in sign 
from dV, incremental changes in V that 
result in an F(U, V) that is different from 
zero will generate incremental changes in 
U until F(U, V) is again equal to zero. 
The rate at which increments of U are (2) 
generated is proportional to the error signal 
held in integrator 1. The summation of 
these increments yields the value of U. 

Because the response of a proportional servo of this kind is generally too slow, most 
digital differential analyzers employ a scheme which produces a considerably faster 
response. In this scheme, the servo produces a maximum output rate whenever the 
integrand is different from zero, regardless of the magnitude of the integrand. The 
conditions upon F(U, V) remain the same as does the diagram in Fig. 19.26, except 
that the integrator is replaced by a servo. Figure 19.27 contains two examples of 
the use of servos. 

A servo effectively has no primary input. If a servo is modified so that a primary 
input is employed to control the output, the result is a decision integrator. In con- 
nection with decision integrators it is usually convenient to introduce a form of limit- 
ing which may be called ‘“‘clipping.’”’ The point at which clipping occurs is some pre- 
determined value of the integrand of the decision integrator. A convenient method 
for specifying this value is to add an additional bit—a unit’s digit—to the left of the 
radix point so that the range of the integrand becomes 


Fig. 19.26. Proportional servo. 


iY See 2 


The output (AZ); of the decision integrator during the ith cycle with a primary input 
(AX); is then 


0 if $e > +1 
Ar i isis 0 
0 if Y; =0 
(A iE O62 Fam 1 
0 fe SST Ss es 


Figures 19.28 to 19.30 illustrate various uses of decision integrators. 

In a computer employing ternary transfer, the operation of servos and decision 
integrators may be implemented by examining the integrand for a nonzero digit and, 
if one exists, producing an output with the sign of the integrand in the servo case, 
with the sign of the product of the signs of the integrand and the primary input in the 
decision-integrator case. The circuitry in the two cases is identical if in the former 
the primary input is automatically set at -+-1. 

In a serial computer, one set of servo and decision elements is time-shared; so that 
by placing a 1 in some predetermined spot-usually one of the unused address-line 
positions any integrator may be made to operate in either fashion, The Y + R 
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w=Tan-12 


Servo du 
ycosu xsinu ets 


(1) 


(2) 


u=lnv 


(1) 


(2) 


(7) 
(a) 
Fia. 19.27. The use of servos. 
du 
(1) 
VEN 
2 
(2) a dlu} 


Fie. 19.28. Decision integrator. 


adder continues to operate, but the information in the R register is ignored. Because 
this adder and register are superfluous, separate servo-decision units are appropriate 
in a parallel computer. The clipping action described above is provided by examining 
the unit’s digit in conjunction with the sign in order to determine if the combination 
of the two represents a 1, In the event that it does, the existence portion of the oute 
put is set to zero, 
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The integrators of a binary-transfer computer may be operated as servos by taking 
advantage of the number system described on page 19-27. In that number system, the 
largest positive number, 1 — e, is one increment away from the largest negative num- 
ber, —1. In a decimal computer the former is represented by 


DOOD ec ateD 
the latter by 0.000 ...0 


If the Y register of an integrator that is employed as a servo is started at —1, the 
output of the integrator will be a series of —1’s which will eventually cause some 
du 
“E7980 [w} 


di 
Se =sen [v] dx 


dx 
dx 
x 


Fia. 19.29. Use of decision integrators. 


cs 
& 


u(0) =b sin@ when b sind <a 
u(0) =a when b sin 9<a 


(1—a+b sin 6) 


Decision 


bd sin 6 


1—a+6sin 6 


(a) 


(c) 


Fia. 19.30. Change of equations with decision integrator. 


quantity to be subtracted from the integrand, driving it to a large positive value. 
A series of +1’s will result, again driving the integrand toward a negative value. 
The output is therefore either a maximum positive or a maximum negative rate. 
Several problems arise with a servo of this type in addition to those produced by 
the “hunting” which results from the inability of the system to represent a zero error 
signal. The first is a lack of sensitivity in the output of the servo to changes in the 
error signal near the null position. Since the input to a servo is for the most part a 
zero rate, the integrand will vary on successive cycles by K pulses, K being a function 
of the relative configurations of the secondary inputs. This variation will take place 
around some mean value M such that M + K/2 is a large positive number and 
M — K/2 is w large nogative number, As long as the mean value lies within A /2 
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increments of —1, the output rate will be zero. If, however, the mean value moves 
so that it is more than K/2 pulses away from —1, the output of the servo becomes 
either a maximum negative or a maximum positive rate. As these outputs operate 
through the servo loop, they eventually drive the integrand back to the zero output 
rate range. Since an input must drive the integrand out of the zero rate range before 
it is effective, the result is a certain “slack” or ‘“‘looseness” in the servo. No com- 
parable problem exists in a ternary-transfer computer. A further difficulty in a 
binary-transfer computer results from the Z-line configuration at the start of a com- 
putation. This configuration—generally either all +-1’s or all —1’s—is predetermined 
in order to ensure computational repeatability. The secondary inputs of a servo are 
therefore generally erroneous during the first cycle of computation and may produce 
several outputs before returning to the zero-output region. In effect, thereafter, the 
two functions which are being servoed are not kept equal but differ by a small fixed 
amount. If only the derivatives of the functions are of interest, this may not be 
objectionable. If, however, the functions themselves are being computed, an error 
results. This error may sometimes be reduced by running the problem for a few 
cycles, noting the behavior of the servos, and restarting the problem with slightly 
different initial values in the servos. 

The error which results because the mean value of the integrand is not —1 (0.000 
.. . 0 in the computer language) has been ignored thus far because it is generally 
too small to affect more than a few of the digits at the extreme right-hand end of the 
R register. If, however, the servo is operated as a decision integrator, the mean value 
of the integrand may be such that the error in the register results in an erroneous 
output. For example, if Yo = 1.90 and Ry = 1.00, 11 iterations will produce a series 
of ten +1’s followed by an erroneous —1. Because the error increases with the 
magnitude of the integrand, it is not feasible to employ servos of this type as limiters. 
The functions performed by decision integrators in a ternary computer must therefore 
be supplied in a different fashion in a binary-transfer computer. 

One approach to the limiting function is to employ an additional register to hold 
the limiting value. If the integrand is less than the number in this register, the output 
is identical to the secondary input; in the event that the integrand is larger, the output 
is zero. By holding the secondary input in the primary-input register, setting the 
primary input to —1, and adding Y to the limiting value rather than to R, the limiting 
function may be implemented with a minimal amount of additional equipment. The 
negative primary input results in the addition of the complement of Y to the limiting 
value so that the sign of the sum may be employed to control the output of the 
limiter. In the event that this sum is negative, the requisite zero rate may be gen- 
erated by using the carry resulting from successive additions of 1 into the most 
significant digit of R. In a digital differential analyzer which stores the initial condi- 
tions as well as the values of all variables (see page 19-40) the initial-condition register 
may be employed to hold the limiting value. In this event, however, the initial 
condition of the variable must be entered separately rather than from the initial- 
condition register. 

Limiting in this manner is particularly applicable to a digital differential analyzer 
with binary transfer since the number system permits a single integrator to restrict 
functions between any two limits. For example, if a sine wave of amplitude 1 is to 
be clipped at +0.57 and —0.83, the limiting integrator may be started at —0.17 and 
the limiting value set at 0.40. Whenever the amplitude exceeds 0.57, the integrand 
will exceed 0.40 and a zero output will result. When, on the other hand, the ampli-+ 
tude is less than —0.83, the integrand will attempt to go more negative than -10 
and a large positive integrand will result. The output in this region, consequently, 
will also be zero. The disadvantage of this type of limiter is that it can limit a variable 
only as a function, of the value of the variable itself and not, like the clipper limiter 
of a ternary-transfer digital differential analyzer, as a function of the value of another 
variable. To provide for this latter case, it is necessary to introduce another special 
function, 

One form that this special function may take is the signum function which permits 
the sign of the output of an integrator to be reversed if the integrand of the immer 
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diately preceding integrator is negative. Using this function, absolute values may 
be generated in an alternate manner to that shown in Fig. 19.28. When U becomes 
negative, the output of (2) is reversed, provided the integrators are processed serially 
as shown in Fig. 19.31. In a parallel computer, 
an error is produced each time the sign of U dt 
changes. The signum function is also very con- 
venient for switching integrators into and out of 
computation in problems in which different 
differential equations are employed depending 
upon the region of the solution. 

In addition to limiting a function by clipping, (2) 
another form of limiting, which is analogous to 
the action of a stop in a physical system, is 


(5) peat oma 
df(t 


Fie. 19.31. The signum function. Fig. 19.32. A second-order equa- 


tion. 


sometimes required. For example, the system represented by the equation 
mX + eX +kX = fit) (19.9) 


may have astopat X =S. Theintegrator diagram for Eq. (19.9) is shown in Fig. 19.32. 
When the system reaches the point X = S, X must be set to zero and computation 
resumed. However, X must not be allowed to change until the sign of the sum of 
the inputs to (1) in any iteration is opposite to the sign of the value of X before it was 
reset. The resetting operation will then be discussed on page 19-40. The blocking 
of the inputs may be provided in a ternary-transfer computer by holding the sign of X¥ 
statically and setting another bit of static storage until the stored sign and the sign 


Fie. 19.33. Addition. Fia. 19.34. Subtraction. 


of X differ. At this point normal operation resumes. In a binary-transfer computer 
some form of filtering is required in order to distinguish between a zero rate and a 
true change in the sign of X. 

Adders. An adder, or summing integrator, is required to sum either the primary or 
the secondary inputs to an integrator whenever the number of such inputs exceeds 
the capacity of the input registers or counters. Essentially, an adder is a servo which 
employs its own output as a secondary input. If provisions are made in a ternary 
computer for automatically negating this output before it is used as an input, the 
summing integrator operates as shown in Fig, 19.83, where dU = dV + dW. An 
input to the adder causes an output of the same sign that is subtracted on the next 
cycle from the number held in the Y register, Thus, if three positive increments are 


19-40 SPECIAL-PURPOSE COMPUTERS 


entered, three positive outputs will result on successive cycles and the adder will 
be returned to zero. If the sign change on the input is not provided, the adder 
will operate to form the negation of the sum with the aid of a sign reversal, so that 


dU = —(dV + dw). 


In a binary-transfer computer, since a positive input to a servo produces a negative 


Adder 
TS du 
v+w—u ATF du 


du =dv+dw 
Adder 
es du 
v+w+u = du 
du = —(dv+dw) 


Fie. 19.35. Addition and subtrac- 
tion. 


output, the two comparable schemes are as 
shown in Fig. 19.35. In both instances special 
summing-integrator circuits may be avoided by 
developing the negation of thesum. In another 
sense, too, adders are not required since they 
may be eliminated completely by providing 
sufficiently large input registers for both primary 
and secondary inputs. In a parallel computer, 
this would be especially desirable in order to 
avoid the delay introduced by the addition 
process. However, except in certain special-pur- 
pose computers, the extra equipment involved 


is too costly. 

Storage and Variation of Initial Conditions. It is often convenient in a digital 
differential analyzer to store the initial conditions of all variables in addition to the 
integrands proper. The register used for this purpose is generally called the J register. 
The inclusion of such a register not only facilitates the initial check-out of a problem 
but provides a quick and efficient means of producing the successive solutions of a 
family of the problems since only the new parameter values need be entered at the 
start of each solution. In a parallel computer with a high iteration rate the solution 
time of certain problems may be short enough to allow the solution to be viewed on 
an oscilloscope provided the problem can be continually recycled. Here, then, not 
only manual resetting but some form of automatic resetting of initial conditions is 
required. 

The automatic resetting of initial conditions is also required if a digital differential 
analyzer is to be capable of automatically solving the class of problems which includes 
split-boundary and double-integral equations. In addition, these problems require 
facilities for incrementing the initial conditions as a function of an ongoing solution. 
By restricting such increments to the output of a single integrator, an addressing 
system similar to that employed for primary inputs will suffice. One bit of this 
addressing system must be employed to indicate which integrators are to be reset 
since, unlike the case in which recycling occurs, only selected integrators are reset, 
Finally, an adder is needed to form the sum J + AJ. The operation of the system is 
illustrated by the following two examples: 


1. The equation yg =At+e4+C 


is given together with the following initial conditions: 


The problem is to find yo such that at some time ty 
y(ts) = y(ts) = 0 


The solution proceeds as shown in Fig. 19.36a by making a trial estimate of yo, 1yo, and 
generating the corresponding curve until y = 0. The final value of y, iy, is then 
employed to form 


2Yo = 1Yo — mys) 
where m is a damping coefficient such that y; does not diverge. Successive initial 
values of y are generated until the terminal conditions are met. 


The integrator interconnection employed to solve the problem is shown in Vig. 
19.366. The contents of the initial-condition register are indicated at the top of ene 
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integrator schematic. Integrators 1, 2, and 3 are used to generate the changes which 
will produce the next yo. Integrators 4, 5, 6, 7, and 8 are used to generate y(t) for 
each successive value of yo. Integrator 9 controls the point at which the initial 
conditions are reset. As each set of initial conditions is placed into the computation 
channels, the new estimate of yo is entered into the Y register of integrator 1 where 


(Qk 


1-B 
Reset control 
1+5 


(6) 


NN (2x, 2y, ) 


(a) 


Fig. 19.36. A nonlinear example. 


it is augmented by the incremental changes in y that result from the computation, 
At the end of the 7th trial, therefore, the total incremental output of integrator 1 is 


if 
iYo ua | dy 
iyo 
which is exactly the magnitude of the error in y It should be noted that only those 


integrators are reset which have an R on the teft-hand side of their schematics. 
2. In order to evaluate the double integral 


T a/2y 
raft 
st Jae cos (xy) dx dy 


the volume of a number of slabs (see Fig. 19.37) must be summed. ach slab has a 
thickness Y and an area on one side equal to 


/2 ” 
/ le COM (ye) da 
hy 
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If there are m slabs, 


y= 16 
yo= ety 
yn = 4 +(m—-)Dy =e 


The initial value of cos (zy) for each slab is cos (y/2) which is generated by integrators 
1, 2, and 3 of Fig. 19.38. The adder 
generates the incremental changes of y 
from Yyn—-1 to yn while the corresponding 
changes in y/2, cos y/2, and sin y/2 are 
sent to the initial-condition registers of 
integrators 4, 5, 6, 7, and 9. The sum of 
the volumes of the successive slabs is 
formed in integrator 8, computation on 
each slab being halted whenever the inte- 
grand of 9, cos (zy) — 1, equals —1. This 
Fig. 19.37. Double integration example. corresponds to the limit of integration 
X =17/2yn. The entire integration proc- 
ess is advanced by the incremental outputs of integrator 10 until cos (y/2) 5 1 
equals —1. At this point—where y = s—computation is halted by the limiting action 
of the decision integrator. 
19.3.4. Error. 'runcation Error. The computational errors generated in a digital 
differential analyzer are a combination of the single-step errors generated in each 


dt 


(cos¥/,)—1 


(10) Decision = 

(cos %) -1 

(1) R Adder 
ZYhdy— fay 
> tha 
sina =) 

(2) ; = 2 

sin, y Zdsinh | |_| 

COS y, x 

(3) 


cos 9/5 
C08 43 ~~ 


(cos ¥/2—1) 
Reset control 
COS(Y, x) — 1 


(9) R 


Fra, 19.38, Integrator connections for double integral, 
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integrator and the effects of these errors on subsequent steps. The single-step errors 
are the result, on the one hand, of the truncated Taylor series employed in integration 
and, on the other, of the rounding of Y, R, and AZ to a finite number of places. 

The integration scheme described on page 19-15, rectangular (Euler) integration, 
employs two terms in the expansion of f(z +h). The form taken by these terms is a 


Serial Parallel 


f(t+h) =f) +hf' fit-+h) =f() +hf' 


f(t+h) =f) +hf' (t +h) fit+h) =f(t) +hf' @) 


f(t+h) =f(t)+hf'(t+h) fit +h) =f() +hf'(t) 


fit-+h) =f()+hf'(t+h) fit+h) = f(t) +hf(t) 


Fic, 19.39. Serial and parallel integration. 
Parallel 
f(t-+h) =f()—hf'(x—h) 


f(t+h) =f) +hf'(o) 


ft+h) =f) +hf'O 


flt+h) =flO+AfO 


Fie. 19.40. Error with constant multiplier. 


function of the position of the integrator in the integration cycle with respect to the 
integrators that supply its inputs. Figure 19.39 shows the integration formula for 
each integrator in the serial and parallel solution of 


sy (19.10) 


The magnitude of the error in every integrator in both cases is h®/2/(). If, however, 
lq. (19.10) is changed to" «© Ky, the delay in the secondary input to integrator | in 
the parallel case, as shown in Pig, 19.40, rewults ina tripling of the error, In general, 
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a digital differential analyzer with rectangular integration produces an error of 
h? /2f(t) in each integrator provided the secondary input is generated during the same 
problem increment as the primary input or one increment earlier, Each additional 
lead or lag introduces an additional error of the order h?. The derivation of these 
error terms, it should be noted, entails the assumption that the value of Y employed in 
the Y + R addition is Y;_; + AY;. The error generated in integrators that have a 


i primary input that is different from the problem 
Xe 
cos (x+ 4/5) 


variable, in addition to a variable integrand, is not so 
easily analyzed but appears to be of approximately 
the same magnitude. It follows that the numbering 
of integrators in a serial computer with rectangular 
integration is arbitrary with respect to truncation 
error provided that the lags that may be introduced 
by servos or adders are minimized. 

There is, however, an exception to this rule. Ina 
Fra. 19.41, Errorinsine-cosine Certain class of problems, errors of the order h? may 
integration. be eliminated from a serial computer by displacing the 

integrand in selected integrators by half an increment 
and processing the integrators in a specific order. If, for example, the first integrator 
in Fig. 19.41 holds cos (X + h/2), the quadrature formula of the sine-generating 
integrator is 


(1) 


(2) 


fla +h) = f(x) + hy’ (« * *) 


The cosine-generating integrator, therefore, employs 
h 
S(#+5) =1(2-$) +4r@ 


and the error term in both cases is h*/24f’"(z). The same method may be applied 
to the example in Fig. 19.39 by renumbering the integrators 1, 3, 2, 4, and displacing 
integrators 1 and 3 by half an increment. 

In general, however, errors of order h? can be eliminated only by employing higher- 
order quadrature formulas. Of these, the simplest and the most. readily implemented 
is the trapezoidal rule 


S(@ +h) = f(a) + hfe) + ‘ [f'(@ +h) — f'(a)] (19.11) 


which has h*/12f’”(x) as an error term. In both a parallel digital differential analyzer 
and in those integrators of a serial computer that receive secondary inputs from 
integrators processed later in the iteration cycle, the f’(x + h) term of Kq. (19.11) isnot 
available. Rather than interpolate, these integrators must extrapolate using 


fa +h) = fla) + hfe —h) + > ['@) — "te — A)] 


where the error term is five times the interpolative error. 
The algorithms for the two modes of operation are: 


Interpolative: 
Y; = Yi_i + (AY); 
(Yai = Yiu + (AY); = Yi — (AY); 
i = Ria + (AX)(Ya)i — (AZ); 
Extrapolative: 


= Yiu + (AY); 
(Yai = Vier + 36(AY)s = Vi + WAY); 
6 = Rin + (AX)(Va)s — (AZ); 


* 
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It should be noted that the subscript 7 refers to a particular computer iteration cycle 
whereas the (x + h) of the formulas discussed above refers to a particular step in the 
independent variable of an integrator. The two may be considered as identical, 
except perhaps for a scaling factor and an initial offset, only in those integrators which 
employ the computer independent variable as a primary input. 

With X + 0, the application of these algorithms is straightforward: the old value 
of Y, Yi_1 is read out of the memory, added to AY;, and at the same time, added to 
either 14 or 3g AY;. The former sum is read back into the memory; the latter is 
added into R under the control of (AX);. With AX = 0, it appears that an additional 
register is required to accumulate Ya until the next nonzero AX. This register holds 


t+n 
Ppeeee +3 y AY, (19.12) 
t 
t+n 
or Nee Ahi +3 > AY, (19.13) 
t 


where n is the iteration in which the following nonzero AX occurs. At the end of n, 
Yqais reset to Y for the next interval. The difference between an extrapolating and 


dw dt 
(1) 
Tho 
(2) ; 
df(a) 


Fia. 19.43. Error reduction. 


(2) 


Fig. 19.42. Extrapolation. 


an interpolating integrator, however, is one computer cycle rather than one step 
of the problem independent variable. In Fig. 19.42, for example, integrator 1 
extrapolates in order to approximate at the start of an iteration the value in integrator 
3 at the end of that iteration. The difference between the two, in the example, can 
be at most one AY increment. If, however, Eq. (19.13) is employed in integrator 1, the 
difference may be greater. Equation (19.13), therefore, should be 


t+n-1 
oe a +3 > ary 5 AY» (19.14) 
4 


in order that Yz in integrators 1 and 3 remain one iteration apart until dW = 0, at 
which time the extrapolation occurs. 

A further difficulty arises in applying (19.12) to integrator 2 in Fig. 19.43. Because 
the R register of 1 is rounded off, the first primary input into integrator 2 will occur 
in a serial computer during the fifth iteration. If integrator 2employs Eq. (19.10), the 
number in Yy at this time is the value of Y at h/4 rather than at h/2. The resultant 
error in the output of integrator 2 could be remedied by eliminating the rounding 
off of integrator 1; the dX input to integrator 2 would then occur when Y,y holds the 
value of {'(q) at approximately h/2. Any output of integrator 2, however, represents 
an increment of f(q) which should be eflective over the entire interval h, Lf the output 
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occurs at the end of the interval, a lag is introduced. By modifying Eq. (19.10) to 
i+tn-1 
ee oa > ay, +54Y, (19.15) 
i 


both the magnitude and the phase errors are reduced. By the same argument it 
follows that the extrapolative mode should employ 


itn-1 
een mee Me dY, + ; AY» (19.16) 
7 


In both cases, n is the first iteration after i — lin which X # 0. Algorithms (19.15) 
and (19.16), unlike (19.10), (19.11), and (19.12), do not require a Yq register. Rather, 
Y is produced in the normal manner, and whenever dX # 0, either 14 or 34 is added to 
the old value of Y and the result is added to R. It should be noted that Kq. (19.15) is 
identical to the algorithm for multiplication discussed on page 19-32. 

In numbering the integrators of a serial digital differential analyzer with trapezoidal 
integration, the over-all error is generally minimized by minimizing the number of 
integrators that must extrapolate. In Fig. 19.39, for example, only one integrator, 
the first, need extrapolate. If, however, the integrators are renumbered 4, 3, 1, 2, 
integrators 3 and 1 must extrapolate. In general, integrators that receive inputs 
from lower-numbered integrators interpolate, while integrators that receive inputs 
from higher-numbered integrators extrapolate. In either case, however, errors of 
order h? are eliminated. 

In a parallel computer each integrator extrapolates. Unlike the serial case, the 
addition of a delay changes the order of the error rather than generating an additional 
error of the same order. In Fig. 19.40 the error in integrator 1 is h?f’'(z). Errors 
of this type may be mitigated, at the expense of slowing down the iteration rate, by 
including a constant multiplier within each integrator. More complex cases require 
either a further serialization or a complication of the quadrature formulas: The error 
of integrator 1 in Fig. 19.40 can be reduced to 23(2h3f’’"(z) by employing 


t+tn-1 
ee eee 2 AY, +3dY. 
t 


The inclusion of this or more elaborate first-order formulas, or of higher-order algo- 
rithms, does not appear to be appropriate in a digital differential analyzer, however, 
because of the increase in equipment entailed and because of the relative magnitude 
of truncation and round-off errors (see page 19-48). 

Round-off Error. In discussing the arithmetic of binary- and ternary-transfer 
digital differential analyzers, it has been shown that the round-off error of the former is 


-Il<e<+l 
while that of the latter is 
—0.5 <e < +0.5 


In addition to this ‘‘normal’’ round-off error, two related errors arise in a binary- 
transfer computer because of the lack of a zero-output state. The first of these, 
phase error, is generated whenever the primary input to an integrator is equal to or 
near a zero rate. A zero- or near-zero-output rate should result; however, depending 
upon the relative phase of the AY and AX inputs, either a positive or a negative error 
results. For example, if both the primary and secondary inputs are zero rates, one 
of the two following sequences occurs: 


AX To =1 1 =—1 I ie 
AY 1 =1 1 =1 2 ll Ae 


aX 1 =—1 1° =1 Peed 
4Y -1 1 =| Ly dent dais 
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In the former, Y is added to R when it is large and subtracted when it is small so that 
a positive error results; in the latter, Y is added to R when it is small and subtracted 
when it is large so that a negative error results. This type of error may be somewhat 
reduced by using Y;_1 rather than Y; during the ith cycle if (AX); is positive and 
(AX):_1 was negative. However, smoothing of this sort, while effective for a zero- 
input rate that takes the form of alternating +1’s and —1’s, introduces errors when 
applied to other types of zero representations such as 


+1 +1 -1 -1 +1 +1 =-1 #-1 


Without phase errors, the round-off produced in any given iteration is relatively 
small. But, because a digital differential analyzer generally solves problems by means 
of a closed loop, this small error in the output of an integrator may affect the inte- 
grator input in such a way as to produce large errors quickly. In the solution of 
Y’ = Ae* where A = 0, the output rate of the integrator at the start of the solution 
is zero while the integrand alternates between zero and either +1 or —1. Assuming 
that the primary input is computer time, either 


+1 or —1 will be added to R during every a 
alternate iteration. The resultant erroneous e hone 
output will accelerate the speed at which the ide aiid ‘ 


second error occurs, the process continuing until ‘ 
the Y register reaches its maximum value, all of Fre. 19.44. Round-off error. 
which is erroneous. The effect of this error, 
called biased round-off, can, like phase errors, be mitigated in some cases by smooth- 
ing. Any scheme that is simple enough to be feasible, however, introduces lag. For 
example, if consecutive plus and minus secondary inputs are canceled, the following 
input pattern 

eee ee ee es | 
causes 0 0 OE)! 0 


to be added to Y, where the +1 is one iteration later. As in the previous case, repre- 
sentations of zero other than alternating +1’s and —1’s are not filtered. 

Of the three types of errors examined thus far, the last two, although independent, 
are both the result of the lack of a zero-output state and so may be eliminated by a 
ternary-output system. The first cannot be eliminated since it is a consequence of 
the finite precision with which integrator outputs are specified. The magnitude of 
the round-off error can be reduced, however, by increasing the number of output 
states. Table 19.1 indicates the maximum errors in the seven simplest output 
schemes together with the number of bits required to store each output and the 
output values. The latter are assumed to be equidistantly spaced in the interval 
—1to +1 since any other choice of values increases the magnitude of the maximum 
error. As the number of states increases, the round-off error proper decreases. 
Phase and biased round-off errors are always present if a zero-output state is not 
included but are generated at a slower rate as the number of states increases. 

The implementation of the binary and ternary systems has already been discussed. 
The latter requires, in addition to the equipment involved in the former, an additional 
Z line in a serial computer, and twice the number of output lines in a parallel computer. 
Additional circuitry is also required for output discrimination, output storage, and 
input registers and counters. Of the remaining schemes, only the quinary is easily 
implemented, and it is viable only in a computer which employs a binary number 
system since the product Y AX when AX = +14 can be formed in a binary-radix 
computer by adding Y into R one pulse time earlier than is the case when AX = +1. 
An extra bit of static storage in the Y register recirculation loop is required for reading 
Y early and an extra place in the F register for holding the half units that may be pro- 
duced by the multiplication, In addition to this, quinary intercommunication 
requires © comparable amount of additional equipment as is involved in the step from 
binary to ternary, : 

The roundoff errors considered thus far are a consequence of the limited precision 
with which AZ increments are apevified, Another type of roundoff error ia gonerntod 
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by truncating the Y register so that the Y + AY addition can be initi i 

pulse (see page 19-19) that is held in the Y register itself. Unlike the pean oo 
error is a uniform bias that during any iteration is equal to the value of the discarded 
digits. If, for example, the initial condition of a variable is rounded off after three 
digits, the error at each step can be 5 X 10~ relative to the full-scale value of the Y 
register. The error in Z, therefore, may be as large as one increment for every 2 X 103 
Increments of the independent variable. 

In many problems errors of this type do not arise because the initial values, or the 
appropriately transformed initial values, can be represented exactly with only a small 
number of nonzero digits (zero, “unit displacement,”’ etc.). In other cases, the initial 
conditions of some of the variables are derived by substitution in the given equation 
and so have only a limited significance if, as is often the case, the coefficients of the 
equation are empirically determined. Finally, if the number of digits in the Y register, 
pobrnincew og by the sealing, is large, the error may be small as compared with the 

In those applications in which this error cannot be tolerated, it m: imi — 
within the limits set by the length of the Y register—if the y. ped ante is 
initiated by information stored in another register so that the entire Y register can be 
employed to hold the initial condition of the variable. Either a pulse in an otherwise 
empty register or a stored number in conjunction with a counter may be used. A less 
costly solution that is applicable to a decimal computer is to employ a flip-flop in pions 
Junction with the flip-flop that normally initiates the Y + AY addition, in order to 
move the start pulse two decimal places to the right. The error in AZ is thereby 
reduced by a factor of 100, which is generally within the limits of tolerance. 

Because of the prohibitive cost, none of the above solutions is totally applicable to a 
parallel computer. A compromise is to provide an additional register for the start 
pulse In a restricted number of integrator units. An alternative, which is applicable 
to integrators that contain an initial-condition register, is to store the computed value 
of the integrand and the start pulse in the Y register while the extended initial condi- 
br chao in es di iy wags a into # to the right of the least significant digit 

egrand may then employ t i i i iti 
ie oe padbieeg a ploy the number in J while the remainder of the addition 

The discussion thus far has assumed that the arithmetic employed does not involve 
scaled multiplication. In the event that it does, the error may be mitigated by moving 
the point at which the Y + AY addition is initiated an appropriate number of places 
to the left. Although this does not in general require any appreciable increase in 
circuitry, it does necessitate longer registers and less efficient use of storage capacity. 


Table 19.1 
No. of bits Max error in 
No. of required units of the P 
output states to store least significant Values of incremental outputs 
each output digit 
2 1 1 1 =i 
3 2 1g 1 0 zal 
4 2 1g 1% tT =i 
5 3 4 1 i 0 -\4 —1 
3 3 es L S695 -¥% =% —-1 
3 Mo fh wo | ae ae 
a a ee ee 


_ Total Error. In designing a digital differential analyzer, an estimate of the relative 
importance of the factors that contribute to the total error is required in order to arrive 
at an optimum combination of integrating and rounding-off processes. Unfortunately 
a complete theory of the generation of error in a digital differential analyzer does not 
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exist.* However, certain heuristic considerations may be employed which, on the 
whole, are substantiated by computational experience. 

Each variable in a digital differential analyzer is held jointly by two registers (see 
Fig. 19.45), a Y register and the corresponding FR register that supplies its input. 
(Essentially the same analysis may be applied if several R registers provide inputs.) 
The single-step round-off error in any variable is generated in the least significant digit 
of the R register. The rounding off of Y has no effect upon subsequent computations 
except in so far as it generates errors in the R register to which Y is added. But this 
error, because Y is multiplied by h before 
being added to R, has the value of the least 
significant digit of the succeeding F register. 
Assuming that the round-off errors have 
a random distribution, the expected error 
at each step with binary transfer is 0.588, 
where S is the machine value of a unit in 
the least significant digit of R. Because S 
equals h? on the average, after N steps the 
cumulative erroris0.58h2N. Thisestimate, 
however, applies only to those integrators which employ the computer independent 
variable as a primary input; i.e., it applies essentially to the solution of linear equa- 
tions. If another integrator provides the primary input, the size of the round-off error 
is substantially increased. The error expression for a single iteration in this case, 
where e = +0.58h, is 


(Y + AY + 6)(AX +6) =(Y + AVY)AX +€AX+(Y +AV)e +2 


Fia. 19.45. Total error. 


rather than, as in the linear case, 
(Y +AY¥Y +6)AX = (Y + AY)AX + €AX 


Ignoring second-order terms, the error is +0.58hY. To estimate Y in the general 
case, however, is difficult since it depends upon both the function Y and the efficiency 
with which the problem is scaled. A conservative estimate, considering that Y is gen- 
erally biased in one direction, is probably 149 so that the round-off error after N steps 
is +0.058hN or h~1/10 times the error in the linear case. If either a servo or an adder 
supplies the primary input, this error increases with the number of secondary inputs 
to the servo or adder. The number of these inputs may in effect be decreased by per- 
forming all or some of the required additions in a multi-integrand integrator similar to 
that described on page 19-32. 

The truncation error for rectangular integration is h?/2 at each step assuming that 
f’’(® can be ignored. After N steps, the error is of the order of Nh?/2 for a large class 
of problems since, unlike round-off errors, truncation errors generally tend to be biased 
in one direction. In certain cases a canceling effect may reduce the error, while in 
others instabilities may cause the error to build up more rapidly. As WN increases, 
therefore, the truncation error in a binary-transfer digital differential analyzer with 
rectangular integration very often becomes large relative to the round-off error in the 
linear case. If the number of nonlinearities is large, the two errors probably tend to 
be more nearly equal. 

With the introduction of trapezoidal integration, the magnitude of the truncation 
error becomes approximately Nh3/4. Assuming ternary transfer, in the linear case 


* Estimates of the propagated error due to truncation in the generation of simple func- 
tions may be derived by finding the roots of the related difference equations. For a dis- 
cussion of an analogous but more generally applicable technique that relates the stability 
of the solution of a linear differential equation to the integration formula and the interval 
of integration, see Ref. 26. In Gray’s terminology, rectangular integration represents 
a Ou formula in a parallel computer or, in a serial computer, either a 01 or a form of an 
[O1uCi1) formula depending upon the position of the integrator with respect to its inputs; 
extrapolative (rapesoidal integration employs Oye and interpolative trapesoidal integration 
employe an algorithm aimilar to (Oi. Cod 
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the truncation error is larger than the round-off error if h? > N-! and is smaller if 
2 <N-. With h = 1073, for example, the two errors are approximately equal 
after 10° iterations or about 3 hr of computation on presently operative serial equip- 
ment. This time increases as the inverse square of h so that an h of 10-5 would 
require 3 X 10‘ hr for the truncation errors to reach the magnitude of the round-off 
errors. For a high-speed parallel computer this would require 10 or 15 hr. Most 
problems, however, fall well within the range of h and N in which the truncation error 
is considerably smaller than the round-off error, particularly if nonlinearities are 
involved. In these cases, a reduction of the round-off error by a factor of 7 increases 
the speed of computation by a factor of r. That this is the case may be seen by con- 
sidering a digital differential analyzer that employs a binary radix and binary inter- 
communication. The last digit in every Y and R register can be predicted from the 
number of secondary inputs to the integrator and the parity of the iteration without 
reference to the functions being generated. In fact, if the number of secondary inputs 
to all integrators is even, every register can be reduced by one bit without affecting 
the computation. This bit is regained in a computer with ternary transfer and an 
additional bit is generated with a quinary system. The accuracy of ternary inter- 
communication is thus twice that of binary while quinary transfer is twice as accurate 
as ternary. If the effective precision in the three cases is kept equal, the gain in 
accuracy may be translated into a gain in speed. This method of increasing the speed 
of computation—where it is applicable—is in general considerably less expensive than 
other methods, such as increasing the pulse-repetition rate. 

From the foregoing discussion it should be clear that the choice of integration and 
intercommunication schemes is interrelated. An optimal design within the limita- 
tions imposed by the application is one which tends to equalize the two types of error. 
Assuming trapezoidal integration, for example, this is very often the case if quinary 
transfer is employed in a serial computer or if ternary transfer is employed in a parallel 
computer. Any further significant reduction in the total error requires a reduction 
in both truncation and round-off errors. The reduction of either, however, necessi- 
tates the introduction of a digital multiplier and so entails sacrificing the basic sim- 
plicity of the digital differential analyzer con- 
ception. In one sense this does not constitute 
a basic limitation of the digital differential 
analyzers, however, since the total error can 
always be reduced by decreasing the interval 
of integration. 

The magnitude of the total error in the solu- 
tion of a given problem on a specific computer 
may often be estimated by solving the prob- 
lem, reversing the sign of the independent 
variable, running the solution in the reverse 
direction until the initial condition of the inde- 
pendent variable is reached, and comparing 
the resultant values of the dependent vari- 
ables with the initial conditions. This pro- 
Fig. 19.46. Example for truncation Cedure is facilitated if a means for reversing 
error. the sign of the computer independent varia- 

ble—normally under control of a ‘‘time”’ 
switch on the control console—is provided. In a serial computer this may be pro- 
vided by modifying the term that inserts time onto the Z line (see page 19-22). Ina 
parallel computer that employs a plugboard, the switch can operate directly to change 
the time source. The primary input to servos and adders, which is normally plus 
time, must, however, be independent of the position of the time switch. More 
orthodox methods for estimating the total error, such as varying the interval of 
integration, are also applicable. 

Numerical Examples. The discussion of error in the three previous sections may to 
some degree be verified by numerical examples. The solution of ‘j/ — j + y — y = 0 
using the schematic in Fig. 19.46, for example, illustrates the effeets of truncation 


. 
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Table 19.2 


Error X 104 


t Serial Parallel 


Rectangular | Trapezoidal | Rectangular | Trapezoidal 


w/2 —l —1 0 | 0 
T = 0 =] 0 
3m /2 nea) 0 —] =! 
2a ca hi —3 as =3 
51/2 —338 —16 iy wo 16 
3a —1,625 —73 —82 =i 


errors on an unstable solution. The errors in y resulting from rectangular and 
trapezoidal integration (both with ternary transfer) are shown in Table 19.2. The 
surprisingly small error in the parallel case with rectangular integration results from a 
phasing relationship similar to that discussed on page 19-42. Note that by employing 
a configuration different from that in Fig. 19.46 the same results could be obtained in 


Table 19.3 


Error in cos t 


t E X 10? E X 108 


Rectangular | Trapezoidal | Rectangular | Trapezoidal 


107 9 0 4 0 
207 18 -1 8 0 
307 30 —1 11 0 
407 44 -1 | 16 0 
Table 19.4 
Error 104 
et 
x 
Binary Transfer | Ternary Transfer 


rectangular | trapezoidal | rectangular | trapezoidal 


0.5 —0.29 0.23 —0.84 —0.35 
1.0 —0.89 0.21 —1.36 —0.23 
1.5 =1546 0.22 —1.99 —0. 24 
2.0 -2.16 0.35 —2.63 —0.26 
2.5 —2.78 0.34 —3.22 —0,24 
3.0 -3,42 0,34 —3.82 —0.25 
3.5 4,06 0.37 —4.42 —0.23 
4,0 4,66 0,38 5.04 —-0,24 
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the serial rectangular case. In general, however, a reduction in error of this type is 
not possible. A further comparison of the effects of integration formulas upon error 
is shown in Table 19.3, which gives the error in the parallel generation of cos ¢ at two 
scale factors. Note that a reduction in the step size by a factor of 10 results in a 
reduction in the error by a factor larger than 10—as should be expected from the 
previous analysis. A third example, the generation of e*, is given in Table 19.4. 
Representative examples for the comparison of various intercommunication 
schemes are difficult to present because of the statistical nature of the error. In 


¥ =0.13y+0.03 


Fie. 19.47. Error dependent on transfer Fia. 19.48. Round-off due to extended zero 
scheme, rates, 


Table 19.4, for example, a comparison of the trapezoidal cases indicates the advantage 
of ternary transfer; however, in the rectangular case binary transfer produces a 
smaller error. ‘This may be either a statistical phenomenon or, perhaps, a result of 
the interaction of round-off and truncation error. In some cases, however, the 
advantage of ternary transfer should be predictable. For example, in integrator 
configurations in which, as in Fig. 19.47, many integrators employ a variable other 


than time as a primary input, the error should be strongly influenced by the transfer 
scheme. This can be seen in Table 19.5. 


Table 19.5 
Error X 103 
‘ Binary Ternary 
abe 1 | Vx 1 
set —_ = 
VE a x Vz i Va 
24 if 0 8 0 0 —2 
0 1 0 
0 2 0 
1 0 0 
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Relatively large round-off errors should also be produced by a binary-transfer com - 
puter in solutions which involve zero rates for extended periods. This is the case in 
the solutions of 7 = 0.13y + 0.03 by rectangular integration shown in Fig. 19.48 and 


Table 19.6. 
Table 19.6 


Error X 104 


Ternary | Binary 


1 
4 
10 
18 
31 
49 


OarwnweH 
eK oocoo 


Thus far the binary solutions that have been considered have employed the AX 
smoothing scheme described on page 19-46. The magnitude of the error that results 
without smoothing is suggested by a comparison of Table 19.7 and the first error 
column of Table 19.4. The former shows the results of generating e* without smooth- 
ing when the pattern of the independent variable is a series of 16 +1’sand 48 alternating 
+1’s and —l’s. The latter illustrates the results using continuous +1’s. If ternary 
transfer is used, the results in the two cases are identical. 


Table 19.7 

Error 

e 
Binary 

rectangular 
0.5 —5.70 
1.0 —10.18 
1.5 —13.21 
2.0 —138.74 
2.5 —15.89 
3.0 —18.79 
3.5 —21.73 
4.0 —24.10 


The two final examples, shown in Figs. 19.49 and 19.50, are included to illustrate 
the accuracy of a digital differential analyzer in solving nonlinear problems of some 
complexity. The first, Mathieu’s equation, was run for one cycle with no error. 
The second, an equation common to fluid-flow problems, shows an occasional error 
of 1 in the least significant digit for values of ¢ up to 4. P ‘ 

19.3.5. Input and Output. Jnitial-condition Input. Two types of information 
must be entered into a digital differential analyzer—initial conditions, including 
addresses in a serial computer, and functions. Initial conditions may be entered 
manually from a keyboard, automatically from a tape or punched cards, or, in a 
special-purpose computer, by some form of wiring such as a plugboard, Provisions 
for manually altoring information are generally included in computers that are nor- 
mally filled automationlly, 
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The first step in the manual filling operation is to specify—by a switch setting, 
usually—the integrator to be operated upon. In a serial computer this switch 
normally operates in conjunction with the integrator counter to indicate the desired 
integrator time. In a parallel computer the switch connects the specified integrator 
to the remaining input circuitry. Once an integrator has been selected, the integrand 
may be entered from a numerical keyboard by being precessed into the correct posi- 
tion, one or several digits at a time. In this case negative numbers are generally 
entered in complementary form. An alternate scheme that involves less control 
circuitry employs a pulse, called a “marker,” which is entered into one of the registers 
that does not receive initial conditions—the Z line, for example, or the Y register if 
initial conditions are held separately. As each digit is entered, it is positioned by the 


y'’ 3 (25 cos* x—30.358849)y 


ul + 4(u'|u'|) 4+-2bu'+u =0 


Fia. 19.49. Mathieu’s equation. 


Fie. 19.50. A fluid-flow problem. 


marker in the register that is being filled and the marker is moved, either manually 
or automatically, the requisite number of pulses to the right. The same circuitry 
may be employed in a serial computer for entering addresses. 

Automatic filling schemes can be approached in two ways—with a view to minimiz- 
ing the amount of equipment or to maximizing the convenience of operation. The 
former requires that the information entered on the tape have the same configuration. 
as the information which is to be placed in the storage medium. In a serial computer 
this necessitates the explicit development of the entire drum configuration before 
the tape can be prepared. Figure 19.51 shows a drum section and the corresponding 
tape. As in the manual case, either a marker or precession may be used to position 
the information correctly in the computer. 

If operational convenience is to be maximized, integrands should be entered as sign 
and absolute value. Once in the computer, however, the necessary complementation 
is an awkward process. An alternative is to generate and enter the P — 1 comple« 
ment (where P is the radix) of each digit as it is read if the sign of the number is 
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i resultant error can be corrected by increasing the absolute value of 
prea mms by one before placing them on the tape. With this eon ae thes 
additional equipment required, beyond that needed for processing srs et ns sate “9 
complements, is little more than ees, cid of static storage which, by holding the 

i i ntrols complementation. 
We dian te inant iia a serial computer also. requires addresses. To 
require that the positions of addresses be computed and their pulse piece entered 
is inconvenient. In a computer with a binary integrator output scheme there . ~ 
simple device by which this inconvenience may be removed, unless fies som puts 
are stored statically. In a ternary-output computer one Z-line may be used during 


the filling process to hold artificially produced outputs of all integrators with the same 


igi s, while the other Z line holds the outputs of those integrators 
Can erat Each integrator will thus contain one and only one en 
time in which a pulse occurs in both of the two Z lines—at the position is t c 
address integrator occurs. At this point in. the integrator being filled, a <i en “ 
in the appropriate address line and the Z lines are cleared for the sa 8 a He 
integrator 38 is to be a secondary input for integrator 72, for example, as the 3 is 


R — 
¥ — 
Y address — 
X address — 
Fia. 19.51. Input tape. 
read from the tape, integrators 30, 31 . . . 39 produce outputs which are ste 
the Z-existence line. As the 8 is read, integrators 08, 18, 28 . . . 98 produce outputs 


i re recorded on the Z-sign line. Only the position corresponding to integrator 
bes et Beil a 1 in both Z lines and at this point a | is entered in the he a aa 
associated with the Z reading head in which the coincidence nae For ns 
differential analyzers with more than one hundred integrators a third line is req 
i implement this system. pre f , 

- | I Lat The rot ot of certain problems by a digital giecontinl ae veer 
requires the employment of functions that are not generated by the penne am roe ne 
These may be empirical functions which do not have a simple pie pers piety 
or analytic functions which are difficult to generate. Three of the anat oma 
be employed to enter functional values into ans computer are an analog- g 
nverter, a digital graph follower, or a tape reader. 1 bg 
Bas i nr Hei) converter may be used as an input device Lee pool 
differential analyzer is a portion of a control system, or a portion of a p are “gal 
tor. A converter is also required if an analog graph follower supplies t 2 ae ee 
tion. In all these cases the input normally takes the form of incremental ¢ ane <he 
the function rather than that of functional values proper. These none 8, Fed 
serial computer, can be placed directly on the Z line and used as if sey or Fd : 
outputs. In a parallel computer the information is patched nd t : p bs wa 4 
one is used. In both cases the signals can be synchronized either 4 Legit 
inputs into static storage as they aay sy eractonae ie eee Re ii 
icos are read or by providing the converter w fi ) 
wich pa yatoe the auvatler outputs, The inputs from a digital graph follower 
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or an incremental tape are handled in essentially the same manner. The latter 
device holds the function as a series of signed unit increments with an additional 
channel serving to indicate the portion of the tape which refers to a given interval 
of the independent variable. 

In using an incremental function input, a digital differential analyzer that does 
not have a zero transfer state must generate a zero rate whenever information is not 
being received from the input device. A single flip-flop may be used for this purpose 
which changes state each iteration but is inhibited from changing state in one direc- 
tion by a positive input and in the other direction by a negative input. Since a given 
input may be required to wait as long as two iterations for the proper pattern of change 
to occur, inputs may not be accepted at the computer iteration rate. 

It often is more convenient to process a function by using functional rather than 
incremental values. This permits the generation of oddly formed step functions, 
but, more importantly, it permits differences that have a magnitude greater than 


Direction of reading 
$s 


©0 000 ° ° 
© 00 0 ° ° 
a, a) = aaa, 
Variable Variable Variable Variable 
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©9000 900 000000 00 000 o oo 


1st variable 
Stop Stop 
2nd integrator No. 1st integrator No. 2nd integrator No. 1st integrator No. 


2nd variable 1st variable 


Two variables 
Fic. 19.52. Punched tapes. 


1 to be employed. These differences may be entered and operated upon internally 
in order to supply the required function. Not only is the preparation of tapes 
made less arduous but the speed at which functions may be entered is substantially 
increased. Using this system, a slow paper-tape reader is often faster than a fast 
graph follower. Moreover, the equipment which is used to process initial conditions 
can, with few changes, also serve to process one or more input functions, since a single 
reader may process several input functions provided all are controlled by a single 
variable. Figure 19.52 shows tapes for one and two functions. The value of the 
independent variable, it should be noted, does not appear on the tape. This variable 
is employed within the computer to control the point at which the value of the input 
function is changed. Magnetic tapes can be employed if higher input rates are 
required. 

Schemes for employing zero-, first-, and second-order differences are illustrated in 
Fig. 19.53. The last of these assumes that Xn41 — Xn, = 1; therefore, 


APY a (Xai <= Ky) = OVas — AYn 
so that integrator 3 holds 
AYn + A¥na1 — AYn = APnat 


at the end of the nth interval. This eliminates the necessity for entering the first 
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difference. Summing the outputs of integrators 3 and 4 gives the Gregory-Newton 
interpolation approximation. 

The amount of time that computation must be halted for the reading of functional 
values from tape may be substantially reduced by reading into an initial-condition 
register rather than directly into the Y register. Using this scheme, computation 
need be halted only for transferring between registers since the next value can be 


Input control 


To tape control circuits 


(2) Y,d6 


Tape (a) 
Input control 
X—Xp 


Tore (b) 


(1) 


To tape control circuits 


AY,,dx*dy 


To tape control circuits 


Tape 


(AY, + A* ¥,(x—x,—4)] dx=d¥ 


(c) 
Fie. 19.53. Tape control. 


read from the tape after computation has been restarted. More than a single variable 
may be stored on a tape provided all the variables are functions of the same inde- 
pendent variable. The reading of the next function value may be controlled in many 
ways: a specified integrator producing a single, or a double output; or the integrand 
itself reaching a certain value, or exceeding 1. This last scheme is employed in 
Fig. 19.53. If functions of more than one independent variable are employed, 
multiple-tape units are required, 

Thus far it has been assumed that the independent variable controlling the move- 
ment of the tape through the reader is monotonic, If it is not, the tape must reverse 
direction whenever the derivative of the independent variable has reversed in sign 
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and the variable itself has reached the edge of an interval. With Y, in the Y register 
and Y,4: in the initial-condition register, upon reversal the tape must be read past 
Yn4i and Y, and then must read Y,_, into the initial-condition channel. This may 
be accomplished either by reading past Y,-1, reversing, and reading the value in the 
forward direction, or by reading directly in the reverse direction. The former scheme 
requires that the tape be moved three times for each functional value when operating 
in the reverse direction while the latter necessitates the modification of the read-in 
equipment to facilitate correctly positioning values which are read from the least 
significant end. In addition, since the number of the integrator that is to receive 
the information and the sign are read after the function value when the tape is oper- 
ating in the reverse direction in the latter case, negative numbers must be placed on 
the tape as complements and the number of the integrator into which the values are 
to be placed must be specified by the wiring of the computer. 

Printed Output. The printing of results in a digital differential analyzer is generally 
controlled by a single variable which produces an overflow in either a Y or an R 
register. The latter is a more flexible system since intervals are not restricted to 
integral powers of the radix. For example, if answers are to be printed every 1/2 
increments of the variable dQ, the scheme in Fig. 19.54 may be used. By manually 
or automatically changing the condition of Y register at the start of an interval, 
results may be produced at uneven intervals of the controlling variable. Further- 
more, several integrators may be used to control printing. 

In a serial computer, a bit in a specified position of one of the address lines normally 
indicates which integrands are to be printed. In order to eliminate the necessity for 

interrupting computation during the printing process, an 

dq additional channel—called a 7’ channel—may be em- 

ployed. The selected integrands are read into this 

channel, and printing proceeds along with computation. 

o/m If the interval between print signals is too short to allow 

the 7 channel to be processed before another set of 

Fre. 19.54. Print control. values is ready, computation must be halted until the 

new set of values can be read into 7’, and then auto- 

matically restarted. In a parallel computer, a similar scheme may be employed, 

with a patchboard serving to select the proper integrands. Depending upon the 

requirements of the system, information may be sent to the printing device either 
serially or in parallel. 

Once a print signal has been received, negative numbers are normally recomple- 
mented before being printed. This requires that the sign be held statically for one 
iteration so as to allow complementation to proceed from the least significant end 
of the number. Complementation may be accomplished by taking the P-1 comple- 
ment of each digit after the first nonzero digit and the P complement of all prior 
digits. In a binary system, for example, all digits up to and including the first one 
are unchanged and the remaining digits are changed from 1 to 0 and from 0 to 1. 

In addition to printing numbers as absolute value and sign, it is convenient to print 
the results of computation in decimal. If computations are performed using another 
radix, a conversion must be performed not only on the answer but on the scale factor 
as well. This latter conversion may be performed by a constant multiplication within 
the computer. For example, if, in a binary computer, a variable Y is to be printed 
and the scale of dY is 2-8, multiplying dY by 26/10? will result in a scale factor of 
10~*.. The conversion of the resultant number to decimal, however, cannot be per- 
formed in this manner. For this conversion additional circuitry is required. One 
straightforward approach is to collect the dY increments in a register that has a 
decimal adder on its input. When type-out is signaled, four bits of static storage are 
successively inserted into the register recirculation path and the contents of these four 
bits printed. On the other hand, if the register is completely static, a complete num- 
ber may be printed at one time. In either case, a register and an adder are required 
for each variable that is to be printed. 

An alternate approach that requires only a single arithmetic unit to process any 
number of integrands is to convert each integrand in turn. ‘The conversion is aecom= 


Print 


* 
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plished simply by successive multiplications of the integrands by ten (1010). After 
each multiplication the resultant decimal digit can be sent to the printer. If the 
number of integrand values to be printed at each data point becomes large, it may 
be necessary in a parallel computer to provide parallel conversion circuits. This is 
not excessively costly since each multiplier is essentially a binary adder with provisions 
for shifting the multiplicand. 

Other Outputs. In addition to producing printed copy a digital differential analyzer 
can be used to plot curves and to produce tapes. These tapes may, of course, merely 
duplicate information that is normally printed. More importantly, however, they 
may hold functions to be used subsequently as inputs to the computer. This type 
of output, which generally does not require radix conversion, can take the form of 
increments or whole numbers. In the former case, Z-line information is sent to a 
punch in much the same way as it is sent to control incremental input, except that 
increments of two variables must be punched. In the latter case, the printing cir- 
cuitry serves to supply information to the punch. 

The results of computation may also be plotted digitally or, using a digital-to- 
analog converter, analogwise. The latter scheme is particularly appropriate to a 
parallel computer which produces answers several thousand times as fast as the 
fastest digital plotter. An even faster output medium for a parallel computer is an 
oscilloscope. Here, too, a digital-to-analog converter is required, but in addition, 
if the trace is to be stationary, the computer must have the ability to recycle its con- 
tents automatically. Because of its low accuracy an oscilloscope is more appropriate 
for monitoring solutions than for holding results which are to be photographed. The 
shape of the trace, however, gives a quick and convenient indication of the form of 
the solution and the effect of parameter changes. Once the correct parameter values 
have been approximated, the solution may be accurately read on one of the other 
output devices. Finally, a single multiplexed digital-to-analog converter or number 
of individual converters can serve to couple the computer to other devices for control, 
simulation, or other purposes. 

19.3.6. Over-all Computer Design. Nwmber Systems. Thus far the component 
parts of a digital differential analyzer have been described. ‘The specific form that 
these assume in any computer depends to a large extent upon certain over-all design 
considerations. One of these is the number system. A computer that employs a 
binary radix generally requires that input information be in binary form or, at the 
least, that scaling factors be powers of 2. The inconvenience entailed in handling 
binary numbers, however, must be weighed against the computation efficiency (see 
page 19-29) and the equipmental simplicity of a binary computer. Certain applica- 
tions, in which program changes are infrequent and the output either is very limited or 
is to be transformed into analog form, gain little from employing a decimal radix. Such 
applications include process-control computers, large-scale simulation devices, and 
many special-purpose applications. On the other hand, if a digital differential 
analyzer is to be employed for general computations, the added cost of a decimal 
computer—particularly if it is serial—is compensated for by savings in the time 
required for both the preparation of input data and the interpretation of results. 
Moreover, the cost of providing a binary serial digital differential analyzer with deci- 
mal input and output outweighs the cost of providing decimal arithmetic since, unlike 
a general-purpose computer, the arithmetic section proper of a digital differential 
analyzer cannot perform conversions. Because of the multiplicity of arithmetic units, 
a parallel decimal computer appears to be prohibitively costly. Decimal output in 
the parallel case, however, is not overly costly provided the internal number system 
employs fractions—as has been assumed above—rather than integers. Except for this 
consideration, the internal arithmetic may be constructed so as to operate with the 
radix point at any position. If the radix is other than binary, the encoding scheme 
should be self-complementing and such that addition requires only binary adders. 
Both the excess-defivit-three and the 2-4-2-1 codes have these characteristics. 

Register Configuration, The number system having been determined, the number 
and type of rogisters are the next consideration, At a minimum, a serial computer 
requires two channels; a single channel that holds both arithmetic and address infor- 
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mation, and a Z line. This configuration (see Fig. 19.55), furthermore, permits a 
reduction in the circuitry of the address unit since the AY and AX counters can serve 
as registers during the computational portion of the integrator. If Rand Y informa- 
tion are held separately, an additional channel is required; if address and arithmetic 
information are separated, one or several additional channels are required for addresses 
depending upon the number of integrators and the universality of permissible inte- 
grator interconnections. Additional address channels are also required to implement 
the more complex arithmetics which follow. 

If the number of multiplications to be performed in a given application is relatively 
large, the addition of a second Y register, as described on page 19-32, results in a sub- 
stantial increase in computer capacity with a relatively small increase in equipment. 


Arithmetic Address 


Fig. 19.55. Minimum serial computer. 


An extension of this scheme to three or even four Y registers may, in special cases, 
represent an optimal scheme. On the other hand, additional registers may provide 
parallel integrators in order to increase the speed of computation or the capacity of 
the computer. Several of the schemes for multiplication by a constant discussed on 
page 19-29 also require additional channels. The simplest of these, the scaling multi- 
plier, employs a single additional register and is applicable only in a computer with 
binary intercommunication. A more general solution employs two additional regis- 
ters. Additional channels are also required for storing initial conditions and for 
processing information to be printed if computation is not to be interrupted. 

A consideration equally as important as the number of arithmetic channels is the 
number of adders and associated equipment entailed by a given scheme. In this 
respect it is often advantageous to provide a single serial-parallel adder rather than 


Fre. 19.56. Binary-trapezoidal DDA with initial condition channel. 


a number of serial adders and to interlace the serial arithmetic registers among the 
arithmetic channels. For example, in a computer employing a binary radix, trape- 
zoidal integration, and an initial-condition channel; the normal arrangement of 
arithmetic information as shown in Fig. 19.56 requires three adders which generate 


Y+AY 
Y + 6 or 36AY = Ya 
Yat+R 


By rearranging the information as in Fig. 19.57, a single serial-parallel adder is sufli- 
cient for performing all the required arithmetic since the Y, addition may be per- 
formed during the reading of Y;._ The wisdom of this design, however, is questionable 
since an octal serial-parallel adder probably requires more circuitry than three binary 
serial adders. What Fig. 19.57 illustrates is a method of trading speed for memory 
capacity in a binary radix computer. For example, by adding a memory channel 
and employing a sexidecimal serial-parallel adder, the speed of computation and the 
number of integrators can be increased by one-third, On the other hand, with two 
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channels and a quaternary serial-parallel adder, the speed and the number of inte- 
grators can be decreased by approximately one-third. Either output multipliers or 
facilities for initiating the Y + AY addition at any position within a parallel digit 
must be provided if the scaling efficiency of the completely serial design is to be 
maintained. 

The parallel-serial scheme just outlined is generally more appropriate to a com- 
puter with a decimal radix since a single serial-parallel decimal adder requires less 
circuitry than four serial decimal adders. The following examples indicate the appli- 
cation of the scheme to two of the many possible integrator configurations. A decimal 


Fia. 19.57. Arrangement with a single serial-parallel adder. 


computer that employs trapezoidal integration and a constant multiplier for each 
integrator requires four registers: R, Y, R,, and k, and four additions: 


Y+AY 
Y + % or 34AY = Ya 
R+Yua 
Ri +k 


A serial-parallel adder would in this case not only be more economical than the com- 
pletely serial scheme but could, with a 20 per cent decrease in speed, provide for proc- 
essing a variable initial-condition register. Furthermore, only a single time-shared 
output discriminator need be provided whereas the wholly serial configuration of 
information requires a separate discriminator for each F register. In the event that 
two Y registers and a scaling multiplier are employed, each integrator must perform 
five additions: 


Y; + AY, 
Y, + AY2 

Yi + ¥2 

(Y1+ Ye) +8 
(¥i+Y¥.2+S8) +R 


Since only four quantities, Yi, Ye, S, and FR, need be stored, the fifth addition time 
may be employed to store Y;. 

It has been assumed thus far that the integrator length in a serial computer is 
fixed, being determined by the application. One exception to this assumption is the 
split-integrator scheme introducedon page 19-29. The assumption may be dropped 
by introducing an additional channel in which the beginning of each integrator is 
indicated by a pulse. This pulse may also serve to initiate the Y + AY addition if 
the resultant round-off error can be tolerated. The system, however, is generally 
not feasible because it requires both static storage for integrator outputs and a com- 
plex addressing scheme. A compromise solution for applications that require some 
flexibility in integrator length is to permit an integrator to operate over multiples 
of some basic integrator length. This is compatible with the conventional serial 
output distribution and address systems and may be implemented by placing a bit 
at the most significant end of the address lines of an integrator to indicate that the 
addition of Y to FR is not to be interrupted. 

19.3.7. Programming. Mapping. ‘The mapping of a problem for a digital differ- 
ential analyzer consists of developing a set of integrator interconnections which corre- 
spond to the equations to be solved, Several such maps have already been presented, 
A more generalized statement will now be given, ~ 
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When the problem is the solution of a single nth-order differential equation, 


dV dV 
Uy Vi yeah 
f ( 7" aU dU” _ 
the first step, generally, is to solve for the highest derivative, 
dv dV any 
a U eres fay ee 
gi 7 9 (09 ay + Ge lai: 


At this point one of two methods may be employed to arrive at an equation in differ- 
ential form. The first takes the derivative of both sides of Eq. (19.17) and yields 


ey. dV dV 
ao (u, a (19.18) 
The second transforms (19.17) into 
dV a-1V dv dr-1V 
d = ——— Ce ee ee 
qe = 4a 79 (Uv a) aU (19.19) 


by what may be considered as multiplying both sides of the equation by dU. 


VdU 


Fria. 19.58. Successive derivatives. 


The mapping of Eq. (19.17) is shown in Fig. 19.58. The first integrator holds 
d"V/dU"~ and is integrated with respect to U to form 


aay dr-2yV 
Ses engin Gat fs 
dU} l d dU»-2 


With this as its secondary input, integrator 2 holds d"-2V /dU"-*, Again, integration 
with respect to U yields the differential of the next lowest derivative and the process 
is repeated until integrator n holds V. The outputs of these integrators are then 
combined to form 


U,V,dv atv 
FT ae ney #4. 


which becomes the secondary input of integrator 1. The mapping of lq. (19.18) pro- 
ceeds in an identical manner, with the exception that an additional integrator is 
employed to hold d"V/dU". The choice of methods depends upon the function 9; 


. 
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however, the method of Eq. (19.19) is generally, but not always, more efficient both 
because the order of the equation is reduced by 1 and because the generation of 
products is simplified. Developing UVW dt, for example, requires only three inte- 
grators whereas five integrators are required for developing d(UVW). Figure 19.59 


iyi te 40 
dj ad (Ga)+aer +d0 dij 205+ ePdt-+ode 


(2) 


(6) 


(7) 


(8) 


(2) 


Fre. 19.59. Comparison of methods. 


shows the application of both methods to a simple equation while Fig. 19.60 applies a 
procedure analogous to the method of Eq. (19.19) to the solution of the following 
set of simultaneous differential equations: 


BW dV 

See a WE ee to Ve 
dt8 Lis di + 
d3V dw 

— = W— Vt 
dts Li dt aa 


In some cases the application of either method will produce an integrand which 
becomes infinite at one or several points in a given problem, These cases require 
the use of a servo, In generating the solution of y «= (—1/a)y' — y, for example, 
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the map shown in Fig. 19.61a cannot be used when z is small or zero. Figure 19.61b 
shows an alternate map that employs a servo to generate 1/zx dy. 

The mapping of a problem may often be simplified by performing a substitution 
of variables. In Fig. 19.62, the independent variable of the computer is used to 


Fie. 19.61. Infinite integrands. 


represent d(In ¢) in order to solve the equation y = Inf. It should be noted that 
this scheme is viable with the initial conditions £ = 1, y = 0, even though y is infinite 
at this point. 

For large problems the mapping notation discussed thus far becomes cumbersome, 
A more compact notation merely indicates the operation of each integrator. For 
example, the mapping shown in Fig. 19.61a may be symbolized as follows: 


* 
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dy = y' dx 

. dln x = (1/2) dx 

. d(1/z) = (—1/z) dlnz 

. (—1/x) dy = (—1/2) dy 

. -ydz = —ydz 

In addition to specifying integrator interconnections, the mapping operation includes 

numbering the integrators and, in a digital differential analyzer with trapezoidal inte- 

gration, assigning operational modes. For a discussion of these topics see page 19-42. 
Scaling. Once a problem has been mapped, it must be scaled so as to yield numbers 

that the computer will process. The following exposition assumes a decimal radix, 


Ot 09 NO 


dy 
ce Iné 
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dint Computer independent 
variable 
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Fig. 19.62. Substitution of variables. 


ternary intercommunication, and Y registers that take on the values +1 > Y > —1. 
Similar results are obtained if Y is restricted to integers. 

The scaling relationships relate the computer variables (Y,dY,dX,dZ) and the 
problem variables (Y,,dYp,dXy,dZ,). One form these may take is 


Y = KyY> EX, a kin 
dY = KydY, dZ = K,dZ, (19.20) 


where the K’s are all positive and integral powers of the radix 10. The integrand 
seale factor K, is such that 
+1 <= "OG re ea -1 


while the incremental scale factors indicate the number of computer increments in 
one problem increment. Substituting the right-hand terms of Eqs. (19.20) into the 
basic integrator equation dZ = Y dX gives ‘ 


KzdZ p = Ky Yp Kz dX p 


which yields the basic scaling equation 


Kz = Ky Kx 

If, now, each K is expressed as a power of 10, then 
105 = 105105 
Sz = Sy + Sz 


The remaining problem is to determine the point at which the secondary inputs are to be 
added into the Y register. If the integrand register has the form such as in Fig. 19.63, 
a unit in the place immediately to the right of the computer decimal point has the 
value 10-S¥~1. Since the value of each increment of dY is 10-5”, the number of places 
to the right of the decimal point N is given by 


10-Sy-N = 10-Sw 
so that N = Sw — Sy 
Yor example, if 
Sy = —2 
Sx = 5 
Swed 
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then Sze = —2 +5 =3andN =4+2=6. The Y register therefore has the form 
shown in Fig. 19.64. Because the Y + AY addition is initiated at a specific point 
in the integrator, all the secondary inputs must have the same scale factor. Further- 
more, if several integrators supply the primary or secondary input to an integrator 
by means of a summing integrator, these also must be at the same scale. The scaling 
relationships that have been developed could be formalized into a set of equalities 
and inequalities which, for any given problem, have a large number of integral solu- 
tions. In practice, however, a solution is generally found by direct trial and error. 


3 Computer decimal point 


Fia. 19.63. Decimal points. 


Point at which AY is added 
Problem decimal point 
Computer decimal point 


Fie. 19.64. Sealing. 


In the event that integers are employed as output multipliers (see page 19-29), the 

basic scaling equation becomes 
Kz = MKyKzx 
where M is the multiplier. 

The scaling of a servo must be such that the rate at which error signals are produced 
is, on the average, less than a full rate. Moreover, if the delays in the output of a 
servo loop are to be kept at a minimum, the maximum magnitude of the error signal 
must be kept small. In terms of Fig. 19.65, the relationship between Sz, the scale 
of dU, and S;, the scale of the computer independent variable, should be 
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| (19.21) 
db \inax 
if the servo is to operate correctly. Furthermore, the scale of df(U) must be the 
same as the scale of dV (t). Once these conditions have been met, dU may be employed 
elsewhere in the problem at a scale of S,. In some instances these conditions cannot 
be met in every region of the solution. For example, if a servo is employed to gen- 
erate V/V, then V(é) = U? and dU/dt = (1/2U)(dV/dt). As U approaches zero, 
dU /dt becomes very large so that S, must approach 
zero with a given S,. If, on the other hand, a given 
precision is to be maintained, S; must be very 
large—which is generally impractical. However, if 
dV /dt is large, the resultant error is small and the 
solution quickly passes through the critical region. 
Furthermore, in many problems the lag introduced 
in U is not critical since only the value of U in the 
long run—after it has ‘‘caught up’’—is of interest. 
Fre. 19.65. Scaling of a servo. The restriction on S, may be removed by em- 
ploying the program illustrated in Fig. 19.66 to 
generate the problem independent variable. This program assumes decision inte- 
grators of the type discussed on page 19-35 and operates to block increments of 
the problem independent variable whenever the error signal is one increment or 


THE DIGITAL DIFFERENTIAL ANALYZER 19-67 


more. For positive increments this is accomplished by blocking the output of inte- 
grator 1, for negative outputs by blocking the outputs of integrator 2. Since the 
output of integrator 2 is effectively in series with the output of integrator 1, either 
integrator can halt the generation of the solution until the outputs of integrator 3 
again reduce the error to zero. By varying the constants held in integrators 1 and 
2, the quiescent period may be reduced until the error becomes objectionable. 

Like a servo, an adder is scaled so that the sum of the inputs is less than a full rate. 
This condition and the condition that the output scale factor S, be equal to input 
scale factor lead to the scaling relationship 


Se 

uu <sF 
con Ee 
dt 


max 


where U = V + W as shown in Fig. 19.33. 
Figures 19.67 to 19.69 illustrate the scaling in decimal, with output multipliers 
1, 2, and 5, and in binary of a single equation, 


6+ Kiev? —1) +0 =0 


The maximum of |d| is 4.36; |v| reaches 1.62 and K is 1.25. The scale of the inde- 
pendent variable is taken as 10‘ in the decimal cases and 2'* in the binary case; hence, 


Decision 
+9+Flu,v) 


dt 


(1) 


Decision dF(v) 
ow we 2 ee 
—9+4+F(u,v) Generator 


(3) 


Fig. 19.66. Blocking independent variable. 


in comparing the precisions of the three scaling schemes, the 22 per cent longer running 
time of the decimal computers with respect to the binary case should be kept in mind. 
In over-all accuracy, the decimal case is decidedly the worst while the remaining two 
yield comparable results. This example should not be construed as typical of the 
relative merits of the three schemes in general. For a discussion of these merits see 
page 19-29. 

19.3.8. The Synthesis of General-purpose Computer and Digital Differential Ana- 
lyzer Techniques. Magnetic-drum Computers. In many computer applications nei- 
ther a general-purpose computer nor a digital differential analyzer provides an optimal 
computing device. The general-purpose computer, although theoretically capable 
of solving any mathematical problem that has a solution, is not efficient with respect 
to either programming or actual solution time in handling differential equations and 
certain related problems—particularly if the values of any of the variables must be 
generated at closely spaced points. A digital differential analyzer, on the other hand, 
has a restricted range of applications. A combination of the two computational 
techniques provides a flexible instrument for general computation, while in certain 
special-purpose applications it constitutes a solution that otherwise, because of 
restrictions on size, weight, cost, or computing time, could not be realized. 

The combination of the two techniques is particularly applicable to a serial mag- 
neticedrum computer (see Pig, 19.70) since the memory locations ean serve simul- 
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Fig. 19.67. Decimal scale factors. 
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Fia. 19.68. Decimal scale factors with output multipliers 1, 2, 5, 
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taneously as integrators for the digital differential analyzer and addresses for the 
general-purpose computer. The difficulties usually associated with coupling two 
computers are thus eliminated since the general-purpose portion of the computer can, 
at all times, operate upon any of the information in the store. Furthermore, the 
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Binary scale factors 
Fie. 19.69. Binary scale factors. 
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Fig. 19.70. DDA with a general-purpose computer. 


relative location of all information remains fixed while the synchronizing problems 
do not arise because of the common clock. 

Tho design of the general-purpose portion of a combination computer is unrestricted 
with the following exceptions: the memory must recirculate and commands must be 
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available for starting, stopping, and testing computation in the digital differential 
analyzer. A further requirement, which is normally not restrictive, is a fast-access 
store in which delay times are twenty-five to fifty times shorter than those in the 
main store. Several of the channels in this track are used for Z lines. 

The design of the digital differential analyzer portion of the combination computer 
is a function not only of the requirements of the application but also of the configura- 
tion of the main and fast-access stores. For purposes of this exposition the following 
configuration is assumed: 


32-bit word length 
32 channels of 64 words in the main store 
4 channels of 2 words in the fast-access store 


Four of the main store channels can be used to provide for Y, R, K, and R;, registers 
while a fifth may serve to hold the start pulse. The inclusion of this latter channel 
simplifies the interaction of the general-purpose and the digital differential analyzer 
portions of the computer (see below) and reduces the round-off error (see page 19-46) 
at no added cost except a reduction in the storage capacity available to the general- 
purpose computer. In other respects the operation of the arithmetic channels is 
conventional. 

The output distribution system, on the other hand, cannot be conventional unless 
additional equipment—short tracks with several reading heads—is provided. In 
lieu of this, two of the two-word channels may be employed as Z lines, one to indicate 
the existence of an output and the other the sign. During each word time, each of 
these lines receives a new integrator output and precesses one bit so that all 64 out- 
puts may be held by the two lines. The output of a fixed integrator, which is arti- 
ficially set to +1 each iteration, supplies computer time. The idle Y register of this 
integrator can serve to control output. Because two word times are required for all 
the integrator outputs to appear on the Z line, both the primary and the secondary 
input to an integrator must be collected during the two word times immediately pre- 
ceding the processing of the integrator itself if universal integrator intercommunication 
is to be provided. As a consequence, the addressing system requires two sets of 
counters and registers: if one set is employed during J;_» and J;_; to collect inputs 
to J;, another is needed during J,;_; to start collecting inputs for J;,:. Separate 
address channels are required for the two sets of counters ; hence four channels must 
be employed for addresses. Figure 19.71 illustrates both the conventional and this 
modified addressing system. If universal intercommunication is not necessary, only 
two channels and a single set of counters and registers may suffice. 

A large variety of alternate address configurations are possible. Address and 
arithmetic information can, for example, occupy alternate words of the same channel, 
Or, if four-word short lines are employed in the above example, four sets of counters 
and registers and eight address channels may be employed to provide universal 
addressing. In this case, inputs are collected during four word times or 128 pulse 
times, only 64 of which contain the latest available information. The remaining 
64 times contain older information which is normally not used. These and other 
complex addressing systems are feasible in. a. combination computer because the 
general-purpose portion of the computer can translate between a simple input lan- 
guage, in which the integrator outputs to be employed as inputs to a given integrator 
are indicated by number, and a complex Z-line configuration. Similarly, in a binary 
computer, decimal input data can be translated into binary and the output informa- 
tion translated back into decimal. 

Many other operations can be performed by the general-purpose circuitry: input 
functions can be stored and entered into computation; iterative solutions involving 
the successive variation of initial conditions can be controlled and directed; difference 
tables can be generated for either input or output; initial conditions can be computed 
from raw input data; portions of a problem that do not lend themselves to solution 
by a digital differential analyzer can be computed in parallel with the digital differ- 
ential analyzer solution; etc. One particularly significant function that the general- 
purpose portion of the computer can perform is the rescaling of a problem as a func+ 
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tion of the solution. The degree to which this is made automatic is dependent upon 
the application and the memory capacity that remains once other functions have 
been provided. The rescaling operation can be programmed specifically for each 
problem or in various degrees of generality. Moreover, it may operate only in the 
event that a variable exceeds a specified value or, more generally, it may serve to 
optimize the efficiency of computation by repositioning variables and varying scale 
factors. The inclusion of a separate channel for the start pulse facilitates the imple- 
mentation of any of these rescaling processes. 


I;_2 T,_, i, Tit 


Y addresses for J; Y address for J; +2 
X address for I; X address for J;-+2 


Y addresses for J;-++1 
X address for J;+1 


Modified system 


X address for: 


Conventional system 
Fig. 19.71. Conventional and modified addressing. 


Other Types of Synthesized Computers. The computer discussed in the last section 
represents a combination of digital differential analyzer and general-purpose tech- 
niques in which the two parts of the computer are coordinate and closely interrelated. 
In other applications, one of the parts may be subordinated to the other or the two 
techniques may be embodied in separate and independent computers which are 
coupled for the solution of special problems. veal . 

The inclusion of a small general-purpose computer for auxiliary operations, such 
as the processing of input and output data and the conversion of numbers, may be 
warranted by the cost of a large parallel digital differential analyzer. This auxiliary 
computer may have fixed or variable programiming which operates under the control 
of the variables within the digital differential analyzer. On the other hand, in some 
real-time applications a small digital differential analyzer may be used in conjunction 
with a general-purpose computer to generate certain. continuous control variables or 
other funetions, ; 
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The most important application of the combination of the two techniques appears 
to be in large-scale real-time simulations of complex systems—such as the simulation 
of an intercontinental ballistic missile. For real-time calculations of this magnitude 
present-day general-purpose computers are several orders too slow while analog com- 
puters lack the required accuracy. One approach to this problem is a combination 
of a general-purpose and an analog computer, since analog accuracy is sufficient for 
certain computations. In this case, however, a large number of analog-to-digital 
and digital-to-analog conversions are required in addition to the analog-to-analog 
conversions that are necessary if the simulation is to include portions of the physical 
system being simulated. Replacing the analog computer by a parallel digital differ- 
ential analyzer reduces the number of these conversions, eliminating the former and 
replacing the latter by digital transducers. Furthermore, because of its greater 
accuracy, a digital differential analyzer can generally handle a larger portion of the 
problem, thereby allowing the general-purpose computer to operate upon equations 
that represent a less simplified model of the equipment being simulated. 

A digital differential analyzer may also operate in conjunction with an analog 
computer in order to provide digital accuracy at those critical points in analog compu- 
tation which require the use of nonlinear elements, such as servos and function gen- 
erators. In some cases digital equipment can also serve to buffer information between 
analog equipment and portions of a system under investigation. In these cases digital 
transducers can be used to replace analog-to-analog converters. 
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20.1. GENERAL-PURPOSE DIGITAL COMPUTERS—RELAY TYPES* 


20.1.1. Historical Aspects. The modern digital computers are electronic just as 
are most other modern data-handling and control systems. However, they were all 
first conceived as mechanical-type systems. In between these extremes of imple- 
mentation came the electromechanical types—more commonly called relay types 


Table 20.1. Data on Relay-type Digital Computers 


: - | Num- 
Item Popular name of Developed Approx No. Service Now if |’ pas 
No. computer by of relays* date service? built 
1 | Type 600 multiply- | IBM 200 (60)t 1930 Many | 2,500 
ing punch 
2 | Complex-number Bell 450 January, No 1 
computer (model 1) 1940 
3 | Interpolator (model | Bell 450 ae aang Yes i 
2) | 
4 | Ballistic-data com- | Bell 1,500 June, 1944 | Yes 1 
puter (model 3) 
5 | Harvard (Mark I) IBM 3,304 (2,200) +t ree Yes 1 
6 | High-speed relay IBM 2,900 December, | No 5 
calculators 1944 | | ‘ 
7 | Ballistic-data com- | Bell 1,550 ‘ March, Yes 
puter (model 4) 1945 F 
8 | General purpose Bell 8,900 December, | Yes 
(model 5) 1946 ; 
9 | Harvard Mark II Harvard 13,000 May, 1947 | Yes 
10 | Selective-sequence IBM 21,400 (12,500) t| January, No 1 
electronic calculator 1948 : 
11 Harvard Mark III Harvard 1,250 (4,500) t pe al Yes 
12 | Network computer | Bell 4,700 (84)t September, | Yes 1 
(model 6) | ; 1949 ‘ 
13 | Bark computer Swedish 5,200 1950 No 
Telephone 
Company | 


* Approximate number of relays as originally built. Several computers now have more 
relays than indicated. , 

+ Numbers in parentheses indicate number of Hollerith counters used. 

t Numbers in parentheses indicate number of vacuum tubes used. 


cause this apparatus component performed the more dramatic part of the com- 
eet Geieations. The Alay by oR digital computer dominated the field for only § 
few years, primarily because this kind of digital-computer development was initiate 
on a large scale just before large electronic systems were deemed to be feasible. 

The pioneering of the digital computer was done in the 1930s. Among those promix 


* By [Ernest G, Andrews, 
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nent in the field were Lake,* Aiken, } and Stibitz.{ Each was identified, in the order 
named, with the three organizations principally responsible for the design and the 
construction of relay computers, namely, the International Business Machines 
Corporation, the Harvard Computation Laboratory, and the Bell Telephone 
Laboratories. 

The whole era of the relay-type digital computer was so short that only a few were 
built. The data on those which have no security restrictions are covered in Table 
20.1. In the transition from relay types to electronic types there were a few com- 
puters which had substantial parts of both designs, but as the use of the electronic 
techniques implied a much faster computer these machines have been generally 
regarded as electronic computers. 

The use of relays in designing the first large digital computer in the 1930s came 
about naturally. The circuitry then employed in automatic data-handling systems, 
signaling systems, and automatic telephone switching had the basic requisites for 
digital-computer design. The relay computer has many virtues compared with its 
predecessor, the mechanical type: (1) a single signal operating a relay can control 
many paths, up to 24 in conventional high-speed types and many more paths for 
special types; (2) the relay has one moving part, the relay armature (neglecting the 
flexing of contact springs); (3) reduced maintenance; (4) self-checking operations are 
more easily incorporated; and (5) lower initial cost. In addition, the relay brought 
about faster operation but the degree of improvement was not great compared with 
that of electronic computers. 

The early relay computers developed by IBM also employed another type of 
electromechanical device called the Hollerith counter. From a functional viewpoint 
this counter could be described as a relay having 10 discrete states, and it obviously 
was therefore well adapted to handling decimal numbers. This counter is analogous 
to the numeral wheel on the mechanical calculating machines because storage was 
effected by turning the wheel to the unique position corresponding to the decimal 
digit to be stored. 

Many of the principles incorporated in modern electronic computers were pioneered 
in the relay-type designs: (1) variable computing program (provided by punched 
tapes), (2) the use of the binary code for computing, (3) floating-decimal-point opera- 
tion, (4) the multiple-address instruction code, (5) error detection, (6) conditional 
transfer of control operations, and (7) effective use of the subroutine concept. 

20.1.2. Characteristics. Code. Several forms of decimal-number codes were 
employed among which were (1) the plus-3 binary coded decimal, (2) the 8421 code 
(true binary), (3) the 2*421 (gap 6 code), (4) the biquinary code (a 7-unit code), and 
(5) various forms of the 5-unit code. All these were used in the arithmetic units. 
In addition, still other codes were employed in input and output devices. 

One computer used an all-binary code. 

Negative numbers were handled either as complements or as the absolute number 
with a sign indicator. 

Storage. High-speed storage of numbers was handled by relays, four to seven being 
required per decimal digit (depending upon the digital code employed) plus the 
necessary gating and control relays. The cost of a number register was therefore so 


* Claire D. Lake is identified with the development of the Harvard Mark I Computer. 
As indicated in the New York Herald Tribune of Aug. 7, 1944, this computer was placed in 
operation and publicly demonstrated on August, 1944, at which time the IBM Corp. gave 
it to Harvard University. , 

t Howard Aiken is identified with attempting to promote the idea of automatic sequence 
control in April, 1937. At that time he outlined the general design of a computing machine 
primarily for use in the field of mathematics, science, and sociology. (See pages 25 and 26 
of Proc. ACM meeting held at Pittsburgh, Pa., on May 2 and 3, 1952.) Aiken subse- 
quently assumed an active role in the development of the Harvard Mark i 

t George R. Stibitz is identified with the Bell Telephone Laboratories complex-number 
computer. It was placed in operation on Jan, 8, 1940, and publicly demonstrated on a 
remote-control-operation basis at Dartmouth University on Sept. 11, 1940, 
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high that a great deal of program-design consideration had to be given to keeping the 
number of registers as low as possible. 

While the relay was an ineflicient device as a storage medium for recording a single 
binary element of a code, extra relay contacts were readily obtainable. These were 
used to provide grid networks for various kinds of special controls not obtainable in 
simpler types of binary storage. Some examples are (1) self-checking features, and 
their accompanying alarm features; (2) certain numerical criteria could be indicated 
such as whether a number is zero, finite, or infinity (i.e., beyond the machine’s number 
range), this information being used to cope with indeterminate arithmetic situations; 
and (3) code conversions such as conversion from the code of the arithmetic unit to 
the code of the output device. 

The slow-speed storage was handled principally by paper tapes. In some cases 
punched cards were used. 

Tabular data, either transcendental functions or empirical data involving one or wore 
variables, were usually stored on punched tapes. For problems where random access 
to the tabular data was required, a disproportionate amount of access time was 
involved because a tape is a unidimensional device. To reduce this access time, it was 
customary to enter the table at high tape-hunting speed with coarse values of the argu- 
ment and also to use either or both of these techniques: (1) provide several tapes 


(and their associated tape-reading equipment) for the table, and (2) store the data as 


coefficients of a second- or higher-order polynomial. 

Wired-in function tables were used infrequently. 

Storage of computing instructions was on paper tape. In general this type of 
storage was compatible with the over-all operating time of the control system, and 
consequently high-speed storage of instructions was not needed. 

Control. It was generally recognized that relay computers were properly labeled as 
being slow. Numerous ingenious devices were therefore employed to speed up the 
computer. Various combinations of the following principles were used: (1) several 
arithmetic units were employed in a single computer; (2) the multiple-address instrue- 
tion code was commonly used; (3) square rooters were provided; (4) parallel operation 
was almost universally employed; and (5) provision was made for the operation 
of two complete computers together when operating personnel required problem 
solutions in minimum time. 

Arithmetic Unit. All arithmetic units operated in the parallel mode; as previously 
stated serial operation was too slow to be considered. ‘ 

Addition was effected by providing two relay-contact networks on each of the groups 
of relays employed for each decimal digit position of the two operands. One of these 
was energized when the carry-out from the decimal digit on the right was 0 and the 
second network when the carry-out was 1. 

Subtraction was effected by adding the complement of one of the operands. The 
decimal codes employed usually made it possible to obtain the complement by simple 
switching. When the arithmetic unit was required to produce the complement, an 
alternative gating relay to the adder was used. The normally used gating relay would 
transfer the operand to the adder without change; the alternative gating relay would 
transpose the wiring so that the complement was transferred to the adder. With 
this kind of circuitry, complementing was obtained without any added operating time. 

Multiplication was effected by several methods. One computer, as a preliminary 
operation, obtained the various multiples of the multiplicand and selected these as 
required by the multiplier and with the proper shifting. Other computers used the 
repeated-addition technique; i.e., the multiplicand was added without shifting as 
many times as indicated by a multiplier digit. Other computers used a so-called 
“short-cut’’ repeated addition. This was a scheme which took advantage of the 
fact that multiplication with a multiplier digit from 1 to 4 could be accomplished with 
1 to 4 normal additions; and with a multiplier digit from 5 to 9, multiplication could 
be accomplished with 5 to 1 subtractions in the next multiplier digit position. An 
appreciable reduction in multiplying time was thus obtained at the expense of more 
circuit complexity. Other computers performed multiplication using multiplication« 
table techniques. 
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Division was likewise effected by several methods. One computer referred to a 
table of reciprocals and thereby performed division by multiplying the minuend by 
the reciprocal of the divisor. More commonly, computers performed division by 
repeated subtraction. Another computer effected a reduction in computing time by 
first subtracting the divisor multiplied by 5; if the result had one sign, the quotient 
digit was known to be in the range of 0 to 4, the particular quotient value being 
obtained by repeated subtraction. If the result of the subtraction by the divisor 
multiplied by 5 was the other sign, the partial result was retained and the quotient 
digit was known to be 5 to 9, the particular quotient value being obtained by repeated 
subtraction of the divisor from the retained partial result. 

Square rooting was obtained by subtracting trial root divisors made up from succes- 
sive odd numbers, a scheme commonly used by operators of hand computing machines. 

20.1.3. Input Devices. Punched-tape- and punched-card-type readers were most 
commonly used for both problem data and program data. Despite their slow speed, 
they were reasonably compatible with the over-all operation time of relay-type 
machines. For the two computers using electronic techniques (items 9 and 10 in 
Table 20.1), it was necessary to provide buffer storage facilities between the paper- 
tape inputs and the computer in order to capture more fully the value of the higher 
speed of computing afforded by electronic circuitry. 

20.1.4. Output Devices. Electrically controlled typewriters or teletype printers 
were often used without any buffering. Punched cards, punched tapes, and tabulators 
were also commonly used. One computer (item 11 of Table 20.1) used magnetic-tape 
outputs. 

20.1.5. Summary. When the technological advances immediately before World 
War II demanded automatic digital computing, the relay-type computer was the 
answer. It provided all the functional needs of mass computations; in fact, there are 
probably very few computing functions in the more modern computers which were not 
pioneered, sometimes crudely, in the relay-type digital computer. 


20.2. METHODS OF CLASSIFYING STORED-PROGRAM COMPUTERS 


Stored-program computers may all be classified as serial, where the serial refers 
to binary bits, decimal digits, words, or numbers, and perhaps to complete formula 
statements. A computer which is serial digit by digit transfers the various bits which 
represent the digits on parallel lines, whereas a computer which is serial by word may 
transfer all the bits that represent the word on a number of lines. For example, a 
40-binary bit number would be transferred on 40 different channels. 

Computers which are serial bit by bit may be constructed using acoustic delay line 
memory, or magnetic drum memory, or even a Williams tube memory. The first 
computer constructed using electrostatic storage of information was the computer at 
Manchester University where the information was processed in a strictly serial bit- 
by-bit form. 

Computers which are serial by digit have been made using magnetic drum memories 
with the four binary bits representing individual decimal digits being transmitted on 
four different channels. 

Computers which are serial by word transfer the various binary bits representing 
the word on different channels at the same time. Such computers have been referred 
(o as parallel computers. The type of memory used in such parallel computers has 
been the Williams tube memory and more recently magnetic core memories. 

: For a given pulse-repetition rate the speeds of the various kinds of computers go up 
in proportion to the number of bits which are transferred in parallel. Thus the serial 
by word, or parallel computer, is the fastest of the group. Also, because of the multi- 
ple channels required, it makes use of much more equipment than the serial by digit or 
serial by binary bit computers. 

_ 20.2.1, Grand Central Station vs. Source Destination. Another method of compar- 
ing digital computers is to consider the general flow of information during the process- 
ing sequence, In many computers there is a central register, perhaps a memory buffer 
rogister, through which all the information is transferred, both the numbers whieh are 
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being operated upon and the commands which control the process. In contrast to 
this there is a design in which information may be transferred from any location in the 
memory system to almost any other location. In this type of system, sometimes called 
the source-destination system, there is no single register through which the information 
passes. However, there is usually a central bus over which all the information passes. 

Generally, the logical structure and the command system of the Grand Central 
Station type of computer are simpler than those for the source-destination type. By 
the same token, the flexibility of the Grand Central Station system is less than that of 
the source-destination system. Note that whereas there is no means of extending 
the flexibility of the Grand Central Station system it is possible to establish program 
methods in the source-destination system which reduce the flexibility and make it 
behave as if it were a Grand Central Station system. 

20.2.2. Memory Hardware. Another method of classifying computers is to con- 
sider the kind of hardware which is used to construct the memory portion. The types 
of memory in most prominent use are magnetic drum and magnetic cores. In the 
initial development of computers both Williams tube and acoustic delay lines were 
used, but these are less popular in the more recent developments. The distinction 
with respect to hardware correlates with respect to speed, and to a considerable extent 
with the distinction with respect to serial by bit or digit, and serial by word. Thus a 


magnetic drum computer tends to be serial by bit or by digit in construction, whereas | 


the magnetic core computer tends to be serial by word. 

20.2.3. Number Representation. The numbers that are processed in a digital com- 
puter may be represented in sign and absolute-value form, or negative numbers may 
be represented in complementary form. The complements may be with respect to 
either 9’s or the appropriate power of 10 in a decimal computer, or with respect to V’s 
or the appropriate power of 2in a binary computer. The various representations may 
hold whether the numbers are in fixed-point form or in floating-point form. The 
appearance of numbers in complementary form may be limited to the arithmetic cir- 
cuits, or numbers stored in the memory may also be in complementary form. The 
conversion to sign and absolute-value or true form may occur only in the input and 
output equipment. 

20.2.4. Fixed-point vs. Floating-point Arithmetic. Another distinguishing charac- 
teristic in the arithmetic systems of digital computers is whether the system operates 
using fixed-point numbers or floating-point numbers. Fixed-point numbers may be 
numbers which lie between +1 and —1, whereas floating-point numbers may range 
from —105°to +105°, This more extensive range makes it possible to program most 
scientific or engineering calculations, and not worry about variables in the computa- 
tion overflowing during the process. On the other hand, in the fixed-point computa- 
tion, the programmer must arrange that at each step of the way there is no danger 
that the variables developed in the computation will exceed 1 in absolute value. 
This requires, for example, that before each division takes place the programmer 
makes certain that the numerator is going to be less than the denominator in absolute 
value. 

In a fixed-point computer it is sometimes desirable to compute with the numbers as 
if they were integers. This requires a different kind of multiplication than is used in 
the fractional case. In many computers the multiplication command has the effect 
of multiplying two numbers which may occupy word positions in the computer so as 
to produce a two-word answer, a more significant word and a less significant word. 
The distinction of whether one is multiplying fractions or integers occurs when the 
storage operation takes place. If the least significant half is stored this may be the 
integral answer to a product of integers, whereas if the most significant half is stored 
this is the fractional answer to the product of two fractions. This also makes it con- 
venient to program double-precision operations in the same fixed-point arithmetic 
system. 

In floating-point arithmetic systems there is a further choice as to whether results 
are normalized after each arithmetic operation. If the results are normalized, there 
is a tendency to produce more accurate results in larger computations. However, if 
normalization takes place nonsignificant digits may be brought in on the right-hand 
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end of numbers appearing in the computation; so that there is no indication whether 
the results of lengthy computations have significance or not. This has led to the use 
of nonnormalized systems, wherein there is no shifting of operands left, except in the 
case of multiplication and division operations. In this case there is more information 
about the significance of the answers. On the other hand, the distributions are such 
that perhaps there is less accuracy on the average in the results to lengthy computa- 
tions. The general trend in computation systems is to use normalized floating-point 
arithmetic and to use other methods of checking on the significance of the answers. 
: 20.2.5. Decimal vs. Binary. Another method of distinguishing arithmetic systems 
is to check as to whether they operate in the binary number system or in the decimal 
number system. In most decimal number systems there is a binary representation of 
the individual digits. This binary representation may be in the true binary number 
system or it may be in variations of this where other sequences of binary bits represent 
the corresponding decimal digits. 

In four-channel serial by digit systems there has been a tendency to design decimal 
arithmetic systems. The actual arithmetic operations are more complicated, first 
because the actual addition of individual digits requires more equipment, and proc- 
esses such as multiplication and division must be done by repeated additions or 
subtractions in corresponding positions, whereas in the binary system the additions 
and subtractions occur once in each position of the number. Thus arithmetic sys- 
tems which are binary are simpler and tend to be faster than the corresponding 
decimal systems. 

20.2.6. Command Sequencing. There are two methods of determining the 
sequence of commands that are to be executed in the computational process. In one 
case a serial counter counts out consecutive memory addresses so that the system oper- 
ates by looking at consecutive memory positions and executing the commands found 
there. The other system involves placing with each command information which 
specifies the location of the next following command. In computing machines with 
so-called random access, such as in magnetic core memory systems, there is a tendency 
to use the serial technique since this makes more efficient use of memory space. On 
the other hand, in cyclic memory systems where information becomes available only 
once every cycle of the memory system there have been designs in which each com- 
mand specifies the location of the next following command. This makes it possible 
to execute commands at a higher rate, since each command can appear in a location 
in memory such that it is available for execution as soon as possible after the comple- 
tion of the preceding command. 


20.8. SPECIAL CHARACTERISTICS OF MAGNETIC DRUM COMPUTERS* 


Because the cost of storing information on magnetic drums is much less than for 
storing in other memories suitable for use on high-speed computers, it is possible to 
construct certain registers as part of the magnetic drum memory. 

20.3.1. Buffer Memories. Placing two heads on the same track some number of 

sector lengths apart provides a lower-capacity memory than that of a full channel but 
with a proportionally lower access time. If there are normally 100 sectors around the 
drum, then two heads spaced 10 sector lengths apart may be used to provide a 10-word 
capacity loop with an access time of one-tenth the access time to a track containing 
but one head. 
A section of a drum rotating past two heads is depicted in Fig. 20.1. Information 
is read from one head, amplified, and stored for one bit time in a flip-flop. It is then 
recorded by a head set 10 sector spaces back along the circumference (actually 10 
sector spaces less one bit space). 

As before, if the word is stored serial-serial, the sector length will be the same as 
the word length, If the storage is series-parallel, then as many of these loops as there 
are bits in parallel are needed to store the 10 words. 

The access time to the loop is reduced since it requires only a fraction of a drum 


* Sections 20.8 through 20.4.2 by William TR, Arsenault, 
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revolution for a particular bit of a word to appear in the output successive times. If 
faster access is desired the heads may be spaced closer together. Some computers 
using this method of storage have several loops of different head spacing. 

Since the information recorded is of interest only while ‘it exists between the two 
heads, several other independent loops may be spaced around the circumference on 
the same track. The record head associated with the loop erases all information 
previously recorded on the track and inserts the new information. Therefore, infor- 
mation recorded by heads associated with other loops will not interfere with each 
other. 

The loop may be addressed in a manner similar to any read-record head. The head 
is selected and a coincidence with a sector address is obtained. 

20.3.2. Circulating Registers. Information contained in a register is not used until 
it appears at the end of the register, i.e., as it is shifted out. In a serial-binary machine 
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Fra. 20.1. Recirculating register. 
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addition may be performed by adding the least significant bits of the two operands, 
then shifting and adding the next two significant bits. The process continues until 
the two words are added together. 

This operation can be made to take place at the machine clock rate and in syn- 
chronism with the machine word times. The same results may be obtained if the 
registers take the form of circulating loops on the drum. Instead of the head spacings 
being multiple word lengths apart, they now must be something less than one word 
length apart. 

For such loops the two heads must be spaced very close together. For a machine 
with a word length of 40 bits and a bit density of 100 per inch, the heads must be 
spaced less than 0.40 in. apart. This puts a physical limitation on the size of the 
head; however, several are commercially available that can meet these specifications. 

Putting the storage registers on the drum complicates the logical design of a com- 
puter but realizes great savings in equipment. For a serial-binary machine up to 
80 per cent of the equipment associated with the shifting registers may be eliminated 
as compared with equivalent vacuum-tube or transistor registers. 

20.3.3. Loop Realization and Machine Timing. Successful operation of circulating 
registers takes advantage of the complete synchronization that exists in a magnetic 
drum processor. Figure 20.2 depicts a section of a drum and schematically shows 
some logical elements associated with two tracks. The first, the accumulator, is a cir- 
culating-loop register, where two bits of the word contained circulate through static 
flip-flop storage. Normal information flow is from Ajo: to the record amplifier and 
back onto the drum. The second is an information track with a single head associated 
with it. The particular head is selected by addressing in a manner described in earlier 
sections. 

The bits of the two words in question are shown in position at the beginning of a 
word time. Assume the command being executed calls for an addition of the word in 
the accumulator and the word N of the selected track. The record amplifier will be 
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made to select and record the output of the binary adder. This output is the result of 
adding the bits contained in A101 and A2oo, the least significant bits of the respective 
words. ; 

The by at the record head is then the first bit of the new word being generated by 
the add command. As the drum rotates under the head successive bits will be added 
and the results recorded in the accumulator. At the end of the word time the record 
amplifier again selects the output of Aio: so that the accumulator word will recirculate. 

If it is desired to insert a new word into the accumulator from the memory, the 
record amplifier will select the output of Asoo directly for the correct word time. 

Again, at the beginning of a word time, bo of the word on the information track 
appears in Aso. This implies that this information, as it appeared on the drum, 
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Fia, 20.2. Arithmetic unit. 


must have already passed under the head, been amplified, strobed, and set into A2oo. 
If it had been desired to record new information into word location N, then bo 
must have already been recorded. It follows then that there is a one bit delay between 
reading and recording with the same head. ” 

In order to send information from the accumulator to the memory, it is necessary to 
start the record operation one bit time earlier. This is the purpose of Aioo. When 
by appears in A109 the read-record head is in the correct position to record it. This 
type of compensation is not necessary when transferring information between several 
loops that may exist in a machine. ‘ abe : 

The binary adder shown in Fig. 20.2 is only part of the logical circuits that may exist. 
Such operations as compare, extract, etc., may all take place in a word time. N 

20.3.4. Shift Operations. The relative position of bits must be defined ata particu- 
lar time when using these dynamic techniques. For purposes of discussion, this will 
be defined as the beginning of a word time. Thus bp is in Ain at the beginning of a 
word time. 

In order to shift information within a word it is necessary to shorten or lengthen the 
loop. If it is desired to shift left, the loop is lengthened 1 bit to 41 bits. This is 
accomplished by inserting A 12 into the information flow. The bit bo has 41 positions 
to assume but only 40 bit times to assume them. Therefore, at the beginning of the 
next word time, bo will be in Ajo or one bit space to the left. ‘ For each word time that 
the information is made to pass through Ais, the respective bits will be one more 
position to the left. , : sm 

In a like manner, information may be shifted right by shortening the loop. This is 
accomplished by passing Ajo. Now the loop is onty 89 bit positions long and bo will 


20-10 GENERAL-PURPOSE COMPUTERS 


already be recorded back on the drum after one word time. The bit bo will occupy the 
space formally occupied by bap. 

The entire computer operation may be designed around this technique. The 
exception is when it is necessary to input or output to or from an asynchronous device, 
such as a tape punch. Here, some amount of buffer storage must be provided. 


20.4. SOME GENERAL-PURPOSE DRUM COMPUTERS AND THEIR 
CHARACTERISTICS 


20.4.1. The IBM 650. Memory. This machine uses a cobalt-nickel-plated drum, 
4 in. in diameter and 14 in. in length. The drum rotates at 12,500 rpm. The record- 
ing density is 50 bits per inch, giving a machine pulse rate 
of 128,000 pps. 

Information is stored in a series-parallel form, 5 bits in 
parallel, representing a decimal digit. A word is 10 decimal 
digits long, plus a digit for sign. An additional space bit 
separates successive words. A word, then, occupies 5 tracks 
(referred to as a band) by 12 bits in the circumferential di- 
rection. Each band contains 50 words, and 40 bands give 
a capacity of 2,000 words. 

The drum stores information in a 5-bit code shown in 
Fig. 20.3. This code can easily be checked for error since 
each decimal digit always contains two and only two binary 
l’s. The digits are converted between this code and a bi- 
quinary code when the word is transferred between the 
drum and the logical circuitry. 

Word Structure. The machine word is 10 decimal digits 
long, plus sign. Information, when in the logic section, is 
carried in the word in the form of a 7-bit biquinary code. 

When a word in the machine takes the form of a command the digit positions have 
the significance shown in Fig. 20.4. This is the so-called modified single-address code. 

The two most significant digits define the operation that is to take place. There are 
44 possible operations in the machine. The operand address part of the command 
word defines the address on the drum where data are to be found or sent. When an 


Digit 
pesten(2°] 9[8[7]6[s[a][s[2]i 


Operation Address of Address of 
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Fic, 20.3. Five-bit drum 
code. 


Fira. 20.4. Command word. 


operation does not imply an operand address, this part of the word may take on one 
of the following meanings: 

1. Number of positions to be shifted either right or left 

2. Address of a block of words in the memory to be output 

3. Address of a block of words where data are to be input 

4. Address of an alternative command, dependent upon certain tests 

5. Address of a word where a search operation is to start 
The least significant four digits specify the address of the next command unless a 
branch is indicated (item 4 above). 

Logic. The logical section of the computer consists of two registers, the distributor 
and the accumulator. In addition, there is the program register that holds the 
command. 

These registers are based on capacitor storage and circulate continuously in syn- 
chronism with the drum, much as circulating registers discussed in Sec, 20.3. 

The distributor acts as an intermediate storage link between the accumulator and 


. 
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memory. Any number transferred between the accumulator and the memory passes 
through the distributor. 

The accumulator has a capacity of 20 digits. It is divided into two 10-digit halves; 
however, carries propagate between the lower and upper halves. A 10-digit operand 
may be added to the 20-digit accumulator to form a 20-digit sum. A 10-digit operand 
may be multiplied to form a 20-digit product, or divided to form a 10-digit quotient 
and 10-digit remainder. 

The distributor and both halves of the accumulator are addressable as well as 
memory locations on the drum. This allows either half of the accumulator to be 
added to or subtracted from the other half; either half added to itself; the upper half 
to be multiplied by itself, i.e., squared; etc. 


Program register 


| 
gare 


Drum memory 


Input 
Output 


Fia. 20.5. Information-flow block diagram. 


Among the many operations common to a general-purpose computer, the machine is 
capable of performing a table-look-up function. The argument is stored in the dis- 
tributor and the location where the search is to start is given in the operand address. 
The machine then compares successive words on the drum with the word in the 
distributor. When the word in the memory becomes equal to or larger than the word 
in the distributor, the operation terminates and the address of the compared word is 
given in the accumulator. There are 50 words around the drum. If no comparison 
is made by sector 48, the machine switches to the next band and searches that band, 
starting at the first sector. Sectors 49 and 50 are ignored in the search, and this time 
is used to switch bands. J 

Command Execution. Information flow within the computer takes place in a series- 
parallel fashion. All logical operations take place by passing the two operands serial 
by digit through the logic circuits. The word in the accumulator is merged with the 
operand word to form the desired results. The result is put back into the accumulator. 

The registers of the machine circulate in a dynamic fashion, in synchronism with 
the drum timing. Since the accumulator is two word lengths long it takes two word 
times for information to circulate. Information in the lower accumulator is syn- 
chronized to enter the logic circuits during an even word time and the upper accu- 
mulator during an odd word time. v wa 

Shifting is performed by shortening or lengthening the number of digit positions 
in the accumulator. To shift left, the accumulator is lengthened one digit position. 
Wach circulation of the accumulator moves the digits one position. Thus, it takes two 
word times per bit position shifted to execute this part of the operation. 

A typical add command takes 8 word times to execute, Assume that an add to 
lower accumulator command (AL) is located in memory address 0001, During, this 
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word time the command is gated from the drum into the program register. During 
word time 0002, the operation part of the command is sent to the operation register 
and the operand address is sent to address register. During word time 0003, the 
appropriate drum heads are selected. The machine then waits for the operand sector 
to pass under the heads. 

If the operand is in one of the 40 word locations of sector 04, there will be no wait 
and the data word is sent to the distributor. It was stated that the lower part of the 
accumulator circulated in a manner such that it could enter the logic circuits only 
during an even word time. The machine must then wait until sector 06 to add the 
two numbers. The upper part of the accumulator passes by during sector 07 time. 
Meanwhile, the address of the next command is sent to the address register. It is 
therefore possible to locate the next command in one of the words at sector 09. 

With the data at the optimum location the entire command requires 0.768 msec. 

Multiply is carried out by repeated additions and shifts and requires from 20 to 
200 word times to perform the arithmetic functions. Divide requires from 60 to 
240 word times to perform the arithmetic. 

Assuming random data and instructions the following times are quoted for command 
execution: 


Command Average Time, msec 
Add, subtract, store...... 5.2 
Ren eet ieee Ke at Betas 2 Os 5 2.8 
OPO ees ray EGE lanc rss 2.7 
MPQUUIDLY, BocascseBacr tse toe 2186 
WIVIOe re ee ee ee 14.5 


Equipment. The processor is composed of some 2,000 tubes and 3,600 crystal 
diodes. Tube types used are the 5965, 6211, 12AY7, 6AL5, 2021, and 5687. The 
machine consumes 16 to 18 kva of power. 

Auziliary Equipment. Normal input and output are via punch card. A high-speed 
core storage of 60 words may be added. This storage is addressable from the processor 
and also acts as a buffer between the machine and magnetic-tape units. Up to 60 
magnetic-tape units may be tied to the machine. 

20.4.2. The Royal-McBee LGP-30. Memory. The drum memory is approxi- 
mately 8 in. in diameter and 10 in. long. Words are stored in a pure serial form, 32 
bits to the sector. The 64 sectors per track give a total track capacity of 2,048 bits. 

The drum rotates at approximately 3,500 rpm, giving a bit rate of 120,000 per second. 

There are 64 tracks to the main memory. This provides a total storage capacity 
of 4,096 words. 

In addition to the storage above, there are three circulating registers. These are 
called the counter register, instruction register, and the accumulator. The registers 
operate as discussed in Sec. 20.3. Here it is required that the heads be spaced 31 bits. 
At a density of 80 per inch, the head centers are approximately 0.4 in. apart. 

Word Structure. The machine word is 30 bits long, plus a single bit for sign. A 
thirty-second bit is used as a space bit on the drum. 

Information is carried in pure binary form with the decimal point considered ahead 
of the most significant bit. Numbers vary from +1 to —1 in increments of 273° 

When the machine word is used as a command only 16 of the bits have significance. 
Four are used to define the operation and the remaining 12 define the address of the 
operand. This is referred to as a single-address command structure. 

Order Code. The complete order code is included here as it represents a near mini- 
mum number of operations needed to perform problems conveniently on a general- 
purpose computer. The code is the four binary bits carried in the command word that 
define what operation is to be performed. An operand address is needed for each 
command word except for the last three commands in the list. 

Logic. There are three registers in the machine used to carry out all logical opera- 
tions. These three registers are circulating types where a majority of the information 
held in the registers is contained on the drum. 

One circulating register is called the counter. Tt is one word length long and stores 
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the address of the next command. As previously described, single-address machines 
usually obtain their commands from successive addresses. Each time this address is 
used it is augmented by one and held until it is used to designate the next command. 
This procedure continues until a transfer command inserts a new command address in 
the counter. ‘ 

A second circulating register is called the instruction register. This normally holds 
the command word containing the instruction and operand address. For this purpose 
information is derived directly from the main drum storage. 


Table 20.2. The LGP-30 Command List 
INSTRUCTION ORDER LIST SHOWING CODE FOR EACH INSTRUCTION 


Code Effect 
Arithmetic: , 4 

0001 Bring. Clear the accumulator, and add the contents of location m to it 

1110 Add contents of m to the contents of the accumulator, and retain the 
result in the accumulator 

1111 Subtract the contents of m from the contents of the accumulator, and 
retain the result in the accumulator ’ 

0111 Multiply the number in the accumulator by the number in memory 
location m, terminating the result at 30 binary places st 

0110 Multiply the number in the accumulator by the number in m, retaining 
the least significant half of the product 

0101 Divide the number in the accumulator by the number in memory loca- 
tion m, retaining the rounded quotient in the accumulator 

1001 Extract, or logical-product order—i.e., clear the contents of the accumu- 


lator to 0 in those bit positions occupied by 0’s in m 
Transfer control: 


1010 Transfer control to m unconditionally—ie., get the next instruction 
from m 

1011 Test, or conditional transfer. Transfer control to m only if the number 
in the accumulator is negative 

Record: AY 

1100 Hold. Store contents of the accumulator in m, retaining the number 
in the accumulator 

1101 Clear. Store contents of the accumulator in m and clear the accumu- 
lator 

0010 Store only the address part of the word in the accumulator in memory 
location m, leaving the rest of the word undisturbed in memory 

0011 Return address. Add 1 to the address held in the counter register Cc 
and record in the address portion of the instruction in memory location 
m. The counter register normally holds the address of the next instruc- 
tion to be executed 

Miscellaneous: ‘ 

0100 Input. Fill the accumulator from the Flexowriter 

1000 Print a Flexowriter symbol. The symbol is denoted by the track num- 
ber part of the address (x) ‘ 

0000 Stop. Contingent on five switch (71 . . . 7's) settings on the control 
panel 


The third register is the accumulator. This register is one word length long for 
most operations. However, a second read head spaced an additional word length, 
plus a bit space, allows the register to be lengthened to 65 bits during certain portions 
of the multiply and divide operations. 

The execution of a command is divided into eight steps or phases. For most opera- 
tions only four are used. , ; 

In the first phase a search is made for the command word whose address is held in 
the counter register. That part of the address designating the track is sent to the 
track-selection register, comprised of six toggles, and a sector search is made on the 
remaining bits. } 

Upon sector coincidence the machine is set to phase 2 and the command word is 
read into the instruction register, ‘This period always lasts a single word time. 

Again during phase 8 a search is mado, this time for the operand address. Upon 
sector coincidence the machine ia set to phase 4d,” 
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Phase 4 lasts one word time and is the period when all logical and arithmetic opera- 
tions take place, except for the multiply and divide orders. If the operation is addi- 
tion, the word in the accumulator is added serially, bit by bit, to the word being read 
from the memory. If it is a send order, the word in the accumulator is recorded in 
the sector found during phase 3. 

For a transfer order, the contents of the instruction register are sent to the counter 
register during phase 4. This, then, becomes the address of the next command, as 
required. 

Phases 2 and 4 are each one word time long and phases 1 and 3, the search periods, 
are & minimum of one word time. Assuming the operand is located in the optimum 
position, these operations can be completed in four word times. 

Multiplication. Multiplication is carried out by a series of additions and shifts. 
During phase 4, the multiplicand, which is specified by the operand address, is read 
from the memory into the instruction register. The multiplier, which already exists 
in the accumulator, continues to circulate. During the next two periods the product 


Je- One word period | 
cockpuiess ebb ELIE ELLIE LEE Lit rt ie 
Sign digit position SEL Ne es ae 
Sector address eee 2 2 ee ee. TT ses 
Sector position Lec ied 2 Skee oe 
Track No. position ncninittgthdictie add Si ci teaieaitel ear guttnltacinditanaapeacna 
Order position wt ee I ee ee 


Fia. 20.6. Drum timing signals. 


is formed. First, the accumulator is extended to 65 bits by reading from the second 
head rather than from the first. This lengthens the loop to slightly over 2 words in 
length. The effect of this is to precess the information held in the accumulator one 
bit position each two word times; i.e., the bits of the word are all shifted one position 
in the more significant direction each complete circulation. 

The accumulator then holds the multiplier and the partial product. As the accu- 
mulator circulates, the multiplicand is added in or not, depending upon the value of 
the pertinent digits of the multiplier. This addition operation happens each full 
accumulator circulation. Also, the accumulator “shifts” one bit each circulation. 
The multiplicand is therefore added into a successively lesser significant part of the 
partial product. 

The partial product is initially one word length long and progressively grows. As 
each digit of the multiplier is used it is dropped from recirculation. This compensating 
storage requirement allows the accumulator to handle both pieces of information while 
it is extended to two plus word lengths. 

This operation requires some 64 word times, plus the initial four minimum word 
times required for phases 1 through 4, or approximately 18 msec. 

Machine Timing. There are several timing tracks permanently recorded on the 
drum. ‘These are used to generate various timing and gating signals that occur within 
a word time. 

The first line of Fig. 20.6 shows the clock or bit pulses. These pulses occur at a 
rate of 120,000 per second. The second line shows a signal occurring at the sign digit 
position. Whenever it is desired to define the existence of the sign of a word, say in 
the accumulator, the coincidence of this signal and the output of the accumulator loop 
will produce the needed information. 

A third track on the drum defines the various sectors around the drum. On this 
track are permanently recorded sequential numbers of the 64 sectors around the drum. 
As actually utilized, the numbers on this track represent the nezt sector that will pass 
under the head, A fourth track is used to define the bits where the sector part of the 
address occurs. 
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A fifth track defines where the channel part of the address occurs, and a sixth defines 
where the order bits occur. 

Address Selection. It was discussed above how, in phase 2, the command word was 
read from the memory into the instruction register. Previous to this it was necessary 
to select the proper track and sector defining the location of this word. 

Given in the counter register is the address of this new command. This word is 
circulating in synchronism with all the information on the drum and in particular with 
the timing tracks. First the timing signal from track 4 is gated with the output of the 
counter register. This selects out the correct 6 bits to send to the track-selection 
register, which in turn selects the correct head. 

At the same time the timing signal from track 4 is used to gate information from 
track 3 and the counter register. The contents of these bits from the counter register 
are compared with the output of track 3. If they compare exactly, then the next 
sector, the start of which is defined by track 2, is the desired one and thus contains 
the new command word. This word is then gated to the instruction counter. 

If a coincidence is not found a comparison is made during the correct bits of the 
next sector. This continues until the correct sector is found. 


SOn 27 20 
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Fra. 20.7. Sector interlacing LGP-30. 


Sector Interlacing. The sector addressing around the drum is such that there are 
9 sectors between successive addresses. This is shown in Fig. 20.7. Assuming a 
command in sector 00, the operand search begins during sector 57 time. The operand 
may be located in any of the words associated with sectors 50, 43, 36, 27, 22, or 15. 
The search for the next command begins at sector 08 so that the next command that is 
located in 01 will be read without delaying a drum revolution. , 

This procedure can take place for all those commands which require only the first 
four program periods. Thus execution time including access can be as low as 2 msec. 

Equipment. The computer uses a total of 110 vacuum tubes and 1,400 diodes. 
The power requirement is 1.5 kw at 115 volts alternating current. : 

Auziliary Equipment. A Flexowriter is used as input-output. This is a combina- 
tion typer and paper-tape reader-perforator. Since the registers are dynamic they 
are not readily displayable. An oscilloscope is provided to view the contents of the 
three registers. - 

20.4.3. The Bendix G-15 Computer. Memory. The memory of the Bendix G-15 
computer is a magnetic drum. The main memory consists of 20 tracks with 108 
wordsin each. ‘There is a 16-word high-speed memory in the form of four tracks with 
four words each. The arithmetic circuits involve four tracks, three with two words 
and one single-word register. Another single-word register is used in the control 
circuits and there are timing tracks on the drum. 

As indicated in Figs. 20.9 and 20.11 the G-15 has a source-destination structure 
(see Sec. 20.2) and the command essentially specifies the source and destination 
involved and the time at which transfer is to occur. In order to provide for minimum 
access for commands, each command also specifies the time at which the next com- 
mand is to be read from memory. : ; 

All tracks in the memory recirculate, making it possible to transfer information 
from any track to any other track. In terms of Fig. 20.9 there are direct connections 
(not shown) from each read head to the corresponding write head, 2. . 

Inverting Gates. All transfers of information are via the inverting gates (8 of Fig. 
20.9) and under control of parts of the command (CH and S/D of 7 of Fig. 20.11). 
During such transfers the sign bit may be deleted (absolute value), the number may he 
complemented if negative, or the sign may be changed and then complemented if 
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Fie. 20.8. LGP-30 block diagram. 


SOME GENERAL-PURPOSE DRUM COMPUTERS 20-17 


negative. All these operations may be done on the basis of single precision (29-bit 
numbers) or double precision (58-bit numbers). 

Arithmetic Operations. The arithmetic circuits include three two-word registers 
and a single one-word register. One of the two-word registers and the single-word 
register have addition circuits associated with them. Thus there are two independent 
accumulators, one for single-length words and one for double-length words. Multi- 
plication and division as well as shifting are done in the two-word registers. Under 
control of the command any number of digits in the multiplier may be used or any 
number of digits in a quotient may be developed. The particular arithmetic opera- 
tion to be done depends only upon source and destination values of the command being 
executed. 


ABSOLUTE 
TIME 
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LTO READ NEXT COM 
Fra. 20.10. Bendix G-15 command cycle. (Courtesy of Bendix Corp.) 


Input and Output. One of the 108-word memory lines serves as a buffer register 
in the input and output process. Inputs and outputs are initiated by the control 
circuits upon the execution of the appropriate command. Input terminates upon 
reception of a sror code from the input device. Output terminates after a few charac- 
ters under format control or after larger numbers of words when the buffer empties. 


Thus the maximum number of words which can be handled as a block on input or on 
output is 108 words. 
Input is from the typewriter and a photoreader which reads punched paper tape. 
Output is to the typewriter and to punched paper tape. Auxiliary equipment pro- 
vides communication to and from magnetic tape and punched cards. 
8 Once an input or output process has been initiated the computer may continue with 
the program. The program may test for the termination of an input or output process 
in order to know when input information may be used. 

The Command Cycle. The command circuits usually pass through four states 
illustrated in Fig. 20.10. The states are (1) READ COMMAND, (2) WAIT TO TRANSFER, 
(3) TRANSFER, and (4) WAIT TO READ NEXT COMMAND. ‘The wart periods are caused 
by the cyclic nature of the memory. Note that in the case of “immediate” commands 
the WAIT To TRANSFER period may be by-passed. Immediate commands may transfer 
for any number of word times up to a maximum of 108. 

Precession. Figure 20.11 shows that information from the source passes through 
the “early bus” to the inverting gates and through the “intermediate bus” to a box 
where there is a possibility of the information passing through the one-word AR 
register before arriving on the “late bus.’’ Under control of one command as many 
as 108 words may be transferred in this way and the effect is to displace all the words 
one word position, In other words, their sector location has been increased by unity 
20-16 i or their address has been inereased by one, : 
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Fra, 20.9, Bendix G-15 diagram. (Courtesy of Bendia Corp.) 
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There are precession circuits associated with the input and output buffer which give 


nn 
=o 
Ss 3s precession by four bits or by four words. These operations can be programmed to 
= iS sé occur anytime and not just during an input or output process. 
joe 5 The Digital Differential Analyzer Attachment. An attachment to the G-15 may be 
nee had which converts part of the computer into a digital differential analyzer (see Sec. 
ks 19). This conversion uses part of the memory and does not interfere with the opera- 


tion of the general-purpose computer. This makes it possible to control the integra- 
tions going on in the DDA “on the fly,” so to speak. For example, it is possible to 
change the system of equations being integrated without interrupting the integration 


process. 


yous 
in Beirne ips 2 20.5. LARGE-SCALE DIGITAL COMPUTERS 
H}eUISEq fe Fo) 
* alo s 2 In the digital-computer field a certain stability has been reached in magnetic-drum- 
= - g = size computers in that a number of designs have been developed and marketed and 
wo > — > S have failed commercially, whereas a few designs are being relatively widely sold and 
€ Reals) § 3 = show promise of surviving for a time. On the other hand, in the large-scale high- 
oe bs 3 5 speed class there are a number of new entrants in the field and their products have not 
& 3 had a real test in the computer market. Therefore, instead of describing particular 
Bb £ ‘gy tS is ge othe done in the case of magnetic-drum computers a composite device 
os c —e will be described. 
a4 5 £ g d 20.5.1. Memory Hierarchy. High-speed Memory. The high-speed memory is of 
Phe = 2 the coincident-current type using magnetic cores to store the information. The 
3 & 2 ie & 2 memory-cycle time is 2 to 10 usec and the memory size is from about 4,000 to approxi- 
ae 2 o 3 ons mately 32,000 words (numbers). Usually the memory comes in blocks of about 4,000 
8& a 2 ey =: and the customer may have a memory of any intermediate size that he desires. The 
ar 3 § = Ss g memory is parallel in nature with all the binary bits which represent a ‘‘word”’ being 
& te acs t 8 5 available simultaneously. 
2 i o Fc) Some computing systems have a “read-only” memory (also called ‘‘dead memory” 
9 oa —— é ane or “reserve memory”) which has the same performance characteristics as the high- 
E sti (2 < ‘wo speed memory but cannot be written into. Such ‘“‘read-only’’ memory is used to store 
£ = 3 subroutines and programs which are frequently used. For example, trigonometric 
£ = 5 3 A wae or an assembly program designed to facilitate the insertion of programs may 
2 a 2 = ay be in this memory. 
5 le & 5 a Medium-speed Memory. The medium speed consists of one or more magnetic 
E m o 2 . 6 ue 8 a drums each holding perhaps oo words. ann ware to items here peek from 
8 ¢ > a 5 5 to 10 msec but character-transfer rates may be 100 ke (in contrast to megacycle rates 
8 3 5 ’ = & aoe ; 
$ fuse, Ss S=Sae in the high-speed memory). 
= vc £ = Slow-speed Memory. The slow-speed memory consists of a number of magnetic- 
= tape units each holding a 2,400-ft reel of tape. The tape is wide enough to record one 
2 character in parallel including ee eee ee payee required by Rea ahi 
2 aay © Random access to an item is on the order of minutes, but character rates may be above 
= £ fe 100 ke. The computing system has sufficient control and buffering equipment so that 
Hs magnetic-tape operations are only initiated by the computer and then computation 
may proceed while transfers are being completed. 
s General Memory Organization. In most existing systems the organization of the 
€ = levels of memory is determined by the program executed in the computer. Thus the 
oS e = = organization in this case depends either upon the programmer or upon a compiler 
N Sp: 2 7) = = which automatically allots storage space and generates the required program. 
BRS "3 5 oe 2 In some systems blocks of data are moved from one level of storage to another 
=} depending upon their frequency of use or upon length of intervals of disuse. Alterna- 


tively, in a random way blocks may be moved from high-speed levels to lower-speed 
levels to make room for new blocks. Systems organized in this way are adaptive in 
nature since in large-scale data processing problems, items with periodic (seasonal) 
© fluctuations in “duty factor” will generally be located in that level of memory which 
leads to the optimum processing conditions, As changes in activity occur, the mem- 

2 ory is reorganized accordingly. 
20.6.2. Arithmetic System, The basic arithmetic operations are available in single- 
precision and double-preeision binary floating-point as well ag in fixed-point intogral 
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form. The fixed-point operations facilitate subscript-type operations and are useful 
in data-processing problems. On the average, arithmetic operations can be done at 
the rate of 100,000 per second. 

20.5.3. Control System. There is a conventional set of arithmetic commands as 
well as transfer of control and conditional transfer of controls which depend upon the 
signs of certain numbers or upon whether or not they are zero. 

Interrupt facilities make it possible for communication with terminal equipment to 
proceed with a minimum of delay to the main program. For example, a typewriter 
may have been requested to type a block of data from the high-speed memory. 
Since the unit can accept characters only once every 100 msec, it gives out a “ready”’ 
signal when it desires a character; the computer is “interrupted”? and supplies the 
desired character, and then the computation proceeds until the typewriter again needs 
a character. 

It is possible to store ‘‘markers’”’ with the data and use this same interrupt facility 
to terminate iterative loops in the program in a way which minimizes the number of 
commands in the loop and consequently gives maximum speed. 


20.6. A SIMPLE ONE-ADDRESS COMPUTER 


_The behavior of a digital electronic device may be indicated by producing a block 
diagram showing the possible paths of information transfer and by preparing a 
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Fig. 20.12. A one-address computer. 


sequence scheme which indicates the timetable which such events may follow. The 
block diagram serves as a roadmap indicating the possible paths of transfer and the 
sequence diagram indicates under all circumstances the actual timing of events which 
take place. The various entries in the sequence diagram are called “statements”; 
and these may be indicative statements indicating that certain action takes place, 
declarative statements specifying the state of events under certain circumstances, or 
interrogative (or conditional) statements which indicate two possible sequences of 
events depending upon the status of some particular indicator in the system. In 
general, the structure of this language is very similar to the problem-oriented language 
called ALGOL. 

h Generally, indicative statements have a form in which one item replaces another 
item. Parentheses around quantities are used to indicate the content of that quantity. 
The quantity inside the parentheses plays the role of aname. A conditional statement 
always consists of two parts; the first clause asks the question and the second part 
states the alternatives. The question terminates with the question symbol, and the 
statement after the question mark terminates with a standard punctuation symbol 
such as a comma, semicolon, or period. If condition statements are nested, braces 
may be used to enclose the inner statements in a form similar to normal English usage. 
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Certain points in a sequence diagram may be labeled as entries by writing the name of 
the entry followed by a colon. 

A simple one-address computer will be described in terms of a block diagram (Fig. 
20.12) and a sequence diagram (Fig. 20.13). The system consists of a memory, 
which appears in the upper left-hand corner of Fig. 20.12; an arithmetic unit, which 
appears in the upper right-hand corner; and a memory buffer register (upper center), 
which serves as a communication path between the various units and the memory. 
On the bottom of Fig. 20.12 is the control unit with a command register on the left- 
hand side and a command counter (CC) on the right-hand side. Information is 


0: (CC) — (MAR), 
1: (CC) +1-— (CC), ’ 
2: ((MAR))— (MB) — (CR), 
3: A— (MAR), 
4: Is OP operand type? ((MAR)) — (MB); 
5: OP? 
5.1. CA (Clear Add): (MB) — (AC), 0. 
5.2. AD (Add): (AC) + (MB) — (AC), 0. 
5.3. CS (Clear Subtract): —(MB) — (AC), 0. 
5.4. SU (Subtract): (AC) — (MB) — (AC), 0. 
5.5. MU (Multiply): (AC) X (MB) — (AC), 0. 
5.6. DI (Divide): (AC) / (MB) > (AC), 0. 
5.7. ID (Inverse Divide) : (MB) / (AC) > (AC), 0. 
5.8. ST (Store): (AC) > (MB) > ((MAR)), 0. 
5.9. TC (Transfer Control): A— (CC), 0. 
5.10. TZ (Transfer Zero): (AC) = 0? [TC.], 0. 
5.11. TP (Transfer Positive) : (AC) > 0? [TC.], 0. 
5.12. TN (Transfer Negative): (AC) < 0? [TC.], 0. 


5.13. TNZ (Transfer Not Zero): (AC) = 0? [0.],[TC.]. 

5.14. TNP (Transfer Not Positive): (AC) > 0? [0.],[TC.]. 

5.15. TNN (Transfer Nonnegative): (AC) < 0? [0.],{TC.]. 

5.16. SUB (Subroutine Transfer): O-— (MAR), (CC)— ((MAR)), 
A— (CC), 0. 

5.17. IT (Indirect Transfer): (MB) — (CC), 0. 


A: Address 

AC: Accumulator 

CC: Command Counter 
MAR: Memory Access Register 
MB: Memory Buffer 

CR: Command Register 

OP: Operation 


Fia. 20.13. Sequence scheme for simple one-address computer. 


supplied to both the command register and the command counter from the memory 
buffer; it is also supplied to the command counter from the address portion of the 
command register. 

The memory may store as many as, say, 10,000 numbers in locations which are 
numbered 0, 1, 2, and so on up to 9,999. In order to specify which particular location 
is involved in a transfer to or from the memory buffer (MB) there is a memory access 
register (MAR). This register must store some number between 0 and 9,999, and 
this determines which particular number in the memory, or instruction in the memory, 
will be transferred to the memory buffer. 

In the arithmetic unit of Fig. 20.12, an accumulator is shown. In the following 
discussion it is not particularly important whether the arithmetic is in the binary or 
decimal number system, or whether it is in fixed-point or floating-point (and if fixed- 
point whether it is in integral form or in fractional form). In a practical computer 
the type of arithmetic may have some influence on the actual commands that are put 
into the computer; for example, in a floating-point system fixed-point arithmetic 
commands may be needed for the purpose of modifying commands, 
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The diagram of Fig. 20.12 is like a roadmap, in that it shows where information 
may go but it does not say anything about when the information is transferred. This 
timing information appears in the sequence scheme which is shown in Fig. 20.13. 
The general sequence of events is described in Fig. 20.13 as a cycle divided up into 
five parts and numbered 0, 1, 2, 3, 4, and 5. In the case of step 5 there is a large 
number of possibilities which depend upon the operation code of the particular com- 
mand. For example, an addition operation appears in section 5.2 and a transfer 
of control is shown in 5.9.. Note that step 4 is also optional in that some commands, 
for example, transfers of control, do not involve an operand; in the case of such 
commands nothing happens during the execution of step 4. 

In order to read the information given in Fig. 20.13 it is necessary to explain the 
meaning of certain combinations of symbols. Generally, the elements in a sequence 
scheme are called ‘“‘statements.’’ So, for example, step 1 is the statement ‘increase 
the contents of the command counter by unity and put the result back into the com- 
mand counter.”’ (All the way through this discussion parentheses will be used to indi- 
cate “the contents of.’’) 

Step 0 indicates that the contents of the command counter are transferred to become 
the contents of the memory access register. In step 2 the contents of the contents of 
the memory access register become the contents of the memory buffer. (This means 
that a number in the command counter was transferred into the memory access 
register; and the number stored in the memory, in the location which corresponds to 
that number in the memory access register, is the quantity which actually appears 
in the memory buffer.) After this the number is transferred from the memory buffer 
into the command register in the control circuits. In step 3 the address portion of 
the command, which is called A, is transferred to become the contents of the memory 
access register. 

In step 4, if the operation code is such that an operand is required, the number in 
memory corresponding to the address now in the memory access register is transferred 
to the memory buffer. Note the punctuation in the specification of step 4. A ques- 
tion is asked, and if the answer to this is yes, the statement between the question mark 
and the first punctuation symbol (in this case a semicolon) is executed. If the answer 
to the question is no, this step is skipped and it continues with step 5. 

In step 5 the operation code is inspected and, depending upon its value, there is a 
branch into one of 16 different sequences or statements as indicated in Fig. 20.13. 
The first seven possibilities in step 5 correspond to various arithmetic operations such 
as add, subtract, etc. In statement 5.8 there is provision for the transfer of informa- 
tion from the accumulator back into the memory. This is called a ‘‘store’”’ operation. 

As an example, consider statement 5.2, which is the addition operation, and note that 
it specifies that the contents of the accumulator are added to the contents of the 
memory buffer and the result is left in the accumulator. After this, there is a ‘,0.’’ 
which is like a transfer-of-control instruction; in other words this means that the next 
event in the sequence scheme is to return to step 0. Returning to step 0 causes a new 
command to be obtained from the next following location in memory and the whole 
cycle repeats again. Note that the various arithmetic transfer statements corre- 
sponding to operation codes are each named by writing a name followed by a colon. 
For example, the addition sequence which was just discussed is labeled AD. If a 
colon follows a name it signifies that this name is a statement label. 

In the transfer-of-control operation (5.9) the address in the command register is 
transferred to become the contents of the command counter, and the next event is 
step 0 of the sequence scheme. Statements 5.10 to 5.15 are conditional transfers; 
whether or not transfer occurs depends upon the number stored in the accumulator. 

Next consider 5.13, which is a transfer on not zero. In the first part of the state- 
ment the number in the accumulator is inspected to see if it is equal to zero. If the 
answer to this is yes then the portion of the statement between the question mark and 
the comma (the periods inside the brackets do not count, since they are on a different 
level) is executed, which means that the next event in the sequence is the transfer to 
step 0. If the condition is not satisfied, in other words if the number in the aceu- 
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mulator is not zero, then the next event is statement 5.9, which is a transfer of control. 
The other conditional transfers operate in a similar manner. 

Statement 5.16 is a subroutine transfer. This statement is somewhat more com- 
plicated than most of the other operation codes. The first thing that happens is 
that zero is placed in the memory access register; then the contents of the command 
counter are transferred into the memory buffer, and after that into the memory at 
location zero. All this is indicated by the statement (CC) > ((MAR)). The next 
step in the execution of this particular operation code is the transfer of the address A 
to the contents of the command counter and a return to step 1. 

The indirect transfer (5.17) provides for a return from subroutines. This is an 
operand-ty pe command; so by the time its execution takes place the number in memory 
corresponding to the address A has been transferred to the memory buffer. The next 
step in the execution is to transfer this quantity into the command counter and go 
back to step 1. Note that the memory buffer might be longer than the command 
counter; that is, there may be more digits in the memory buffer than in the command 
counter. In that case the statement of 5.17 would be interpreted as indicating that 
the corresponding digits of the memory buffer are to be transferred to the digits of the 
command counter. For example, if a subroutine has been entered by a subroutine 
transfer, then the current place in the main program has been stored in location 0 of 
the memory. An indirect transfer with address 0 would have the effect of transferring 
this number in location 0 of the memory back to the command counter via the memory 
buffer. This would restore the contents of the command counter to what was there 
prior to entering the subroutine. If a sequence of subroutines is to be nested then 
each successive subroutine must save the information in location 0 (by transferring 
it to some other memory location) in order to provide automatically the right transfers 
of control from the subroutines at one level to those of another level. 


20.7. SEQUENCE SCHEME FOR ARITHMETIC OPERATION 


Figure 20.14 shows the details of a typical list of arithmetic commands. In this 
presentation the supposition shall be that these commands operate in a floating-point 
decimal mode so that there is no problem about conversion of numbers from one num- 
ber system to another, nor is there any difficulty about exceeding capacity in a normal 
computation. 


A. Is OP arithmetic?, R. 


A.1: CA (Clear Add): (MB) — (AC), 0. 

A.2: AD (Add): (AC) + (MB) — (AC), 0. 
A.3: CS (Clear Subtract): —(MB)— (AC), 0. 

A.4: SU (Subtract): (AC) — (MB) — (AC), 0. 
A.5: MU (Multiply): (AC) X (MB) — (AC), 0. 
A.6: DI (Divide): (AC) / (MB) — (AC), 0. 

A.7: ID (Inverse Divide): (MB) / (AC) — (AC), 0. 

A.8: ST (Store): (AC) > (MB) > ((MAR)), 0. 


AC: Accumulator 

MAR: Memory Access Register 
MB: Memory Buffer 

OP: Operation 

R: Return 


Fia. 20.14. Sequence scheme for arithmetic operations. 


In the case of all these arithmetic commands the next step in the process is the zero 
step in the sequence scheme (Fig. 20.18) as indicated by the ‘0.”’ at the end of each 
of the statements A.1 through A.8. 

Many computers do not have an inverse divide command; this means that in devel- 
oping the value of an arithmetic expression it may be necessary to store temporarily 
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the contents of the accumulator so that it can be divided into some other partial result. 
The presence of the inverse divide command on occasion saves this extra store com- 
mand and a location in the working storage of the computer. Finally, the store com- 
mand itself has been classified with the other arithmetic commands. 

In the discussion of the various computing systems which follows, this group of 
arithmetic commands will be considered as a block in order to simplify the presentation. 


20.8. TRANSFER-OF-CONTROL OPERATIONS 


It is convenient to have a group of transfer-of-control operations in any one of the 
computing systems that will be considered. Therefore, as in the case of arithmetic 
commands, these will be presented as a group and referred to in a simple manner in the 
discussion of the various computing systems which follows. 


T. Is OP transfer type?, R. 

T.1: TC (Transfer Control): A— (CC), 0. 

T.2: TZ (Transfer Zero) : (AC) = 0?/[T.1.], 0. 

T.3: TP (Transfer Positive) : (AC) > 0?[T.1.], 0. 

T.4: TN (Transfer Negative): (AC) < 0?[T.1.], 0. 

T.5: TNZ (Transfer Not Zero): (AC) = 0?(0.],[T.1.] 
T.6: TNP (Transfer Not Positive): (AC) > 0?(0.],[T.1.]. 
T.7: TNN (Transfer Not Negative): (AC) < 0?(0.],[T.1.]. 


AC: Accumulator 

CC: Command Counter 
OP: Operation 

R: Return 


Fra. 20.15. Sequence scheme for transfer-of-control operations. 


In this case the operation may involve simple transfer of control, or transfer on 
zero, On positive, on negative, on not zero, on nonpositive, and on nonnegative. These 
various conditions, of course, refer to the contents of the accumulator. Any transfer 
of control involves transferring the address of the respective commands into the com- 
mand counter and then going to step 0. Consider statement T.4 of Fig. 20.15, for 
example. This is a transfer on negative command. A question is asked: Is the 
number in the accumulator less than zero? If so, go to step T.1, which is a transfer of 
control; if not, go to step 0, which is the initial step in the general sequence diagram and 
is the course of events in the case of normal execution of the sequence of commands. 


20.9. A SIMPLE TWO-ADDRESS COMPUTER 


As indicated in Fig. 20.16, the memory and arithmetic arrangements in the two- 
address computer are the same as they are in the single-address computer (see Fig. 
20.12). The primary difference in structure is in the control unit. Note that there 
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Fie, 20,16, A two-address computer, 
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is a command register but there is no command counter. The command register is 
now divided into three parts: the first part stores an operation code, as before, but 
there are also two addresses labeled A and B. The sequence scheme for the two- 
address computer is shown in Fig. 20.17. The arrangement here shows one possible 


0: B— (MAR), 
1: ((MAR)) — (MB) — (CR), 
2: A— (MAR), 
3: Is OP operand type? ((MAR))— (MB); 
4: OP? 
4.1. Arithmetic (see Fig. 20.14), 0. 
4.2. Transfer Control: 
4.2.1. TZ (Transfer on Zero): (AC) = 0? A (MAR), B— (MAR); 1. 
4.2.2. TN (Transfer Negative): (AC) < 0? A— (MAR), B— (MAR); 1. 
4.2.3. TP: ¢AC) > 0? A— (MAR), B— (MAR); 1. 
4.2.4. TNZ (Transfer Not Zero): (AC) = 0? B— (MAR), A—> (MAR); 1. 
4.2.5. TNP: (AC) > 0? B— (MAR), A— (MAR); 1. 
4.2.6. TNN: (AC) < 0? B— (MAR), A> (MAR); 1. 
4.3. SUB (Subroutine Transfer): ‘‘O’’— (MAR), A> (MB) — ((MAR)), 
B— (MAR), 1. 
4.4, RET (Return Transfer): (MBs) > (MAR), 1. 


Fia. 20.17. Sequence scheme for two-address computer. 


way of making use of the second address. The particular type of design described is 
suitable for computers with cyclic memories. For example, if the information is 
stored on a magnetic drum the numbers may be requested at a time when that portion 
of the drum is not under the reading head; consequently, the device must wait until 
the drum turns to such a position that the information is passing underneath the 
reading head. In this design the address B specifies the location of the next command, 
and this removes the need for any command counter. 

Referring again to the sequence diagram (Fig. 20.17), step 0 shows that the address 
B is transferred to the memory access register. In step 1 the command is transferred 
via the memory buffer to the command register, and in step 2 the address A is trans- 
ferred to the memory access register. In step 3, if the command is of the operand 
type, the operand is transferred from the memory to the memory buffer. In step 
4 the operation code is interpreted and the arithmetic operation or transfer of control, 
etc., is carried out. 

Step 4.1 describes the various arithmetic operations which are shown in detail in 
Fig. 20.14. Step 4.2 shows the transfer-of-control operations. These operations 
must be given in detail since the sequence of the two-address command system is 
quite different from the sequence of the single-address computer, which is shown in 
Fig. 20.15. Note that, since each command has the effect of a transfer of control, 
there is no need for the simple transfer-of-control command. Only the conditional 
transfer commands, subroutine transfer, and return transfer commands are needed. 

The return transfer (step 4.4 of Fig. 20.17) is like the indirect transfer of Fig. 
20.13. The number to be transferred into the memory access register does not com- 
pletely fill the memory buffer. Thus the term MB, indicates that portion of the 
memory buffer which corresponds to the address A. This choice of A is consistent 
with the subroutine transfer command described in step 4.3. 


20.10. MULTIPLE-ADDRESS COMPUTERS 


In the preceding discussion, any particular command referred to only one operand. 
In the case of the two-address computer the second address was used for purposes 
of control or to specify the location of the next command. ‘There is a class of com- 
puters with multiple addresses in the command, wherein more than one address 
refers to operands, Such an example is shown in Fig. 20.18. In actual fact, com- 
puters have been made with three addresses as well as the four addresses indicated 
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here. Note that in this particular design there is still a command counter; so that 
normally commands will be located in sequence in the memory, and the counting of 
the command counter determines the actual sequence of execution. 

Figure 20.19 shows a sequence scheme for a four-address computer. As in the case 
of the single-address computer, step 0 consists of incrementation of the command 
counter. In steps 1 and 2 the command is transferred from the memory into the 
command register, and in step 3 the OP is decoded. 

The addition command (step 3.1) is shown in detail. The first operand, which is 
specified by the address A, is transferred out to the accumulator; the second operand, 
specified by address B, is brought out to the memory buffer and added to the contents 
of A, and the result is left in A. Finally, the third address C is transferred to the 
memory access register and the result is transferred from the accumulator to the 
specified location in the memory. In this particular design there is a possibility of 
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Fia. 20.18. The National Bureau of Standards Western Automatic Computer (SWAC). 


overflow. This may happen with either fixed-point or floating-point arithmetic, but 
in this case assume that the arithmetic is done in fixed-point form and if overflow 
occurs then the next command will come from a location specified by D rather than as 
specified by the command counter. Thus each addition command involves a condi- 
tional test for overflow, and if overflow occurs there is in effect a transfer of control 
to a new location. Note that if overflow is to be ignored then the number in D should 
be the same as the next value of the command counter. 

The arithmetic operations for subtracting, multiplying, and dividing are given in a 
somewhat more concise notation in steps 3.2, 3.3, and 3.4 of Fig. 20.19. Note that 
in contrast to the single-address computer there is no need for a clear and add, or a 
clear and subtract, command in this system. In this particular design a number 
cannot be transferred from one location to another in the memory except by the opera- 
tion of adding zero to it. 

With the multiple addresses the conditional transfer-of-control command becomes 
essentially a transfer on sign. Depending upon the relative magnitudes of the 
quantities specified by A and B, the next command may be found in location GC, in 
location D, or in the location specified by the command counter. In this design it 
becomes feasible to have a transfer and modify command (3.6) which has the effect 
of modifying an operand and, depending upon the sign of the answer, may or may not 
transfer control. 

Input and output have been ignored in the discussion of the above computers. In 
step 3.7 a typical input command is shown. The steps are to clear the memory buffer, 
then to initiate an input process which has the effect of establishing bits which repre- 
sent the number in the memory buffer. Next, the address C is transferred to the 
memory access register, and the number is transferred from the memory buffer to the 
appropriate location in memory. A more complicated version of this input command 
could be used, in which the A and B addresses would be used to indicate the particular 
input device, and perhaps to indicate how many numbers were to be read into the 
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computer. The address D might also be used for a branch in control upon receiving a 
certain type of “‘flag’’ information from the input device. 

An output command is shown in step 3.8, in which the address A is transferred to 
the memory access register, the number in the specified location of memory is trans- 
ferred to the memory buffer, the output device is started, and the information stored 
in the memory buffer causes the appropriate information to be recorded on the output 
medium. 

In all computers there is the necessity of being able to get the device started when 
there is no information stored in the memory of the computer. In the design described 
by the sequence scheme in Fig. 20.19, this is accomplished by a so-called initial input 
command (3.9). This command (which is similar to the input command in 3.7, 
except that the command counter determines the storage of information in the memory 


: (CC) +1— (CC), 

: (CC) > (MAR), 

: ((MAR)) > (MB) > (CR), 
ORT 


WnNro 


3.1. ADD: A— (MAR), ((MAR)) > (AC), B— (MAR), ((MAR)) + 
(AC) > (AC), C— (MAR), (AC) > ((MAR)), 3.1a: 
Overflow? [D— (CC), 1.]; 0. 

. SUB: (A) — (B)— (C), 3.1a. 

. MUL: (A) - (B) > (C) (fraction) and (C + 1) (integer), 0. 

. DIV: (A) / (B)— (C) (fraction) and remainder (C + 1), 3.1a. 

. TS (Transfer on Sign): (A) — (B) > 0? [D > (CC), 1.], 

(A) — (B) = 0? [0.]; C— (CC); 1. 

. TM (Transfer and Modify): (A) — (B) — (C), (C) < 0? 

[0.]; D— (CC), 1. 

. IN (input): ‘0’’— (MB), Input, C— (MAR), (MB) > ((MAR)), 0. 

- OUT (output): A— (MAR), ((MAR)) — (MB), Output, 0. 

. IIN (initial input): ‘'0’’— (MB), Input, (CC) — (MAR), 

(MB) —> ((MAR)), 0. 


oR to bt 
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Fie. 20.19. Sequence scheme for four-address computer. 


instead of address C) has the effect of causing information to be read into the computer 
if the memory of the computer has been cleared. For example, the operation code 
that represents initial input might be zero. Thus, if the computer’s memory has 
been cleared to zeros, every location stores an initial input command. When the 
computer is started with zero in the command counter the first command will cause a 
first word to be read into the computer and stored in location zero. Then the com- 
mand counter is increased by one, and the next command is again all zeros (coming 
from location 1), which causes the second word from the input device to be recorded in 
location 1. This process will continue either until the memory of the computer is 
completely full or until some other information comes along which terminates the 
process. An easy way to terminate the process is to have what might be called 
‘flag’? information which causes the command counter to be reset. This causes the 
command in address zero to be executed, and therefore, the routine which has just 
been read in is executed. The latter might be commands which load other informa- 
tion into the device or execute any desired problem. 


20.11. INDEX REGISTERS 


One of the important characteristics of a computer is the fact that a relatively 
small program will process a large amount of information. In order to facilitate this 
processing of a list of items a concept of index registers has been used. For example, 
if one wishes to add together two vectors to produce a resultant vector, and the quan- 
tities representing the components of these vectors are stored in a sequence of addresses 
in the memory of the computer, then a single command of the four-address type could 
add together two components of the veetors and produce a component of the result, 
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Or; in the case of the single-address computer, three commands could add together 
two components and produce a component in a result. In order to add together all 
the components of the vectors and produce a vector answer, it would be necessary to 
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CC Command counter 

CR Command register 
MAR Memory access register 
MB Memory buffer 

OP Operation 


Fie, 20.20. A one-address computer with index register and address modification. 


write many such commands or to modify the addresses of the first commands. In 
order to facilitate this address modification, an index register may be used as shown in 
the computer described in Figs. 20.20 and 20.21. 


0: (CC) +1-— (CC), 
1: (CC)— (MAR), 
2: ((MAR)) — (MB), (MB) — (CR), 


3: a? 
3.1. a = 0: A— (MB), 5 
3.2, a = 1:A— (MAR), 
3.3. a = 2: A— (MAR), ((MAR)) — (MAR)— A, 
3.4.a =3:A+(D— A, A> (MAR), 
3.5. a = 4: A + (I)— A, A> (MAR), ((MAR))— (MAR)— A, 
3.6. a = 5: A + (CC)— A, A> (MAR), 
3.7.a =6:A + (ID +(CC)— A, A> (MAR), 
3.8. a = 7: (AC) — (MB), A + (MB)— A, A> (MAR), 


4: Is OP operand type? ((MAR)) — (MB), 
SHOPy 
5.1. Arithmetic (see Fig. 20.14). 
5.2. Transfer (see Fig. 20.15). 
5.3. SUB (Subroutine Transfer): O— (MAR), (CC)— ((MAR)), 


A— (CC), 1. 
5.4. IT (Indirect Transfer) : (MB) — (CC), 1. 
5.5. LI (Load Index): A— (J), 0. 
5.6. DI (Decrement Index): (I) — 1— (1), () < 0? [0.], [A— (CC), 1.]. 
5.7. AM (Add to Memory): (MB) + (AC)— (MB) > ((MAR)), 0. 
5.8. SM (Subtract from Memory): (MB) — (AC) — (MB) — ((MAR)), 0. 


A: Address 

AC: Accumulator 

CC: Command Counter 

CR: Command Register 

Ts Index 

MAR: Memory Access Register 
MB: Memory Buffer 


Fia. 20.21. Sequence scheme for a one-address computer with address modification, 


The one-address computer with address modification as shown in Fig. 20.20 is 
exactly the same as the previous computers with respect to memory and arithmetic 
circuits. However, the structure of the control unit is somewhat different now, 
There is an index register along with {he command register and the command counter, 
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The index may be added to the address portion of the command, and to facilitate this 
operation an adder is shown. However, the index is not always added, so there is an 
address modifier indicated by the small a in the command register which determines 
whether the index is to be added to the address or not. 

The way this index register is used is shown in the sequence scheme of Fig. 20.21. 


20.12. THE ADDRESS MODIFIER 


In the design described in the sequence scheme of Fig. 20.21 the small a in the com- 
mand register is used to specify other operations rather than just the addition of the 
index to the address A. In this example the a determines the number of references 
to the memory and provides the right operand. Also, it provides for modification 
of the address by the contents of the command counter or by the contents of the 
accumulator, as well as by the index register. The use of these various facilities will 
be indicated by examples in what follows. 


a Operand 


A 
(A) 
((A)) 
(A + (1)) 
((A + (1))) 
(A + (CC)) 
(A ‘ (CC) + (I) 
(A + (AC)) 


NOarwnrd 


Fig, 20.22. Operand table for the one-address computer with address modification. 


Note that the address and the index register both carry signs and that when the 
address is transferred to the memory access register the sign of A has no effect. Thus 
the sign of A is important with respect to the addition operation but does not change 
the location of the corresponding number in memory. 

The operands which are prepared by steps 3 and 4 of Fig. 20.21 are shown in detail 
in Fig. 20.22. For example, if small a is equal to zero, the operand is the address A 
itself. In this case it may be assumed that the sign of A is transferred to the memory 
buffer in the proper position so that the number A may be a positive or negative integer 
within the range of A. Note that this happens in step 3.1 where A is transferred 
directly to the memory buffer. The next step is step 5 where the operation code is 
decoded. 

If a is equal to 1 there is a reference to the memory for the operand and this is 
similar to the situation in the computers described above. 

If a is equal to 2, then the address is transferred to the memory access register and 
the content of the corresponding location of memory is transferred to the memory 
buffer (not shown in Fig. 20.21) and to the memory access register. This produces 
indirect addressing so that the final number referred to comes from a location deter- 
mined by the first reference to the memory. Such commands are useful in processing 
items in lists, and particularly in lists of items where the item does not fit directly into 
the word length of the respective computer. 

If a is equal to 3, then the address is modified by the contents of the index register 
and this result is used as the address of the operand. 

If a is equal to 4, then the same thing happens except that there is one extra refer- 
ence to the memory; so that this is again an example of indexed indirect addressing. 

If ais equal to 5 or 6, the contents of the command counter are added to the address 
before the reference to memory occurs. This makes it easy to write subroutines which 
are relocatable in memory without modification of commands. 

Baample, A subroutine may be written as if it starts in address zero, but any 
references to locations within the subroutine will hive small a equal to 6 or 6. This 
causes the contents of the command counter to be added to the respective addresses 
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before execution. If the subroutine starts at address 1000, then any operand will be 
found in the correct location, or transfers within the subroutine will be to the correct 
locations. 

If a is equal to 7, the contents of the accumulator are transferred to the memory 
buffer, then added to the address A, and the result is used as an operand. This 
particular type of command is useful in complicated subscript operations. For 
example, a complicated subscript may need to be computed in the accumulator, and 
then added to an address to provide the final reference to the memory. This all can 
happen in a single command by making use of statement 3.8. Note that if the arith- 
metic is done in so-called normalized floating-point form then the transfer of the 
contents of the accumulator to the memory buffer may need to be preceded by a shift 
to zero exponent or to integral form, wherein the significant figures of the number are 
an integer in the address position of the word. 

A list of operation codes is given in step 5 of Fig. 20.21. The arithmetic and transfer 
operation codes are as have been described in Figs. 20.14 and 20.15. The subroutine 
and indirect transfers have also been described before. With the addition of the 
index register, load index and decrement index commands have been added. The 
load index (5.5) transfers the resultant address into the index register. The decrement 
index (5.6) has the effect of subtracting 1 from the contents of the index register, and 
tests to see if the index is negative. If the index is negative this corresponds to a 
completion of the cycle, and the sequence scheme goes to step 0, causing the next 
following command to be executed. If the result is nonnegative, then there is a 
transfer of control, presumably back to the initial command of the loop. 

It is interesting to note that index registers were first used in a computer designed 
at Manchester University in England, and that the first commercial computer to use 
an index register in the United States was the Datatron, which was then manufactured 
by the Consolidated Engineering Corporation. 

As an indication of possible variations in arithmetic commands, an add to memory 
and subtract from memory are shown in steps 5.7 and 5.8 of Fig. 20.21. 


20.18. A COMPUTER WITH PAGE MEMORY AND INTERRUPT LOGIC 


Some of the features described above plus other features now appearing in currently 
designed computers have been gathered together and presented in the computer 
described in Figs. 20.23 and 20.24. Inspection of Fig. 20.23 shows that the general 
arrangements of the memory and arithmetic circuits are still the same; in the control 
circuits there are still a command register and command counter but there are also 
other registers. These are called the ‘‘page register,’ the ‘‘address register,’ and 
the ‘‘flag register.’’ There are in addition some other processing facilities, for example, 
a complementing unit labeled K, an adding circuit, and an unequal detection circuit 
associated with the page register. 

The command register now has four parts: an operation code, an address A, an 
address modifier a, and an index designator I. In contrast to the design discussed 
just above, the address modification and the specification of the index register appear 
as separate items in the command. 

The various counters, such as the command counter and address registers, are no 
longer than necessary to specify the number of locations in the high-speed memory. 
This is particularly obvious in considering the memory access register which consists 
of three parts; the part labeled MAR-8 corresponds to the old memory access register 
and will store an integer of sufficient size to specify any one of the locations in the 
high-speed memory. 

In this computer it will be assumed that there is another slower-speed and larger 
memory available to the system. The information from this auxiliary memory may 
arrive via the arithmetic circuits or the memory buffer or some special input-output 
buffer register. In this discussion the control of the arrival, and transmission of infor- 
mation to such a memory, and the manner in which the programmer refers to that 
information, are all that will be discussed. The fast memory will be considered to be 
divided into pages labeled M1, M2, M3, and M4, and the portion of the memory access 
register labeled MAR-2 will specify which particular page is being considered, Also, 
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the auxiliary memory will be considered to be divided into pages, and the specification 
of the particular auxiliary memory page will be given by MAR-1. 

Before considering in detail the operation of the page register, it is of interest to 
consider the operation of the flag register, which is described in step 0 of the sequence 
scheme of Fig. 20.24. The flag register is like a flagman in a railway system. It may 
call a halt to the current operation and cause some other action to take place in the 
meantime. The actual character of the interruption is determined by a portion of 
the flag register labeled F, and the binary bits in this portion of the flag register may 
be associated with various devices which have the ability to “flag down” the computer. 
For example, a typewriter may have the ability of setting the first bit in this flag 


Fria. 20.23. Computer with page register and interrupt logic. 


register F, or a magnetic-tape unit may be associated with the second bit, F2, etc. 
Thus, while a program is in operation in the computer, someone may hit a key upon 
the. typewriter, causing an interrupt bit to be established in the flag register F. The 
next time that the computer moves through step 0 of the sequence scheme there will 
be an inspection of the flag register and the enable flag EF. If both these quantities 
are different from 0, an interruption will take place, which is characterized by a 
transfer of 0 to the memory access register and a storing of the contents of the command 
counter in location 0 of the memory. This is followed by a transfer of control to a 
location which depends upon the combination of flags F. Note that this operation 
is very similar to a subroutine transfer (see step 4.4 of Fig. 20.24). Note also that, if 
no flags are present, or if the enable flag has not been set, the command counter is 
incremented and the device continues to execute commands in sequence. 

In the modification of addresses, the index register is considered separately from 
the other possibilities of modification. In step 2 if an index is present that index 
specification is transferred to the memory access register, and the number in the 
operand address register (which is the current value of the address of the specified 
command) has a number from memory added to it. Thus in this case, the I specifies 
the location in memory of the corresponding index register. One may have as many 
index registers as one desires simply by making the command register, or more specif- 
ically, the I portion of the command register, as long as one pleases, In fact, if 1 is 
the same size as the address A, any location in the fast memory may be used as an index, 
As a practical matter it is probably reasonable to limit 1 to 68 locations in memory, 
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In this particular design there are four possible values for the modifier a. 

In order to simplify the presentation, all the details of picking up an operand have 
not beenshown. For example, in step 3 an address is developed in the operand address 
register. Statements 4.1, in particular, expect an actual operand to have been devel- 
oped in the memory buffer. The details of this operation are easy to supply. 

With a equal to 0 or equal to 1, the operand address is increased by either A or the 
number in memory specified by A. If ais equal to 2, the operand address is increased 


0: EF A F? [“0”— (MAR), (CC) > ((MAR)), 0” — EF, F— (CC)], (CC) +1— (CC); 
1: (CC) > (MAR), ((MAR)) — (CR), 

2; I? [I— (MAR), (OA) + ((MAR)) > (OA)]; 

3 


3.1. a = 0: (OA) + A— (OA) — (MB). 
3.2. a = 1: A— (MAR), (OA) + ((MAR)) — (OA) > (MB). 
3.3. a = 2: (OA) + A— (MAR), ((MAR)) — (OA) — (MB). 
3.4. a = 3: (OA) + (CC) + A— (MAR), ((MAR)) > (OA) > (MB). 
4: OP? 
4.1. Arithmetic (see Fig. 20.14), 5. 
4.2. Transfer (see Fig. 20.15), 5. 
4.3. NOP (No operation): 0. 
4.4. SUB (Subroutine): (CC) — (MB), ‘‘0’’— (MAR), (MB) — ((MAR)), 


(OA) > (CC), 1. 
5: "0" — (OA), 0. 
Fig. 20.24. Sequence scheme for a computer with interrupt. 


by A, and there is a reference to memory for the corresponding result. Finally, if a 
is equal to 3 the contents of the command counter are added to the operand address 
and a reference to memory is made. This provides for the possibility of relocatable 
subroutines without actual address modification. 

Note that the operation code of step 4.3 is called ‘“‘no operation.’’ This does not 
clear the contents of the OA register (see step 5). Consequently, a number of com- 
mands may have the purpose of building up a complex operand or address in the 
operand address register. 

The subroutine transfer of step 4.4 is similar to those discussed before. Note that 
there is no need for a return command in this system, since the address-modification 
facilities of step 3 already provide for indirect addressing in the case of transfers of 
control. Note that here, as in the last example, the address A carries a sign digit 
which is not used in transferring information into the MAR-3 register. 

Suppose that the fast memory shown in the upper left-hand corner of Fig. 20.23 
stores 4,000 words, numbered from 0 to 3,999. Suppose further that the command 
counter has stepped up through the value 3,999, and therefore it goes on to the value 
of 4,000. When this number is transferred via the control circuits to the memory 
access register, some bits of information appear in the MAR-1 portion of the memory 
access register. Under normal circumstances these bits do not compare with what 
appears in the page register in the portion P1. 


((MAR)) — (MB) may be replaced by: 
[(MAR-1) = 0? ((MAR-3)) — (MB), 
[(MAR-1) = (P1)? [(P2) > (MAR-2), ((MAR-3)) > (MB)], 
[SP (1) 0.157: 
Fig. 20.25. Homogeneous memory system with page registers. 


As indicated in Fig. 20.25, called “chomogeneous memory system with page reg- 
isters,”’ the content of MAR-1 is compared with 0, or with the contents of Pl. If 
neither of these comparisons succeeds, a 1 is transferred to the flag register at F1, and 
there is a return to step 0, which normally causes an interruption. When the interrup- 
tion occurs, an executive routine comes into operation which (a) inspects the contents 
of the Pl portion of the page register, (b) causes a search in the auxiliary memory, 
and (c) brings in a new page and stores it in appropriate location in the M1, M2, M3, 
or M4 parts of the memory. 

The first time that a page is referred to that is not in the high-speed memory there 
will be a search through the auxiliary memory for this:page, which may take a rela- 
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tively large amount of time. However, subsequent references to that page will be 
made at high speed. 

It is an interesting problem to develop an algorithm which decides which one of 
the blocks M1, M2, M3, or M4 is replaced when a new page is read into the high- 
speed memory. It is assumed in this case that page M1 will never be replaced in 
order that the executive routine will always be available to process requests for new 
pages. [Whenever a new page is established in the memory, the number of that page 
is established first in the P1 portion of the page register, and the appropriate designa- 
tion of M2, M3, or M4 is established in P2. If there is a subsequent reference to this 
page then (P2) is transferred to MAR-2 in order that the reference to the proper por- 
tion of the high-speed memory will be made.] One algorithm for deciding which page, 
M2, M3, or M4, to replace, says to choose this at random. Other more elaborate 
algorithms which inspect the use of the respective pages may be used, but the optimum 
selection certainly depends upon the type of problem and the details of the structure 
of the auxiliary memory of the computing system. 

A more complete system might have a number of page registers, and the high- 
speed memory might be divided into a larger number of pages. 

The features described above, such as the addition of the command counter to the 
address of the command and the page-register feature, are expected to reduce the 
labor of preparing programs for such computers. In many installations, however, 
compiling systems have been developed which automatically take care of these fea- 
tures, even without the specific hardware facilities being present. In such systems the 
additional hardware has the effect of simplifying the compiling routine and is pre- 
sumably justified by the improvement in efficiency in the over-all computing system. 
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21.1. SCIENTIFIC AND ENGINEERING APPLICATIONS OF 
DIGITAL COMPUTERS* 


21.1.1. Introduction. Digital computers have been used very extensively in the 
solution of engineering and scientific problems. Only a brief sketch of some of the 
major fields of application can be included here. The need for large-scale scientific 


computation provided the major impetus for the development of electronic computers, — 


and computer characteristics were determined to a large extent by the nature of the 
applications. Thus Eniac and Edvac (University of Pennsylvania) were designed in 
response to the computing needs of the Ballistics Research Laboratory at Aberdeen, 
Md. Whirlwind (MIT) was designed at least in part for the handling of real-time 
control problems. The SWAC and SEAC (National Bureau of Standards), the 
EDSAC (Cambridge University, England), the Manchester (England) Computer, 
and the Pilot ACE (N.P.L., England) were all designed for general scientific calcula- 
tion. The Institute for Advanced Study computer and its successors, the Ordvae, 
Illiac, Oracle, ete., were designed in connection with weather-forecasting and atomic- 
research problems. It was largely the computing needs of the aircraft industry that 
led to the development of the present-day large-scale electronic computers. Problems 
in partial differential equations arising mainly in the application of nuclear physics 
provided the major motivation for the new ultra-high-speed computers. 

21.1.2. Solution of Linear Systems and Matrix Computations. Let there be given 
the n linear equations 


Q1u%1 + Git. + ++ + + inte = b1 
G21%1 + Goxte + + + + + Aantn = be : 
ada 4 ‘ee Beare iain (21.1) 
Qniti + Aneto + + + + + Anntn = Dn 
The values of the unknowns 21, a2, . . . , tn are to be determined. This problem 


arises in a great number of contexts. In matrix notation (21.1) may be written Ax = } 
and the solution in the form z = A~!b where A~! is the inverse of A. 

Matrix methods have been used very extensively on high-speed computers on & 
wide range of problems. The fundamental programs are those dealing with matrix 
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multiplication, the solution of linear algebraic equations including matrix inversion, 
the evaluation of determinants, and the calculation of the latent roots and vectors of 
matrices. - Apart from being used on problems which have presented themselves 
directly in matrix form, the methods have found extensive application to the solution 
of differential equations, integro-differential equations, and eigenvalue problems 
associated with systems of differential equations. Matrices arising from such sys- 
tems frequently have a high percentage of zero elements, and because they may be of 
very high orders, programs have been prepared which take advantage of the presence 
of zero elements. 

In Great Britain, a panel was established whose aim has been to devise a number of 
standard forms in which matrix problems should be framed whenever possible, in 
order to minimize the amount of programming needed. The reason for the preva- 
lence of matrix forms is that for the purposes of analysis an aircraft is frequently 
represented by a number of point masses with rotational inertias and elastic inter- 
connections. With the use of electronic computers it has been practicable to use many 
more point masses than hitherto. In calculations associated with flutter two main 
problems of general mathematical interest predominate. The first arises in the cal- 
culation of the normal modes of the aircraft. This requires the calculation of the 
latent roots and vectors of an unsymmetric matrix. Matrices of orders higher than 
60 have been dealt with, usually only the higher roots and their vectors (of the order 
of 10) being required. The matrix D of which the latent roots are required is itself 
defined by the matrix relation 


D = {I — C(C’MC)C’'M] SM 


and its computation requires eight matrix multiplications. ‘The second main problem 
is the determination of the critical speeds with respect to flutter. The equations are 
of the form 


Aé + Bz + Cx = 0 


where A, B; and C are (n X n) matrices and z is a vector with n components. C is a 
function of the velocity V. The calculation of the matrices A, B, and C requires a 
considerable number of matrix operations. The solution of this set of equations is of 
the form 

x = Lazedt 


where in general the \; are complex. The motion is stable for the values of V for 
which all the \; have negative real parts. A critical value of V is one for which one of 
the ; takes a pure imaginary value, and such a value separates the velocities for 
which the motion is stable from those for which it is unstable. Besides requiring the 
critical values of V, the values of \; at speeds in the neighborhood of a critical value 
are needed since these give the damping factors. By a simple matrix manipulation 
the problem can be reduced to that of finding the complex roots of a real matrix for 
each value of V. The order of the matrix is double the number of dependent variables 
in the differential equation. The problem is of general interest since the motions of 
many damped mechanical systems about positions of equilibrium are governed by 
systems of differential equations of this type. 

The following are a few situations leading to linear systems: 

Analysis of Structures. Forces at various points in a structure resulting from given 
applied forces are to be determined. This problem arises in the design of airplanes, 
automobiles, bridges, and other large structures. 

Electrical-network Problems. The currents or voltages at various points in a circuit 
are to be determined when certain applied voltages and current sources are given. 
In this application the coefficients and the solutions are in general complex numbers. 
The computer may be programmed to do complex arithmetic, or the problem may be 
reduced to real arithmetic. Usually the latter alternative involves doubling the size 
of the system of equations that must be solved, 

Curve Fitting. The problom of fitting a set of empirical data by the best possible 
polynomial of given degree can be reduced to the solution of a linear system provided 
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that best possible fit is defined in the sense of least squares. Other curve-fitting 
techniques may also lead to linear systems. 

M ulteple Correlation. This statistical technique is equivalent to fitting a plane to 
empirical data by the method of least squares and is carried out by solving a linear 
system. The inverse of the covariance matrix yields the various partial correlation 
coefficients. 

Difference Equations. Problems in heat distribution, in electromagnetic-field 
theory, in neutron diffusion, and in numerous other contexts give rise to boundary- 
value problems involving linear differential equations, both ordinary and partial 
One standard method for solving such problems is to replace differential equations by 
approximating difference equations. The boundary-value problem is then replaced 
by a system of linear algebraic equations. 

21.1.8. Ordinary Differential Equations. Jnitial-value Problems. Problems in 
mathematical physics and engineering arise more frequently in this form than in any 
other. An interesting feature of the work on high-speed computers is that the method 
of solution which has been used most frequently is one which is seldom used on desk 
computing machines. It is an extension devised by S. Gill of a method due to Runge 
and Kutta and usually known as the modified Runge-Kutta process. In this method 
the system of differential equations is expressed as a set of simultaneous first-order 
differential equations of the form 


dyi ; 
Fg Lis Yay Ya» + + 5 Yn) se aol Oh ae See 


For convenience in the program the extra equation 


dx 


| 


dz 


is usually introduced. [equations containing higher derivatives are expressed in this 
form by the introduction of extra dependent variables. Thus, if an equation contains 
the third derivative of y, extra variables 7/2 and yz are introduced defined by 


dy ie 

oe = In and on = 3 

d’y;/da’ may then be replaced by dys/dz. The integration proceeds step by step, 
values of the dependent variables being obtained for a sequence of values of the 
independent variable. The method differs from those employing differences which 
are usually used on desk machines, in that in each step of the integration no use is 
made of values obtained at previous steps. This means that storage requirements 
are minimized, no special treatment of the first step is required, and there are no 
special problems associated with the change of the interval of integration. The 
main weaknesses of the method are: 

1. It is sometimes slow, in that it may be necessary to perform the integration at 
pars oe steps than would be necessary in a method in which high-order differences were 

sed. 

2. There is no convenient way in general of estimating whether the step length is 
small enough for the approximations involved in the method to be sufficiently accurate 
to meet requirements. 

The first of these objections is of little importance when the values of the dependent 
variable are needed at an interval roughly equal to that which may be used in the 
modified Runge-Kutta process or when the speed of output of results rather than that 
of computation is the limiting factor. A decision on the optimum interval is usually 
made on the basis of a few trial runs, and if the problem contains a number of parame+ 
ters so that in all many integrations are required, these trial runs do not add signifi- 
cantly to the volume of work. Because the programming requirements are reduced 


. 
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to a minimum when using the modified Runge-Kutta process, it has proved worth- 
while to use an electronic computer on quite simple sets of differential equations where 
it might otherwise have appeared uneconomic as compared with desk machines. 
Typical examples where it has been used are given below. 

As far as sheer bulk is concerned, the greatest number of differential-equation sys- 
tems which have been solved have been associated with calculating the paths of various 
projectiles including bombs, shells, and guided missiles of many types. For the 
former the differential equations are of the type 


—Cvig(v) f(y) 
—g — Coyg(r)f(y) 


ii 
i 


Nl 


where z and y are the coordinates of the shell, v is the velocity, C is a constant depend- 
ing on the type of shell, g(v) is an empirical function of the velocity, and f(y) varies 
as the density of the atmosphere at height y. The empirical function g(v) is computed 
by the machine at each point of the integration, using polynomial or other approxi- 
mations. Frequently the machine itself has been used to determine these approxi- 
mations to the empirical function. Usually integrations have been associated with 
the production of range tables, but occasionally the object has been to assess the merit 
of an empirical approximation to g(v). Usually the system of equations used in 
guided-missile calculations has been of much higher order than that of the set above, 
and frequently an important feature has been the presence of random influences on 
the path of the projectile due to noise in the radar information. These random influ- 
ences, which have to satisfy appropriate statistical requirements, have usually been 
generated by a program on the computer simultaneously with the solution of the 
differential equations. Because of the random element, the behavior of the differ- 
ences of the dependent variables is erratic, so that the Runge-Kutta method is more 
suitable than methods based on differences. 

An example of a very simple set of nonlinear differential equations for which a 
completely theoretical investigation was not found practical arose in the theory of a 
self-exciting generator. It concerned a system consisting of a disk rotating on an 
axis with a coil touching the axis and rubbing on the periphery of the disk and shunted 
by a second coil with finite resistance. 

The equations governing the system are of the form 


otal = wl 
dl; 

— +bh = wl 
at + bhi Ww 
dw 
eo +11) 


For some value of a and b the equilibrium position is unstable and it was found that 
T and J; oscillate unboundedly as ¢ tends to infinity, in such a way that they spend 
more and more of the time at near-zero values but have occasional peaks which become 
higher and narrower with increasing ¢. 

Another example is the problem of calculating the efficiency of capture of small 
particles by spherical drops in a fluid medium. Two cases were treated, that of 
potential flow and that of viscous flow. When reduced to dimensionless form the 
equations for the motion of the particles become 
Tor potential flow: 


a, tw) _ de 


dt (a2 + 4%) = dt 
dy -f Soy dy 
and dt 2(a* 8) . de 
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For viscous flow: 


tinh fe 1 _e@+ty—1 2 —y da 

at? (a? + y?)% 2 (a? + y?)% dt 
and » oy a vty ___ day dy 

di? 200 2a +y)% at 


The paths of primary interest were those which just gra j i 
were calculated for a considerable range of mano of x Toe OSS eT Ree 

One of the earliest problems in this class to be treated on an electronic computer was 
that of the second-order corrections to measurements of gravity made at sea, which 
required the analysis of the motion of a pendulum supported on a periodically acceler- 
ated support. The computation was carried out before the modified Runge-Kutta 
method had been developed. The equations were solved for two main cases, (1) for 
a single horizontal acceleration and (2) for a single vertical acceleration i 

(1) involved, first, the solution of ; 


Gilnees aed q ef 5 
(‘) 6+ 7 sin(wt + P) 


with initial conditions 


ee a 
6(0) = F sin 7 +A 0'(0) = oF cone 
{ g 
to give 6a, and with the initial conditions 
2 iP 
0(0) = F sin — 0'(0) = oF Pr 
gq g 
to give 0,, followed by the solution of the equation 


” ( i 1 ¥% 
Hee (7) vi + Fy (a + 0;) cos [ (3) “t| sin (wt + P) 


to give the correction E to be applied to the recorde i i 
of a single, undisturbed, pete partie bir on fl van ne 

The equations for (2) were of a very similar nature. 

The following example, involving the calculation of special perturbations, is an 
example of a problem in which the Runge-Kutta process compared very unfavorably 
with conventional methods taking into account high-order differences. The problem 
was the calculation of the paths of minor planets taking into account the attraction of 
the seven major planets. The equations to be integrated are the Newtonian equations 
of motion. If the modified Runge-Kutta process had been used a step length of the 
order of 5 to 10 days would have been needed and a feature of the process is that 
values are needed at three intermediate points for each step. Since the equations of 
motion involve the positions of the perturbing bodies which must be given from tables 
it was important to keep to a minimum the number of points at which the equations 
of ars were applied. Using a more conventional method of integration in which 
cnt rik 06 were taken into account, a step length of the order of 20 days was 

21.1.4. Two Boundary Problems, Including Eigenvalue Problems. When the 
boundary values are not all prescribed at one end of the range of integration, the 
method of forward integration has still sometimes been used. For a second-order 
differential equation in which the value of the dependent variable is given at both 
ends of the range, integration can proceed from one end of the range with an assumed 
value of the derivative. The correct initial value of the derivative may be found by 
some form of interpolation in the values obtained for the dependent variable at the 
other end of the range for different initial values of the derivative, When an eigen. 
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value problem is involved similar methods have still been used successfully in some 
circumstances. A typical problem is to find the value of for which a nonzero solu- 
tion exists of the equation 


le) 4 + g(a) # 4 [L(@@) +Ny =0 


with the boundary conditions 
y =0 when « = a and when x = b 


The corresponding solution is known as the eigenfunction. Examples of such equa- 
tions arise in atomic theory, the simplest case being that for the behavior of one elec- 
tron under a simple central field of force. The equation is of the form 


?P +) pe 
<= + {2H - Vol -<*%\p =0 


For an attractive field V(r) is negative and — V(r) increases with decreasing r. Solu- 
tions are required, for negative E satisfying P(r) = O(r'?) at r = 0 and P(r) > 0 as 
r— ©. Such solutions exist only for special values of HZ, the eigenvalues. 

More commonly two boundary-value problems and associated eigenvalue problems 
have been solved by dividing the interval into a finite number of parts and replacing 
the differential coefficients in the equation by finite-difference equivalents. This 
reduces the problem to the solution of algebraic equations which are linear if the 
differential equation is linear. A similar treatment of the eigenvalue problem leads 
to equations of the form 

Az + r»Bz = 0 


where A and B are matrices and z is the vector formed by the values of the independent 
variables at the dividing points. Because of the way in which they are derived, the 
matrices arising in the linear-equations system and in the latent-root system have a 
very high percentage of zero elements. Much of the work on the solution of linear 
equations and the latent roots of matrices has had its origin in such problems. 

An interesting problem of this type arose in the analysis of the possibility that a 
body of homogeneous fluid may act as a self-exciting generator. Solutions of Max- 
well’s equations for a sphere of electrically conducting fluid in which there are specified 
velocities were obtained by expanding the velocity and the fields in spherical harmonics 
to give a set of linear differential equations with polynomial coefficients. The 
inclusion of all the radial functions up to degree four led to an eigenvalue problem 
associated with 12 simultaneous second-order differential equations of considerable 
complexity. Dividing the interval into 10 parts resulted in a matrix equation for 
of the above form in which A and B were of order 110. It proved possible to reduce 
this to the problem of finding a latent root of a matrix of order 55. The solution of 
this final form was complicated by the fact that the resultant matrix was unsymmetric 
and had many complex roots of which the moduli were much larger than that of the 
required real root. 

21.1.5. Integro-differential Equations. [Equations of this type occur frequently 
in the application of quantum mechanics to the theory of scattering processes. The 
elastic scattering of nucleons by nuclei gives rise to equations of the form 


a + [ = eau “0 Ve) |fw) = us Ki(rr)f(r’) dr’ 


where f is the scattered amplitude of the /th partial wave. The expressions for V(r) 
and K,(r,r’) vary with the nature of the nuclear interaction and also depend on the 
particular reaction under consideration, The kernel K, on the right tends to zero 
with increasing 7 with sufficient rapidity to make it possible to replace the upper 
bound of the infinite integral by a convenient finite value, The equations were 
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solved by replacing both the derivatives and the integral by finite-difference expres- 
sions using values at the same points in both, thereby reducing the problem to the 


solution of linear algebraic equations. A typical example of the equations to be solved 
is given by inserting 


V(r) = e4PKi(r,7') = Alexp (—34r? —V4r'2) + exp (—14r? —1ér’2)] Fiyy(d4rr') 


where F7433(2) = (—1)'(wa/2)* Iy414(a) and 12,1 is the usual Bessel function. 

21.1.6. Nonlinear Algebraic Equations. The most common problem in this field 
is the calculation of the zeros, real and complex, of polynomials. Besides being used 
in those methods for finding latent roots which depend upon forming the characteristic 
equation, the problem has arisen a number of times in connection with Heaviside’s 
method for analyzing the response of electrical networks. The solutions of such 
network problems may be represented in terms of the Heaviside operator p by expres- 
sions of the form A(p)/B(p), where A and B are both polynomials. To find the explicit 
solution, the zeros, usually complex, of the polynomial B(p) are required. 

The solution of a set of nonlinear algebraic equations forms the central problem 
involved in the construction of maps from aerial photographs. A series of photo- 
graphs are taken of the area to be mapped, successive members covering over-lapping 
areas. By measuring the two-dimensional coordinates of corresponding points on the 
two photographs the three-dimensional coordinates of any point on either photograph, 
referred to a common base, may be calculated. 

The equations to be solved are 


oLrL = drte +e 


and rr = Mrr 
PT Pi" Ds 
where M=(q q 4s 
SR 


a rotations matrix. The unknowns are the three components of the vector c, the 
components of M (of which only three are independent), and ¢z and ¢z. The elimina- 


tion of ¢z and ¢p gives 
TL LR Cz 
(u: UR “) =m 
Bia en Os 


Five corresponding points in the two photographs determine the unknowns, but more 
are used to give a strong determination. The equations are solved by iteration, using 
Newton’s method, a good initial guess being possible because the airplane flies roughly 
straight and horizontally. 

21.1.7. Partial Differential Equations. In order to deal satisfactorily with prob- 
lems in this class a fairly large storage capacity is necessary, so that work in this 
field was restricted in the early stage of the use of machines. Examples of the applica- 
tion of machines to each of the main types of partial differential equations are the 
following: 

Parabolic Equations. An example solved in England is the problem of determining 
the temperature distribution at regular intervals in a slab of fish embedded in a 
refrigerant mixture. The problem is treated as two-dimensional, one in time and one 
in space, and the equation satisfied by the temperature is 


6 
pe! 2 (x 28 


ot Ox Ox. 
where K, p, and ¢ are, respectively, the thermal conductivity, density, and apparent 


specific heat (taking into account the latent heat to be removed during a change of 
state). All were given empirically as functions of temperature. If the slab is of 
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thickness 2X and x is measured from the center then the boundary conditions are 


@ = @ (const) fort =0, -X <a<X 


06 
Si = Nhe = 100 atx = +X,t>0 
and K=. ( 


K 9% = N(o, — 6.) atz = —X,t>0 
Ox 


i ‘ ature, and N the surface 
e 6, is the surface temperature, 0, the external tempera ; 
Misayehiae ta coefficient. By a transformation of coordinates the problem was 


reduced to ae 
Oe dat? 

e ¢ is a function of H. : t 
ikke solved by dividing the z range into a number n of sections and replacing the 
derivatives with respect to x, by a finite-difference approximation. This gave (n+ » 
simultaneous first-order differential equations which were solved by the Runge-Kutta 

ess. . . . . . 
ay second application of machines to the solution of a parabolic partial differential 
equation was in the boundary-layer theory for an incompressible fluid. The equations 


to be solved were 


y J. au 

u 2 pp tt a ot = 

Ox oy dx oy 
ae | 


and dx ay 


with the boundary condition 
u=0 v=0 at y = 0 
u— U(x) as y— 
U (a) is the main-stream velocity and the form taken was 
U =U) — er 
The method of solution was to replace the derivative in the x direction by finite- 


difference expressions and other quantities by averages. From the solution wu; at 21 
the solution uw: at x2 is found from the relation 


eA Yu.—U Se , 
: (ue + 21) at Sel! vi * dy [5 (ug + uw) | 


te — X11 v2 — Hi dU 1 
~2f (082) + (0%) Jada tun 
“Co aed. t (Calta! + 


where primes denote differentiation with respect to y. Because of the very icra 
nature of the solution it was not practical on a high-speed computer to pe 9, ria 
values of uz at y = 0 and then carry out the integrations until a herd of u ve 
found which gave the correct behavior aby = ©. On the other hand, the equa: ai : 
for us is nonlinear, so that replacing derivatives of u by faite ditermnce sprue ee 
tions gives nonlinear algebraic equations. The equations were solved y ani an i 
process in which a sequence of functions Wx, which were approximations a its u » q 
were found, the (n + 1)th approximations Writ being found from the nt mee ' 
of a linear differential equation for Wn41 which involved W,. The equation er 
Wn 1 was solved by replacing derivatives of Wn41 by finite-difference ssyreeciens, 
give linear equations for the values of Wy41 at the points of division in the ue iree rr 7 
Hyperbolic Partial Differential Equations. The isothermal nn ~ias - 
gas past a gravitating-point sink has been studied to calculate the rate of acereti 
an isothermal gas by a star moving with supersonic velocity, 
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The equations to be solved are 


10a ce) 
- (pvr) + a (pu) = 0 
the equations of motion 
or dz (r? + 2)4% por 
v ou +u ou eee wee teed —_ 1 op 
or dz (r? + 22)92 ap Oz 


and the equation of state of the gas 


p = Ap 


ay aiapen of fans is was that known as the “method of characteristics’’ in which 
e values of wu, v, and p are obtained at the intersection point i ili 
of curves, the characteristics. POR a eT, Aaa 
gin Partial Differential Equations. Electronic computing machines have been 
used on the computation of prognostic weather maps by solving the equations of 


motion of the atmosphere. The problem i i 
Wie mates p was reduced mathematically to the solution 


alin 
V2 + J (imsB4glVhm +0 +3 J(h', BYglV*h") = 0 


oh’ 1? \ oh’ 2 
2 on > 
and Vv Ot -$ Ky (v2. + Bg “at is Ky (v%hn + x) Bgl J (him,h’) 


+ JS (hm, B?gl4Vh’) + J(h',B2glV2hm +1) = 0 


For each value of ¢ the two e i i 
‘ f t th quations were solved to give dhm/dt and dh’/at by a 

poe ere of the Liebman process which is appropriate te Re pera 
differential equations. hm and h’ were then obtained for the next value of ¢ by the 
integration of the derivatives with respect to time. 

i rane The Use of an Electronic Computer in Testing the Design of a Proton 
dh om ron. An interesting use of an electronic computer which is not easily 
aps ed under a single mathematical heading was in connection with the design of 
: e bad proton synchrotron which is being built at Geneva. The diameter of the 
rack in which the particles are being accelerated is about 600 ft, and in order to econo- 
pono ge the size of magnets producing the focusing field it is intended to reduce track 
Namtate oie Very a ace computations have been done to examine the 

an : : : eee 
teen a e free oscillations of the protons due to minor irregularities in the 
Typical of the types of analysi i 

: 1 i ysis which were used are the two followin In th 
first a nearly sinusoidal one-dimensional type of oscillation was assumed pee by ; 


dy Posh 
TD + aQ me =0 


where @ is the angular distance round the track. There were ro illati 
for each complete circulation, and a perturbation was given at “he ed of cnc orbital 
eppne an increment to Q or to dy/dé. Since the motion had to be analyzed for a 
Ie ‘a number of complete orbits and many types of perturbations it was essential 

at the initial values of y and dy/dé at the beginning of each orbit should be calculated 
tae. quickly. In the second calculation the paths were traced through alternate 
ocusing and defocusing sections represented by equations of the form 

y” + 14 sin 27 = 0 


y" — 146 sin 2y = 0) 
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Again integration had to be carried out over a large number of complete circulations 
and for a whole system of random perturbations which were designed to simulate 
misalignments in the setting up of sections and movements of the foundations. 

21.1.9. Crystallographic Calculations. The deduction of molecular structure from 
observations of X-ray diffraction spectra gives rise to a type of calculation known as a 
Fourier synthesis. This work has been done on electronic computers and leads to 
calculation of the type 


p(z,y,2) = 2 2, 2, Fen cos [2 (02 + ny A 12) | 


where /’(h,k,l) are coefficients derived from observations. A second problem arising 
in the same context is the location of the maxima of the function p(z,y,z) as defined 
above. This computation has been carried out by the method of differential Fourier 
synthesis in which points at which 


are located by a generalization of the Newton-Raphson method. 

21.1.10. Analysis of Stochastic Processes. [Electronic computers have been used 
to analyze stochastic processes by performing calculations which are essentially a 
model of the natural process. An example of this is the analysis of the optimum 
“on-off”? ratios for traflic signals under various conditions in order to minimize the 
waiting time of vehicles. This has been done by calculating the waiting time for 
various distributions of traffic, satisfying appropriate statistical requirements, with 
various “‘on-off”’ ratios of the traflic lights. 

Problems in diffusion which classically lead to partial differential equations have 
been successfully attacked by setting up a computational model of the original system, 
assigning probabilities to the various possible moves of a particle in the system, and 
then having the computer trace the paths of a large number of particles through the 
model. The results can be interpreted as a solution of the diffusion problem and there- 
fore as a solution of the corresponding partial differential equation. 

Extensive tables of random numbers have been developed for use with this method. 

Probability models can be set up for partial differential equations which are not 
directly related to stochastic processes. Actually probability models have been set up 
for many computational situations including matrix inversion and the finding of eigen- 
values. However, the Monte Carlo technique applied to these situations is usually 
quite slow. 

21.1.11. Data Reduction. This category includes a very large volume of computa- 
tion, generally fairly elementary in nature. 

Engine analysis provides a typical example. A model of an engine is set up and 
readings of temperatures, pressures, etc., are taken for various combinations of engine 
parameters. These measurements when properly analyzed give a picture of engine 
performance. However, this involves considerable computation, best done on a 
computer. The computing generally involves substituting numbers into formulas. 
There may be evaluation of trigonometric and other transcendental functions, refer- 
ences to tables, and solution of equations. 

21.1.12. Specific Areas of Application. Without any attempt to be exhaustive 
there are listed here several fields in which computers have found extensive appli- 
cation, The applications included and those omitted are not necessarily a reflection 
of relative importance but reflect rather the interests and experience of the authors. 

Mechanical Engineering. In the design of machinery many procedures can be 
reduced to relatively routine calculation, Cams, gears, turbine blades, and other 
geometrical devices can be designed by completely automatic programs, and com- 
puters are widely used for this purpose, 

Bearing loads have been ealeulated for a variety-of engine types, Torsional vibra- 
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tions of rotating shafts have been studied. In turbine design and analysis very 
elaborate heat-balance calculations are performed. Digital computers have been 
used for the computation of programs for digitally controlled machine tools. The 
nonlinear differential equations arising in elasticity and plasticity have been studied 
to some extent by digital means. 

Electrical Engineering. Analysis of a-c networks has until very recently been 
exclusively an analog-computer problem. However, it is now often successfully 
attacked by digital-computer methods, which have advantages in many instances. 

Analyses of transmission-line losses have been carried out. Solutions of electro- 
magnetic-wave equations have been applied to antenna design. The field of radar has 
stimulated the development of information theory and analysis of time series. Auto- 
correlations and power spectra are calculated on general-purpose and on specially 
designed computers. In the field of communication theory it is sometimes desirable 
to cause a digital computer to simulate the action of an electrical bandpass filter. 
The nonlinear differential equations arising when nonlinear elements are used in elec- 
tronic circuits have been analyzed by both analog and digital computers. 

Optics. Electronic computing is now in use in just about every major center of 
optical design. The tracing of rays of light through systems of spherical lenses is a 
classical computational problem. Until the advent of electronic computers optical 
designers were generally content to trace only meridional rays, that is, rays in a plane 
containing the optical axis. They dealt only with low-order aberrations, since skew- 
ray tracing and computation of high-order aberrations represented a formidable hand- 
computing task. With electronic computers skew rays take just a little longer to 
trace than meridional rays and high-order aberrations can be readily computed. The 
ability to obtain so much more information so easily may lead to a complete change in 
optical-design philosophy. 

Chemical Engineering and Chemistry. In chemical engineering numerous appli- 
cations of digital computers could be cited. Some of these are: 


Evaluation of constants of state for light hydrocarbons 

Evaluation of performance of rocket, or other combustion design, by calculating 
equilibrium gas-product composition 

Absorption calculations to determine the number of trays and/or the amount of 
absorber medium required to produce a given absorption 

Computation of batch-distillation curves 

Calculation of multicomponent distillation columns with heat balancing 

Evaluation of performance factors of fuel-oxidant mixtures 

Crystal-structure-factor calculations 

Computing infrared spectra for quantitative analysis 

Fourier techniques in X-ray organic-structure analysis 

Light-scattering calculations for colloidal suspensions 

Measurement of optical rotatory dispersion in the steroid field 


Aircraft Industry. The aircraft industry was among the first users of computing 
machines. While some of the applications listed below are included in the general 
problem classifications given earlier, they are mentioned here as common problems in 
aircraft: 


Flight-path problems for aircraft, including guided missiles 
Stability and flutter calculations 

Airflow studies to determine coefficients of lift and drag 
Analysis of aircraft structures 

Simulation of aircraft 

Design of aircraft engines, propellers, etc. 
Elastic-vibration problems 


Physics. Early uses of analog and digital computers were made in several areas 
of physics. The numerical integration of the path of high-energy particles in earth's 
gravitational field, carried out by Stormer of Norway, is of significance, This work 


. 
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was continued in this country with the aid of modern computers by Vallarta and 
Le Maitre. 

The atomic-wave-function calculations were first undertaken on computers by 
Hartree using the Schrédinger equation. In case of high electron velocities the Dirac 
equations were used later to take into account the relativistic effects. ; 

Other applications include development of a computer program for the determina- 
tion of unknown crystal structure from powder photographs, Monte Carlo techniques 
in nuclear-physics problems, and orbit calculations of high-energy particles in an 

tor. 
cae Sciences. Significant applications of quantitative methods and of auto- 
matic computers are being made in several areas in the social sciences. Here are 
listed a few examples: a: ’ ; 

Dynamic analysis of economic equilibrium. Stock or capital requirement of a 
particular industry is assumed related to its output, giving rise to a linear differential 
system. Discontinuities in certain of its derivatives occur if capital stock is not 
decumulated during a downward trend in a business cycle. 

Construction of models of economic behavior and estimation of the parameters 
involved. This involves maximization of likelihood functions of many variables by 
means of matrix operations. ? : i 

Other common areas of applications of computers in social sciences include multiple 
regression, discriminant function, scaling theory, factor analysis, and time series. 

Examples in psychology requiring matrix manipulation are (1) determination of 
maximum-likelihood estimates of a factorial-analysis structure, and (2) determination 
of distribution of items in difficulty to yield maximum test-ability eorrelation. 


21.2. DATA PROCESSING* 


21.2.1. Introduction. Data processing, a general term which could reasonably 
describe most things done by clerks, engineers, and executives as well as everything 
done by computers, is used here in its newly acquired, very restricted connotation: 
the putting of names and numbers through the filing, calculating, deciding, and 
documenting associated with managing a business enterprise. 

Data-processing systems, or management-information systems as they have aptly 
been called, have three different functions: } iif pin, 

1. To perform routine record keeping, computation, and decision making in accord- 
ance with programs based on precise statements of company policies and procedures 

2. To accumulate, as an important by-product of the routine work, a collection of 
statistical medians, means, extrema, and other measures of effectiveness 

3. To serve as a computational tool in an analysis of the various measures of 
effectiveness to provide a valid basis on which company policies and procedures may be 
formulated and modified : ; el 

Thus computers are used in business both to make routine clerical decisions and to 
assist in making managerial decisions which require some amount of a not-yet- 
mechanizable factor called judgment. The aids-to-judgment type of application is 
discussed in Sec. 21.3; this section is concerned only with mechanizing the routine 
operations in business. ; : 

21.2.2. Businesses and Their Data-processing Problems. Any business basically 
operates by acquiring goods and services, combining these, and disposing of the 
product, either goods or services, preferably at a profit. Simple as this seems in 
principle, the details are quite complicated and differ considerably depending on the 
character of the individual business. Creators of material goods are the producers 
of such things as food, oil, coal, and other mined products, all dependent to some 
extent on natural resources; and the manufacturers of airplanes, automobiles, steel, 
chemicals, appliances, machines, electron tubes, tools, office machines, forgings, toys, 
subassemblies, and whatever, who buy raw material and transform it to finished goods. 
The service businesses are subdivided into classes such as merchandising (the whole- 
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saling and retailing of manufactured goods), public utilities (including communica- 
tions, transportation, and the distribution of electricity, gas, and water), government 
(including such truly enormous business activities as those of the United States 
Defense, Treasury, and Post Office departments), finance (such as banks, insurance 
companies, brokerage firms), and the other professions (education, law, medicine, 
etc.). 

Different these businesses certainly are. But from the point of view of data to be 
processed, the differences are not so important as are the similarities. Naturally, 
some of the industries require more data processing than others. Except for govern- 
mental requirements, for example, a moderate-sized mine or farm might be run 
almost without paper work, whereas paper work is the whole foundation of many 
financial institutions. The crucial differences, nevertheless, are not so much those of 
the industries but rather those of volumes of data coming in, volumes of data to be 
filed, types of transactions and number of exceptions, and above all the time scale on 
which the processing must be done. 

Four problems which are present to some degree in every sizable business are those of 

Payroll—paying for the services of the employees 

Payables—paying for the goods of the suppliers 

Receivables—collecting for the products sold 

Inventory—maintaining a record of available raw materials, finished goods, or 
salable services and providing data on the need for replenishment 


Of these, payroll and inventory are interesting since each is a large and important 
problem in most businesses and each has many facets not obvious at first glance. 
Furthermore, payroll illustrates an accounting function in which the output one 
day does not appreciably affect the behavior of the system and hence affect the 
next day’s input, whereas inventory management can involve decision making in the 
computer so that the data processor becomes part of a control system. For these 
reasons, payroll and inventory control are each discussed below in some detail to 
serve as illustrations of the type of activity which comprises business data proc- 
essing. 

Payroll. The routine sources of data for payroll are time cards showing total time 
worked (for salaried employees and regular hourly employees a full work schedule is 
often assumed, and the time card is replaced by an absence report), and job tickets 
showing time spent on different jobs (these do not occur in every payroll; they are 
used for cost accounting and for determining the amount of incentive-type bonuses 
often paid to production workers). More sporadic are changes in basic file data— 
arising each time an employee is added to the roles, is given a new job classification, 
gets a raise, is married, has children, moves, changes his payroll deductions, or quits 
(not to mention myriad less usual changes which may arise). 

The file contains, for each employee, basic data which may include home address, 
age, sex, seniority status, etc., as well as name, social security number, employee 
number (if any), number of tax exemptions, job classification, numerous deductions 
(for union dues, bonds, stocks, hospital insurance, life insurance, pension, credit 
union, company-store purchases, local taxes, garnishments, etc.), and pay rate. In 
addition to basic data, which change irregularly, there is a collection of current 
totals for tax accounting and similar purposes. These include total salary or wages 
paid for the year to date, income tax withheld year to date, social security tax with- 
held year to date, and perhaps balances due or paid on other taxes, stocks, bonds, 
and noncollects (an unwithheld deduction due to be collected later, arising where an 
employee has committed himself to a deduction, for insurance perhaps, but happens 
not to earn enough during some pay period to cover the corresponding deductions). 

The necessary calculations break down into two major tasks, the calculation of gross 
pay from the time documents and the calculation of net pay from the given gross. 
Basically, gross pay equals hours worked times earned rate per hour, but there are 
several added factors: overtime allowances paid at time and a half, double, or triple 
time depending on hours worked in a 24-hr period, hours worked per week, holidays, 
and the like; incentive bonuses based on hours worked, group or individual norma, 
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and pay rate (or fraction thereof which is subject to incentive); and complications 
arising because in some cases an employee may work on several different jobs at several 
different base rates and several different incentive factors within one week. 

The primary outputs are the pay checks or, where used, the pay envelopes and the 
results of ‘‘denominating” the payroll—accumulated totals showing how many 
coins and bills of each denomination are required to fill all the pay envelopes. 
Journal and ledger data for accounting purposes are obtained but may be kept on tape 
for further processing and never printed out as is. 

Trivial as payroll processing may seem in principle, one must not underestimate 
the length of the computer program which will be required. The first few actual 
applications of a large computing system, the Univac, to weekly payrolls in plants 
employing 5,000 to 20,000 hourly paid persons required computer programs of from 
15,000 to 150,000 program steps. This results from the multitudinous details and 
exceptions represented in the accumulation of different rates, incentives, and deduc- 
tions built up through the years by industrial engineers, industrial-relations men, 
unions, charities, insurance companies, and the Federal, state, and local governments. 

The situation is typical of many data-processing problems. The principles are 
simple enough; but requirements set by law, convention, whim, or tradition, and not 
readily susceptible to standardization, make exception the rule and personalities a 
hurdle of considerable magnitude in establishing a workable system. 

Inventory Control. Inventory control is not one problem but several. Whether 
one deals in automobiles, hardware, food, space on an airplane or a railroad train, or 
money (as in a bank), one has an inventory about which one is interested in knowing: 

1. The value of the inventory (to calculate profits and taxes) 

2. The extent of pilferage or other mysterious disappearance 

3. The quantity on hand (to know whether a given order can be filled) 

4. When to place an order to replenish the stock of each given material 

5. How much to order 
In most businesses, the first two functions are handled by taking a periodic physical 
inventory. Often the business shuts down for two or three days once a year and every 
item in stock is counted. Valuations and discrepancies are then computed at leisure 
during the next several months. Questions of whether a demand can be filled and 
whether stock needs to be replenished are answered by examining the shelf on which 
the stock is kept. There is in these cases relatively little potentially mechanizable 
data processing in the inventory-control problem. 

Inventory Tally. In some cases it is desirable, and in some cases mandatory, that a 
running record or tally of the stock on hand be maintained. Purveyors of style goods 
and seasonal goods, for example, must know from day to day how each stock item is 
moving in order to restock those in demand while the demand still lasts. And any 
service industry operating on a by-appointment basis, such as the airlines or the 
Pullman Company, must keep a tally of its inventory by the very nature of the busi- 
ness. Maintaining a tally to permit answering questions regarding available goods 
(or space on airplanes or trains), or to provide a basis for determining when and what 
to restock is commonly called inventory control even though it is not control in its 
usual present-day sense of influencing the process at hand. 

Inventory tallying, whether accompanied by control or not, is then, like payroll, an 
accounting operation. It differs, however, from payroll in one very important 
respect—in the allowable time delay between the occurrence of an event and the 
processing of the information concerning it. In dealing with a weekly payroll, for 
example, a 2- or 3-day delay is usually permissible after the end of a week before the 
pay checks must be ready, and there is absolutely no need, in general, to process any 
data concerning a given week until the end of the week. (There is of course great 
urgency that the processing all be completed within the allotted two or three days at 
the close of the week. . All payroll personnel live in mortal dread of failing to meet a 
payroll on time, a calamity which fortunately befalls very few.) Thus payroll lends 
itself to, in fact eries out for, being processed in batches once a week (or once every 
two weeks, half month, or month according to the custom of the company). 

Inventory tallying for purely accounting functions, neither controlling the stock on 
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hand nor answering questions about it, permits tremendous delays without dire 
consequences. Most data-processing problems in inventory applications arise because 
the tallying is being done to permit interrogation or control or both. In these cases 
the time element becomes quite critical. Determining the availability of space on a 
given airline flight, for example, must be done rapidly and accurately if the airline is 
to retain customer good will, and hence its competitive position. Here the delay 
between the sale of a seat and the recording of it in the inventory tally system must 
be very small—preferably of the order of a few seconds or less. 

Saving up all the data for a week, a day, or even an hour and processing it in a batch 
is not always feasible since it does not meet the requirements of the problem. Note, 
however, that where people are involved, as they characteristically are in business 
problems generally, delays of a few hours are often excessive but delays of a few 
seconds seldom are. Designers of elevators, telephones, and other such service sys- 
tems find 15 to 30 sec a maximum tolerable delay. In dealing with certain types of 
customers or with members of the same organization, circumstances often permit a 
delay of several hours or even several days without seriously inconveniencing anyone. 
Since greater speed usually entails greater cost, it is important to determine what 
delay is permissible and what increased cost a decreased delay is worth. 

Inventory Management. Inventory control in the sense of inventory management 
rather than of inventory tallying mechanizes the determination of when to restock 
and what amount to restock. The object of any inventory-control system is to pro- 
vide material when it is needed at the least possible total cost. Since carrying too 
much inventory costs money (return on investment, cost of insurance, charge for 
storage space, allowance for possible obsolescence, ete.), while not carrying enough 
inventory costs money also (increased likelihood of a stock out with attendant 
expediting expense, delay, loss of sale, loss of future sales, etc.) the theory of inventory 
management is complicated and not yet perfected. 

Determining when and what are questions which, although somewhat interrelated, 
are usually dealt with separately. Both depend on a prediction of future require- 
ments. Multiplying the estimated stock required each day by the number of days 
which replenishment normally requires gives a reorder level—except that this makes 
no allowance for uncertainty in the predicted requirements or in the predicted delivery 
time of the replenishing supply. A safety stock to allow for these uncertainties is 
ordinarily added to the reorder level just mentioned. Operations research is just 
starting to develop useful procedures for predicting requirements or for determining 
optimum safety stock. There is a widely accepted formula for determining the 
quantity which should be ordered to replenish stock in some cases. This economic lot 
size, derived to minimize the total operating cost comprising carrying cost plus 
reordering costs, is 


Quantity used (in units per year) X ordering and setup costs (in dollars) 

Unit cost (in dollars per unit) X carrying-cost rate (in dollars per dollar per year) 
Despite the lack of a complete, sound, practical theory of inventory management, 
there is great potential dollar value in replacing present hit-or-miss manual systems 
by even a partially satisfactory system carried out reliably, inexpensively, and expedi- 
tiously on automatic data-processing equipment. 

Inventory Data Processing. Inventory problems, like payroll and almost’ all other 
business problems, involve processing input data against a file, updating the file, 
performing certain computations, making certain decisions, and producing certain 
reports. The differences between inventory and payroll are these: 

1. The on-line nature frequently precludes batching (whereas payroll is inherently 
a batch-process job). 

2. When batching is possible, be the data collected and processed every minute, 
every hour, or every day, relatively few of the stock accounts are likely to be affeeted 
by a batch of inputs (whereas in payroll most employee accounts are). 

3. Inventory management is more complex, both theoretically and computationally, 
while inventory tallying by itself is much simpler than payroll, 
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4. Whereas payroll is a clearly defined problem differing relatively little from com- 
pany to company, inventory control is imperfectly defined or understood and its 
requirements differ widely. t E [ 

The regular inputs consist of notification of sale or issue of some quantity of a 
specified item, receipt of some amount of replenishing stock, placement of an order, 
correction of on-hand balance to compensate for lost material, and inquiries as to the 
balance on hand or on order. In such cases as airline seats, receipts and orders do not 
appear explicitly since a scheduled flight generally has a given number of seats which 
cannot, except in periodic schedule changes, be increased or decreased. When inven- 
tory management is involved, the system must deal with such variables as unit cost, 
setup cost, and lead time (time required between the placing of a replenishing order 
and the expected delivery of it). As always, there is the question of entering new 


accounts and deleting old ones. 
Program 
storage 


Types of input 


Punched card 
Punched paper tape 
Optically sensed documents 


Types of output 


High-speed line printer 
Punched card 
Punched paper tape 


Magnetically sensed documents Magnetic tape 
Magnetic tape Typewriter 
Typewriter File storage Cathode-ray tube 


Types of file storage 


Magnetic tapes 
Magnetic disks 
Magnetic drums 
Magnetic cards 

Strips of magnetic tape 
Photographic films 


Fie. 21.1. General structure of data processing. 


The file, in the case of tallying only, contains only the balance on hand and perhaps 
the balance on order. When management is involved, the factors just mentioned are 
required in addition to data about past usage, etc., which are accumulated by the 
computer primarily for use in the system. i p 

The outputs may be merely the answers to the questions asked, a list of low bal- 
ances and/or a list of all balances. When management is involved, lists of amounts 
to be ordered, orders to be expedited, and overdue orders may be among the outputs. 
Reported less frequently are likely to be routine accounting data such as dollars 
worth of stock on hand of each type of stock, dollars worth issued in a given period, 
dollars worth of open orders, and dollars worth of inventory shortages and overages 
reported. ' 

21.2.3. Characteristics of Business Data Processing. Business data processing 
deals with, and usually exerts an influence on, some changing situation in a social 
environment. It is characterized by inputs from and outputs to people, each input 
relating to some one of many different items stored in a file of constantly changing 
historic data. Just as in the payroll and inventory applications which have been 
discussed in some detail, almost all data-processing problems center around the 
relating of each input to the proper item in the file, performing any indicated com- 
putation, and making any indicated decisions. The computations and decisions 
result either in altering the filed data or in producing some output information or in 

both, The general procedure ia illustrated in Migs 21.1, 
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Looked at in another way, business data processing may be said to consist of 

1. Data transcription (transcribing data for input to the system and output from it) 

2. Filing (gaining access to filed data and, if necessary, modifying it or adding to it 
to bring it up to date) 

3. Computing (performing the arithmetic and making the logical decisions required 
in processing each item) 

There are, of course, situations in which one input item concerns more than one 
file item, or in which file items are processed when the only ‘‘input”’ is the passage of 
time without any event having occurred, or in which several input and/or file items 
are processed to produce a single output. But the bulk of all data processing is 
concerned with relating each input item to a corresponding file item. 

There are two ways in which input data and file data may be matched with one 
another. Given a random-access file made of magnetic drums, magnetic cores, or 
magnetic disks, or given a sequential file of magnetic tapes together with enough time, 
each input (taken in the sequence in which it originated) may be dealt with by calling 
up the specified file item and proceeding with the processing. This procedure might 
be called a continuous or on-line process. Alternatively, the data may be batched, 
sorted into the same sequence in which the file is kept on tape, and processed in 
sequence. In this latter case, using batch processing, the sequential tape file is more 
efficiently utilized. There is no unnecessary waiting in going from one item to the 
next since each item in the file is read (and processed and altered if necessary) only 
once in the processing of the entire batch. Techniques for sorting input data into 
sequence preparatory to batch processing are described in Art. 21.2.9. 

Batch processing using a magnetic-tape file usually requires file maintenance (add- 
ing whole new items, deleting old ones, and changing basic data which do not change 
regularly or frequently) and file updating (adding new data, deleting old data, and 
changing accumulative data, where all the data are inherently transitory in nature 
and subject to regular and/or frequent change) as well as file reference (finding wanted 
data in a file). Even if the changes necessitated by file maintenance and file up- 
dating did not change the length of the different items or alter their sequence, most 
magnetic-tape systems are so engineered that no data in the middle of a tape can be 
changed without destroying the remainder of the tape. And most maintenance and 
updating do change lengths and sequences. Consequently, tape-file maintenance 
and/or updating is done by reading the original tape and copying it, with any nec- 
essary changes, onto a new tape. Since most data processors can read one tape and 
write another simultaneously (usually while computing as well), this requirement does 
not appreciably hamper a batched process. Since every item is recopied every time 
the file is updated, increased emphasis is, however, placed on the reliability of the 
reading and writing of tape, since the exposure to possible error is here much greates 
than in a file where inactive items are left totally undisturbed when the active itemr 
are processed. 

In cases where the volume of data necessitates use of a tape file rather than a core, 
drum, or disk file, but where input data must be processed too rapidly to permit 
batching, the necessity for recopying the entire file is a major stumbling block. 
Unless the file is on several reels of tape and only one tape needs to be recopied, or 
unless only file reference and not file maintenance or updating is wanted, the recopy- 
ing requirement effectively nullifies any speed increase hoped for in continuous 
rather than batch processing. Starting from one random position on a tape and moy- 
ing to another random position involves moving, on the average, one-third of the total 
tape length. But if recopying is necessary, the entire tape length must be traveled 
regardless. In fact, if the sequence of the file is not to be reversed by each reference, 
the new tape must be rewound before it can be recopied in the next reference; in this 
case, twice the tape length must be moved for a single reference. 

The fact that file updating or maintenance often adds or deletes data is a major 
difficulty in using random-access core, drum, or disk files. Techniques for key-word 
condensation and for probability-weighted address computation are currently under 
development, In the meantime, the random-access files are useful principally where 


DATA PROCESSING 21-19 


the size and sequence of file items do not change and where efficiently coded key words 
can be used (for example, in the Teleregister Reservisor system). 

21.2.4. Multitape Files Using Alternate Tape Units. The basic tape data-process- 
ing procedure starts with an input tape and a file tape and produces an updated file 
tape and an output tape. Often the file and sometimes the input and/or output 
contain more data than will fit on a single physical tape. In this event, more than 
one tape must be used. Rather than to let the computer stand idle while each tape, 
once read, is rewinding preparatory to being dismounted and replaced by the next tape, 
a system of alternating tape units (frequently called a tape swap) is employed. In 
this the program is simply so arranged that, when the first tape, mounted on one tape 
unit, has been completely read (or written), that tape is started rewinding and data 
are taken from a second, or alternate, tape unit on which has been mounted the 
second tape of the file. By the time the 


second tape has been processed, the first tape Input master Input we gs 
ill, in general, have been rewound, dis- _ file tape tapes, from 
icncaede ae replaced by the third ‘tape. units (alternated) ——_ previous processing 
aie 


Hence the program has merely to alternate 
back and forth between two tape units in 
order to read (or write) a multitape file with- 
out appreciable delay in changing tapes (see 
Fig. 21.2). 

21.2.5. Unit Records, Fields, Keys, and 
Trailers. The information about each in- 
dividual employee in a payroll employee file, _, oarath 
about each different stocked material in an tape unit 
inventory file, or about each individual ac- 
count in any data file is called either an ztem 
or, more descriptively, a unit record. By the 


Computer 


same token, the details of any one transac- ee | Lp 
tion, event, or change being entered as input Mingo texte bomen mal 

: ; ‘ ; i master file tape 

likewise constitute an item or a unit record, iinits (atiernanaa) arachaaings 


as does any one related set of output data. 
While there is no concise definition or uni- 
versal usage, there is a tendency to use the } 
word item in describing inputs or outputs and unit record in referring to basic file data. 

A punched card is a unit record which is limited to a maximum of 80 (or 90 or 
whatever, depending on the manufacturer) digits or characters of information, one in 
each column of the card. The terms digit and character serve as an informal unit of 
measure of information. A digit is one of the 10 decimal digits, or alternatively one 
of the 16 symbols, including the decimal digits, which can be represented by combina- 
tions of 4 binary digits or bits. A character is one of the 50 or so symbols on an upper- 
case typewriter keyboard, including the digits, the letters of the alphabet, and certain 
print-control functions (tabulation, carriage return, etc.). Thus a digit is represented 
by 4 bits, as on a four-channel tape; a character is represented by 6 bits, to which is 
usually added a seventh bit for checking purposes, resulting in a seven-channel paper 
or magnetic tape. : ; 

By analogy with long-standing punched-card nomenclature, a unit record is made 
up of fields of data. Each field contains one quantity, one identifying code number, or 
one name or other word description, abbreviated or not. Generally speaking, the 
length of a field in digits or characters is chosen so as to allow for the longest number or 
name expected to occur. In the standard, fixed-word-length computers, the choice of 
field length is influenced, sometimes quite strongly, by the built-in word length. On 
the other hand, the tape systems associated with some of the individually-addressable- 
character (less properly called variable-word-length) computers give a free choice of 
field length, while the tapes in other such computers give a truly variable field length, 
in which the field length adjusts itself to the actual length of the individual numbers or 
names. In either case, the internal storage aystem behaves as a free field length and 


Fig. 21.2. Run structure. 
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not a variable-field-length device. Figure 21.3 illustrates three unit records for 
a hypothetical payroll employee file, laid out for a fixed-word-length system, for a 
free-field-length system, and for a variable-field-length system. 

A tape file ordinarily consists of many unit records arranged in sequence according 
to some identifying name or number. The identifying name or number is called the 
key and occupies one of the fields in the unit record. There is ordinarily no reason for 
assigning the first field to the key word, but the key normally comes near if not at the 
start of the unit record. Not uncommonly it is efficient to maintain two or more files 
of unit records describing different aspects of the same set of accounts, and often the 
two files are arranged in different sequences, with one field being the key in one set of 
unit records and another field the key in the other. This situation is especially com- 
mon in sequences of output data, where the same data are to be printed and/or sum- 
marized in two or more different sequences. Hence, given a unit record, one cannot 


Unused character 


Unit record Word ae 
structure ig us 7. positions 
Emp.-No. No, 2 

Fixed 


Shift Ded. 
Emp. No. Rate /Ded. No. 1 No, 2 
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Fie. 21.3. Typical unit records. 


Variable 


a priori specify which field contains the key, for this depends on the way in which the 
record is to be processed and not on the record itself. 

When a unit record contains more than 80 characters, it cannot be recorded on one 
80-column card. Standard punched-card practice in this case is to employ a trailer 
card, which is a second card intended to follow the first and identified by the same key. 
Tape systems and computers seldom encounter this situation since the maximum 
length of unit record which can be handled at one time usually ranges from several 
hundred to several thousand characters, depending on the system at hand. Often, 
however, a situation arises in which a unit record should contain a list of indefinite 
length. For example, in controlling inventory it is often convenient to know, for each 
item stocked, the quantity specified in each unfilled order and the date on which each 
order is due. Some accounts may have many open orders to list while other accounts 
have none. It would be extremely wasteful to allow, in each unit record, two fields 
for each of some maximum number of orders. Instead, the open orders are often 
carried as two-field trailer items which are carried along behind the main unit record 
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(or header) item. Since the number of trailers in a given account record varies, this 
procedure is a form of variable record length achieved through programming. The 
free- or variable-field-length tape systems usually have built-in facilities for handling 
variable record lengths as well, but just as in the case of variable field length on tape, 
the internal storage is less flexible and space must be allotted for the largest possible 


I. The nature of the processing 
A. The extent and frequency by which input data alter the filed data in each file 
1. Percentage of file records which are active (that is, have a corresponding input 
item) in each processing period 
2. Need for updating the records 
3. Frequency with which changes make file maintenance necessary 
4. Number of file records changed during maintenance 
B. The complexity of the basic processing of an input item with a file record 
1. Arithmetical 
2. Logical 
C. The exceptions 
1. Number of different types of exceptions 
2. Frequency with which each type of exception occurs 
3. Complexity of each type of exception 
D. The amount of processing required in preparing the inputs 
1. Editing within an item 
2. Sorting in sequence (or checking the sequence) 
3. Collating the data 
a. To combine inputs from several sources 
b. To select only the pertinent inputs 
E. The amount of processing required in preparing the outputs 
1. Editing within an item 
a. Rearranging 
b. Zero suppression 
2. Rearranging into different sequences 
3. Summarizing 
II. The volume and structure of the data 
A, File data 
1. Number of digits or characters per unit record 
2. Number of unit records per file 
3. Number and length of any trailers 
4. Number of different files 
B. Input data 
1. Number of items per unit time (usually per processing time) 
2. Effective average length of the items 
C. Output data 
1. Number of different reports 
2. Frequency of each report 
8. Number of printed lines for each report 
III. Speed and other special requirements 
A. The delay between the arrival of data and the complete processing of it (minutes or 
days) 
B. The arrival pattern of the data (random or periodic) 
C. The desirability of having the source documents (from which input data are 
derived) be physically part of the output (as in processing bank checks) 


Fig. 21.4. Factors in determining the magnitude of a problem. 


number of trailers. When the trailers are dealt with one at a time by the program, 
internal storage capacity for only one trailer can be made to suffice. 

21.2.6. Factors Determining the Magnitude of a Problem. In the outline of 
Vig. 21.4 are indicated the various major factors which enter into the determination of 
the magnitude of a problem. The three major headings, if interpreted broadly, 
suffice to define completely the magnitude of any data-processing problem, In any 
given problem, one of these three considerations will be dominant, The detailed 
factors comprising each major consideration are so numerous, interrelated, and difli- . 
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cult to define or measure, however, that the outline merely suggests the highlights and 
does not show relative importance or interrelationships of these details. 

In a routine problem in which the special requirements do not preclude use of mag- 
netic-tape files, it is the total number of digits or characters in the file that usually is 
most important in determining total time requirements. When the processing is 
relatively complex, when most file records are processed in each run, and when the 
tape is relatively fast and/or the computing device relatively slow, the speed of the 
main run may be ‘‘computer-limited”’ rather than ‘‘tape-limited,” as is more often 
the case. In the tape-limited case, over-all processing time is usually less than twice 
the time required to read and copy the main file. This time equals the digits per unit 
record times the number of unit records in the file, divided by tape reading-writing 
speed in digits per second. When the process is computer-limited, the time is esti- 
mated by multiplying the average time to process a unit record by the number of unit 
records on file. Determining this average time requires that the processing be at least 
roughly charted and coded, either on paper or in the mind of a skilled programmer. 

In some instances the processing or the exceptions are so complex that the processing 
program cannot all be stored at one time in the program-storage element, and the one 
main run becomes two. (In the tape-limited case, making two passes in place of one 
doubles the total time.) In other cases, the volume of input and/or output data, or 
the complexity of editing the input or output is great enough to contribute heavily to 
the total processing time, but this is not usual. 

21.2.7. Criteria for Evaluating Equipment.! An evaluation of automatic data- 
processing equipment requires the establishment of criteria or measures of effectiveness 
on which to base the comparison. What each potential user wants is to get his job 
done at the least cost. The best general basis for comparison would then seem to be 
the cost for performing some typical job or jobs on each of the available equipments. 

Unfortunately, there is no typical job. What is worse, there is not even a clear-cut 
job unique to a given user. Different systems will accomplish what is wanted in 
different ways, giving different intangible, hard-to-evaluate extra features. What 
value, in dollars and cents, does one put on speed, reliability, an extra piece of sum- 
mary information, an easy-to-read report? The problem is not unique. Similar 
unmeasurable factors of course occur in selecting a new automobile, a new factory site, 
a new systems man, or any other commodity in a competitive market. 

What one would like in all these cases is a set of numbers describing one’s needs, a 
set of numbers describing equipment from which one can choose, and a formula into 
which the two sets of numbers can be substituted to give a true measure of effective- 
ness. No such numbers and no such formula are known to the authors. Figure 21.5 
does, however, list most of the criteria which would probably be important independent 
factors in such a formula if one existed. Each of these factors refers to the system as 
a whole, and each is therefore made up of numerous contributing factors, many of 
which are noted in the outline. 

21.2.8. The Need for Sorting. Sorting data into some predetermined sequence is 
one of the principal functions in most manual and punched-card data-processing 
systems. The primary reason for sorting is of course as a preliminary for filing in 
batches. But there are other reasons as well. 

Summary distributional information is customarily produced by sorting into the 
categories for which totals are wanted, summarizing, and sorting back into sequence 
again. For example, a.company selling 200 different lines of products collects sales 
data in sequence by salesman but wishes also to know total sales for each product line, 
Cards describing each sale are sorted in sequence by product line; the 200 totals are 
obtained one at a time; and the cards are re-sorted into sequence for refiling, or for 
another distribution (by customer, for instance). 

Sorting has even been used as a preferable substitute for calculating rates. For 
example, rather than compute charges for each meter reading, one utility sorts all 
readings by quantity and applies a precomputed charge to each group of identical 
readings. The charge tickets must then be re-sorted into whatever alphabetical or 
geographical sequence the ledgers are maintained in. 

The reason for the preoccupation with sorting thus appears to be twofold, First, 


. 
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I. Cost 
. Central computer—rental, or purchase and maintenance 
. Tape units and their controls—same 
Input and output units and controls—same 
Air conditioning 
. Site preparation, furnishings, physical installation, etc. 
. Tapes (100 to 1,000 at $30 to $80 a reel), cards, ete. 
. Preparation and improvement of programs 
II. Speed 
A, Internal arithmetical and logical operations, including 
1. Effect of index registers 
2. Effect of latency reduction by buffers, etc. 
B. Tape speed, including the effect of 
1. Multiplexed operation—independent reading, writing, rewinding, searching, 
merging, sorting 
2. Fast rewind and/or search 
3. Ease of manual mounting, dismounting, storage of tape 
C,. Input and output devices 
III. Capacity 
A. Number of decimal digits of primary storage 
1. Length of instructions 
2. Efficiency of handling alphabetic information 
B. Number of decimal digits in auxiliary (drum) storage, if any 
C. Number of tape units manageable (Nore: The number of digits per tape affects 
the number of physical tapes and of manual tape changes required; hence it 
affects the cost and speed but not the capacity) 
IV. Reliability 
A. Freedom from undetected errors, caused by 
1. Computer 
2. Tapes 
3. Input-output 
4, Operator 
B. Efficiency, per cent of total available time required for 
1. Scheduled preventive maintenance 
2. Unscheduled corrective maintenance 
3. Programmed checking and rerun procedures 
V. Ease of programming, of operating 
A. Time and talent required for planning, for coding, for operating 
B. Likelihood of mistakes in coding, in operating 
C. Ease of locating and correcting mistakes (‘‘debugging’’) 
VI. Flexibility 
A. Relative efficiency in different types of problems 
B. Ease of switching from program to program 
VII. Physical size and appearance 
VIII. Availability 
A, Date of first installation of this type of equipment 
B. Date of delivery promised to user in question 
IX. Manufacturer’s reputation 
A. Dependability and speed of maintenance and repair 
B. Publicity and prestige attendant on the equipment 
C. Sales appeal 


Qassawb 


Fic. 21.5. Primary criteria for digital-equipment evaluation. (From an article by Cui. 
Adams in Special Report No. 3, ‘Electronic Data Processing in Industry,” copyright by the 
American Management Association, Inc.) 


sorting is often one way and sometimes the only way to achieve the desired results. 
Second, manual sorting and especially punched-card sorting can be done by well- 
established techniques quickly, easily, and inexpensively. 

Electronic data-processing equipment can be built or programmed to sort large 
volumes of data recorded on reels of magnetic tape, It can do the sorting faster than 
it can be done by punched-card techniques, But it is often considerably more expen- 
sive to sort using magnetic tapes than to sort using punched cards, 
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The difficulties of tape sorting can sometimes be overcome by avoiding the process 
entirely. Utility charges can be computed rather than looked up. Totals by product 
line can often be accumulated by reading the data sequentially only once and adding 
each amount into its proper accumulated total, making use of the thousand or more 
random-access-storage locations available in most electronic data-processing machines. 
Frequently, sorting is used to rearrange data for some special report which could 
equally well or perhaps better be prepared in some more easily produced sequence if 
not eliminated entirely. Finally, source data and/or final reports which happen to 
be prepared on punched cards for other reasons can be sorted on punched-card sorters. 

Using punched-card sorters in preference to tape sorters is not always the best 
procedure. It is almost never economical to sort a tape file by punching cards from it, 
sorting them, and then reconverting the cards to tape. Even with source data which 
are originated on punched cards, punched-card sorting will not be the most economical 
unless the nature of the job makes the card sorting much cheaper on the face of it 
and unless the sorter and operator are readily available. For one thing, good practice 
requires that, even after data have been sorted on card sorters prior to being recorded 
on tape, the sequence on tape be checked by the computer to detect any operator’s 
mistakes which might have occurred during the sorting or the conversion of cards to 
tape. The choice of method of sorting in preparing final reports or other outputs 
requires, just as in planning the sorting of input data, that each case be judged on its 
own merits. 

The actual cost of sorting data which have been magnetically recorded on tape 
depends on: 

1. The size and number of items to be sorted 

2. The size and location of the key 

3. The speed and number of the available tape drives 

4. The buffering, internal storage capacity, and operating speed of the computer 

5. The technique used in sorting 
The choice of technique in turn is dependent on the characteristics of the items, keys, 
tapes, and computer. 

21.2.9. Sorting Techniques. Because of the basic importance of sorting to data 
processing, a rather long and detailed, though necessarily very incomplete, description 
of sorting techniques is presented in this section. The results are summarized in Art. 
21.2.10. 

There are three fundamentally different 
approaches to sorting data into sequence. 
These are usually described, respectively, as 
digital sorting, merge sorting, and internal 
sorting. Internal sorting, as used here, is a 
catch-all term to describe every orderly pro- 


Each leaf 
labeled 


an 


‘ie. Sok cedure applicable only to random-access stor- 
Sorted age and not to tapestorage. Merge sorting 
documents A re A : 
is a process which is especially useful in tape 
“All clear” holes sorting and not commonly used except for 


(so documents may be seen) — sorting on tapes. Digital sorting, which is 

Fia. 21.6. Leaf sorter. more descriptively called pigeonhole sorting, 

is sometimes used in sorting on tapes, usu- 

ally used in manual sorting, and always used in standard punched-card sorting. 

An understandable explanation of any sorting technique is surprisingly difficult to 
make without using lengthy examples, preferably in the form of a step-by-step demon- 
stration, The reader who wishes to familiarize himself with the sorting techniques 
about to be described is therefore urged to peruse the examples given and then to 
experiment further for himself using a deck of playing cards. 

Digital Sorting. The most obvious way to sort a group of documents is first to 
set up for each different key a pigeonhole, a space on a table, a space between two 
leaves in a leaf sorter (see Fig. 21.6), or the equivalent. Then the keys on each suce 
cessive document may be examined, the document put in the corresponding pigeon+ 
hole, and the process thus completed in a single pass. This works superbly if (1) 
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the number of possible keys (the range of the key) is small and if (2) each pigeonhole 
is big enough to hold all the documents it might receive if more than one document 
has the same key. 

The distribution of sales by product line mentioned earlier is an example in which 
neither physical documents nor corresponding sets of information are sorted but which 
nonetheless amounts to a single-pass pigeonhole sort in which only total sales per 
product line are accumulated in the 200 individual product-line pigeonholes. Two 
hundred is a very small range of key. Large magnetic-drum storage systems such as 
the American Airlines Reservisor or the Univac File computer “‘avoid”’ sorting by 
providing enough pigeonholes for certain moderately large ranges of key and by 
providing some method of key-word condensation. But, whether one is sorting docu- 
ments mechanically or items electronically, many sorting problems will involve a 
greater range of the key than can economically be provided for in the random-access 
storage systems now available. 

The solution to handling larger ranges of key is to perform the sort in several steps— 
several passes through the documents or items. A person anxious to sort a deck of 
playing cards, for example, is likely to start by first sorting the deck into four parts 
by suit. Then each pile, containing a single suit, is sorted by distributing the indi- 
vidual cards into their proper slot by face value, then picking them up in sequence. 
Sorting first into major groups to obtain more readily handled groups is called block 
sorting. It is useful in manual sorting and in distributing a large sorting job among 
several electromechanical sorters preparatory to machine sorting, but it is just the 
reverse of a true digital sort. 

In a true digital sort, the first distribution into several pigeonholes is done on the 
basis of the smallest digit of the key. In sorting a deck of playing cards, one might 
distribute the deck into 13 piles, with all the twos in one pile, threes in the next, and 
so on. Then the entire deck would be collected back together with the twos on the 
top, threes next, etc. Now if the deck is distributed into four piles by suit, each suit 
will be in sequence since the twos of every suit came before any of the threes, and so on. 
Elementary as this is, the simplest way to convince oneself is to try it. The advantage 
to starting with the least significant ‘‘digit’’ first lies in the fact that all the cards can 
be reassembled and the second pass made on the complete deck, not on individual 
parts of it as was the case when the cards were distributed first into major groups by 
the most significant digit. Ordinarily, sorting numerical keys is done by sorting 
first on the smallest decimal digit, then on the next smallest, and so on. 

As a demonstration of a simple digital sort and (at the same time) an illustration 
of the possibility of using a nonobvious digital base for the sorting, consider how a 
deck of playing cards might be sorted digitally by making two passes, distributing the 
cards into eight different pigeonholes each time (rather than 13 in the first pass and 
4 in the second as was described above, and rather than 10 each time as is usual in 
numerical sorting using electromechanical sorters). Notice that two passes, each 
into eight categories, should suffice since splitting the deck eight ways on the first pass 
and eight again on the second gives 64 possible outcomes for a given card while there 
are only 52 in adeck. By the same token, the sorting could not be accomplished in 
two passes using only seven pigeonholes since 7 X 7 = 49, which is less than 52. For 
the 8-way digital sort, the pigeonholes can be labeled 8’s, 9’s, 2’s and 10’s, 3’s and 
jacks, ete., as shown in Fig. 21.7. There are several other labelings which would work 
as well. These particular assignments were chosen only because they correspond to 
naming the pigeonholes 0, 1, 2, 3, 4, 5, 6, 7, respectively, and then allocating cards 
according to the remainder after dividing by 8, counting jacks as 11, etc. (so that, for 
example, queens, equaling 12, leave a remainder of 4 and go with the fours). If the 
aces are to sort out low instead of high, they should be included in the ‘‘one”’ pile 
with the nines instead of in the “‘six’’ pile. On the second pass, the pigeonholes are 
labeled “spade 8 to ace,’ ‘spade 2 to 7,” ete. (or “8 to king” and “‘ace to 7” if the 
aces are to sort out low). : 

A §2-card deck can be sorted in three passes using only four pigeonholes (since 
4X 4X 4 = 64, which is greater than 52, the range of the key), The first pass would 
put the 4, 8, Qin the first slot, the 6, 9, K in the next, the 2, 6, 10, A in the next, and 


21-26 APPLICATIONS OF DIGITAL COMPUTERS 


SS SS ee ee ee ee 
Sequence of the deck to be sorted before first pass: 


83 CQ SJ SQ SA S6 S7 H4 H7 SK H5 D9 gg 
Cs CK D6 D3 HQ DT C2 H6 H9 C9 CJ HT HJ 
CECT 506 ST. DS )DS. .D2. DA.+.82- 85.002. C3... C4 
C5 CA HA H8 H3 DJ DQ C7 D7 D4 DK S&S HK 


After first pass: Cards taken in sequence above (left to right, top row first) and placed in 
proper pigeonholes below: 
Pigeonhole 


Number Label Cards in Sequence 


8’s 88 C8 D8 H8 

s D9 H9 Co 89 
2 «& 10’s DT (C2 HTPPCL 1ST) “De? 182) He 
& J’s §3 SJ. D3. CJ HJ C3° H3 DI 
& Q’s CQ SQ H4 HQ C4 DQ D4 $4 
& K’s SK HS CK D5 §5 C5 DK HK 
&A’s SA S86 D6 H6 C6 DA CA HA 
eS ni 3, A Oy agen 6 y 4 


After second pass: Cards taken in sequence (left to right, top row first) from pigeonholes 
above and placed in proper pigeonholes below: 


NOorwnwr oO 


Pigeonhole 
Number Label Cards in Sequence 
0 Spade 8-A 88 sS9 ST SJ SQ SK SA 
1 Spade 2-7 82 S38 S4 85 Ss6 S8s7 
2 Heart 8-A BS “HO “HT! Hs) HO’ "HERE * HA 
3 Heart 2-7 H2 H3 H4 H5 H6 H7 
4 Diamond 8-A D8 D9 DT DJ DQ DK DA 
5 Diamond 2-7 D2 D3 D4 D5 D6 D7 
6 Club 8-A C8 Coie Gl CJ ACO ACK CA 
a Club 2-7 C2 C3 C4 C5 C6 C7 


Cards are now in desired sequence, left to right, bottom row first. 


Fia. 21.7. Digital sorting (base 8). 


the 3, 7, J in the last. The second pass would put the 2, 3 in the first, the 4, 5, 6, 7 in 
the next, the 8, 9, 10, J in the next, and the Q, K, Ainthe next. The third pass would 
distribute by suit. 
Applied to manual sorting of playing cards, the true digital sort seems absurdly 
artificial and cumbersome. Teamed up prop- 
All these cards not notched erly with any of several kinds of punched 
in the chosen position cards and the proper mechanical or electro- 
mechanical gadget, however, it is an exceed- 
Needle ingly powerful technique—so powerful that 
most electronic computers suffer by compari- 
son. The two principal mechanical tech- 
niques are: 


“7 — Al these cards notched 
beh in this position 1. Needle sorting of edge-punched cards 
2. Electromechanical sorting or mechanical 
sorting of conventional punched cards (e.g., 
Fria. 21.8. Needle sorting. IBM ecards) 


Both of these are so elegant in their simplicity and effectiveness that, though they 
may seem out of context in a manual of electronic-computer techniques, they should 
be understood by everyone involved in any extensive automatic data-processing 
activities. 

Needle Sorting of Edge-punched Cards. Needle sorting is a way of separating 
properly prepunched cards into two groups. The comment above about sorting 
playing cards in three passes using only four pigeonholes could be generalized to 
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sorting the same cards in six passes using only two pigeonholes. For strictly manual 
sorting this would be ridiculous, but with edge-punched cards and a needle (see Fig. 
21.8), it is very effective indeed. Edge-punched cards are manufactured with a series 
of small round holes along one or more edges. The key or keys by which the card is 
to be sorted are punched into the card by notching out appropriate ones of the holes 
along the edge (see Fig. 21.9). All cards to be sorted are stacked together and a 
knitting needle is passed through the hole in the ‘‘ones”’ position of the least significant 
of the key. When the needle is lifted, all the cards with notches in that position drop 
off and are put in the rear of the deck. The needle is put through the ‘“‘twos’’ posi- 
tion, lifted, and the cards which drop are put in the rear, without disturbing their 
sequence relative to one another. The process repeats for the “fours’”’ and then for 
the ‘‘sevens”’ position of the least significant digit, then on into the next digit, and so 
on. The power of the methods lies in the speed with which the notched cards can be 


se bolevevi¥esYiseecley ess ey yey 
i000 | 10,000% | 1,000 | 100s | 10s | Unis | Ser] 


Notches represent the number 258,063 and word ‘‘female”’ 
Fia. 21.9. Edge-punched card. 


separated from the unnotched ones in each column. For certain types of files which 
change infrequently and are frequently searched for different categories or for certain 
specific items—that is, files such as library references or personnel files which are 
referred to by different keys at different times—the edge-punched card is, for all 
practical purposes, the fastest and by all odds the cheapest method known. 

Electromechanical Sorting of Conventional Punched Cards. Much more frequently 
used than the edge-punched card is the conventional punched card (see Fig. 21.10). 
The IBM ecard is divided arbitrarily into 80 columns, any or all of which may be 
punched in one (or two or sometimes three) of twelve different row positions. The 
rows are numbered, from top to bottom, 12, 11, 0, 1, 2,3, ...,9. The 12 and 11 
holes serve to identify special functions, nega- 
tive numbers, and alphabetic symbols and 
should temporarily be neglected. One of the 
simplest yet most powerful devices for proc- 
essing punched cards is the sorter (see Fig. 
21.10). A sorter examines any single column 
in each card successively and deposits the card 
in one of 13 pockets depending on whether the 
first hole encountered is in the 12 row, the 11 
row, ..., the 9 row, or whether no hole is 
present at all (a reject). There is provision 
for suppressing any rows desired from the 
examination, and cards not punched in any of the nonsuppressed rows end up in the 
“reject”’ pocket. 

A card sorter in operation gives the impression of deciding which pocket to deposit 
each card in as the cards move along rollers above the pockets. Not apparent at 
first glance are a pack of 12 flat metal leaves called chute blades, one terminating 
above each pocket. The decision as to which pocket each card belongs in is.made not 
above each pocket but rather when the card first leaves the feed. hopper and passes 
under a single brush (see Fig. 21.11). The brush has been manually positioned to.the 
desired one of the 80 column positions. When a hole in the card allows the brush to 
touch the conducting roller, an electromagnet is energized which lowers an armature 
and allows all the chute blades not yet touching the card to drop, The card then 
rides up onto the proper chute blade and is carried along the top of the sorter until 
it is inevitably tumbled into the proper pocket. 

Sorting cards according to a numerical key is done by first positioning the brush to 
the column containing the least significant digit of-the key, After the cards have gone 


Fia. 21.10. Electrical sorting machine 
and punched card. 
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through the sorter, they are manually collected from the various pockets, zeros below 
ones below twos, etc., and put back in the feed hopper. The brush is moved to the 
next more significant column and the sorting repeated. Sorting by a six-digit key 
requires six passes. The cards move through the sorter at speeds of 450 to 1,000 
cards per minute (7.5 to 16.7 cards per second) depending on the price of the sorters, 
which cost in the vicinity of $1,000. On the highest-speed sorters, 10,000 cards can 
be sorted on a 6-digit key in 1 hr. Under the worst conditions, the same sorting on a 
Univac I computer might take 15 min and cost more than ten times as much for the 
job. 

Alphabetic data on punched cards require special treatment dependent on the coding 
of the cards. Briefly, with IBM cards, the cards are sorted on a given column with 
the 12 and 11 rows ignored. The zeros are set aside; the rest are collected and run 


Manually positioned brush 


6) ) a \ Hole in position 
} 4 of selected 
> Za Armature Magnet coils card column 
AF (not energized Brass 
because card contact 
7 separates brush roll 
a Reject from contact roll) 
Chute blades ~. 


aaa ai eesaci? Ae nC) 
Box entrance 6 we ai Carrier fol 
Energized because 


Carrier roll shaft brush is in contact 


with brass roll through 
punched hole 


12 Reject 
Fra. 21,11. Operating principle of punched-card sorter. 


again with every row except that the 12, 11, and 0 rows are ignored. The numerical 
cards end up in the reject pocket, letters A through I in pocket 12, J through R in 
pocket 11, and S through Z in pocket 0, each group in sequence (from the first pass). 

Digital Sorting Using Magnetic Tapes. Digital sorting using magnetic tapes is 
performed in much the same way as punched-card sorting. Each item of information 
is copied from the input tape (analogous to the feed hopper) onto the proper output 
tape (corresponding to one of the pockets in a sorter) rather than being physically 
moved, with the information still intact, from input to selected output as in a punched- 
card sorter. Aside from the fact that information is copied rather than transported 
from input to output, there are three more trivial differences due to certain pecu- 
liarities or limitations of tape units. These are set forth briefly in the following three 
paragraphs. 
_ Since tape units usually are not efficient in start-stop operation, and since the rate 
of arrival at each of the outputs (corresponding to the sorter pockets) is unpredictable 
and uneven, arrangements are usually made to accumulate enough separate informa- 
tion to be sent to a given output to make it worthwhile to start the tape unit and dis- 
gorge the accumulated items onto it. This block handling of tape data is conventional 
in all aspects of tape use. 

After one pass in which information has been dispersed onto the several outpute, 


. 
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it would be wasteful to read back all the data merely to collect it onto one tape for the 
second pass. Therefore, each of the original outputs is usually treated in its turn as 
an input, with information being dispersed onto a different set of new output tapes in 
accordance with the next larger digit of the key. Thus the tapes which serve as out- 
put “‘pockets”’ in the first pass are usually used sequentially as inputs in the second 
pass, then serve as outputs again on the third pass, etc. Clearly a base-10 digital 
sort, requiring 10 pockets, requires 20 tapes if this procedure of alternating inputs and 
outputs is employed. 

Most tape-processing systems do not, for reasons of economy, include 20 tape units. 
Consequently, when digital sorting is done using tapes, it is usually done to the 
base 2 or 3 or possibly 4, requiring 4 or 6 or 8 tape units simultaneously available. 
Examples of nondecimal digital sorts were given in the examples of sorting playing 
cards. 


Yes 
Read next item Record item from Is there another 
from tape A A onto tape C item on tape A? 
No 


Copy remaining 
items from A (or B) 
onto C and STOP 


ls there another 
item on tape B? 


Yes 


Read first item Compare Ay 
from tape B with By 


Read next item 
from tape B 
Merging A 
and B onto C 


Record item from 
B onto tape C 


A; and By are the keys of 
the items just read in from 
tape A and tape B 


Fig. 21.12. Merge program. 


The number of passes p required when each pass disperses into b tapes or pockets 
(a base-b sort) and when the largest key number is 7, is 


p > loby r = log r/log b (in common, base-10 logarithms) 


For example, a 6-digit key gives r < 108 A decimal (b = 10) sort requires p > 
log 10°/log 10 = 6 passes while a ternary (b = 3) sort requires p> log 10%/log 3 = 
6/0.4771 = 12.55, or 13 passes. 

Merging. Merging, not to be confused with merge sorting, which will be described 
in the next paragraphs, consists of combining two or more groups of data, each in 
sequence by itself, into a single group in the same sequence. Thus the two strings of 
numbers (A) 7 13 14 19 21 24 25 29 43 and (B) 4 17 18 25 27 28 31 37 41 when merged 
yield (A merged with B) 4 7 13 14 17 18 19 21 24 25 25 27 28 29 31 37 4143. The 
two-way merge process is quite simple to mechanize in a computer. If two tapes 
A and B are to be merged, the program (shown in Fig. 21.12) involves comparing the 
keys of the items from each of the two inputs, selecting the smaller, putting it on the 
output, replacing it by the next item from the input whence the selected item came, 
and repeating the process until both inputs are exhausted. 

Merging 3, 4, 5 (or more) tapes (a three-way, four-way, or five-way merge) is done 
in precisely the same way except that selecting the smallest requires an increasingly 
large number of two-way comparisons, 

Merge Sorting (Planned String Length), Merging two groups, or strings, each, for 
example, consisting of a 100 items arranged in sequence by some key, yields a single 
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sequenced string of 200 items. This fact that a two-way merge effectively doubles 
the number of items in a single sequence means that merging is itself an ordering 
procedure, one which can be used to arrange information in sequence. The relative 
merits of merge sorting and digital sorting are considered in the next section. The 
mechanization of merge sorting is best understood by example. 

Given a well-shuffled deck of playing cards (to be put into the sequence SA SK 
SQ .... S2 HA .... C2 as in the digital-sorting examples), one can proceed by 
first halving the deck. The halves might look as in Fig. 21.13(a). These two sets 
of cards cannot be merged in the normal sense since each set is not in sequence to 
begin with. However, each half can be considered as 26 separate “‘strings,” each 
consisting of one card. These 26 strings on each tape can be merged separately in 
descending sequence into 26 strings of 2 cards each, with the resulting strings being 
recorded alternately on each of two tapes. Thus, in Fig. 21.13(a) the first card from 


84 CQ H3 83 CK H5 SQ D2 D9 H2 DT 87 SJ C7 C5 S2 H7 D6 C2 C4 CJ D4 DA S5 HQSA 
ST DJ H9 86 C6 HJ D5 HK DQ HT H8 SK D3 CT HA C9 C3 89 CA C8 H6 D8 DK S8 D7 H4 


(a) Initial arrangement divided into halves—strings of 1 = 2°. 


ST 84, H9 H3, CK C6, SQ D5, DQ D9, H8 DT, SJ D3, HA C5, H7 C3, CA C2, H6 CJ, DA DK, HQ D7 
DJ CQ, 86 83, HJ H5, HK D2, HT H2, SK $7, CT C7, 82 C9, 89 D6, C8 C4, D8 D4, 88 85, SA H4 


(b) After first pass, in sequence by pairs—strings of 2 = 21. 


ST S4 DJ CQ, HJ H5 CK C6, HT H2 DQ D9, SJ D3 CT C7, 89 H7 D6 C3, H6 D8 D4 CJ, SA HQ H4 D7 
86 $3 H9 H38, SQ HK D5 D2, SK 87 H8 DT, 82 HA C9 C5, CA C8 C4 C2, 88 S5 DA DK, 


(c) After second pass—strings of 4 = 22. q 


ST $6 $4 83 H9 H3 DJ CQ, SK 87 HT H8 H2 DQ DT D9, 89 H7 D6 CA C8 C4 C3 C2, SA HQ H4 D7 
SQ HK HJ H5 D5 D2 CK C6, SJ 82 HA D3 CT C9 C7 C5, S88 85 H6 DA DK Ds D4 CJ, 


(d) After third pass—strings of 8 = 23. 


8Q ST 86 $483 HK HJ H9 H5 H3 DJ D5 D2 CK CQ C6, 89 88 85 H7 H6 DA DK D8 D6 D4 CA CJ C8 C4 C3 C2 
SK SJ 87 82 HA HT Hs H2 DQ DT D9 D3 CT C9 C7 C5, SA HQ H4 D7 


(e) After fourth pass—strings of 16 = 2'. 


SK SQ SJ ST S7 86 84 83 S2 HA HK HJ HT H9 H8 Hd H3 H2 DQ DJ DT D9 D5 D3 D2 CK CQ CT C9 C7 C6 C5 
SA 89 S8 S5 HQ H7 H6 H4 DA DK Ds D7 D6 D4 CA CJ C8 C4 C3 C2 


(f) After fifth pass—strings of 32 = 25. 
SA SK SQ SJ ST S9 S8 87 S6 S5 S453 S2 HA HK HQ HJ HT H9 H8 H7 H6 H5 H4 H3 H2 DA DK ete. 
(g) After sixth and final pass—strings of 52 < 2°, 


Fia, 21.13. Merge sorting, planned string length. 


each half is considered. The spade four (S4) is smaller than the spade ten (ST), so 
the spade ten is recorded first on the first output tape [Fig. 21.13(6)].__ Then the second 
cards (club queen and diamond jack) are compared and recorded on the second output 
tape, the DJ going first because it is the larger. Then the H9 and H3 go on the first 
tape, etc. Now each tape has only 13 strings on it. The first cards on each tape 
(ST and DJ) are compared; the larger (ST) is recorded on the first output; the S84 
which followed the ST is compared with the DJ and, being larger, is recorded following 
the ST; there being no more cards in the ST, S4 string, the DJ and CQ are chosen 
next by default. The process is repeated in putting the 86, $3, H9, H3 on the second 
tape, and again in putting the HJ, H5, CK, C6 on the first tape, and so on. 

Since each pass over the tape halves the number of strings, one quickly sees that 
n passes will arrange 2” items in sequence by this planned-string-length merge-sorting 
procedure. Thus z items will require logez, or 3.3 logior (logio being the common 
logarithm found in tables) passes. For example, 750,000 items require 3.3 X 5.875 = 
19.39 or (since one cannot make a partial pass) 20 passes to arrange in sequence by 
this procedure. 4 

Variable-string-length Merge Sorting. In the planned-string-length procedure just 
described, the end of each input string was determined by counting the items and 
stopping when that number reached the planned length of 1, 2, 4, 8, ete., respectively, 
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in the successive passes. This procedure makes no use of any ordering that the inputs 
may initially have—either by chance or by the nature of the source data which may be 
partly in sequence when it originates. 

Even in a completely chance arrangement of a group of items, such as the initial 
arrangement of the playing cards in Fig. 21.7, some of the items will fall into sequenced 
strings of two, three, or more items. Figure 21.14(a), for example, shows the same 
deck of cards—with commas separating the strings which were formed by chance. 
In fact, the average string length (number of items divided by number of strings) in a 
long random sequence appears to be 1.86 items per string. (The average length of 
the string on which a randomly selected item falls is 2e — 3 = 2.44, according to 
H. H. Seward, but this figure is not particularly useful in comparing the variable- 
length with the planned-length procedure. The 1.86 average is not very satisfactory 
either, since what is needed is a distribution, not an average; but it gives some measure 
of likelihood, and greater refinement is hardly worthwhile.) 


S4 CQ, H3, 83 CK, H5, 8Q D2, D9, H2 DT, $7, SJ C7 C5, 82 H7 D6 C2, C4, CJ, D4, DA, 85, HQ, SA 
ST DJ, H9, 86 C6, HJ D5, HK DQ, HT H8, SK D3 CT, HA C9 C3, S9 CA C8, H6 D8, DK, 88 D7, H4 


(a) Initial arrangement, divided in half—strings of at least 1 = 2°. (Note that this chance arrangement falls into 12 
strings of 1, 12 strings of 2, 4 of 3, and 1 of 4.) 


ST S4 DJ CQ, 86 83 CK C6, SQ HK DQ D2, SK H2 DT D8 CT, SJ S9 CA C8 C7 C5, DK C4, H4 D4, 85 HQ 
H9 H3, HJ H5 D5, HT H8 D9, 87 HA C9 C3, S2 H7 H6 D8 Dé C2, $8 D7 CJ, DA, SA 
(b) After first pass—strings of at least* 2 = 21. 
ST 84 H9 H3 DJ CQ, SQ HK HT Hs DQ D9 D2, SJ 89 S2 H7 H6 Ds D6 CA C8 C7 C5 C2, H4 DA D4 
86 83 HJ H5 D5 CK C6, SK 87 HA H2 DT D3 CT C9 C3, 88 DK D7 CJ C4, SA 85 HQ 
(c) After second pass—strings of at least* 4 = 2°. 


ST $6 $4 83 HJ H9 H5 H3 DJ D5 CK CQ C6, SJ $9 88 S2 H7 H6 DK Dg D7 D6 CA CJ C8 C7 C5 C4 C2 
SK SQ 87 HA HK HT H8 H2 DQ DT D9 D3 D2 CT C9 C3, SA S5 HQ H4 DA D4 


(d) After third pass—strings of at least* 8 = 2°. 


SK SQ ST 87 S6 $4 S3 HA HK HJ HT H9 H8 HS H3 H2 DQ DJ DT D9 D5 D3 D2 CK CQ CT C9 C6 C3 
SA SJ 89 S8 S5 S2 HQ H7 H6 H4 DA DK D8 D7 D6 D4 CA CJ C8 C7 C5 C4 C2 


(e) After fourth pass—strings of at least* 16 = 2¢, 
SA SK SQ SJ ST S9 88 S7 S6 S5 S4 $3 S2 HA HK HQ HJ HT H9 H8 H7 H6 H5 H4 H3 H2 DA DK etc. 


(f) After fifth and (in this case) final pass—strings of at least* 32 = 25, (Note that if there were one more string in the 
first half in the initial arrangement—if, for example, the 85 and HQ near the end were interchanged—a sixth pass would be 
required.) 


* Except possibly the end strings when one ‘‘half” has more strings than the other half. 


a Es Ng a Ea ee ts eT ey 
Fia. 21.14. Merge sorting, variable string length. 


Figure 21.14 shows the same deck as in Fig. 21.13 sorted by the variable-length- 
string method. In the example deck, there are only 29 strings, and not 52 as there 
might possibly be and as is assumed in the planned-length procedure described earlier. 
The average string length in the example is 52/29 = 1.79. Since 29 strings should 
require only log: 29 = 4.85 passes, five passes should and do suffice in this case using the 
variable-length procedure, compared with the six required regardless of arrangement 
using the planned-length procedure. 

Notice, however, that for optimum results the deck should initially have been 
divided into halves having an equal number of strings, not an equal number of cards. 
The number of passes depends on the greater of the number of strings in each half. 
In the example given (a chance arrangement in which fate was given a little nudge), 
a sixth pass would be required if there were even one more string in the first half. 
If, for example, the S5 and HQ near the end were interchanged, splitting one string 
into two, the SA would, at the end of the second, third, and fourth passes, appear on 
the end of the first line and would form a second line all its own in the fifth pass, 
requiring « sixth pass to merge it with the rest of the deck. 

Internal (Interchange) Sorting, Both digital and merge sorting are techniques for 
dealing with each card in a deck or each item on a tape in turn, disposing of it according 
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to some rule, and moving to the next one. Sorting in a series of passes this way is 
required by the sequential nature of the medium. In a random-access memory, 
however, some items can efficiently be tested and moved if necessary several times 
while others are left untouched. Either digital or merge sorting can of course be 
used in a random-access memory but they generally require more memory space than 
the so-called internal sorting procedures. 

There are any number of variations of internal sorting by. interchange, such as 
sorting by repeatedly finding the smallest (or largest) remaining item; by inter- 
changing successive pairs if (and only if) the first is larger than the second; by “sift- 
ing” or by ‘‘partial sorting.”” The interchange sorting techniques all require time 
proportional to the square of the number of items, whereas merge or digital sorting 
require only time proportional to x log xz. Consequently, special variations of merge 
or digital sorting (requiring at most twice the storage capacity needed to contain all 
the items) are often preferable for internal sorting when speed is essential and enough 
storage capacity is available. 

When relatively long items are to be sorted internally, time can be saved if the 
entire item is not shuffled about in storage throughout the sorting procedure. This 
can be achieved, at some sacrifice in storage space, by storing each item once and for 
all in some set of storage locations with some definite starting address and forming a 
set of pseudo items, one for each of the real items to be sorted. Each short pseudo 
item, consisting only of the key and the address of the start of the real item which it 
represents, is then put through the desired internal sort. The result is a list of the 
addresses of the items, rather than the items themselves, arranged in sequence accord- 
ing to the item key. Then each item can be processed or recorded on tape in proper 
sequence by using each address in sequence to select the proper item next. 

The biggest use of internal sorting is as a preliminary to merge sorting on tapes. 
The data are sorted internally into initial strings of one or more tape blocks in length, 
permitting everything to be handled in block-sized chunks thereafter. Some drum- 
or disk-type memories can be searched very rapidly for the largest key present. 
Such special features lend extra attractiveness to internal sorting techniques. : 

21.2.10. Choice of Sorting Techniques. There are, as shown above, three basic 
types of sorting techniques—digital, merge, and interchange. The choice of basic 
technique and of variation of that technique depends on a careful analysis of the prob- 
lem at hand in terms of the total cost, including the cost of any delays in obtaining 
results occasioned by choosing a slow technique. 

Given w different items, each with an average of d digits, with a key word (condensed 
or not) of r decimal digits in range (i.e., the logio of the difference between the decimal 
equivalent of the largest representable key and that of the smallest), to be sorted 
using 2b tape units capable of being processed at a rate of s digits per second: the time 
required to perform the tape sort is, where brackets indicate ‘‘the largest integer less 
than the enclosed quantity,” 


Ses + 1) sec 


By merge sorting: 


s \log b 
: d /\ 
By digital sorting: = (= ; oo 1) sec 


Internal sorting by interchange, given a random-access storage system and a com- 
puter that can compare keys and interchange two d-digit items at a rate of ¢ inter- 
changes per second, requires 
ws 
a sec 
2t 
As a general rule, punched cards are sorted digitally while magnetic tapes are 
merge-sorted. In the rare cases where the range r of the key is less than the number 
w of items (implying that on the average more than one item bears a given key), a 
digital-tape sort may be in order. Internal sorting is used on small volumes of data, 
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especially as a preliminary to merge sorting of tapes. No such preliminary to digital 
sorting appears practical at present. 


21.3. MANAGEMENT PROBLEMS* 


21.3.1. The Problem Defined. As discussed in the introduction to Art. 21.2.1 
the subject of data processing can include not only clerical operations in a business 
but also the handling of data relative to management decisions. The present section 
will be concerned with the application of electronic computers to the decision-making 
and policy-making operations of a business. 

It should be emphasized at the outset that this discussion is not concerned with 
“push-button management.” This is not a question of an electronic computer sitting 
in the president’s chair and directing the efforts of the people inthe company. Rather, 
the computer is considered to be a tool, to be used by management for making more 
optimum decisions. And it is expected that the requirements for a good manager 
will become more exacting as these new tools are put into use. 

Also, it should be emphasized that this section does not advocate that electronic 
computers be used for all management decisions. Rather, it hopes to point out some 
types of management decisions in which computers can be of assistance. 

Throughout the discussion, an attempt will be made to point out how electronic 
computers can be applied to certain management problems, and to cite examples of 
actual applications. At the same time, the role of human judgment will be pointed out 
to show the aspects of the problems which do not appear to be easily mechanizable. 

Major Aspects. There are a number of ways in which computers have application 
to management problems, including the following areas: 

1. Management strategy. This area is concerned with long-range planning of 
business operations and the establishment of policies. Computers can be of assistance 
to management by working out the consequences and probabilities of occurrence of 
various alternative courses of action. Management is then in a position to compare 
the various consequences and to select the alternative that gives the most desirable 
consequence. 

2. Management tactics. This area is concerned with the more immediate, local- 
ized decisions, which are in turn governed by the strategies that have been adopted. 
Computers can be of assistance to management by working out the details of any 
particular decision—such as the optimum stock level for a particular item carried in 
stock, considering the most up-to-date information on demand for the item, availa- 
bility of supply, and so on. 

This area of management tactics is perhaps the one most subject to ‘‘mechanized 
decision making’’ where the data-processing system can take over the functions 
previously performed by order clerks. An example will be cited later of system plans 
which call for almost completely automatic handling of reordering decisions, in a 
military-supply system. 

3. Management control. This area is concerned with actually directing and con- 
trolling the operations of the business, once the tactical decisions mentioned above 
have been made. This area includes clerical data-processing operations, for issuing 
the necessary orders, maintaining the files, and issuing the management reports 
described in Sec. 21.2. It also includes the actual operations of the firm—producing 
goods (in a manufacturing plant), selling goods (in a store), moving goods (in a trans- 
portation company), and so on. This is the area generally given the name “‘auto- 
mation,’’ and much of it is described in Sec. 21.5. 

Each of these aspects of management strategy, management tactics, and manage- 
ment control is a problem because management is constantly faced with the necessity 
of choosing the optimum course of action. The introduction of computers into the 
system can be of value, for a number of reasons. For one thing, machines can usually 
perform more economically than can humans, for those aspects of an operation which 
can be mechanized. Also, the machines are less variable than are humans, so that 
their performance can be predicted more accurately. 

* By Richard G, Canning and Roger L, Sisson, 
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The Integrated-system Concept. The application of electronic computers to manage- 
ment problems can go beyond just the three individual major areas mentioned above. 
It seems very possible (and actual examples can already be cited) for computers to be 
applied to combinations of those areas, to obtain still more optimum results. 

For instance, it seems quite possible to design a computing and data-processing 
system that performs the tactical decision making, develops the detailed instructions 
based on those decisions, transmits the instructions to the automated plant where the 
instructions are performed automatically, records the actual performance and posts 
this performance in the master records, and then summarizes the performance for the 
next tactical decision-making operation. Under such a system, it becomes difficult 
to draw a clear line between the areas of decision making, clerical processing of data, 
and the automatic control of production. 

Two Levels of Application. Not only can electronic computers be applied to the 
different areas described above but they can also be applied at two different levels: 

1. System design. This level is concerned with the laying out of an operating 
system. It involves mostly theoretical work (using a computer as an analytical 
tool) which leads to a practical solution of day-to-day management problems. 

2. System operation. This level is concerned with the actual day-to-day operation 
of the system, in which the computer is one cog in the system. In this case, the com- 
puter is an operating tool rather than an analytical tool. 

These, then, are the different areas and the different levels within those areas where 
electronic computers can be applied to management problems. The discussion 
which follows will describe how computers can be applied to each of these and will 
cite examples of what is being done today. 

21.3.2. The State of the Art. Problem Formulation. The electronic computer, as 
it is delivered by the manufacturer, is basically ““empty.”’ While it has the capacity to 
solve complicated problems, it must be given the exact method to be used for each 
problem, in great detail. This fact has certainly been made clear in previous sections 
of this handbook. 

There is need, therefore, for the human operators of the computer to develop a 
step-by-step procedure which the machine must follow in solving the problem. And 
before such a procedure can be developed, the problem must be stated explicitly. The 
physical problem—the problem facing management—must be stated in symbolic 
terms. And this symbolic statement of the problem must be sufficiently realistic 
(similar to the real physical problem) so that the answers will be accurate enough to be 
usable. If management’s problem has many interrelated variables that cannot he 
ignored, then the symbolic representation should include those variables, and with 
their proper relationships. If uncertainty is involved, where the values of some of the 
variables cannot be predicted accurately by management (how many electric fans 
will be sold next summer—which in turn depends on how hot it will be next summer), 
then the symbolic representation must include uncertainty. 

The development of a suitable symbolic representation of the problem, and a 
step-by-step procedure for solving the problem, fall into the category of ‘‘problem 
formulation.’”? This area is still the responsibility of the human beings; machines 
have made no dent in it as yet. 

The use of the scientific method in problem formulation has been given the name 
“operations research” in recent years. The results of this scientific approach have 
been very encouraging and indicate that important improvements can be made in 
management methods. Considerable use of mathematics has normally been made in 
operations-research studies because of the large number of variables involved and their 
rather complex relationships. Thus the symbolic representation of the problem is 
often in the form of a mathematical model. 

The mathematical model which is developed through this problem formulation can 
take on a wide variety of forms, depending upon the characteristics of the particular 
problem. There are certain forms, however, that seem to occur more frequently 
than the rest, in that they tend to represent the problems that are common to wide 
varieties of businesses. 

One of the more common forms of management-problem representation is hy the 
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use of large matrices. This formulation is particularly useful in product-mix prob- 
lems, where management is attempting to determine how much of each of several 
products to order, so as to maximize profit or minimize cost and still stay within a 
working-capital budget and other budgets. The number of products may reach up 
into the hundreds, while the number of equations relating the unknowns often number 
from 50 to 100, sometimes more in the larger problems. 

Another form of problem representation that is often used involves the aspect of 
uncertainty. Take the hypothetical example where the exact number of fans that will 
be sold next summer is not known. But from a study of the weather in past years, 
and the number of fans sold, a distribution might be set up which says, in effect: 
the probability that X or more fans can be sold is 1 chance in 10; the probability that 
Y or more fans can be sold is 2 chances in 10, and so on. Then the other variables 
involved, such as cost of production, distribution costs, and inventory costs, are 
included in the model. In the solution, random numbers are chosen to determine what 
the demand for fans will be next summer, and from this the profit can be determined 
for different production schedules. Then a different set of random numbers is 
selected, and the problem is solved again. After the process has been repeated nu- 
merous times, the results may tend to indicate a desired course of action, which might be 
that production schedule which will maximize possible profit, or one that will minimize 
possible loss. 

“Game theory” is a term which deserves mention, also. In a way, it might be 
considered a philosophy of thinking more than a specific type of problem formulation. 
That is, the use of large matrices, distributions, random numbers, and other types of 
problem formulation will often be found in the game approach. Game theory is 
concerned with optimum strategies—trying to out-think the opposition. Its major 
elements are attempting to maximize the minimum possible gain, or to minimize the 
maximum possible loss, in a course of action, and also the element of systematically 
introducing random behavior to make it more difficult for the opponent to predict 
behavior. 

There are a number of other common forms of problem representation which could 
be similarly described, but it is outside the scope of this section to give this detail. 
One that is worth mentioning is ‘“‘waiting-line theory,’”’ or queuing theory, where the 
effect of random arrivals at a toll booth (for instance) is studied. Some important 
problems are combinatorial in nature, such as the assignment of jobs to machine tools 
in a job shop; it is often the case that the total number of possible combinations is 
tremendous, exceeding the number of molecules in the universe, and it is desired to 
select the optimum combination out of this large number. Present-day mathematical 
techniques do not even hope to obtain the optimum in such problems but rather are 
satisfied with obtaining ‘‘better” solutions than the rule-of-thumb methods so often 
used by management. 

No further discussion of the types of problem formulation is warranted here. For 
the interested reader, a number of excellent references are listed at the end of this 
section. 

A few final comments are in order, however, It will be noticed that the word ‘‘opti- 
mum” occurred several times in the above discussion. The methods attempt to 
obtain the optimum answer. Someone must define what an optimum is, in each 
case—whether it is the maximizing of profits, the minimizing of possible losses, or 
something else. This is the role of management judgment, when using these mathe- 
matical techniques; this is another part of the problem (together with problem 
formulation) that has not yet been mechanized. Another point should be made, also. 
In the solution of large matrices, an electronic computer is practically mandatory 
because of the tremendous number of routine calculations involved. Similarly, 
when many alternative production schedules are analyzed, for different levels of 
demand, electronic computers are practically an economic necessity in many cases. 
So electronic computers can be expected to play an important part in aiding in the 
solution of management problems in the future, 

Again, a word of caution isin order, Much of the early work in operations research 
has resulted in problem formulation that has not required electronic computers for 
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solution. In fact, the use of electronic computers is more the exception than the rule, 
to date. The reason seems to be that the more localized problems have been chosen 
by the operations researchers, in order to produce tangible results in a short time. As 
the more general management problems are tackled, and especially in the larger 
firms, then the use of computers will become more extensive. 

The application of such types of problem formulation, particularly those involving 
the use of electronic computers, to management problems will now be discussed, to 
indicate what has been accomplished. The application to systems design will be 
discussed first, followed by applications to systems operation. 

Systems Design. As mentioned previously, this level of application is concerned 
with the laying out of an operating system and developing a set of optimum rules to 
follow. An electronic computer is used as an analytical tool, for analyzing con- 
sequences of alternative rules. 

1. Management strategy. A good example of work in this area was done by the 
Stanford Research Institute and reported at the 1955 Operations Research Convention 
in Los Angeles. It involved strategic inventory decisions for a railroad supply system. 
Available historical data were gathered for several years in the past, indicating the 
number of orders placed, the valuation of inventory, the number of times requisitions 
could not be filled because of out-of-stock conditions, and soon. Based on these data, 
and using an electronic computer, families of curves were developed which related 
number of purchase orders placed with inventory valuation with out-of-stock con- 
ditions. With these curves, management would be able to set a maximum desired 
inventory valuation (based on available working capital) and a maximum on the 
percentage of out-of-stock cases (based on judgment and experience). When these 
two strategic decisions were made, the number of purchase orders to be placed annually 
was thereby determined. And knowing the number of purchase orders and the annual 
requirements for parts, the quantity per purchase order could be determined. All 
the tactical decisions on what to order, when to order it, and in what quantity were 
then automatically established—just by making the two important strategic decisions. 
Of course, a data-processing system would be needed for actually handling the detail 
purchase orders, requisitions, determining changes in requirements, etc., but the 
system as a whole would be expected to work within the limits specified by the two 
strategic decisions—maximum inventory valuation and maximum allowable out-of- 
stock conditions. 

This area of application, systems design for strategic decisions, has not yet received 
too much attention; the example mentioned above is one of the first. It is an area 
where game theory may possibly be applied, where the consequences of several alter- 
native courses of action are developed and management selects that course of action 
which has the best over-all consequence. 

2. Management tactics. This application is concerned with developing the best 
set of rules to follow in making the day-by-day operating decisions. In the case of 
the railroad inventory system mentioned above, the tactical decisions are practically 
determined when the strategic decisions are made. 

An example of the use of electronic computers in developing tactical-decision rules 
can be found in the work of the Management Sciences Research Project, University 
of California, Los Angeles. The work is concerned with shop scheduling in a job 
shop—determining when each operation of each order in a machine shop should be 
started, so as to complete all the orders as close to due date as possible. In devel- 
oping the rules, a program for a digital computer was prepared which simulated the 
movement of orders through a machine shop. Different memory cells in the com- 
puter were used to represent different machine tools, for instance, and jobs were 
assigned to these machine tools by storing the job number in the proper machine-tool 
memory cell. Then different decision rules were tested for selecting the next job 
for a machine tool when several jobs were waiting for the same machine. ‘The 
objective, of course, was to find the rule which most efficiently put the jobs through 
the shop on schedule. 

Another example of the use of digital computers for developing tactical-decision 
systems has occurred at the University of Michigan, in connection with traffic studios, 
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The problem is to determine the best rules for controlling intersection traffic, where 
some cars want to make right turns, some left turns, some straight ahead, and there 
are pedestrians present. As in the case of shop scheduling mentioned above, the 
computer program was prepared which simulated the intersection conditions. Then 
‘cars’? were fed into the intersection at random (but at a rate consistent with actual 
traffic conditions). Likewise, the cars which desired to make left and right turns were 
also selected at random, consistent with actual statistics. The procedure in this 
case was to explore the effect of different traffic rules and their relative efficiency in 
getting the cars through the intersection. 

Several comments are appropriate. Both the examples mentioned above used the 
technique of simulation, where the physical situation is simulated by a computer 
program. Then the computer is used to play a game, tracing out the consequences 
of different rules. In both the above cases, the original ‘‘model’’ was quite simple, 
and it was desired to find a method that was in the “right ball park.’’ Then, as 
results were obtained which looked more and more satisfactory, the model was 
expanded to take more factors into consideration. 

It has often been stated that analog computers are most appropriate for problems of 
simulation; certainly that is an area where they have been doing excellent work. The 
examples mentioned herein, however, indicate a type of simulation where analog 
machines may not be desirable—namely, where the physical situation consists of 
discrete units such as shop orders or automobiles. This is just another way of saying 
that the characteristics of the problem determine which type of computer is best 
suited for its solution and that it is not wise to generalize about the merits of a par- 
ticular type of machine. 

3. Management control. This application is concerned with using electronic com- 
puters for developing optimum rules for management control. That is, once the 
tactical decisions have been made by management, orders are issued to the organiza- 
tion to carry out those decisions. Management control is needed to ensure that the 
organization does, in fact, carry out those decisions or, conversely, if the decisions are 
not carried out properly, to detect that fact so that management can issue corrective- 
action orders. 

Work in this area of optimum control-systems design for business systems is still 
mainly in the research stage. 

Some pioneer work in problem formulation has been carried on by Professor Donald 
P. Campbell at MIT.*! In his article on ‘‘Dynamic Behavior of Linear Production 
Systems,’’ Professor Campbell applies servomechanism theory to a production system. 
He uses mathematical techniques for developing certain optimum rules for manage- 
ment to follow. For a more complex formulation, where more of the variables are 
included, it might be desirable to set the system up on a computer for ease of solution. 
It might be mentioned that the problem, as Professor Campbell formulated it in his 
paper, appears quite suitable for analog-computer application. 

Some other work along this line is being done at the Management Sciences Research 
Project, University of California, Los Angeles. Again, a digital-computer program is 
being used to simulate a machine-shop condition where work is being performed by a 
machine-tool operator in accordance with orders he receives. Such factors as the 
need to rework parts and the scrapping of incorrectly made parts are included in the 
program; random numbers are used to determine which orders require rework or 
scrapping. Deviations of completion dates from due dates are being studied, for 
different values of the load on the machine tool (in terms of its capacity). 

4. Integrated systems. This application is concerned with using electronic com- 
puters for developing optimum rules of operation for practically the entire business 
enterprise—decision making, the automated operation, and control. 

Systems Operation. This level 5f application is concerned with the actual use of an 
electronic computer in the everyday operation of the business. As such, it is a 
direct replacement for certain types of clerical work and supervisory work. 

1, Management strategy. Since the field of operations research is so relatively 
new, it is to be expected that electronic computers are not yet widely used by manage- 
ment for siding in making atrategic and policy decisions, 
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One possible application which might fall into this area is that of preparing for 
collective bargaining. When management (or the union) is preparing for negotia- 
tions, it would be of considerable assistance to have the consequences of the different 
demands worked out in a fair degree of detail. The expected demand for the product 
for the next year could be expressed in terms of ‘‘uncertainty,’’ described above under 
problem formulation. Then the profit position (or loss position) of the firm could be 
analyzed for different levels of pay and fringe benefits. Random numbers would 
be used for selecting the demand for the product in each trial. After the computer 
has made numerous trials a picture should develop which indicates the most 
desirable course of action. 

There are numerous other applications that could be mentioned as possibilities. 
Most of them appear to be applications of game theory, which has been receiving 
considerable attention in recent years. Strategy in a competitive market will certainly 
force increased use of electronic computers in the years to come. 

2. Management tactics. It is in this area of using electronic computers to aid in 
the everyday tactical decisions of a business that the most attention probably has 
been paid. 

One of the more common applications centers around inventory control, where it is 
desired to minimize costs of carrying inventory for each item stocked and still have 
only a small percentage of out-of-stock conditions. The most common approach is 
to develop an economic-order-quantity formula, which specifies how much of any 
given item is to be ordered, taking into account cost of ordering, inventory-carrying 
costs, cost of obsolescence, expected demand, and sometimes lead time. (The 
equivalent of this approach under past management methods is the phrase ‘We 
always try to carry a three month’s supply on hand.’’) 

The values of the various parameters just mentioned must be determined for each 
item stocked. This in itself involves a large clerical job. But even above this, the 
method must be made dynamic, so that the values of the parameters are kept up to 
date, reflecting changes in customer demand, procurement time, etc. In such a case, 
an electronic computer will show many advantages over manual clerical systems and 
punched-card systems. As items are requisitioned, the computer will compare the 
actual demand against the original predicted demand and (based on the method 
prescribed for it) will adjust the reorder points, and reorder quantities to reflect the 
actual demands. Thus the computer will perform the functions of deciding when to 
reorder (when the on-hand balance reaches the reorder point, which the computer hag 
calculated) and how much to reorder (from the reorder quantity, which the computer 
has calculated). An actual system planned, with this concept in mind, will be 
discussed below. 

Another example of mechanizing tactical decisions that has been studied in consider- 
able detail involves the scheduling of steel production. The problem is basically one 
of selecting an optimum product mix in order to meet customer demand: Given 
several types of coal, with varying costs, how to combine them in the coking ovens to 
produce the desired cokes at the least cost. Given the cokes and several varieties of 
iron ore which are on hand (and the costs of each), how to combine them in the blast 
furnaces to obtain the pig irons desired at the least cost. Given the pig irons and 
available steel scrap (each with various constituents and costs), how to combine them 
in the open-hearth furnaces to obtain the steels desired.“ Given the steels and the 
rolling-mill capacities, how to produce the steels to meet the customer orders. These 
are decisions that steel-plant management is faced with day after day. No one final 
decision can be made, because the conditions are constantly changing—the costs. of 
the ores which can be obtained, the orders for different types of steel by the customers, 
etc. 

As discussed under Problem Formulation, this steel-production problem involves 
the solution of large matrices, when being performed on an electronic computer, 
Present research work is concerned with only limited aspects of the total problem 
described above, because of the size of the total problem as well as the fact that certain 
aspects (such as coke production) are very nonlinear in nature and are not onasily 
handled by present computing techniques. However, it is a good example of work 
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that is being done where an electronic computer aids in the day-to-day tactical 
decisions. 

The shop scheduling operation, which was mentioned briefly under systems design 
for tactical decisions, is another example where an electronic computer can aid in the 
actual systems operation. In the previous systems-design discussion, the role of the 
computer was to aid in selecting the optimum rules for the shop to follow. In sys- 
tems operation, those rules must be used day in and day out. Research on this prob- 
lem, at the Management Sciences Research Project, indicates that a computer may 
be used to generate the shop schedule once a week. Each week, it generates the shop 
schedule for the next two weeks, beginning with the latest reported condition in the 
shop. 

Other examples of production scheduling have been discussed by various people 
throughout the country. In an aircraft plant, when bidding on new aircraft contracts, 
the month-by-month labor requirements for each of several possible delivery schedules 
are computed. The computation takes into account the present contract com- 
mitments. The objective is to find the delivery schedule which can be bid that 
delivers the aircraft to the customer at the fastest rate and still does not require any 
sudden peaks in the labor load. While the volume of such calculations is not great 
(a few a week), the time saving and more thorough analysis are important. In 
another example, an assembly line is used for producing numerous types of assemblies 
during the month—the volume on any one type not being great enough to keep the 
line busy for the full month. The problem is to assign jobs to the assembly people 
down the line; so that jobs are performed in the required sequence, each person has 
a full 8 hr of work a day, and the number of people on the line is minimized. Such 
job assignments have to be recomputed each time a new product is introduced or a 
significant change made on an old product. 

The area of tactical decisions in management, then, is one where electronic com- 
puters can be expected to play a more important part in the future. 

3. Management control. The discussion of the application of electronic computers 
to management-control operations is considered in two other sections, Secs. 21.2 
and 21.5. The reader is referred to those sections for further details. Numerous 
installations have already been made in these areas, and more are being installed 
constantly. 

Some general comments are in order, however. The connection between data 
processing and management control may not be readily apparent to the reader. Data 
processing is usually associated with clerical activities—such as issuing orders, 
premium notices, and pay checks, maintaining files, and preparing reports. A 
little thought will reveal that files are maintained and reports prepared primarily for 
management-control purposes, and in some cases governmental-control purposes. 
Management wants to know what was actually done; so that corrective action can be 
instituted—or pay checks issued. So the application of electronic computers to the 
data-processing (clerical) operations in a business really is concerned with management 
control of that business. 

Sometimes, the volume of one type of transaction within a business is sufficient to 
warrant an electronic system, and the remainder of the data-processing system within 
the firm might remain manual or punched-card. An example of this is the reservation 
problem for airlines and trains. It is desired to control the number of seats sold on 
each flight—so as not to oversell a flight, or conversely, not to turn a customer away 
when seats are actually available on the flight of his choice. A system has been 
installed and working, in New York City, for several years which handles peak loads 
at 600 inquiries per hour. Other important data-processing operations within the 
firm are not handled by this electronic system, such as keeping track of the number 
of flight hours for each crew menrher, each aircraft, and each engine—or the reschedul- 
ing of crews and equipment when certain flights have been canceled or delayed by 
weather. ; 

In most types of business, the volume of any one kind of transaction may not be 
sufficient to pay for the cost of the electronic system (rented or purchased), In such 
a case, the electronic aystem must be timesshared between a number of datasprecessing 
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operations. A good example of this was the Univac installation at the General Electric 
Company, Louisville, Ky. The original plans called for the application of the com 
puter to four major data-processing operations: payroll, material control, order 
service, and general and cost accounting. These operations by no means constituted 
the whole data-processing needs of the plant, but they were important areas suitable 
for mechanization. 
4. Integrated systems. Completely integrated systems involving electronic com- 
puters are still in their infancy. There are two systems of interest that begin to 
approach the completely integrated system. 
The Kidde Warehouse System, designed by Walter Kidde Constructors and 
Teleregister Corporation, has been built as a prototype at the Link-Belt Company. 
Incoming orders are broken down by the items requested, and a punched card is 
prepared for each item (including customer name, address, etc.). The cards are 
sorted by warehouse location and are sent to the stock pickers. Cards for many 
customer orders go to each picker. The picker obtains the merchandise and places 
it, with its card, in a traveling overhead tray. A dispatcher takes the card from the 
tray, puts it in a reader, and two actions take place: (1) the merchandise is directed 
to unload at a chute corresponding to the customer’s number, (2) a count is made by 
that customer’s number. When all the customer’s packages have been collected, & 
signal tells a packer that the order is ready for packing. Here is a system, then, that 
begins to combine data processing and machine control. The orders are issued to the 
pickers in a form that can be recognized by human beings as well as by machines, 
Eventually, it should be possible to have much of the picking done automatically, 
from orders issued by the data-processing system. 
Plans for another system have been developed by the Rand Corporation for the 
United States Air Force. This system combines decision-making and data-process« 
ing operations for a military supply system. As mentioned above under tactical 
decisions, an electronic computer can keep track of the actual demand for an item 
and can recompute the reorder point and reorder quantity for each item from time 
to time, so as to minimize inventory costs. In addition, the electronic system cai 
issue the actual purchase orders themselves, subject only to review by the purchasing 
agent. Also, the electronic system can maintain the perpetual inventory on all the 
items in stock, maintaining the inventory files as items are ordered, received, issued, 
and returned. It is from these actual transaction data that the new calculations oan 
be made. Here, then, is an example of a system that combines the data-processing, 
and decision-making operations of a business. 
21.3.3. Economic Considerations. With regard to the economics of using elat 
tronic computers to aid in the solution of management problems, two major questions 
might be asked: From the experience of the pioneering companies, what is the order 
of magnitude of the costs involved? And how can these costs be paid for? Pach of 
these questions will be discussed briefly. 
What Are the Costs Involved? There are four major cost areas to be considered! 
problem formulation, programming and debugging the program, ‘installation,’ 
and operating costs. 
f 1. Problem-formulation costs. This cost is extremely difficult to estimate, sine 
it depends so greatly on the complexity of thé problem and the method of approach, 
Perhaps the simplest approach is to use practically the same method that is now 
being done manually, but programmed for an electronic computer. In the example 
described above (Art. 21.3.2) for computing an acceptable aircraft delivery schedule, 
for bidding, this approach was followed. The method used on the electronic com- 
puter was very similar to that already used by scheduling experts in the plant but 
with a few rather obvious improvements. 
Another example required a complete departure from present methods, The 
formulation, programming, and running of trial problems required only about 3 mate 
months. Total cost was in the $2,000 to $4,000 range. 
At the other end of the range are the problems that require 1 to 2 man-yeara fi 
formulation, before programming even begins. The stecl-mill problem is an example 
of such a case. Of course, once the problem has been formulated by someone, 
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published (if possible), subsequent users should require much less time for formulating 
similar problems. 

As a rule of thumb, it would be well to estimate at least 6 man-months for the 
formulation of sizable management problems, unless there is prior information to 
the contrary. Certainly, a manager’s bland statement that ‘This shouldn’t be 
a tough problem to formulate; we’re solving it all the time” is not a good yard- 
stick, if a true operations-research approach is to be followed. As the operations 
researcher gets into the problem, it is possible he will find many more important 
variables, with complex relationships, than was first apparent from the manager’s 
description. 

A word about future machine design is warranted. There should be a much closer 
coordination between problem formulation and machine design than there has been 
in the past, at least for certain major classes of problems. Perhaps the problem of 
predicting sales in a department store is a good case in point. Problem formulation 
may call for the measurement of certain merchandise characteristics that are not now 
measured—silhouette, combination of colors, relative magnitude of color areas, etc. 
Also, problem formulation may call for rather complex relations involving these 
characteristics. It is up to the machine designer to develop a machine capable of the 
efficient solution of the problem. While the present-day general-purpose computer 
probably can be programmed to solve any such problem, it is still not evident that 
such a machine will meet the economics of the situation. 

2. Programming and debugging the program. ‘These costs are also nontrivial. It 
is hard to estimate the cost of programming because of the great differences in the 
abilities of programmers. An inexperienced programmer may require a month to do 
what an experienced programmer can do in 2 days—based on results to date with 
these machines. 

Programs of some 4,000 instructions are not uncommon in problems of this type; in 
fact, the programs can be several times this length. Rule-of-thumb estimates 
indicate that an experienced programmer might average between 20 and 340 program 
steps per day, if he has to work out the details of solution, and might average several 
hundred instructions per day if the method of approach is quite clear in his mind. 
Programming a company’s payroll operation for an electronic computer, as an 
example, appears to fall in the 20- to 40-instruction-per-day range, even though pay- 
roll has been done satisfactorily on punched-card machines, simply because the new 
arrangements of the master files requires new detail methods of processing. 

Debugging the programs requires more time than is generally recognized. In 
some computer installations, about 50 per cent of the available computer time has 
been used for this operation, although techniques have been developed to cut down this 
time requirement. As a matter of fact, with long computer programs, involving 
some 6,000 to 10,000 instructions, it is often impossible to set up test problems that 
test all possible combinations in the program; so that the programmer is never really 
sure that his program is right. It is not unusual to find errors in the program after 
it has been in use for a year. 

An encouraging development in the field, to reduce programming time and debug- 
ging time, is that of automatic programming. This technique can be used where the 
procedures to be used can be standardized. The programmer then need only refer to 
a set of specific standard procedures, and the computer will locate the programs for 
those procedures and link them together to form a running program. The Remington 
Rand A-2 compiler, for instance, has developed 4,000-instruction Univac programs 
from only 435 instructions specified by the programmer, and the compiling required 
only 20 min on the Univae. Moreover, if the compiler has been carefully debugged, 
then the resulting programs should be error-free and should require little or no 
debugging. 4 

More recently a committee in the Department of Defense of the United States 
Government has béen instrumental in establishing a Common Business Oriented 
Language called COBOL. In many respects this language is similar to ALGOL (see 
Art, 17.33). ‘This language is to serve as a means of communicating computational 
algorithma (particularly those relating to business data processing), and for many 
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cases, problems written in this language may be run on any of a number of different 
computers (provided COBOL translators are available). 

A word about machine memories is in order. The solution of product-mix problems 
will involve matrices, often quite large matrices. And other types of management 
problems will require many thousands of machine instructions. The tendency 
appears to be toward larger and larger internal memories—50,000 to 100,000 decimal 
numbers, or even more. And the more rapidly those digits are available, the less 
over-all computing time will be required. It would be well not to underestimate the 
size of machine memories for business applications. 

3. Installation costs. ‘‘Installation’’ costs are involved, even though a company 
just rents time on a service bureau computer. The ‘‘installation,” in this case, covers 
the change-over costs, when operating the electronic-computer method in paral 
with the present method. It is not yet clear just what the order of magnitude o| 
these change-over costs will be for management decision-making applications. For 
data-processing (clerical) applications, it appears that even the smaller systems will 
require expenditures in the order of $100,000 to $200,000 for installation and chang 
over. It would seem reasonable to expect that computers for decision-makin 
applications should not require expenditures of quite this magnitude. ; 

4, Operation costs. This cost is also hard to estimate. If time is rented on 
service-bureau computer, then the standard hourly rental (covering machine operators 
would be the major cost. If the problem requires a complete data-processing system 
tied in with the organization (such as in the case of shop scheduling described above) 
then the cost of this data processing must also be considered. 

How Can These Costs Be Paid For? Generally, management expects that co 
such as those just described will be paid back by direct savings. And it is norma 
expected that the amortization period will be rather short, in the order of 1 to 3 year 

Data-processing (clerical) applications generally can show a certain amount of mar 
ual clerical or punched-card savings, to offset the cost of the electronic system. But 
for management-decision applications, it is much more difficult to put a finger on 
direct savings. In the example concerning bidding on an aircraft contract (see pa 
21-39), the company was spending a certain amount of money to have such schedul 
computed by hand; this money could be used to offset the cost of the electronic-com» 
puter calculations. At the same time, the calculations made by the computer wer 
into a greater amount of detail than did the manual calculations; so that it was not 
fair to compare the two methods on direct costs alone. 

In certain other types of management problems, such as the shop schedulin 
problem, it is almost impossible to find direct clerical costs that can be used to off 
the cost of the electronic system. Rather, it is “‘shadow’’ costs that are involy 
here—the cost to the company of not doing efficient shop scheduling. Part of th 
shadow costs can show up as waste, loss of business due to poor deliveries, and so on, 
In any case, these shadow costs are very difficult to estimate accurately. And it iy 
likewise difficult to prove that improvements in profit position were due almo 
entirely to the electronic-computer methods. 

'_ Perhaps management will become willing to forego direct, tangible cost savings | 
these decision-making applications, in the face of improved operations. If the gen 
manager of the plant finds that his decisions are becoming more efficient and that he 
does not have to put in so much “‘overtime”’ in his office to keep up with the decisions, 


then he may well look on the computer as a valuable tool, even if he cannot point 
direct savings. 4 
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21.4. SIMULATION * 


21.4.1. Principles of Simulation. The term “simulation” refers to the replace 
ment of a given system by a substitute system, or “simulator,” which responds (a 
stimuli in a similar way and hence has the salient characteristics of the given system 
The system may be a device, a process, or part of a device or process. The simulate 
is generally simpler, less expensive, and/or better adapted to experimentation tha 
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the original. Its purpose may be to expedite empirical study of specific system 
responses, or it may serve as an auxiliary adjunct or controlled environment in experi- 
ments on the original system or one of its parts. For example, an airplane simulator 
might be constructed to help predict the flight characteristics of an airplane still on 
the design board; on the other hand the , ee might be built as a flexible 
evice for inexpensive training of student pilots. 
pr is seetismenyy in three stages as illustrated in Table 21.1. The first, stage 
consists of specifying the characteristics of the original system by means of either a 
physical or a mathematical model. The former calls for a set of detailed construction 
drawings while the latter usually takes the form of a set of algebraic or logical equa- 
tions. In either case simplifying approximations are generally introduced in the 


Table 21.1. 


Specification of 
physical model 


SIMULATION 


Three Stages in Simulation 


Specification of 
mathematical 
model 


1st stage 


Preparation of 


2S: Solution in Preparation of rograms and 
Fabrication closed form or equations for spr for 
2nd stage of “classical analog-computer digital-computer 
model functions” solution 


solution 


Tabular or 
cathode-ray tube 
or other display 
of particular 
digital-computer 
solutions 


Graphical record 
of particular 
analog-computer 
solutions 


Sketches of 
particular 
solutions 


Experiments to 
study behavior 
of model 


3rd stage 


representation of the original system, based on engineering intuition and subject to 
eventual justification by comparing simulator response with actual system behavior. 
The second stage involves the preparation of the model for study. The physical 
model may be simply a copy of the original to a modified scale, or the scale may be dis- 
torted to emphasize the salient features under study. Preparation consists : 
physical fabrication. The mathematical model may have a solution in close 
form, in which case simulation is not required. More often the solution is difficult to 
interpret or beyond the capabilities of existing mathematical techniques, in which case 
mechanical means are needed to obtain particular solutions. Preparation then con- 
sists of modifying the form of the mathematical model to render it suitable for solution 
either by analog or by digital computation, or by both. Mixed analog-digital ce 
niques are particularly adapted to real-time simulation where part of the origina 
8 must be tied to the simulator. } ned 
“The third stage of simulation is the experimental or computational determination 
of the responses of the simulator to families of input stimuli from various initial os 
tions. The responses may be obtained as motion film records of the physical woe 
or as graphical records or tabular displays of computed behavior of the mathematica 
pro Scope of the Section on Simulation. This section is concerned Lg tod 
with the digital or mixed analog-digital solution of: mathematical models, i.e., wit 
digital simulation, Preparation for digital solution of mathematical models eae 
one or more of (1) specifying the salient characteristics of the original system y 
moans of functional relationships such as approximating polynomials or ratios 
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polynomials, (2) expressing conditional relationships through sets of algebraic equa- 
tions, (3) expressing system dynamic behavior by a set of ordinary or partial differ- 
ential equations or by integral equations, and/or (4) defining states which call for 
discrete changes in simulator characteristics. Requirements (1), (3), and (4) will 
receive attention in this section. 

Mixed analog-digital simulation employs encoding and decoding equipment for 
translation between the two number representations. Amplification, filtering, and 
other simulator operations can be mechanized by either digital or analog methods, 
The former is more versatile and less expensive, but it is generally better to use analog 
devices where the output is used to develop motion requiring a fair amount of power, 
Analog equipment is also used to represent man-operated continuous controls. These 
analog considerations are treated in the first part of the handbook and will not be 
discussed here. 

The transmission of data between the analog and digital parts of a mixed system 
is generally accomplished by time-division multiplexing or sampling. This discon- 
tinuous but periodic exchange of data is best handled by sampled-data theory and 
Z transforms. These will be discussed below. 

The advantages of digital simulation are (1) flexibility in alteration from one simu. 
lation to a second, (2) precision and accuracy to any desired extent, and (3) more 
sharply defined error analysis. 

21.4.3. Function Approximation. The first requirement listed in Art. 21.4.2 for 
preparation of the mathematical model of a physical system was the specification of 
functional relationships between different parts of the system and its environment, 
These relationships are usually smooth single-valued functions of one or more vatle 
ables, with at most a finite number of discontinuities. For example, wind-tunnel 
measurements of the aerodynamic coefficients appearing in airplane-flight equation# 
show that these coefficients vary significantly with Mach number and angle of attack. 
The process of preparing these relationships for digital computation is referred to as 
“curve fitting’”’ or function approximation. 

Since polynomial approximation, either piecewise or over the entire range, is the 
most convenient form for digital-computer solution, attention will here be restricted 
to curve fitting by polynomials or ratios of polynomials. However, it should be kept 
in mind that other approximating functions (e.g., iterative computations) are alsa 
available and may occasionally be preferable for minimizing computing time and/or 
storage requirements. Similarly, although attention will be restricted to functions 
of a single variable, it should be kept in mind that functions of more than one variable 
_ can be represented using extensions of the methods described here. 4 

The problem may be expressed more formally as follows: Given the cincle an 
functional relationship f(x) defined over the range x <2 < 2s, to find a polyno 
of degree n, or a set of such polynomials, which differ(s) from f(x) by not more 
e(x). The error e(z) may be a constant or a constant percentage of f(x); it may 
specified a priori as a function of z or it may be accepted on the basis of “engin 
judgment”’ after P,(x) has been obtained. 

Piecewise Approximation by Straight Lines. The simplest method of curve fitting. 
uses a set of straight lines. The result is essentially a Chebyshev fit but it can he 
obtained by direct graphical construction. The procedure can also be programmed for 
digital computation, a primitive example of digital simulation of a graphical procens, 
It is assumed that e(x) has been specified in advance, as illustrated in Fig. 21.15, 

The bounding functions f(x) + e(z) are first drawn to scale. Beginning at one end 
of the range, say xo, a straight line is drawn from zp to a second point 2, on the same 
bounding function, tangent to the other bounding function and lying wholly between 
both. A second straight line is drawn in similar manner from 2 to x, beginning on 
either bounding curve, whichever yields the larger value for |v2 — a1]. The procenm 
repeated until the lines span the entire range 2» to z,. The approximating fune 
P(x) then have the form 


Pi (x) = max + d; 2 S$ 2 < Buy 


as indicated by the solid lines in Mig. 21.15. r 
In the simulator, the particular Pi(a) might -be obtained by repeatedly halving | 
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range of x, in the manner of the method of bisection for determining the roots of a 
function. For example, if k = 5, the sequence of comparisons shown in Fig. 21.16 
would be used. Note the test to ensure that x is within the prescribed range. 
Alternatively, if z is known to vary slowly, the sequence might be to determine by 
comparisons first if z had increased or decreased, and second if the change were enough 
on the succeeding linear segment. 
bs Hee dag akin such as that at x2 in Fig. 21.15 will appear wherever f(z) has an 
inflection. When such discontinuities are undesirable, the process for obtaining the 
set of approximating lines must be modified as shown by the dashed lines in Fig. 21.15. 
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Fira. 21.16. Selection of correct Pi(«). 


i matt i i d on minimizing D?, 
Least-square Polynomial Approximation. This method is base: J 
the Siaeth of the deviation of f(z) from the approximating nth-degree polynomial 
n 
P,(x) = 
i=0 
ile i is gi i i List ed asasum. If 
form; while if f(x) is given only at discrete points 2%, D is expressed as ‘ 
closer approximation is desired over part of the range, a suitable weighting function 
w(x) may be used as a multiplier. The two forms are then 


ax. If f(x) is given as a continuous function, D? is expressed in integral 


Dt = 1. w(z)[Pa(x) — f(z)}? dz 


(21.3) 
a Dt = d, miaPaten — flan] 
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In either case minimum D? depends on proper choice of the n coefficients a;. These 


may be obtained by differentiating D? with respect to each of the coefficients in turn _ 


and setting the derivatives equal to zero. The resulting n equations are linear in the a 
and the latter are the only unknowns. 

A major disadvantage of this procedure is that the coefficients depend upon the 
postulated degree of P,(x). Thus if the approximation obtained using a particular 
degree n, is unsatisfactory, the entire process including solution of a new set of linear 
equations needs to be repeated for a new polynomial of degree n» > n,. A prefer- 
able method will now be described in which the degree of the approximating poly- 
nomial can be increased by simple addition of new terms. 

The scale of the abscissa is first relabeled by means of the linear transformation 


22 = (a. + to) + ulas — 20) (21.4) 


so that the new independent variable extends over the standardized range —1 > u > 
1. The approximating polynomial is now expressed in the form 2 


n 


P,(u) = > bipi(u) (21.5) 
t=0 


where pr(u) = (2k + 1)/2 Le(u) and Lx(u) is the kth degree Legendre polynomial 


of the first kind. The latter may be defined by 


dna 


Nw) = aera 


(uw? — 1) 


which yields for the first few polynomials 


Lo(u) =1 

Iyi(u) =u 

D2(u) = 3¢(3u? — 1) 

Ls(u) = 44 (5u® — 3u) 

Ls(u) = 16 (8524 — 30x? + 3) 

Ls(u) = 1¢(68x5 — 70x + 152) 

Lo(u) = 46 (231x5 — 31524 + 10522 — 5) 


Assume that the function f (x) is transformed by the scale change into the function 
g(u). _Least-square polynomial approximation of g(u) is obtained by evaluating the 
coefficients b; in sequence, using the defining equation 


ar 
by = [OF rege) du - (21.6) 


The process is terminated when the degree of the approximating polynomial is high 
enough to yield an acceptably close fit. 

Note that Eq. (21.6) does not permit the use of a weighting function corresponding 
to w(x) of Kq. (21.8). This is because the independence of the b; on one another (and 
hence the elimination of the need to solve sets of linear equations) is based on the 
orthonormality of the p,(w), namely, 


+1 lifi=j 
fecha: es j 
[ZY pops au = { GES 
If the inclusion of a weighting function is desired, a corresponding set of orthonormal 
oie i must be found to yield an equation for the coefficients in the form of 
q. (21.6). 
Piecewise continuous least-square polynomial curve fitting may be obtained by 
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applying Eqs. (21.5) and (21.6) to each segment of the approximation. The limiting 
abscissas of the various segments need not be specified but are preferably treated as 
additional parameters z; which appear in g(u) through Eq. (21.4). Each 2; corre- 


sponds to u = +1 for the approximating polynomial P;_1(u) and to u = —1 for the 
succeeding polynomial P;(u). The conditions 
P3101) = Pj(—1) 3 jit ec os (21.7) 


are used to determine the z;. These conditions not only assure continuity in the 
curve fitting but also guarantee minimum (or at Jeast an extremum in) least-square 
error. 

In the simulator the appropriate P;(u) or the equivalent R;(x) might be obtained by . 
comparisons with the z; in the manner indicated in Fig. 21.16. Computation of the 
polynomial is best mechanized by synthetic division, 
as shown in Fig. 21.17. 

Chebyshev Polynomial Approximation. This method Wy-1=AUnXtEy-1 
seeks to minimize the maximum deviation of f(z) 
from the approximating polynomial. Thus the error 
is generally larger in the center and smaller at the 
ends of the interval than for the corresponding least- 
square approximation. The method is based on the 
theorem that the maximum absolute value of 7’,(z), 
the Chebyshev polynomial of degree n, is smaller than 
the maximum absolute value of any other polynomial 
of degree n and leading coefficient unity. 

The Chebyshev polynomials are defined over the 
interval —1 < u < 1 by the equations 


Wy -2= Wy 1X +an-2 


To(u) = 1 R, (x) =W,x+d5 
T(u) = (21.8) 
Tr(u) = tTn-1(u) — Tn-2(u) 


Fie. 21.17. Evaluation of an 
nth-degree polynomial, 


which show that 7',(u) is an nth-degree polynomial 
with unit leading coefficient. Equations (21.8) may be shown to be equivalent to 


T o(u) 


1 
T(u) (21.8a) 


21-" cos (n cos! u) 


toil 


from which it follows that 7’,(w) oscillates between the extreme values +2!~* and has 
n zeros over the interval from —1 to 1 given by 


us = cos FEM, ; = 0, Oy hie e 0: (21.9) 


The most direct application of these equations is to choose as a Chebyshev approxi- 
mation the nth-degree polynomial P,(u) which passes through the n points g(us) 
where the u; are the zeros given by Eq. (21.9). In this case the largest possible devia- 
tion [Pn(w) — g(u)] cannot exceed Gt) /2" - (n + 1)! where G+» is the upper bound 
for the (n + 1)th derivative of g(u) over the interval. 

A more effective but more time-consuming method of Chebyshev approximation is 
to expand g(u) in a series of such polynomials. The procedure is somewhat simplified 
by introducing the modified Chebyshev polynomials and the new range 


C,,(v) = 2 cos (n cos7! ) 
—-2s0<s2 
Assume that the given function S(r) transforms to h(e), Then the approximation 


(21.10) 
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Q,n(v) is obtained from 
Q.(0) = y exCi(v) (21.11) 
i=0 


1 2 h(v)Ce(v) 
where Ck a 2 eg R/S ee dv (21.12) 


Application of Eqs. (21.11) and (21.12) leads to the expansions 


om = Calr) + (7) Cao) + (3) Crate) + ++ (21.13) 


By expanding h(v) in Taylor’s series about » = 0 and substituting from Eq. (21.13) 
for the powers of v, another form is obtained for the cz, namely, 


h®(0) h&+2)(Q) h&e+4) (0) 
"EL "IT&+DI 20h +2) G11 
If for k = n the first term on the right is the only significant term, Q,(v) should be a 
uniformly good approximation to h(v) over the entire range. 

If a polynomial approximation has been obtained by other means, say by least 
squares, the degree of the polynomial can sometimes be reduced by rearranging the 

n 
approximation as a Chebyshev expansion y c¥C;(v) using Eq. (21.13). Since all 
7=0 
Cx(v) oscillate between +2, their contributions are in proportion to their coefficients 
ck. If |ex| « |c#|, for all ¢ <n, then the contribution of the nth-degree polynomial 
C,(v) can be ignored. Similarly for cn—1, cn—2, etc., until the first significant coeffi- 
cient occurs. 

Approximation by Ratio of Polynomials. In this method the function f(z) is approxi- 
mated by a ratio of polynomials P(x)/Q(x). The method is particularly effective 
when f(x) has one or more sharp peaks or troughs, as, for example, in airplane aero- 
dynamic coefficients in the transsonic region. These rapid excursions imply large 
high-order derivatives and hence poor polynomial fitting as suggested by the remarks 
in connection with the simple method of Chebyshev approximation. The quadratic 
factors +[a? + (x — b)*] of Q(z) are better able to fit peaks and troughs, particularly 
when ro < b < a, and a X (a, — x). 

The method of least squares may be used by modifying D? of Eq. (21.3) as follows: 


Dt = [* w(x) (Pala) — Qn(a)fla)? ae (21.14a) 


Qm(x) behaves here like an initially unknown mth-degree polynomial weighting func- 
tion. To correct for this weighting error, the curve fitting can be iterated as often as 
desired, dividing w(x) at each step by @m?(x) from the previous step to obtain the 
appropriately modified weighting function. 

Another approach is based upon the use of continued fractions. Let f(x) be 
assumed to be expressed as the continued fraction i 


fla) =a, + 
enna (21.15) 
1 + a3 
Tae Ba 
Rewrite this for convenience in the form 
fa) matte Sepa. (21.164) 


- 
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To determine the coefficients a,, set 


z= ¢(y) —2z (21.16) 


where ¢ and f are inverse functions, i.e., y = f(z + ze Choose do = Yo = f (20) 
about midway between the extremes of f(x). Note that this implies that o(yo) = Xo 
and zp = 0. 

The next step is to determine the derivatives 2 = dtz/dy" at y = Yo. If f(x) can 
be inverted in closed form so that $(y) is available, then 2 = $. However, if 
f(z) exists only in graphical or tabular form, the derivatives must be computed from, 
say, divided differences. The relations 


d_dd_id 


“0 = 5 

Py ao his f 
2)(y) iy jf’ a rd (f)3 
gente ons et 


(Ff) 


etc., can also be used up to the order needed for desired accuracy. 
The derivatives are used to determine certain intermediate coefficients 


Z 1 2) 3 Ley 
p=-2 met mem cen (21.17) 


Note that x appears as a linear term in p and nowhere else. The a; are given by 


a1 =p d2=ppr. a3 = p(p2 — Pa) 


d a 
(k + l)any1 = 2a + (k — 2)ax-1 — ae — a> k>2 (21.18) 


from which it follows that they are all linear functions of x. Note that p = 0 for 
y = yo and hence all a, = 0 for y = yo; thus the continued-fraction Kgs. (21.15) is 


exact for f(20). ; ; ; 
To show that the result is a ratio of polynomials, write a, = ox + 6xx and consider 


fm(a), the approximation to m terms, beginning with 


Am-1 _  a&m-1 + Bm—1% 


1 +m | (1 tam) + Bmt 


It will be seen that the degree of the numerator is always equal to or one greater than 
that of the denominator. } ; 

If desired the residual error [f(z) — fm(x)] may be approximated as a polynomial to 
be added to the ratio fn(«). : ‘ 

21.4.4. Dynamic Behavior of Digital Simulators. The dynamic behavior of a 
simulated physical system is generally represented by a set of differential equations 
with time as the independent variable. Satisfactory simulation may call for the use of 
partial differential equations as, for example, in the case of heat flow through a con- 
ducting volume or vibrations of a flat plate. Whenever possible, however, the 
mathematical representation is approximated by a set of ordinary differential equa- 
tions with the. multidimensional dependence hidden in the now more complicated 
system cooflicients, Only the ordinary case will be considered hero, 
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Numerical Solution of Differential Equations. It is customary to specify the 
equations as expressions for the first derivatives of the dependent variables, thus: 


by Shay, eo) e.< sagt) 
be Irs, 2. . ket) (21.19) 
Gn =" TinlOr 2 se ene) 


The functions f, include the polynomial approximations or other curve-fitting func- 
tions discussed in the preceding section. The initial values of the dependent varia- 
bles xz(to) are assumed given. Each set of initial values describes a specific initial 
state of the simulated system. The f; include also certain time-dependent functions 
which represent the application of external forces. The solution of Eqs. (21.19) for a 
given initial state and specified forcing functions simulates a particular system 
response. 

The numerical solution obtained by digital computation consists of a table of 
values of all m dependent variables at successive time instants to, t1, t2, . . . , such that 
Kgs. (21.19) are obeyed to desired accuracy at every instant ¢,. The interval between 
successive instants, (At), = t; — tx-1, need not be constant, but it is convenient and 
hence usual to use a constant At = h except when the solution is being “started.” 
The accuracy of the solution depends on the ‘“‘quadrature formula” used to integrate 
Eqs. (21.19) and the size of the steph. Time of solution decreases as h is increased, but 
accuracy decreases as well. If the interval used is excessively large the variables a, 
may even begin to oscillate in a spurious mode with unwarranted growth in magnitude 
and the solution may become unstable. It is important, therefore, to use a good 
quadrature formula with known measures for both accuracy and stability. 

A simple method for starting the solution is to use the point-slope formula through 
which the new state at time t,41 is located by means of the slope at the last known 
time tn: 


rK(tn) + hfz(tn) (21.20) 


tn+ WS ond tn 


Orr: re(tn41) 
h 


The procedure is first to evaluate the f;, for all k, then to obtain the new values of 2% 
for all k. The label O1; indicates that (1) this is an open or predictor formula using 
only past values (up to t,) and (2) it uses only one ordinate and one derivative. 

The error introduced at each step of the solution is given by 


ee ON) 
li = 5h ie (21.20a) 


where tn <7 < tny:. In order to reduce the error to a safe level, the interval A must 
be kept very small. It should be noted that the error at each step incurs additional 
errors at succeeding steps; i.e., each error propagates through the solution. In fact, 
it can be shown that, unless h is kept very small, the 01; formula leads eventually to 
unstable solutions. 

The digital-computer program for starting the solution is shown in Fig. 21.18, using 
Ox, for only a few steps and a small interval h. 

Any one of many known formulas can be used for extending the solution. A 
particularly interesting method suggested by W. E. Milne proceeds in two steps. 
Using the simplified notation x; = zz(t;) and #; = f;,(t;), these become 


Ors: agi = ns + HGH (Qdn2 — dni + Qn) 
lis = 286ghr(r') (21.21) 
Cis: wes = tn1 + Wh(4n-1 + 4a, + Cate») 
lis = —36oha(z) (21.22) 


As before, 01; is an open formula yielding a first guess x/,,, with error [{y. This guess 
is used to obtain an approximate derivative ny 1 for use in the closed or corrector 


. 
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formula C13. The latter produces the value x}/,, with about 28 times reduction in 


error. 

The fourth derivatives x“ appearing in the equations for the errors are not neces- 
sarily equal; all that is known is that 7’ lies in the range ¢n_3 to tny1 and 7 lies between 
tn_1 and tn4:. However x) should change only slightly over such a short interval 
(4h), from which it follows that an even more correct solution is 


c/a 
Teas OH (21.23) 
D= ast ey Coan 


Equation (21.23) serves also to indicate magnitude of error at each step; D should 
be small and vary smoothly as the computation proceeds. 


Store t) and 


all initial data 


Evaluate all f, 
from Eqs. 21.19 


X4(tn+ 7) 
replace 
Xe(tn) 


Calculate all new 
x, from Eqs. 21.20 


Proceed to use 
new quadrature 
formula 


_ Have we enough 
starting data? 


Fria, 21.18. Program to start the solution of a differential equation. 


D serves also to monitor the permissible interval h. If D0, then h can be 
doubled, while if D becomes overly large, h should be halved. Simulation can thus be 
programmed to proceed at maximum speed consistent with acceptable accuracy. 

Another popular procedure for solving ordinary differential equations is the Runge- 
Kutta method. There are many Runge-Kutta formulas, all characterized by their 
ability to compute each step of the solution without reference to past data. This is 
particularly attractive in that the need for a starting procedure is eliminated. Dis- 
advantages of the Runge-Kutta methods are that they involve considerably more 
computation per step and the inherent error is difficult to estimate. The best pro- 
cedure suggested to date for evaluating the accuracy of a Runge-Kutta simulation 
increases computing time about sixfold. 

The most convenient Runge-Kutta formula for hand computation is the following: 


Cr(lnys) = te(tn) + 6 (quer + que + Bes + qe) (21.24) 
where qu = Afg(ai,a2, . . . , Lmytn) (21.24a) 
Qea = falar + Moqu, v2 + Maga, . . . yin +A) (21.24b) 
ges ™ Afnlar ++ Mgqie, te + Mogan,» « y tn bh WGA) (21,24) | 
dra ™ Mfelar + qin Va te ony ss sy bn eh) (21,24d) 


“1° ai(tn), ™*= walt), 100 yp Om @ Zn (tn) . 
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A modification which makes smaller demand on computer storage differs only in some 
of the coefficients, as follows: 


(a) 1, (2 — V2), 2+ V2, 1 replaces 1, 2, 2, 1 in Eq. (21.24). 
(b) tz + (V2 — ga + 146(2 — V/2)qiz replaces x: + 14qie in Eq. (21.24c). 
(c) ae — (1/02) gio + H(2 + V/2)ais replaces x; + gis in Eq. (21.244). 


In either case the procedure is to evaluate all gi, then all qi2, ges, and qs. These 
terms are then substituted into the m equations for zx(tm+1) and the process is repeated. 
The error of either method is of the order h’. 

Real-time Solution of Differential Equations. In the preceding paragraphs it was 
assumed that the simulation was to be performed ‘‘off-line,”’ as an independent com- 
putation which was acceptable in a slowed-down time scale. It is often required, as 
with simulators used for training personnel and with “on-line”? computers used to 
control physical systems, that the simulation must be performed in ‘‘real time.’ 
In this case it is the responsibility of the digital computer to keep pace with the 
simulated process or device, so that the quadrature step h is a real time interval. The 
computer must therefore be fast enough to process in real time A¢ all the arithmetic and 
decision-making entering into the quadrature step. Conversely a criterion must be 
provided for determining the maximum permissible quadrature interval h consistent 
with stability and reasonable accuracy for all possible simulator responses, and a 
quadrature procedure must be found for which At < h. 

The criterion to be described here is based upon a priori knowledge (or computa- 
tional determination) of the eigenvalues or natural small-amplitude frequencies of the 
simulated system in all its physically permissible or conceivable dynamic states. For 
each quadrature formula Q, the error introduced into the gross simulator response 
(not just at each step of the solution) is estimated from a “stability chart.” The 
latter plots for all ‘‘true’’ frequencies \; the corresponding ‘‘false’’ frequencies px which 
would appear in the numerical solution by method Q. 

The typical stability chart shown in Fig. 21.19 is for the “nonclassical” formula 
“O33 mod Gurk”’ 


a3 = 1.146208422 — 0.2010870x, + 0.054878720 + 1.6415864¢2 
— 1.0080130%, + 0.2750971¢) (21.25) 


Use of the formula requires that the starting conditions be given at to, t:, and t2 or be 
obtained in advance using 01; and the program of Fig. 21.18 or equivalent. In 
practice, satisfactory real-time simulation is obtained by assuming all derivatives zero 
and all ordinates constant initially. Simulation then proceeds by repeated applica- 
tion of Eq. (21.25) at fixed interval h. 

The stability of the simulated response may be predicted from the stability chart as 
follows: Rewrite Eqs. (21.19) in the locally linearized form, obtained by Taylor expan- 
sion about the initial values x;(to) and dropping all terms in [x;(¢) — axz(to)] except the 
linear term. Equations (21.19) then take on the form of a set of linear differential 
equations with constant coefficients: 


™m 
t=) aay + td pl by Fale gig: 
j=1 (21.26) 
oft 
ym ct. ate mt 
ij Py a 0 


The true solution of Eqs. (21.26) is 


m 


z(t) = > rit [es te i ; eMres(a)de | (21.27) 


j=l 
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where the c;; are constants, each z;(f) is a weighted sum of the g;(t), and the A; are 
eigenvalues of the matrix (a;;), ie., the natural frequencies of the simulator in the 
initial state. Equations (21.27) show that the contribution of each natural frequency 
to the response of each variable 2; is an additive term independent of the other natural 
frequencies. Consequently system stability requires only that all \; have negative 
real parts. 


033 
X_=1.1462X _,—0.2011X_,+0.0549X_3-+A(1.6416X_;—1.0080X_2+0.2751X_3) 


aan | 


LA 
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Fie. 21.19. Stability chart. 
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The behavior of the numerical solution of Eqs. (21.26) using quadrature Q may be 
determined similarly by examining the solution by Q of the following basic single 
equation with the single eigenvalue X: 


é =r +9(6) (21.28) 


The numerical solution may be written in the form 


a(nh) = > euinh (0 + xe emt) 
g. 


t=1 


Ce = (21.29) 


8 


I 0 - Girl 
j=l 
c IAt 
r= ebih 


where g, is the contribution of the derivative terms in Q to the sth step and the by 
are determined by the initial conditions, 
Note that the numerical solution contains N natural frequencion yy, Tf these are 
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enumerated in order of decreasing real part, then 
Jem*| © [ri] > [ro] > «+ > Ira (21.30) 


It follows from Eqs. (21.29) that stability requires |r| <1. Again, comparing Eqs. 
(21.27) and (21.29), it follows that accuracy of simulation requires u; ~ \ and |r| > |7o]. 
For the set of linear inhomogeneous Eqs. (21.26), the solution has the form 


™m n 
ai(nh) = > yy ces (bu: + > Gasce-mo) 
k=1i=1 8 


where the index k refers as before to the eigenvalues \; of the matrix (ai;). 

The relation between the dominant frequency y(“,;) and X using any quad- 
rature formula @ can always be expressed as a mapping of the complex variable 
w = wh = u + onto the complex plane z = \k = x + y,t = Wels The result 
is the stability chart for Q. Note that the mapping is for the dimensionless fre- 
quencies w and z, taking the interval h into account; if all natural frequencies for 
all possible states of the simulated system are known in advance, the stability and 
accuracy of the simulation may be adjusted by choice of h and inspection of the appro- 
priate stability chart. 

For example, let the largest possible frequency of Eqs. (21.19) be (—4 + 4). Con- 
sider the numerical solution using O3; mod Gurk. The stability chart, shown in Fig. 
21.19, is square out to about —0.25. Hence choice of hk = 0.05 will yield accu- 
rate simulation since w &z all the way out to maximum possible z = —0.2 + 0.27. 
The choice h = 0.1 leads to slight inaccuracy since w = —0.39 + 0.38% for 
z= —0.4 + 0.47, but the simulation is stable. On the other hand, h = 0.15 leads 
to w = (+0.07 + 2.197) and hence an exponentially increasing, unstable response. 

O33 mod Gurk is particularly suited to real-time simulation because (1) it requires 
relatively little computing per step and (2) its stability chart has a curve for u = 0 
which hugs the y axis up to y = 0.7 and encloses a large area out toz = —0.8. Thus 
although accuracy becomes poor outside a small area in the neighborhood of the origin, 
stability is assured over a wide range of frequency using large intervals h. Note that, 
in real-time simulation, the digital computer must contain a clock to keep track of 
computing time and deliberately to quantize it to the full time h at each step. 

The stability chart for a typical Runge-Kutta formula is essentially square. Both 
the accuracy and the stability are substantially better than for Oss, and over a far larger 
area. Moreover the Runge-Kutta formulas all yield only one frequency p» for each 
true frequency , given by 


w=In(lt+z2+2+--- + 2M) (21.31) 


where M is the order of the method, i.e., the number of increments qe; used. For 
example, M = 4 in Eq. (21.24). These formulas are therefore excellent for general 
simulation computations. On the other hand, they are poor for real-time simulation 
because they require excessive computation per step. 

21.4.5. Mixed Digital-analog Simulation. The performance of an analog simula- 
tor can often be improved by associating with it a digital computer for function 
generation, filtering, nonlinear relationships, and/or decision making. Conversely a 
digital simulator which controls continuous motion such as instrument deflections or 
drive motors must of necessity be tied to analog devices. Such an operational digital 
simulator is essentially a sampled-data feedback control system or a digital 
servomechanism. 

A basic component of such a simulator is the analog-to-digital converter or sampler, 
the output of which has the form of a train of narrow pulses. Let the output a(¢) of an 
analog device provide the input to a sampler, assumed zero for ¢ <0. The output 


. 
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of the sampler, shown in Fig. 21.20, is given by 


atid = b a(nT)3(t — nT) (21.32) 


n=0 
where 6(7) is the unit impulse function, 


(7) = { 0 si a (21.33) 


Note that the sampling period T corresponds to the quadrature interval h of the pre- 


vious section. : 
The Laplace transform of Eq. (21.32) yields 


X*(s) 2 > a(nT ent (21.34) 
n=0 


where X *(s) is by definition the Laplace transform of x*(t). It is convenient to intro- 
duce the new variable z = e«”*, from which it follows that 


Xie > a(nT)e-" " (21.34a) 
n=0 


X(z) is referred to as the Z transform of x(t) sampled at the (implied) constant 


interval 7. 


Sampler 


x(t) x*(t) 


t t 
0 fag 5! die gam?” 'y 0 


Fig. 21.20. Properties of a sampler. 


If a sampled signal is applied as input to a network with impulse response function 
h(t), the output of the network is given by 


y(t) = by h(t — nP)x(nT) (21.35) 
n=0 


The behavior of y(t) at the sampling instants (even if y is not sampled) has the Z 


transf 
ne Y(z) = H(2)X(2) (21.36) 


where both Y(z) and H(z) are defined from y(¢) and h(t) by expressions of the form of 
Eq. (21.34a). Note the similarity to the expression for a continuous system for which 
the output y(t) and the input «(¢) are related by the Laplace-transform relation 


Y(s) = H(s)X (a) (21.364). 


where A(t) in the impulse response funetion of the system, 
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A primitive but typical operational digital simulator is illustrated in Fig. 21.21. 
Here, the input and output are sampled simultaneously and compared. The resulting 
digital difference E,(z) is used in the digital filter computation D(z) to generate the 


sampled output error H2(z). The latter is applied to the analog filter H(s) to generate 
the continuous output signal y(é). 


As a simple example of a digital filter, consider the case 
a + be! + ce-2 
p+ qe 
where a, 6, ¢, p, y are constants. From Eq. (21.36) and Fig. 21.21 
(p + qz")E2(z) = (a + be + cz-*) Ei (z) 
which, from the definition of z and the interpretation of e-7*, corresponds to 
peo(t) + get — nT) = aer(t) + be(t — nT) + cei(t — 2nT) (21.38) 


Equation (21.38) expresses e2(t) as a function of the present value of e;(t), past values 


of both, and the constants of the digital filter. The filter may of course be made as 
intricate as desired. 


De) = (21.37) 


Pa weal 


x(t) fl s 1X(z) 


ese eee, 


Tere 
Fig. 21.21. A typical operational digital simulator. 


The Z transform utilizes only the sampled data; the inverse Z transform similarly 
specifies only the behavior at sampled instants. The output between sampling 
instants can be obtained by assuming a doubled (tripled, etc.) sampling frequency and 
zero signal at the artificially introduced instants, as suggested by Fig. 21.20 and Eq. 
(21.32). The inverse of the revised Z transform then yields the output at the inter- 
mediate instants as well. 

A feedback system such as that in Fig. 21.21 will be unstable if the Laplace trans- 
form of the system response has one or more poles to the right of the imaginary s axis. 
Since z = e7*, as s traces a contour consisting of the imaginary axis and a semicircle 
enclosing the right half plane, z traces a unit circle in the z plane. For stability, all 
poles must lie within the unit circle. - 

21.4.6. Examples of Digital Simulation. Simulation of a Physical System. A 
digital operational flight trainer, used to train pilots to fly new airplanes, is a typical 
example of simulation of a physical system, namely, the flight of an airplane. The 
particular airplane may be changed at moment’s notice simply by replacing the stored 
data and instructions, and it is easy also to alter aerodynamic coefficients and/or 
flight conditions to test different models of the same airplane type traversing many 
flight paths. A single digital computer may simulate several airplanes simultaneously 
either in flight formation or in simulated combat. 

Airplane response may be simulated both on the ground and’ in the air. Since 


rolling motion and certain airplane orientations are limited by ground forces, the. 


ground equations necessarily differ from the air equations in some respects. The 
independent variable in either case is time: the primary dependent variables in flight 
are the linear velocities of the center of gravity u, v, w; the angular velocities of axes 
fixed in the airplane p, g, r; the direction cosines of these axes with respect to the verti- 
cal Js, ms, 73; and the height above ground h. Other dependent variables of secondary 
nature or importance are angle of attack a = w/V, where V is the airplane speed; 
Mach number M = V/c, where ¢ is the local speed of sound; the direction cosines with 
respect to north and east; engine thrust and power-plant variables; airplane mass; 
and distance traversed north and east. : 
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A typical program for a real-time operational flight trainer is shown in Fig. 21.22. 
The routine is entered at 7 when the start button is pressed. The entrance a leads 
to the first instruction “str h’’ which sets the interval timer to the real time A; thus 
hserves both as the time to complete each step of the flight solution and as the quadra- 
ture interval (see page 21-49). Thisis followed by inspection of the break-point switch 
“freeze’’; if the simulation is temporarily suspended by the instructor while he briefs 
the trainee, the standby subroutine of Fig. 21.23 is entered through instruction 8; if 
the flight is in progress, the program continues to the computations called for by box 1. 


Has flight begun? 
(Freeze switch off?) 
Yes 


Compute physical 
constants. Indicator 
equations. Airborne? 


No 


Compute simulated 
present derivatives 
for ground 


6. 
Plane on 
2 wheels 


5 


Raise front 
wheel? 


Ground equations 


Compute simulated 
present derivatives 
for air 


i=input 
a =Entrance to main routine 

6 =Entrance to freeze subroutine 
o = Halt 


Fia. 21.22. Airplane flight simulation. 


Box 1 refers to the program for computing data common to response on the ground 
and in the air. Some of the instrument data are computed here and relayed to the 
instrument panels in the cockpit and on the instructor’s console. The box ends by 
asking if the airplane is in the air; if not, box 2 is entered to ask if the lift is sufficient 
to initiate take-off. The program has now determined whether box 3 or box 4 is to be 
entered. poll 

Box 3 computes the next values of w, v, w, p, g, 7, ls, Ms, N3, and h when in flight 
and leads to the program of box 9 where the secondary variables are computed. It 
turns out that maximum simtlation speed is achieved by now computing ground 
data (box 10a) just in case the airplane lands during the next cycle of Fig. 21.22. 
The present cycle continues to box 12, where the simulation will be halted if the “halt 
switch is operated on the instructor's console or the senrr instruction will be called 
for. The latter senses the interval timer and causes the simulator to wait until the 
full interval A has passed, before permitting the next interval to begin, 

Box 4 computes the effect of the brakes on ground apeed, Boxes 4, 5, 6, and 7 
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then determine the angle between fuselage and ground. Secondary variables are 
computed in box 8 and the ground equations are integrated in box 11. Box 3a con- 
tains the program for computing variables for in-flight simulation in case the airplane 
takes off in the next interval. Box 12 and senrr complete the cycle as before. 

Note that the computations in boxes 3, 4, and 11 require sensing cockpit controls to 
determine control-surface deflections, throt- 
tle position, landing-gear position, and other 
pilot-induced parameters. An operational 
flight trainer is therefore a feedback con- 
trol system with a human being in the feed- 
back path. The signals fed back by the 
pilot are in response to stick-and-rudder 
forces (feel of the stick and rudder) and 
instrument readings. 

If flight is frozen, the subroutine of Fig. 
aoe es = 21.23 is entered through 8. The purpose of 
the freeze subroutine is to maintain the 
instrument readings and to lock the stick, 
Compute output and rudder, and other controls. The sit-sENIT 
send to instrument or instruction pairs space the outputs in accord- 

control k ance with the simulator requirements and the 
programmer’s preferences. The total time 
to traverse the n cycles of the subroutine is 
preferably h, although it need not be. After 
each traverse the main program is entered 
through a@ to find out if the simulation is to 
be reinitiated. Note that the srt h instruc- 
tion is automatically obliterated by str 7; 
when 8 is entered. 

Locking the controls is easily programmed. 
The position P» of the control when the freeze 
was initiated is retained in the computer 
memory. The position P, during freeze is 
sensed once per traverse of the freeze subrou- 
tine and a restoring force ?; = K(Po — P:2)is 
applied to the control lever, where K is a large 

Fra. 21.23. Freeze subroutine. constant. If there is danger of oscillation or 

instability, the sampled-data theory dis- 

cussed on page 21-54 may be used to derive a more satisfactory restoring force with 
a few terms based on previous positions; thus 


B = Entrance to freeze subroutine 
a@ = Entrance to main routine 


F, = Ki(Po — Pe) + Ko(Po — Pr) + ea FF 


The components of a flight simulator are shown in the block diagram of Fig. 21.24. 
They may be described briefly as follows: 

1. A library of digital programs and data for specific airplanes, stored on punched 
cards, punched tape, or magnetic tape 

2. An input unit for loading the simulator memory with the program and data for a 
chosen airplane ‘ 

3. One or more digital memory units for storing instructions, aerodynamic and 
engine data for the simulated airplane, and transient flight information 

4, An arithmetic and logic unit for computing the aerodynamic forées, the flight 
equations one step at a time, the instrument readings, and the stick-and-rudder 
forces 

5. Digital-to-analog decoder(s) for converting the digital information in the com- 
puter to analog voltages in order to actuate the instruments, generate stick and rudder 
forces, and provide continuous graphical records of selected flight variables , 

6. Analog-to-digital encoders for converting control-lever deflections into digital 
data for use in the digital computer “i 


. 
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7. A cockpit for each airplane type to provide realistic environment for the pilot in 
the simulator, and a cockpit-selector switch 

Simulation of Random Noise. The term “‘noise”’ refers to an unwanted signal which 
occurs simultaneously with and modulates, additively or otherwise, a wanted signal. 
Random noise refers to a signal for which the amplitude at any instant is completely 
independent of the amplitudes at all other instants. Random noise may be simulated 
in a digital computation by (an implicitly infinite but in fact finite) sequence of num- 
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Fie. 21.24. Block diagram of a digital operational flight trainer. 


bers with bounded range, say 0 to (10" — 1) and prescribed precision n, with a 
similar property of independence of each number from all the others in the sequence. 

Many tests have been devised for determining the approximation to true random- 
ness of any given number sequence. A first test is merely to count the number of 
times each of the different numbers appears in the (finite) sequence. A second test 
is to count the number of times each different pair (triplet, ete.) of numbers occurs. 
A third test is the so-called poker test in which the digits of each number are compared 
on the basis of their value as a poker hand, i.e., one pair, two pairs, full house, ete, In 
each test the deviation of the counted distribution from the ideal random distribution 
may be used to determine the probability that the sequence is random; the probability 
serves in turn as a measure of confidence, 
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The digital computer can be used not only to generate random sequences but also 
to make the tests and to determine the grand total measures of confidence of each 
sequence. The simplest sequence comes from the Fibonacci numbers N; obtained by 
the recurrence relation 


Nx = Ni-s + Nee (21.39) 


where No and N; are two unrelated n-digit numbers (say, relatively prime) with 
nonzero leading digits. By casting away carries into the (n + 1)th column, which 
occurs automatically in a computer with n-digit precision, the residues of N; modulo 
7 are obtained. The number r is here the radix of the computer representation, 10 
for decimal and 2 for binary. The residues generally form a long pseudo-random 
sequence which repeats only after a long cycle with length of the order of 7. Ina 
35-bit binary computer this is equivalent to random noise which repeats only after 
more than a million samplings, which is certainly adequate. 
Other recurrence relations for generating random numbers are 


Nx = cNx-1(mod r*) (21.40) 
Nx = cNi-1(mod r™ + 1) (21.41) 


where ¢ is a prescribed constant, prime with respect to the modulus. These relations 
require multiplication, which is a slower operation than the addition and shifting of 
numbers in storage required by Eq. (21.39). Equation (21.41) suffers the additional 
disadvantage that the residue is not obtained automatically through computer over- 
flow. 

A typical example of the use of random noise arises in connection with the flight. 
simulator described at the beginning of this article. The velocity of the airplane with 
respect to the air, needed for evaluating the aerodynamic forces, is the difference 
between the ground velocity of the airplane and the wind velocity. The latter may 
be represented by random ‘“‘gusts”’ superimposed upon a steady average wind. The 
gusts can be computed along with the flight computations (box 3 of Fig. 21.22) with 
negligible effect on computation time. 

Digital Simulation of Electric Networks. The voltage-current distribution in a 
large electric network can be computed digitally in a number of ways, one of which 
will be described here. The response of the network when any bus is short-circuited 
can also be simulated. The method is iterative, the final result being reached through 
successive approximations. 

The following notation will be used: 


N = number of nodes or junctions 

V; = potential at 7th node 

ei; = net emf of generators in branch 7j 

gi; = conductance of branch 77 

Vo, Vi, . . . , Ve-1 are the given (fixed) potentials 
Superscript h refers to the Ath iteration 


Is5 = gsi(Vik — V5* + es;) 


N=1 
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The procedure is to iterate these equations until the first iteration which changes all 
the junction potentials by less than a specified small amount «. The last values of 
V; and J,; are the junction potentials and branch currents being sought. 

The computer flow chart is shown in Fig. 21.25. Short-circuited and grounded 
buses are simulated by appropriate assignments of the first & potentials V;. The 
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Fig. 21.25. Flow chart for network simulation. 
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Pia. 21.26. Flow chart for simulation of habit forming. 


arrow symbol is equivalent to the word “‘replaces.’’ Note the use of a coarse test on 
S to accelerate the early iterations. : / 
Simulation of Primitive Human Behavior, The references for this section, discuss 
simulation of a wide varioty of processes and devices, such as relay awitching eireuite, 
primitive biological evolution, traffic flow, telephorie communication line loading, and 
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business management. A particularly interesting example is the simulation of human 
habit forming, which will now be described. 

The discussion will be restricted to the simplest simulation of primitive habit 
ay The flow chart for the digital-computer instruction program is shown in 

‘ig. 21.26. 

The “individual” is assumed to be born with a vacillating response to an environ- 
mental stimulus Z. If # should be applied with strength greater than or equal to an 
inherited (or conditioned) inertia g, then the inertia will decrease by a small amount 
¢ and the individual will respond with behavior Ri. If E is applied with strength 
less than q, then q will increase by ¢ and the behavioral response Ro will result. The 
flow chart shows the effect of a single application of the stimulus E; the gradual habit 
forming results from repeated applications of E. 

The assumption is made that the strength p of E is determined at each application 
by a random-number computation of p (as described on page 21-59). For simplicity, 
it is a that both p and q lie between 0 and 1, inclusive. The following can be 
proved: 

1. The individual will gradually, but certainly, attain either an inertia g = 0 or 
q =1. In either case it will develop a fixed unshakable nonvacillating response 
(Ro or Ri, respectively) regardless of the strength of the stimulus Z. In other words, 
it will form a habitual response. 

2. The inherited inertia will bias the individual toward the “nearer” habit (e.g., 
Ro if initially ¢q < 14) but the sequence of environmental stimuli will play an impor- 
tant role in the selection of the habit formed. 

3. For uniformly distributed p, habit forming is rapid; it is almost certain that the 
individual will have formed a habit after about 1/é environmental stimuli, regardless 
of the initial value of q. 

The simulation of human behavior can easily be rendered more complex by permit- 
ting multiple alternatives, by introducing many types of environmental stimuli, by 
inclusion of responses which react upon and control the environment, and soon. The 
limitations of the simulation model stem from our lack of understanding of the 
principles underlying human behavior and not from any limitation of the process of 
digital simulation itself. 
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Control equipment directing complex operations of a machine or a process often is 
required to perform some of the functions normally associated with computers. Ina 
few instances, the control system may actually be identified as a full-fledged computer. 
But for the most part, the controls are so specialized and the computing problems so 
overshadowed by other tasks that they are not usually regarded as computers. The 
purpose of this section is to review some of these control systems, emphasizing in 
particular their computerlike aspects. The aim is not only to illustrate further 
applications of computers and computer technology but also, perhaps, to suggest new 
approaches to basic computer problems. 

The systems presented in this section are limited to those in which the control 
equipment directly controls a machine or a physical process without human interven- 
tion, and in which the computing functions are of more than incidental significance. 
Thus data-logging techniques, as used in the process industries, and data-processing 
systems for business control, air-traffic control, and similar purposes are not dis- 
cussed. Likewise, no attempt is made to treat conventional servomechanisms or 
regulators. Simulation techniques and simulators are not discussed, since they are 
amply covered elsewhere in the book. : 

The material of this section is organized somewhat arbitrarily into three major 
parts. Article 21.5.1, which follows this introduction, discusses primarily the control 
of machine tools. The same general techniques are applicable to many other devices 
which require precise mechanical positioning, possibly from programmed or stored 
data. Article 21.5.2 on equation-solving controls includes navigation and weapons- 
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control problems, as well as various process-control applications. In these controls, 
the continuous solution of algebraic and differential equations is usually of prime 
importance to the over-all operation. The section concludes with a description of 
digital-operational techniques and a brief discussion of their accuracy (Art. 21.5.3). 

Another category of control systems, somewhat complementary to equation-solving 
controls, might be described as logical-decision controls. These systems derive their 
contro] action from sequences of logical steps or decisions, performed according to a 
prescribed set of rules. One example of this type is the control equipment for a 
telephone system, which through a series of logical operations establishes a communi- 
cation channel between one telephone set and another. Recently developed versions 
of this equipment have much in common with conventional digital computers.83 The 
modern traffic-controlled elevator, which is regulated automatically in accordance 
with the volume of traffic and the operation of adjacent elevators, is another example 
of a logical-decision system. Although controls of this general type appear to be 
growing rapidly in importance, further discussion is prevented by lack of space. 

21.5.1. Machine-tool Controls. Computing Functions of Machine-tool Controls. 
A machine tool by definition is a device for shaping parts by the removal of material— 
usually in the form of chips—through relative motion between a cutter and the work. 
In many types of machines, the final shape of the workpiece is determined largely by 
the path followed by the cutter. In other types, the predominant factor is the shape 
of the cutter itself. Even in this case, the cutter must be properly located with 
respect to the work. Coordinated control of the various machine motions therefore 
is the principal job of a machine-tool control system. The performance of this job 
may require several computerlike operations. 

In most cases, a part to be machined is described in an engineering drawing by a 
combination of lines and numbers. Lines convey forms and ideas; numbers add 
precision. Thus, in a large class of work, a necessary part of the original description 
is digital, even though the resulting part is fundamentally analog in nature. Control 
of the required machine motions therefore involves digital-to-analog conversion in one 
way or another. Conventionally the conversion is made by a human operator as he 
translates ‘blueprint’? dimensions into machine motions. In numerically controlled 
machines, the conversion is a function of the machiné-control system. 

Automatic control of a machine through a complex cycle of operations requires 
some type of data storage. Cams and templates are simple means for storing data in 
analog form. The recording of continuous signals on magnetic tape is another 
analog method. Digital forms include punched cards, punched tape, and discrete 
signals recorded on magnetic tape. Data storage itself may be regarded as a com- 
puting function. In addition, the extraction of data from the storage medium may 
involve elementary computer operations of other types. 

The amount of data which must be supplied to control the various machine motions 
may be materially reduced if the machine-control system is capable of generating 
elementary curves between specified points. This function is basically one of inter- 
polation. It is of most significance as applied to machine operations such as milling 
and turning, in which the required cutter path may be rather intricate. 

The functions of digital-to-analog conversion, data storage, and interpolation are 
representative of those which have been provided in existing machine-tool control 
systems (see Fig. 21.27). There are many other problems in the over-all process of 
converting a geometrical description into a finished part to which computer techniques 
may likewise be applied. These include determination of optimum cutting velocities; 
compensation for tool wear, servo dynamics, and other machine deficiencies; and com- 
pensation for cutter geometry where it is desirable to control the cutter center. 

Some of the control techniques discussed in the following sections have found 
application to machines other than machine tools—textile machines,?* inspection 
devices,* and automatic circuit-wiring machines,'!%7 for example. ‘To date, however, 
machine-tool controls seem to have received the most attention from the standpoint of 
the number of problems attacked and the number of different approaches tried. 

Digital-lo-analog Conversion, The digital-to-analog conversion of principal con- 
cern in this section is that associated with the firal machine motions, Other con- 
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versions of an instrument nature or of low accuracy frequently appear in machine- 
control systems, but their requirements do not differ appreciably from those of other 
common applications. The output conversion, however, does present some peculiar 
problems. 

In most cases the analog quantity is linear motion of a machine slide, although it 
may also be rotary motion of a spindle. Frequently the power levels are fairly high 
and the load conditions, including adverse friction and cutting forces, widely varying. 
The least significant digits in the digital specification usually correspond to very 
small physical dimensions; 0.0001 in. is not uncommon. Required accuracies may 


Description of ae Machine motions, 
desired part, Data storage Interpolation Digital-to-analog finished part, r 
DIGITAL eee ANALOG 


MIT Numerically Controlled Milling Machine 
Punched tape 


Binary operational 
multiplier 
Counting-type 
instrument servo 


NACA Turbine-Blade Machine 
Punched cards 


i Digital-data to 


proportional-voltage 


Ball-and-disk 
integrators 
Contour Tracing Control 


Rulers and 
machine scales 


Fig, 21.27. Sequence of computing functions in some typical machine-tool systems. 


well run to 1 part in 10'—considerably better than normally considered usable in most 
analog forms. 

Machine-tool applications may be divided into two basic types according to their 
output requirements: (1) those in which end position only is important, as in locating 
the workpiece under a drill, and (2) those in which the position is important at all 
times, as in contour milling. In the latter category, positions must usually vary 
continuously. The method used in obtaining a digital-to-analog conversion depends 
upon which of these two types of outputs is involved and also upon the nature of the 
digital input information. Some control techniques most naturally lead to a set of 
discrete signals or pulses, each of which corresponds to a desired incremental move- 
ment. In other cases, the required position or change of position is represented by a 
number in binary or decimal code. These two classes of inputs are referred to as 
incremental and coded, respectively. 4 

The conversion systems discussed in this section are grouped into four major 
categories: (1) those using stepping devices to produce incremental motions; (2) 
those using quantizers (e.g., pulse generators) to measure motion; (3) those using 
digitizers (e.g., coded commutators) to measure motion; and (4) those using matrix 
decoding schemes to generate essentially analog command signals. Figure 21.28 
illustrates the functional distinctions among these four basic types. Principal 
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emphasis is placed on systems which directly convert digital information to machine 
motion. The same techniques, however, may be used to position an analog instru- 
ment such as a synchro. This then may provide analog command information to a 
conventional servomechanism that actually drives the machine member. 

Stepping-type Devices. When the input is of the incremental type, a stepping 
motor serves conveniently as a simple form of digital-to-analog converter. Each 
discrete signal causes an incremental motion, which may be either geared to the 
moving machine member directly or coupled to it through a separate power servo. 
The machine member itself serves to integrate the individual increments. 

In most applications, the incremental input is either supplied by tapes and films of 
various types?*!41 or generated by the machine-control systems. In their simplest 
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Fig. 21.28. Functional comparison of some basic digital-to-analog conversion methods. 


The schemes in (b) make use of precision analog-to-digital converters in a feedback loop to 
obtain an accurate digital-to-analog conversion. 


forms, stepping devices are limited in speed and output torque. They are usually 
better adapted to continuous control of slowly varying motions than to end-point 
control where shifts must be made rapidly from one position to another. 

The effect of a stepping device may also be secured through the use of two synchro- 
nous motors coupled by a differential in such a way that the speed of the output shaft 
is proportional to the difference between the individual motor speeds.” As indicated 
in Fig. 21.29, one motor is connected to a voltage of constant reference frequency, and 
the other to a voltage of controlled frequency. The output shaft runs at a speed and 
in the direction determined by the deviation of the control frequency from the refer- 
ence. The output angle represents the integral of the difference between the number 
of cycles of alternating voltage supplied to the two motors. This system is able to 
provide high speeds and torques, but it is limited in dynamic response since changes 
in control frequency must be gradual enough that the motor docs not slip or gain a 
pole, : 
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Counting Techniques Using Quantizers. When stepping devices are not directly 
suitable because of speed, torque, or dynamic limitations, closed-loop principles may 
be applied.1.49.71 Signals generated by a quantizer coupled to the moving member 
are compared with the incremental input signals. As shown in Fig. 21.30, for example, 
a reversible binary counter may be used to count continuously the difference between 
the number of input increments and the number of feedback increments. The net 
count standing in the counter at any time represents the position error in the servo 
loop. This count is converted to a proportional voltage which is then amplified to 
drive a servo motor. 

This system can handle practically unlimited input rates with any type of motor 
having adequate dynamic performance and power capability to drive the load. If 
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Fia. 21.29. Connection of two synchronous motors to provide the effect of a high-speed 
stepping motor. Under suitable restrictions, the output shaft angle represents the differ- 
ence between the number of cycles of alternating voltage applied to the two motors. 
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Fra. 21.30. Closed-loop incremental system using a quantizer as a feedback instrument. 
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the possible counting rates are sufficiently high and the quantized increments suffi- 
ciently small, little deterioration in servo performance results from the discrete nature 
of the feedback and error-sensing devices in the loop. The count-to-voltage conver- 
sion which is required takes place within the servo loop, where accuracy is not impor- 
tant. A good null is desirable, but decoding of only the first few stages in the counter 
usually provides adequate linear range for normal operation. The principal disad- 
vantage of this system and all others employing quantizers is that accurate knowledge 
of position depends on having correctly counted all increments from the last known 
reference point. However, additional means to avoid difficulty on this account 
can frequently be justified by the relative simplicity of quantizers and their associated 
circuitry as compared with absolute digitizers, particularly in the case of control 
systems which naturally produce incremental data. 

An approach related to the above is possible when the input is in coded form and 
only end points are being controlled digitally, with speed regulated in some other way 
if necessary.!? Jn this case, a counter having sufficient stages to represent the longest 
desired stroke is preset by the input number. The drive motor then operates until 
the quantizer pulses the counter down to zero. The drive may be of the servo type if 
the counter is provided with an error-decoding matrix, or it may be simply a con- 
ventional motor from which power is removed when the count reaches zero, In an 
intermediate category, gear ratios between drive motor and machine may be changed 
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one or more times to slow the machine down at predetermined distances from the 
end point. An automatic reversing sequence is possible also, causing the final 
approach to be made always from the same direction and with the same speed in order 
to increase reproducibility and reduce inaccuracies due to backlash. 

The types of quantizers used in machine-tool controls include many of those found 
in other conversion applications. Considerable emphasis, of course, is placed on 
reliability and long life in a relatively unfavorable environment from the standpoint 
of dirt, oil, and vibration. As a result, sliding electrical contacts as in slip rings and 
commutators are usually avoided when at all feasible. Also, high resolution is desira- 
ble in rotary devices in order to minimize the gearing required for coupling to a lead- 
screw or rack-and-pinion drive. A magnetic-induction quantizer providing 1,000 
counts per revolution (with indication of direction of rotation) is typical of those capa- 
ble of meeting both reliability and resolution requirements.15° 

For extremely accurate control of linear motions, a linear quantizer mounted directly 
to the machine member is desirable. Undue requirements on the accuracy and 
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Fig. 21.31. Linear quantizer for direct mounting on a machine-tool slide. Optical gratings 
are used for high resolution. (Adapted from Fig. 2, Ref. 35.) 


rigidity of lead screws and gearing can thereby be avoided. One type of high- 
resolution linear quantizer utilizes an accurately ruled optical grating the same length 
as the stroke to be measured (Fig. 21.31). Another short grating of the same pitch 
serves as a cursor. This latter grating is cocked slightly so that, when illuminated 
from behind, light and dark bands appear to move across the gratings in a Moiré 
pattern, perpendicular to the relative motion of the gratings. By observation of the 
bands photoelectrically at two different phases, information is available from which 
the direction of motion can be determined. A system of this type was built with 
gratings having 5,000 lines per inch to provide a resolution of 10,000 counts per inch.?> 
Another system constructed for experimental purposes used two gratings having their 
rulings oriented parallel to produce a picket-fence effect. The image of the main long 
grating was magnified ten times optically and observed through a coarser secondary 
grating of the same effective pitch.18 

Coded-digitizer Systems. The coded-disk type of digitizer is applicable to machine- 
tool controls with much the same techniques as are common elsewhere. In con- 
tinuous-control applications, the reading of the digitizer is compared with a number 
representing the desired position, and any discrepancy is used to correct the actual 
position, If a suitable computer is available as part of the control system, the com- 
parison may be made periodically as a conventional subtraction." Otherwise, some 


21-68 APPLICATIONS OF DIGITAL COMPUTERS 


type of comparing circuitry may be employed which develops a signal proportional 
to the error, perhaps over only a limited range. 

In end-point controls, a simpler comparison is adequate which detects coincidence 
only, or at most a limited number of points on the approach. Any of the drive 
schemes mentioned in the preceding section are applicable.28:108.11 

Conversion to Analog Commands. A common problem is that of developing a 
position in accordance with the static representation of a dimension, as from a key- 
board. In such a case, the keyboard can operate a precision voltage divider to pro- 
duce a voltage proportional to the dimension (Fig. 21.32). The feed drive is actuated 
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Fie. 21.33. Multispeed synchro applied to a machine-tool control. One pair of synchros is 
included for each decimal digit. 


until a potentiometer coupled to it balances the keyboard voltage, indicating that the 
correct machine position has been assumed. By appropriate design of the voltage 
divider, command voltages may be developed similarly for synchros ‘or resolver, 
The keyboard in effect simulates a synchro transmitter or control transformer, 
Punched-tape or punched-card inputs can be handled in the same way, although 
intermediate relay storage may be necessary.?%18 

If greater accuracy is required than can be obtained easily with a single analog 
instrument, multispeed data-transmission systems may be used, Figure 21.83 shows 
an example in which a separate pair of command and feedback synchres is provided 
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for each decimal digit. A commercial version, having a punched-card input, contains 
four synchro pairs.75129 The command synchros are positioned to the correct tenth of a 
revolution by stops linked mechanically to the card-reading pins. Further correc- 
tions are made by an arrangement of interconnecting planetary or differential gears, 
so that each synchro reflects the position of all those corresponding to digits of less 
significance. The most significant synchro, for instance, represents the entire com- 
mand number, although not to the accuracy required. Feedback synchros are geared 
to the machine motion at ratios differing by factors of 10. The slowest feedback 
synchro is first compared with the most significant command synchro, and a drive 
motor is operated until a near null is obtained. Control is then switched to the next 
pair of synchros, which position within the range of the succeeding pair. This 
process is repeated until a balance is reached by the highest-speed synchro pair. 

Interpolation. The role of interpolation in machine-tool controls is not unlike that 
in most other applications, being principally the generation of a smooth surface 
between a limited number of discrete points. In this instance, the discrete points 
define the contour to be followed by a cutter in order to produce the desired part. If 
the contour is truly three-dimensional, one machine motion may be considered to be a 
function of two others, in which case bivariate interpolation is appropriate. In most 
machine-control systems developed to date, however, the three-dimensional effect, 
if required, is obtained in two steps by successive applications of interpolating func- 
tions of one variable. These functions may take many forms; those which have been 
of most use so far are of the polynomial type: 


y = f(x) = ao + aie + age? + +++ + ana” (21.42) 


The coefficients a, are usually determined by requiring that the nth-degree poly- 
nomial pass through n + 1 given points. In some cases it may be desirable to replace 
some of the n + 1 points by other conditions which might, for example, require con- 
tinuity of slope between the polynomials for successive sets of points. As yet, little 
advantage appears to have been taken of such possibilities in machine-control 
applications. 

The concept that one machine motion is a function of another (or that one motion is 
a function of two others) is useful for the cam and turbine-blade machines to be 
described, and for other machines such as planers in which one machine motion is 
always in the same direction and the rate of change of the others is limited. However, 
these conditions do not apply to all classes of work. 

Consider the problem of milling an irregular closed contour in the zy plane, for 
example. Over portions of the contour where the variation of y with respect to 2 is 
relatively mild, y may be regarded as a function of z. However, for other portions of 
the contour, y is more appropriately regarded as the independent variable and x 
the dependent variable. Otherwise double-valued functions are required. Unless 
coordinates are shifted from time to time to avoid these difficulties, simple poly- 
nomial interpolation as indicated by Eq. (21.42) is not suitable. A more general form 


F(z,y) = 0 (21.43) 
is desirable. 

Linear Analog Interpolation. The effect of a linear, or first-degree-polynomial, 
interpolation with respect to time is obtained by simply maintaining uniform velocity 
between two points. If the same time base is used for two or more motions, the 
interpolation is linear with respect to each motion. For example, a taper can be cut 
on a lathe by regulating the velocities of the cross slide and the longitudinal carriage 
appropriately. The cross-slide velocity should be such as to cause the distance 
required along that axis to be covered in the same time needed by the carriage to 
complete its motion. 4 

The accuracy of a taper cut in this manner depends upon the accuracy with which 
the velocities are regulated and upon the accuracy: with which the end points are 
established, For short distances, conventional velocity-servo techniques, utilizing 
precision tachometers for feedback, can provide good accuracy. In one instance, a 
numerically controlled lathe haa been reported to “be capable of cutting tapers to 
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within 0.1 deg. This machine is programmed by a punched tape which supplies end 
points and feed rates in coded form. Precision voltage dividers generate voltage 
commands which are balanced by potentiometers in the case of end points and by 
tachometers in the case of feed rates.29:102 

Cubic Analog Interpolation. Higher-degree interpolation can be achieved by well- 
known analog-computer techniques. An example is the cubic interpolator developed 
at the NACA Lewis Flight Propulsion Laboratory for control of a turbine-blade 
milling machine.*°5 ‘This device uses three ball-and-disk integrators to generate & 
third-degree polynomial which passes through four evenly spaced data points, as 
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Fia. 21.34. Third-degree polynomial set up for interpolating within the kth interval. 
polynomial passes through the four surrounding data points. 


indicated in Fig. 21.34. The section between the two central points is used for active 
control; as the machine moves on to the next interval, the polynomial is redetermined 
to include the next data point and omit the most remote. 

The interpolating formula employed over the kth interval is ‘ 


fle) = fe + Mhyo.c0 + 36A0(0 — 1) + 36A0%0.50(0 + 1)(0 — 1) (21d) 
or F(@) = fe + (Abgo.s — AW — MEAL L050 + 14040? + L6Ax {0.50% (21.4) 
in which Aj,o5 = fez — fe and Aj™ = A>? — A>”. The independent variable — 


z is equal to xz + 0h where h is the interpolation interval and @ varies from 0 to 1 
across the interval. The first, second, and third derivatives of f(x) are 


df ' ; 
ap = (Aeso.s — }8An — Aros) + AVO + 4AL40.50" (21.40) 
def 


3 = AR + Axto.56 (21.47) 


de 
df 

763 = Anto.s (21,48) 
The required polynomial S(xe + 0h) can be produced by three successive integra 
with respect to 6, starting with Aj/o5. Figure 21.35 shows three integrators arran 
to accomplish this. j 
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If the integrators are correctly set initially, it may be shown that a simple adjust- 
ment of the integrands of the first and third integrators is sufficient in proceeding 
from one interval to the next. Immediately before the /th interval, A,“ should be 
added to the first integrand and —1¢A;“ to the third (assuming 6 starts over at 0 for 
each interval). Ideally, then, only the fourth difference associated with each interval 
need be supplied to the interpolator. In practice it was found desirable to supply the 
actual data points, as well, in order to check the computed values at the ends of the 
intervals. Any discrepancies detected were corrected over the next interval by an 
adjustment of the third integrand, thereby preventing the gradual accumulation of 
errors due to inaccuracies in the computing elements. 

In another version of the cubic interpolator, one of the three integrations is obtained 
by means of a precision potentiometer.!°%* The potentiometer bridges across two 
voltages, preset in accordance with appropriate differences, and its shaft is rotated 
with the independent variable. The potentiometer in effect then interpolates linearly 
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between the two voltages. In this latter system, the nature of the input data is some- 
what different, but in both systems information is supplied by means of punched cards, 
one card per interval. An experimental model of the second system is reportedly able 
to produce a voltage corresponding to Eq. (21.45), having a maximum deviation from 
it of 0.15 per cent. The over-all system is accurate to within 0.1 per cent of the total 
excursion of the dependent variable. 

Spline Interpolation. The curve assumed by a flexible metal strip or spline, con- 
strained to pass through a small number of specified data points, is the basis of another 
NACA interpolator.%* The complete system, illustrated in Fig. 21.36, consists of two 
identical splines. Each spline is positioned by knife-edges at four equally spaced 
points along its length in accordance with specified values of the dependent variable. 
These values are read from punched cards as four 3-decimal-digit numbers which 
are converted to voltages by means of precision voltage-divider networks. Each 
knife-edge is driven by a servo motor and lead screw until an associated potentiometer 
balances the divider voltage. 

Only the center intervals of the splines are used for control purposes. These sec- 
tions are traced by a probe connected to a high-voltage source to cause continuous 
arcing to the spline. A fixed gap between probe and spline is maintained by servoing 
the spline in accordance with the voltage drop across the arc. 

Two splines are included in‘the system to permit continuous operation. One 
spline is traced while the other is being positioned. In Fig. 21.36, for example, the 
probe is driven up the left spline by a cam as the knife-edges supporting the right 
spline are set up for the next interval. When the boundary is reached, the probe is 
peice to the right spline and moved downward in synchronism with the independent 
variable, ; 
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Digital Interpolation. The interpolation function can also be performed on a 
discrete or digital basis, although experience reported to date has been limited to 
linear types. A classic example is the numerically controlled milling-machine system 
developed at MIT (Fig. 21.37).% The metal-cutting element of the system is an 
adaptation of a conventional vertical-spindle milling machine, providing tool motion 
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produce three pulse trains—one for each machine axis—containing a number of 
pulses proportional to the motion required by a given instruction. Each pulse in 
the MIT system calls for an incremental motion of 0.0005 in. Such pulses are tratife 
lated to rotary motion at an instrument level by counting-type servos. These servon, 
in turn, position synchros which supply analog command information to the actual 
machine-drive servos. 

The pulse distributor, which is responsible for the interpolating ability of the 
machine, consists basically of a 10-stage binary counter (Fig. 21.38). Each stage in 
the counter is considered to produce two groups of pulses, called “carry” pulses and 
“noncarry”’ pulses. The carry pulses, which occur when the flip-flop changes from 
the 1 state to the 0 state, are passed along to trigger the next stage in the counter, 
The interspersed noncarry pulses, representing transitions from 0 to 1, are segregated 
as potential command pulses. 4 

Since each successive stage of the counter divides the input pulse rate by 2, the 
tenth stage produces a carry pulse for every 2!° = 1,024 input pulses. If the input 
rate is 512 pulses per second, such an end-carry pulse is produced every 28sec, Dur 
each 2-sec interval, the first stage emits 512 noncarry pulses, the second stage 260, 
and so on down to the tenth stage, which emits 1. Any number of pulses Aw (up to 
1,023) may be obtained during a 2-sec interval by gathering nonearry pulses from 
appropriate stages. As may be demonstrated, pulses should be taken from every tage 
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Fic. 21.37. Schematic diagram of the numerically controlled milling machine built by MIT. The system uses digital operational techniques to 


produce the effect of linear interpolation between specified points. 
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k for which the coefficient of 2!°-* in the binary expression for Az is 1. Thus the 
number Az in parallel binary form may be used to control gates directly to select 
exactly Az pulses during the interval. The fact that no two noncarry pulses occur at 
the same time allows a simple mixing of the pulses from each stage, without possibil- 
ity of overlap. 

Two additional sets of gates, Ay and Az, operating on the same noncarry lines, 
permit the generation of three separate pulse trains for controlling the three axes of 
the machine. The action of the circuitry is such that, if the input pulse rate is 
uniform, each of the three resulting pulse rates will be nearly uniform over the entire 
2-sec interval. Even if the input rate is not uniform, the output pulse trains will 
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Fic. 21.38. Pulse distributor, or binary operational multiplier, as used in the MIT numeri- 
cally controlled machine. 


always bear approximately the correct ratios to each other. The result, then, is 
set of command-pulse trains for the three machine motions describing essentially 
straight line in space. (For further discussion of the accuracy of such techniques, 
see Art. 21.5.3 on binary operational multipliers.) : 

The quantities Az, Ay, and Az referred to above represent the number of 0.9005-in. 
units of motion required along their respective machine axes in one time interval, 
With an input pulse rate of 512 pulses per second and a 10-stage counter as described 
above, the time interval is 2 sec. In the MIT machine, different time intervals are 
provided for by the inclusion of seven additional counter stages, any number of which 
may be interposed between the pulse source and the first stage shown in Fig. 21.88. 
With one additional stage, for example, the time interval is extended to 4 see; with 
all seven additional stages, to 256 sec. Also, as more stages are added, the command 
numbers Az, Ay, and Az may contain more digits. At the maximum distributor 
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length of 17 stages, a stroke of 217 — 1 = 131,071 units may be called for, corre- 
sponding to a distance of 65.5355 in. 

The particular time interval desired is specified by the punched control tape. Any 
required feed rate may be approximated closely with the discrete set of time intervals 
available by subdividing the straight-line section into a number of shorter sections. 
Suppose, for example, a distance of 12 in. is to be traversed at a feed rate of 6 in. per 
min. The total time required is 2 min, or 120 sec. This period may be achieved by 
using one standard interval of 64 sec, one of 32 sec, one of 16 sec, and one of 8 sec 
(the total being 120 sec). The total distance is divided proportionally: 6.4, 3.2, 
1.6, and 0.8 in. for the 64-, 32-, 16-, and 8-sec intervals, respectively. Feed rates 
may be varied also by changing the pulse rate into the distributor. Provision is 
made in the MIT machine for continuous manual adjustment over the range from 60 
to 120 per cent of the nominal 512 pulses per second. 

Control information, including Az, Ay, and Az, is read one block at a time into 
relay registers in the machine-control system. Two complete registers are provided 
to make possible continuous machine operation from one interval to the next without 
pause at the boundary. While one register is actively controlling the machine, 
information for the next interval is being read and assimilated in the second register. 
When the boundary between intervals is reached, as signified by an end-carry pulse 
from the distributor, control is shifted to the newly filled register. 

The control tape contains seven hole positions across its width. The first row in 
each instruction block specifies the length of the pulse distributor, and consequently 
the time interval. The next row gives the direction of motion along the z, y, and z 
axes. The remaining rows in the block carry Az, Ay, and Az. These quantities are 
arranged longitudinally on the tape, each in a separate channel, least significant digit 
first. The number of rows required varies from 10 to 17, depending upon the dis- 
tributor length. Blocks are separated by a special end-of-block row. 

The numerical information occupies only three of the seven channels across the tape. 
The remaining four channels are coded to permit redundancy checking of the tape- 
punching and -reading operations. In each row of hole positions, a single error can be 
detected and corrected, and a double error can be detected. Additional checking 
circuits are included to monitor the operation of most other major portions of the 
system. 

Essentially the same interpolation technique has been applied to the control of a 
three-dimensional cam-milling machine (Fig. 21.39).7!_ The machine is of lathelike 
configuration, in that the workpiece rotates about an axis as the cutter moves radially 
and axially with respect to it. The axial motion of the cutter is geared to the work 
spindle, tending to produce a helical path over the surface of the work as in cutting a 
screw thread. The cross-slide motion is servoed to vary the radius of the helix con- 


‘tinuously in accordance with information supplied by a punched tape. Although the 


resulting contour is three-dimensional, by virtue of the fixed axial feed only two 
motions need to be independently controlled: the angle along the helix and the radius 
of the helix. 

The machine utilizes a binary operational multiplier similar in logical function to 
that of the MIT machine. In the cam machine, however, input pulses for the multi- 
plier are obtained from a quantizer coupled to the work spindle, rather than from an 
oscillator. Output pulses act as command pulses for the servo varying the radial 
position of the tool. In effect, then, the radius of the part is controlled as a function 
of the angle of rotation. In the same terms, the MIT machine may be considered to 
control three linear motions as a function of time, since the multiplier input is a pulse 
source having time as its base. 

Analogously, operation of the cam machine is divided into angular intervals instead 
of time intervals. The spindle quantizer is geared to generate 256 pulses for each 
5 deg of cam rotation. An 8-stage multiplier, therefore, produces an end-carry pulse 
every 5 deg; a k-stage multiplier, every 5(2)*-§ deg: The length of the multiplier, 
and consequently the size of the angular interval, is controlled by the input tape. In 
the original machine, intervals of 5, 10, 20, and 80 deg are available, 

Multiplier gates are set in accordance with the number of command pulses to be 
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Fie. 21.39. Schematic diagram of a numerically controlled cam-milling machine for cutting three-dimensional cams. 
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produced in an angular interval. Each such pulse calls for a radial tool motion of 
0.0002 in. (The servo which provides this tool motion, using a quantizer for feedback 
and a reversible counter for error sensing, is described more fully on page 21-66.) If, for 
example, a change in radius of 0.03 in. is required in 5 deg, 150 pulses must be selected 
from the 256 pulses produced by the spindle quantizer as the cam rotates through the 
5 deg. This selection results if the multiplier gates are opened for those stages whose 
corresponding digits in the binary representation of 150 (10010110) are 1. Dis- 
tribution of the 150 pulses is approximately uniform over the 5-deg interval. Conse- 
quently, the over-all effect is a linear interpolation of radius as a function of angle. 
As a result of the cylindrical coordinate system, the actual curve produced is an are of 
an Archimedean spiral. 

As in the MIT machine, control information is read from punched tape into storage 
registers arranged to permit continuous operation of the machine. A block of infor- 
mation enters by way of a temporary-storage register and is transferred to an active- 
storage register when the angular interval to which it applies is reached. Both 
registers are composed of flip-flops. As compared with the scheme of alternating 
registers, this system appears to simplify the required switching network, although it 
perhaps makes greater demands on switching speeds. 

In at least one other digital machine-control system, magnetic-core registers per- 
form the buffer-storage function. In this particular system, a magnetic-tape link is 
interposed between the machine proper and the control equipment which provides the 
interpolation and digital-to-analog conversion.®! 

Data Storage. Analog Recording on Magnetic Tape. An illustration of the storage 
of information for machine programming purposes is provided by the so-called 
“‘record-playback”’ process. In this system, the motions of a machine are recorded on 
magnetic tape as an operator guides the machine, either manually or from templates, 
through the complete sequence of operations required to produce a part. Then on 
subsequent parts of the same type, the machine ‘iis controlled by the tape record. 

Magnetic-tape recording is also used to permit isolating the machine-control equip- 
ment, in both time and space, from more complex control functions such as interpola- 
tion and digital-to-analog conversion. For example, the final digital-to-analog con- 
version in a numerically controlled machine system can take place at a low-power 
instrument servo level.®! This servo, equipped with synchros or other analog instru- 
ments, provides signals to be recorded on magnetic tape which are suitable for con- 
trolling the high-power feed servos. This application involves the same basic elements, 
in so far as data recording and regeneration are concerned, as does the record-playback 
process. The techniques discussed below are applicable to either problem. 

The compactness and relative cheapness of magnetic tape make it attractive in 
many applications as a data-storage medium. A handicap when recording infor- 


. mation in analog form, however, is the nonlinearity of the recording and reproducing 


process. One of the systems developed to minimize this difficulty involves the 
recording of phase-modulated synchro data.1!477 Figure 21.40 shows a simplified 
version for control of a single motion. 

The motion to be recorded, either linear or rotary, is coupled to a synchro control 
transformer, whose stator is supplied from a three-phase reference source. The 
voltage induced in the rotor winding is of constant magnitude, but the phase of the 
voltage with respect to any of the references varies linearly with the angular position 
of the rotor. One full revolution corresponds to a phase change of 360 deg. The 
rotor voltage and one of the reference voltages are recorded on magnetic tape as con- 
tinuous signals. Since the desired information is conveyed solely by the relative 
phase of these two signals, amplitude distortion of the waveforms is not serious as long 
as the original phase relationship can be reconstructed. 

The recorded motion is reproduced by a servo provided with a similar control trans- 
former as a feedback device. Three-phase excitation for the stator winding is derived 
from the recorded reference by means of a three-phase amplifier. The phase of the 
resulting rotor voltage is compared in a phase discriminator with the phase of the 
recorded rotor signal, Any difference in phase, representing misalignment of synchro 
rotors, produces an error signal which is amplified and applied to the feed-drive motor, 
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Additional motions can be handled in the same way. An advantage of this sytem 
is that only one additional information channel is needed for each motion, the refer- 
ence being common to all motions. A separate tape track may be used for each 
information channel, or several signals may be superimposed on the same track by 
modulating the signals onto suitable carriers. In record-playback applications, the 
same synchro and tape-transport equipment can, with appropriate switching, serve 
in both the recording and the reproducing operations. When the tape link is used for 
time and space isolation, however, separate equipment must be provided. 

Static accuracy of the data-transmission system depends upon tape speed, data- 
carrier frequency, synchro accuracy, and effective dimensional resolution on the tape. 
By the latter is meant uncertainty in the relative position on the tape of signals in 
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Fie, 21.40. A phase-modulation system for the magnetic recording of synchro data. 


different channels due to misalignment of reading and recording heads, tape skew and 
jitter, and tape granularity and compliance. The effect of this uncertainty is similar 
to the effect of synchro inaccuracy. The distance one cycle of the data carrier occupies 
along the tape is v/f, where v is tape speed and f is carrier frequency. If r is the 
minimum resolvable distance on the tape, rf/v is the uncertainty in synchro alignment 
as a fraction of a revolution. For example, if f = 60 cps, » = 334 in. per sec, and 
7 = 0.0005 in., the possible synchro error is 0.008 revolution, or about 3 deg. In 
general, r can be smaller—and therefore this effect less significant—in record-playback 
operation, where the same tape-transport mechanism and magnetic heads are used for 
both recording and reproducing. However, in many applications, the data-carrier 
frequency must be well above 60 eps to achieve the dynamic performance required, 
further magnifying the effect. : 

Another recording system which has been applied to machine tools uses a comblike 
device to lay down a series of parallel magnetized lines along the length of the tape." 
The comb is attached to the motion to be recorded, and as it moves across the tape it 
causes a lateral shifting or skewing of the lines (see Fig. 21.41). This shift is 
sensed in the reproducing operation by a rotating scanning head. The position- 
measuring equipment for the motion being reproduced is a similar arrangement of a 
precision magnetically ruled tape and scanning head. Signals produced by the two 
scanning heads are compared in phase, and any difference is amplified to actuate the 
feed-drive motor. Over-all accuracy depends directly on the lateral tape resolution, 


. 


COMPUTERS AND CONTROL 21-79 


but the system allows control to be maintained during slowdown and stopping of the 


tape. 
Contouring from a Model. Another class of computing functions is found in con- 
touring systems which have been developed to guide the operation of a machine from 
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Fra. 21.41. An alternate system for recording analog position information on magnetic tape. 
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Ira, 21.42. Basie functions involved in one type of two-dimensional 360-deg profiling sys- 
tem. A typical application is the vertical-lathe control illustrated. 


a model or a template. Those systems which make use of signals produced by an 
electrical stylus frequently involve a series of vector manipulations. Typical of the 
“360-deg profilers’’ is the system illustrated in Fig, 21.42. In this vertical-lathe 
application, a slide carrying the stylus is servoed in two directions so that the atylus 
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tip follows the edge of a template. Since the tool also is mounted rigidly to the slide, 
it duplicates the motions of the stylus, reproducing the template contour in the 
workpiece. The nature of the control system is such as to steer the stylus completely 
around the template, maintaining constant tangential velocity. The same basic 
system may be applied to any type of machine which requires contouring control of 
two orthogonal motions. 

The stylus employed contains two transducers mounted at right angles to each other, 
One transducer is aligned with the x axis and produces a signal s, proportional to the 
component of stylus deflection in the z direction. Correspondingly, the other trans- 
ducer responds to deflection in the y direction and produces a signal s,. These two 
components of stylus deflection are combined by vector addition. The resultant 
vector s represents both the magnitude and the direction of stylus deflection. If 
friction and inertia forces acting on the tip are low, the stylus deflection will be nearly 
normal to the template at the point of contact. The direction of tangency therefore 
can be obtained by rotating s 90 deg. 

Systems of this type must operate about a nominal stylus deflection of constant 
magnitude in order to sense departure from the template, as well as to give continuous 
indication of the direction of tangency. Ideally, in the steady-state tracing of a 
straight section of the template, the stylus would be deflected exactly the nominal 
amount, and the x and y servos would be provided with velocity commands pro« 
portional to the y and x components of deflection, respectively. When the steady- 
state situation is disturbed, as at a corner or over curved sections of the template, 
deviation of stylus deflection from nominal causes the servo commands to be modified 
so as to tend to restore the condition of tangency. If the stylus is deflected too much, 
it should be steered away from the template; if too little, toward the template. 

This action is obtained by comparing the magnitude of the stylus deflection s with 
the nominal deflection 7 (see Fig. 21.42). Subtraction of r from s results in the error 
vector e, representing the over- or underdeflection. For clockwise tracing, this 
vector is rotated counterclockwise 90 deg and added to s, producing n. The direction 
of tracing then is taken normal to n, with an independently specified velocity wv, 
Thus the velocity commands applied to the x and y feed drives are (v/n) ny and 
—(v/n) nz, respectively. 

The vector diagram in Fig. 21.42 illustrates a case in which the stylus deflection in 
too great, indicating that the stylus body is too close to the template. The vector @ 
is therefore in the same direction ass. Rotation by 90 deg and addition to s produces 
n, which leans back from s, away from the direction of tracing. The velocity com- 
mand vector v, normal to n, is therefore away from the template to correct for the 
overdeflection. 

In one embodiment of this system, the vectors are represented by 60-cps voltages.” 
The magnitude of the voltage corresponds to the magnitude of the vector, and the 
phase angle with respect to a reference voltage corresponds to the direction of the 
vector. The stylus employs a movable-core transformer to produce the two vollagos 
Sz and sy. The phases of these voltages, initially the same as the phase of the trans 
former primary excitation, are shifted 45 deg in opposite directions. Being 90 dog 
apart, then, the voltages may be added directly to obtain the vector s. The error 
vector e is produced by a modulator whose carrier excitation is s and whose unmodi- 
lated input is the difference between a rectified s and a d-c signal r representing nominal 
stylus deflection. The indicated 90-deg rotation is performed by a Miller phase 
shifter, and the vector addition is again a direct combination of the voltages, since # 
and m are always 90 deg out of phase. Resolution into v, and v, is performed hy 
phase-sensitive demodulators. The voltage representing n serves as reference exella- 
tion after being shifted +45 deg for one demodulator and —45 deg for the other 
Feed velocity v, represented by a voltage in phase with the stylus excitation, acts as 
the input signal to be demodulated in each case. 

In a variation of the basic system illustrated in Fig. 21.42, the # and y stylus trans 
ducers are excited by reference sources 90 deg out of phase.*° Since the resulting alg. 
nals s, and s, are then in phase quadrature, they may be added without further phase 
shifting to produce the deflection vector 6. Also, in this ayatem, the equivalent of the 
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vector n is produced by shifting the phase of s an amount proportional to the magni- 
tude of e. The shifting is accomplished in a bridge circuit having a saturable reactor 
in one arm. The reactor is biased by a d-c signal obtained by subtracting r from a 
rectified and filtered s. 

21.5.2. Equation-solving Controls. Types and Applications of Equation-solving 
Controls. In a wide variety of machine and process-control equipment, signals which 
actually operate the valves, motors, and other control devices are derived from a group 
of input signals by continuous solution of mathematical equations defining the desired 
behavior. Systems of this nature are extensively used for aircraft flight and naviga- 
tion control, gunfire control, and bombing control, as well as for control of chemical, 
petroleum, and other processes. 

From the standpoint of computing functions, some of the most complex of these 
controls are found in military guidance and weapons-control systems. The mathe- 
matical problems involved are principally those of solving the equations of motion of 
one or more bodies, with associated coordinate transformations. Statistical predic- 
tion and smoothing and the solution of algebraic equations may also be required. 
Additions, multiplications, integrations, and trigonometric resolutions are therefore 
common. ‘The necessity for handling these problems in real time is often a further 
complicating factor. 

The computing equipment used in these controls has been predominantly of the 
analog variety. It may be further classified as (1) mechanical, (2) electromechanical, 
and (3) electronic.54 In the mechanical type, the analog quantity is usually shaft 
rotation or a mechanical displacement; and the computing is done typically by dif- 
ferential gears, ball-and-disk integrators, and linkages. The electromechanical type 
makes extensive use of instrument servos to drive potentiometers, resolvers, and 
tachometers. The relative ease with which multiplications, trigonometric resolutions, 
and other nonlinear operations can be handled by this type of equipment has led to 
widespread usage. It is usually faster than the mechanical type, although perhaps 
not so accurate. Electronic computing equipment is well adapted to problems which 
are essentially linear and which require integration with respect to time only. Its 
potentially high operating speed in these applications is attractive. However, all- 
electronic equipment for performing most nonlinear operations is too complex to 
permit its use except where a high premium for speed can be justified. 

The technique adopted in any particular case depends upon the accuracy and com- 
putational operations to be performed and upon the nature of the input and output 
signals. Under certain conditions, the use of a digital computer becomes an obvious 
possibility—for example, if extreme accuracy of computation is required, or if the 
input information is available naturally in digital form. A digital computer may also 
be attractive if a number of logical decisions must be made, with associated changes 
in mode of operation. 

The next paragraphs describe a digital aircraft-navigation system to illustrate the 
application of digital techniques to equation-solving controls, and also to illustrate 
the characteristics of guidance and weapons-control systems in general. Succeeding 
sections discuss the computing functions involved in controls for the continuous- 
process industries, and the application of analog equipment to control the generation 
and distribution of electric power. 

A Digital Aircraft-navigation System. Digitae (digital tactical automatic control) 
is the name given to a digital computer and associated input-output equipment devel- 
oped for automatic aircraft-navigation and weapons control.!%12__ The principal func- 
tion of the computer is to calculate periodically the position of an aircraft, and from 
this to generate the steering signal necessary to guide the aircraft over a prescribed 
course. Other computer functions, having to do mainly with weapons-control aspects 
of the system, have not been revealed because of military security restrictions. Figure 
21.43 is a block diagram of the complete system showing how a computed steering 
signal is applied to the autopilot which controls the aircraft directly. 

Position of the aireraft is determined by reference to three ground transmitters, 
using a hyperbolic method similar to Loran, ‘The difference in propagation times of 
pulses simultaneously emitted by two atations establishes a hyperbola on which the 
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aircraft is known to lie. A second hyperbola is established by the time difference 
| between pulses from another pair of stations. The intersection of the two hyper- 
I bolas (actually hyperboloids of revolution), together with a measured altitude, gives 
the location of the aircraft. The Digitac equipment is reported to be capable of 
measuring the required time differences to within +0.02 psec. Altitude and other 
input information, consisting of heading and air speed, are obtained from shaft 
positions by binary-coded digitizers read on demand by the computer.127 

The computer itself is of the general-purpose type utilizing a magnetic drum for 
nonvolatile storage. Space is provided for 768 instructions, 192 constants, and 96 
words of working storage. A 6-word fast-access circulating register is also included. 
Computation is carried out serially at a basic clock rate of 100 kc. The word length 
of 17 digits provides a precision of 16 bits plus sign in the case of numbers, or the 
equivalent of one two-address order in the case of commands. A floating-reference 
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ment, and facilitates optimum-access coding. 

A typical computational program as employed in flight tests of this equipment is 
indicated by the flow chart of Fig. 21.44. The cycle begins with a computation of 
predicted present position on the basis of (1) the previous computed position, (2) 
previous computed wind, (3) current measured air speed, and (4) the time elapsed 
since the previous position computation. Then a measurement of the two time 
differences is made. If these differences are within bounds and are reasonable with 
respect to the previously measured differences, the main branch of the program is 
followed. In this branch, present position is computed by means of an iterative 
routine from the intersection of the two hyperbolas defined by the time differences. 
This computed position is combined with the predicted position, giving equal weight 
to both, to arrive at a smoothed present position. 

A rough value for wind is computed on the basis of this smoothed position and com- 
bined with the previous wind value to give a smoothed wind. In the wind smoothing, 
the old value is weighted 31 times as heavily as the new rough value. In the next 
step of the program, ground velocity is computed. From this and the desired course, 
a steering signal is developed. Also, the remaining distance to the destination is 
checked. If the destination has not been reached, the main cycle starts again; if 
the destination has been reached, either a change in destination is made or the final 
weapons computation begins. 

If the time differences as measured at the beginning of a cycle are found not to be 
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Sf = 8 fa putation and the wind updating. The predicted. position alone is used in the sub- 
Eu ae = = sequent step to compute ground velocity and steering signal. The normal full cycle 
=3 requires about 0.5 see to execute and involves about 360 operations; the dead-reckon- 
a ing mode requires only about 0.3 see, In order to perform routine weapons caleula- 
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tions (which are not indicated in Fig. 21.44) without consuming additional time, the 
computer follows the dead-reckoning mode every 32 cycles. The 0.2 sec thus gained 
is sufficient time for the computations required. 

The steering signal generated every 0.5 sec represents the change in heading required 
to reach a specified objective. As indicated in Fig. 21.48, this signal is shifted into 
an output register containing 7 digits plus sign.*® This register controls the flow of 
pulses from a pulse generator to a bidirectional stepping motor. The same pulse 
train also causes the output register to count toward zero. When zero is reached, 
indicating that the stepping motor has received the required number of pulses, the 
register shuts off the flow of pulses. If zero count is not reached within the 0.5-see 
interval, a new steering signal is shifted in anyway, without regard for the remainder 
of the old signal. 

The stepping motor drives a synchro differential which is inserted in the normal 
synchro link between compass and autopilot. Its effect is to add to or subtract from 
the compass signal and thereby modify the effective heading command. The step- 
ping motor itself rotates 149 revolution for each pulse received, rotation being in the 
direction of the required change as indicated by the sign of the output register. A 
gear ratio of 36:1 between motor and synchro results in a heading change of }4 deg for 
each pulse. In order to increase stability of the navigation loop and minimize over- 
shoot, the pulse rate is made roughly proportional to the magnitude of the steering 
signal, ranging approximately from 4 to 15 cps. 

Coupling the computer to the autopilot loop in this manner makes less stringent 
demands on speed of computation than if the computer were placed directly in the 
autopilot control loop. In the arrangement of Fig. 21.43, the effective computer 
bandwidth need be sufficient to handle only the relatively slowly changing navigation 
signals. Aircraft stability is not seriously disturbed since the transmission of analog 
information around the autopilot loop is not affected. In flight tests of the system, 
the cycle time of 0.5 sec required for the navigation computation appeared to cause no 
difficulty in obtaining adequate stability of the guidance loop.*! In general, however, 
when digital computers are applied to real-time control problems involving feedback 
loops, the effect on stability of discrete data sampling should be considered. 

Continuous-process Controls. The control equipment for a chemical or petroleum 
process consists typically of a large number of more-or-less independent controllers, 
each of which performs some relatively simple function such as the regulation of # 
temperature, pressure, or flow. In some cases, the resulting variables are passed 
along to serve as reference levels for subsequent controllers. In other cases, the out« 
puts of several controllers and measuring elements may be combined according to 
some mathematical relationship for further control or for indication and metering 
purposes. Coordination of the many separate control loops is provided principally 
by the human operators who continuously monitor the important process variablow 
and adjust the regulating levels of the individual controllers in order to obtain the 
desired over-all results. 

The bulk of controllers in use today are pneumatically operated; however, there is # 
growing trend toward electrical controls in new plant construction, particularly in 
critical applications. Pneumatic controllers are relatively simple and have given 
excellent service for many years. But as processes become more complex and the 
plant layouts larger physically, the disadvantages of pneumatic controls become more 
serious. <A satisfactory air supply and distribution system for an extensive pneumatie 
control system is costly, in both initial installation and subsequent maintenance, 
Time lags associated with the transmission of information through long air lines 
definitely limit the dynamic performance that can be achieved in a feedback-control 
system. Because of the absence of these lags in electrical systems, greater control 
sensitivities are possible and more effective use can be made of derivative or anticipa- 
tory control. In general, electrical systems are considered to be more flexible wnd 
better adapted to the more complex control functions which will be found desirable ag 
the dynamics of processes become better understood. 

The elements of a simple electrical controller are shown in Fig. 21.45, Ts prinaipal 
functions are to: i 
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1. Receive signals from a measuring device 

2. Indicate or record the variable of interest 

3. Provide signals at a higher energy level for control purposes 
The electrical signal from the measuring element is first converted to a shaft rotation 
in a null-seeking system which balances the incoming signal against that developed 
by an instrument coupled to a motor shaft. The motor drives a recording pen or 
other indicator, and it may also drive a second instrument or retransmitter. The 
latter provides signals for actuating a valve or other device by means of which the 
control loop is closed. 

Considerable flexibility is provided by this arrangement in that either the feedback 
instrument or the retransmitter or both can generate nonlinear functions of the 
motor position. The instruments themselves may be nonlinear—resolvers or non- 
linear potentiometers—or they may be linear devices coupled to the motor by means 
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element 


of specially shaped cams. By virtue of these possibilities, simple computing functions 
can be performed by the controller. 

Suppose, for example, the flow of some process variable must be recorded and a 
proportional signal developed for control purposes. A common method for metering 
flow makes use of the principle that the pressure drop across an orifice is proportional 
to the square of the flow through it. Pressure drop is measured and the square root 
then taken as an indication of flow. The square-root operation required in this 
scheme can be performed by the controller if the feedback instrument develops a 
signal proportional to the square of the motor-shaft rotation. The motor shaft, 
thus representing the square root of the measured quantity, drives the recorder pen 
arm directly to record flow. The desired control signal is obtained from a linear 
transducer coupled to the motor. 

In a system of several controllers, addition and subtraction can be performed by the 
balance detector and amplifier (Fig. 21.45) or by series connection of the voltage 
sources to be combined. Multiplication can be performed if the instrument (such as a 
potentiometer) connected to a shaft representing one factor is supplied by a signal 
representing the other factor, instead of by a reference signal. Figure 21.46 illus- 
trates the use of three such controllers to compute and record the heat absorbed by a 
heat exchanger.® ‘ 

Completely automatic control of an entire process would require not only the regula- 
tion of environmental variables such as temperatures, pressures, and flows, but also 
some means for determining at what level they should be regulated, Presumably, 
the composition of the raw materials and the composition of the products at strategic 
points in the process should be taken into account, along with the many other factors 
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which affect the end result. The computational functions required in such a com- 
prehensive control system would be considerably more complex than those found in 
the process controllers of today, but possibly well within the present state of the com- 
puter art. Instruments are now becoming available which can analyze the composi- 
tion or quality of a material on a continuous basis, removing one of the obstacles to 
complete control. In most cases, the principal technical problem remaining is the 
development of mathematical models which represent the process dynamics with 
sufficient accuracy to serve as a satisfactory basis for automatic control.148 
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_Electric-power Generation. Many possibilities exist as to the exact division of any 
given load among the several generating units of a large power system. The optimum 
choice depends mainly on economic considerations—for example, the cost of fuel at 


the different stations, the efficiency of the individual units within a station, and the . 


transmission losses between the stations and the loads. In some cases, computers are 
now being applied to monitor continuously the system power requireménts and to 
control the generating units on some simple economic basis.583 One such control By« 
tem employs more-or-less conventional electronic-analog-computing techniques, 10% 
In a system consisting of N generating stations, the most economical load division 
occurs when the equation ; 
oS 
dP, oP» 


r (21,40) 
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is satisfied for each station n. In this equation, P, is the power produced by the nth 
station, F,, is the production cost per unit time at the nth station, and Pz is the total 
power loss of the transmission system. The quantity \, which is common to all NV 
equations, may be interpreted as the actual cost per unit of energy delivered by the 
system. 

The total transmission loss is commonly represented by 


N N 
Paice PLP Bs (21.50) 


where the constants Bm» are characteristics of the transmission system. 
Consequently, 


N 
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= ty (21.51) 
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The derivative dF;,/dP, is taken to be proportional to the incremental heat rate 
@H,,/dPn: 


(21.52) 


where Kp is the cost of fuel per unit of heat energy. Substitution of Eqs. (21.51) 
and (21.52) in Eq. (21.49) leads to 
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At the most economical load division, all generating units within a station are 
operating at the same incremental heat rate, which is equal to that for the station as a 
whole. That is, 

dH, _@Hn, _ dHno _ 


= eS = oT ore 21.54 
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where the second subscripts denote the individual units of a station. The incremental 
heat rate dH./dP»., is generally a known function of generated power P,; for each unit 
of a station. Also, of course, the total station power is the sum of that produced by 
all units: 

Pn =Pait+Praot::-: (21.55) 


Figure 21.47 shows an arrangement of electronic-analog-computing elements for 
simulating one station of a power system on the basis of Eqs. (21.53), (21.54), (21.55), 
and the known relationships Pr, = f (dHnx/dP,x). The indicated summations are 
performed by resistive networks, and the multiplications by potentiometers and 
amplifiers. The heat-rate functions are represented by biased-diode networks. The 
switches associated with the heat-rate functions permit including only those gener- 
ating units which are available for operation. Lower and upper limits on station 
production may be set to provide adequate local protection, or for other reasons. 

Several station simulators are connected together as in Fig. 21.48 for control of a 
complete system. Total computed system generation, as obtained by summing the 
results of all station simulators, is compared continuously with the total power 
required of the system. Any discrepancy causes a X servo to increase or decrease, 
driving the \ potentiometers in the station simulators so as to maintain the proper 
balance, Control signals for the individual generating units are taken from the 
outputs of the incremental-hoat-rate funetion generators, 


Function 
generators representing 
incremental heat rates 


Incremental cost of 
delivered energy 


Transmission-loss 
coefficients 


Power 
produced 
by other 
stations 


COMPUTERS AND CONTROL 21-89 


¥s 
$ 2 Station 
Ss simulators 
ay cs 
o8 
Ba 
Required system Computed system 
power generation power generation 
52 
SE 
c 
= 
2 x) 
ev 
Oe 


Fia. 21.48. Connection of station simulators for control of system. Power level required 
of each generator is furnished by station simulators. 


21.5.3. Digital-operational Techniques. General Characteristics of Digital-opera- 
tional Systems. The term ‘‘digital-operational,”’ or “‘operational-digital,’’ has been 
applied to a class of computing techniques which combines some of the characteristics 
of both digital and analog methods. The over-all computational concepts are those 
of analog operational systems, in which information flows continuously and on an 
“as-received” basis from one device or circuit to another. Each such device, which 
is usually a physically distinct entity, performs some mathematical operation on its 
input data, such as multiplication, integration, and addition. The digital charac- 
teristics of these systems result from the fact that the problem variables are represented 
in discrete form, as in other types of digital equipment, and the devices which ‘‘oper- 
ate” on them are digital in nature, rather than analog. 

Digital-operational techniques potentially allow the simultaneous realization of 
many of the advantages inherent in both digital and analog approaches. Unlimited 
computational precision can be obtained, without mechanical or electrical precision, 
merely by extending the number of digits used to represent the problem variables. 
At the same time, the functional simplicity of the analog system is retained. The 
continuous nature of the computation and the ability to operate in real time are of 
special importance in machine- and process-control applications. *” 

Binary Operational Multipliers and Counters. An important element in digital- 
operational systems is the binary operational multiplier (Fig. 21.49). This is basically 
a device for scaling down an input pulse train to produce another pulse train having on 
the average some specified fraction of the original pulses. As a multiplier, one factor 
is represented in uncoded form by the number of pulses in the input pulse train, and 
the other factor by an n-place binary number (less than 1) specifying the fraction of 
input pulses desired. The resulting pulse train represents the product of the two 
factors, again in uncoded form. 

The operation of the multiplier is described briefly on page 21-72 in connection with 
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Fre. 21.47. Connection of electronic-analog-computing elements to simulate one station of an electric-power-generating system. 
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its application to a digital machine-tool control system. More generally, it may be 
represented as in Fig. 21.50. In its simplest form, the multiplier consists of an n- 
stage binary counter and a set of gates connected to the noncarry outputs of the 
individual stages. The pulse group AX is applied to the input of the counter, and 
the n-place number Y controls the gates. The gate outputs are combined to form 
the pulse group AZ representing the product. 

During any period over which AX is a multiple of 2” pulses, the kth stage of the 
counter produces AX /2* noncarry pulses. If Y remains constant during this period, 


If Yis constant for AX equal to some multiple of 2”, 
n a n =. 
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Fig, 21.50. Schematic representation of an n-stage binary operational multiplier. 


the kth component of AZ is 


AZ_y = yn AX2-% (21.56) 
where y_x is defined by 
n 
ee y42-* (21.57) 
k=1 
Thus 
n n 
AZ = 5. AZ_y = AX > y 127k = (AX)Y (21.58) 
k=1 k=1 


This relationship is exact as indicated when AX is a multiple of 2" and when Y is 
constant over that interval. In most applications reported to date, these conditions 
are not always met. However, if Y changes slowly compared with the pulse rate of 
X, the multiplication is approximately correct. Errors which result under these 
circumstances are discussed further on page 21-93. f 

Another major element in digital-operational systems is the counter. In a sense, 
the counter performs a function opposite to that of the multiplier. By accumulating 
input pulses, it is capable of producing a coded representation from an uncoded pulse+ 
by-pulse representation. The multiplier, on the other hand, if supplied from a 
reference pulse source, produces a number of pulses or a pulse rate corresponding to a 
coded input. ; 

Both devices deal with coded and uncoded pulse groups, which are the two principal 


. 
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forms of data representation in digital-operational systems. Of the coded class, 
binary or base-2 codes have been most common, although others are possible. For 
example, decimal counters could easily be used to accumulate end results if decimal 
read-out were desirable. Operational multipliers which accept decimal rather than 
binary numbers are also possible, so that an entire system could be constructed in 
decimal form. 

Illustrative Operational Systems. The combination of three multipliers and a 
reversible counter to form a divider is illustrated in Fig. 21.51. The dividend U and 
the divisor V are assumed to be available in coded form as Y inputs to multipliers 1 
and 2. A reference pulse rate F is applied to the X inputs of multipliers ] and 3. As 
a result, multiplier 1 produces a pulse rate FU, equal to the fraction U of the input 
rate F. The count W standing in the reversible counter controls multiplier 3 and 
causes it to produce arate FW. This in turn is applied to multiplier 2, producing the 
rate FWV. The counter has two inputs which cause counting in opposite directions. 
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pike 21.51, Connection of binary operational multipliers and a reversible counter for 
ivision. 


Steady-state equilibrium can exist only when the two counter input rates are equal 
and the arriving pulse trains cancel each other. At that point, FWV = FU, or 
W =U/V. In the steady state, therefore, the counter holds the desired quotient in 
coded form. When the quantities U and V are changing, the count W will in general 
lag behind the true quotient. Analysis of the divider shows that it behaves dynam- 
ically like a simple RC network having an effective time constant of 1 /VF. The 
resulting error in the quotient W depends upon how rapidly U and V vary with 
respect to this time constant. 

| In a practical mechanization of the divider, means must be provided to prevent, or 
interpret properly, the simultaneous arrival at the counter of pulses in the trains FU 
and FWY. Also, if any of the variables change sign over their range of operation, 
appropriate switching must be included to sort out the positive and negative pulses. 
; Another simple illustration of the use of digital-operational techniques is the genera- 
tion of sine and cosine of a quantity available in incremental form (Fig. 21.52). On 
the assumption that the multiplication properties of the multipliers hold for the 
individual input pulses A@; and that counter 2 holds cos 9;, multiplier 2 produces the 
pulse train cos 6; A0;. Counter 1, by accumulating these pulses, effectively performs 
an integration : 
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Fig. 21.53. Timing diagram for a four-stage binary operational multiplier, With Y o« 
11/6, gates are open from stages 1, 2, and 4. Errors of 1}4g pulses ocourat X @ 1 and 
just before X = 3. y 
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Similarly, counter 2 receives an input sin 6; Aé;, which is integrated to produce cos 6. 
The desired trigonometric functions are therefore available as coded numbers in the 
counter registers. As in the preceding example, sign-control and pulse-separation 
means have been omitted from the diagram for simplicity. 

Accuracy of a Binary Operational Multiplier. The above explanation assumes that 
a binary operational multiplier at all times maintains the correct multiplicative 
relationship between its inputs and the output. As pointed out previously, this is 
not necessarily the case. Figure 21.53 shows a timing diagram for a four-stage 
multiplier. The states of the individual counter stages are indicated, as well as the 
nonearry pulses, which occur at the transitions from 0’s to 1’s. (The diagram also 
illustrates the fact that no two noncarry pulses can occur at the same time. This is 
the principle that allows the simple mixing of the gated pulses indicated in Fig. 21.50.) 
Since the counter cycle repeats every 24 = 16 input pulses, only 16 pulses need be 
considered. Suppose Y = 14% so that 11 Z pulses should be produced for every 


Peak autput error, pulses 
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Fig. 21.54. Peak errors produced by an n-stage multiplier over the cycle of 2” input pulses, 
assuming Y to be constant. 


16 X pulses. In binary notation, 1}%¢ is 0.1011; consequently, gates 1, 3, and 4 are 
open. 

The resulting pulse train, as well as its sum representing Z, are sketched in Fig. 
21.53.‘ Considerable deviation between Z and an ideal straight line is evident. 
After 18 X pulses, for example, 10 Z pulses have been produced, whereas only 
144, X 13 = 81546 are called for. The difference between the desired and actual 
outputs is 134. If X is regarded as a continuous variable which has been quantized, 
a similar error of opposite sign occurs just before the third X pulse. At 16 pulses, 
the exact desired relationship exists, and beyond 16 the cycle repeats; consequently, 
the errors noted above are of an instantaneous nature. They repeat each cycle of 
16 X pulses, but they do not accumulate. 

In general, for this mode of operation, the peak error on an n-stage multiplier is 


tf eee 
Emax pag aS = = (—1)"2-" 21.59 
18 y 6 “ 9 pt ¢ ) 
For large n, this approaches 
Epox & 0.39 + 0.167n (21.60) 


A 10-stage counter, for example, produces instantaneous errors as large as 2.1 pulses 
(see Fig. 21.54). These peak errors occur only for certain combinations of the X and 
Y inputs. For n > 2, they occur twice per cycle at two values of Y—one near 44 
and one near 5%, Equation (21.60) shows that, although the peak errors increase with 
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the number of stages, they increase at a relatively slow rate. It is alw i 
therefore, to achieve any prescribed precision by decreasing the at ae ot pi 
least significant digit, even though that means increasing n, the multiplier length 
The preceding discussion applies to the case in which all stages of the multiplier 
are cleared at x = 0 and in which Y remains constant throughout the cycle. When 
these two conditions do not apply, the errors may be greater and may accumulate 
from cycle to cycle. Consider, for example, the situation illustrated in Fig. 21.55 in 
which Y is allowed to change back and forth between 346 and 4(¢ as often as every 
other X pulse. Ideally, 314 Z pulses should be produced over the cycle, this being the 
area under the Y curve. Actually, no Z pulses are produced because no gate is ever 
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Fig. 21.55. Hypothetical case in which a four-stage multipli 
= ultiplie 2e 
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open when the corresponding noncea: 3 i i 
pind oe a g carry pulse occurs. This error of 334 then carries 

Admittedly this is a contrived example. Unless X and Y are otherwise related, it is 
not likely that Y will change to exactly the right values at exactly the right times to 
accumulate such an error. Since positive and negative errors are equally likely 
depending on the amount of the Y changes and their phasing relative to X, it might be 
expected that the average error will be small. However, if correlation does exint 
between X and Y, as in the sine-cosine generation (Fig. 21.52), the type of error 
indicated by the example of Fig. 21.55 may result. A general treatment of such 
errors does not appear feasible at the present time. 


References 


1, Adams, C. W.: Electronic Data Processing in Industry, Special R. 
Management Association, Inc., New York, 1955. pa pi ott 
4 aren Wroe: Operations Research and Management Problems, Advanced Manage 
; rit G. Vincent: Preface to Space Flight, ONR Research Rev., November, 1965, pp, 
. Astrahan, M. M.: The Role of Large Memories in Scientific Communications, /BM J, 
Research Development, 2(4):310-313 (October, 1958). 
i Baer, J.S., A. 8. Rettig, and I. Cohen: On-line Sales Recording System, Proc, Hastern 
Joint Computer Conf., Washington, D.C., Dec. 9-13, 1957, pp. 251-266, 


. Baricelli, Nils: Esempi numerici processi di luzi 4 
sHeepeesuieiay proc i evoluzione, Methods, Milan, Italy, 6¢21 


a a F WO WD 


up 


35. 
36. 


REFERENCES 21-95 


Bauer, Walter F., and George P. West: A System for General-purpose Analog-digital 
Computation, J. Assoc. Computing Machinery, 4(1):12-17 (January, 1957). 


. Bendz, W. I., and L. J. Kamm: Tape Control Improves Quality Control, Automatic 


Control, 1(3):10-14 (September, 1954). 


. Bennett, Corwin A.; Some Experimentation on the Tie-in of the Human Operator to 


the Control Loop of an Airborne Navigational Digital Computer System, Proc. Eastern 
Joint Computer Conf., Washington, D.C., Dec. 9-13, 1957, pp. 68-71. 


. Bergen, A. R., and J. R. Ragazzini: Sampled-data Processing Techniques for Feed- 


back Control Systems, Trans. AIEE, 73(part II) :236-244 (November, 1954). 


. Binary Digitizer Simplifies Tape Control System, Design News, 10(21):22-23 (Nov. 


1, 1955). 


. Bolles, E. E.: The Digitac Airborne Digital Computer, IRE Convention Record, part 


5, Aeronautical Electronics and Telemetry, New York, 1954, pp. 72-76. 


. Boring Unit . . . Tape Controlled, Automation, 2(9):69-70 (September, 1955). 
. Bracken, R. H., and H. E. Tillitt: Information Searching with the 701 Calculator, 


J. Assoc. Computing Machinery, 4(2):131-136 (April, 1957). 


. Brooks, F. P., Jr.: A Program-controlled Program Interruption System, Proc. Eastern 


Joint Computer Conf., Washington, D.C., Dec. 9-13, 1957, pp. 128-131. 


. Brown, Gordon S.: Trends in Automatization of Procedures and Processes in Business 


and Industry, IRE Convention Record, part 4, New York, 1955, pp. 52-53. 


. Brown, G. W., and L. N. Ridenour: The Processing of Information-containing Docu- 


ments, Proc. Western Joint Computer Conf., Los Angeles, Feb. 4—6, 1953, pp. 80-85. 


. Brown, J. H.: Measure Motion to 0.0001 Inch without Friction or Wear, Control Eng., 


2(4) :50-52 (April, 1955). 


. Burbeck, D. W., E. E. Bolles, W. E. Frady, and E. M. Grabbe: The Digitac Airborne 


Control System, Trends in Computers: Automatic Control and Data Processing, Proc. 
Western Joint Computer Conf., Los Angeles, 8-59, Feb. 11-12, 1954, pp. 38-44. 
Burns, T. J., J. D. Cloud, and J. M. Salzer: Experiments with a Digital Computer in 
a Simple Control System, Trends in Computers: Automatic Control and Data Processing, 
Proc. Western Joint Computer Conf., Los Angeles, 8-59, Feb. 11-12, 1954, pp. 60-74. 


. Campbell, Donald P.: Dynamic Behavior of Linear Production Systems, Mech. Eng., 


75(4) :279-283 (April, 1953). 


. Canning, R. G.: Electronic Data Processing for Business and Industry, John Wiley & 


Sons, Inc., New York, 1956. 


. Casper, L.: Textile Automation by Signal Control, Trans. AI EE, 74(part I) :176-180 


(May, 1955). 


. Chung, J. H., and C. C. Gotlieb: Test of an Inventory Control System on FERUT, 


J. Assoc. Computing Machinery, 4(2) :121-130 (April, 1957). 


. Computer Will Control Major Power System, Control Eng., 2(10) :20-21 (October, 


1955). 


. Contouring Machine with Tracer Control (Staff Report), Elec. Mfg., 56(1) 135-142 


(July, 1955). 


. Control Components Provide New Ways to Handle Materials, Automatic Control, 


2(5):27-31 (May, 1955). 


. Control in Two Dimensions, Automatic Control, 1(2):24—25 (August, 1954). 
. Cunningham, F. W.: Controlling Machines With Tape, Automation, 1(1):77-82 


(August, 1954). 


. Davis, M. E.: Use of Electronic Data-processing Systems in the Life Insurance 


Business, Proc. Eastern Joint Computer Conf., Washington, D.C., Dec. 8-10, 1953, 
pp. 11-17. 


. DeCarlo, C. R.: Application of Data Processors in Production, Proc. Western Joint 


Computer Conf., Los Angeles, Mar. 1-3, 1955, pp. 61-65. 


. Doyle, R. H., R. A. Meyer, and R. P. Pedowitz: Automatic Failure Recovery in a 


Digital Data Processing System, IBM J. Research Development, $(1):2-12 (January, 
1959). 


. Early, E. D., W. E. Phillips, and W. T. Shreve: An Incremental Cost of Power 


Delivered Computer, Trans. AIEE, 74(part III) :529-534 (June, 1955). 


. Electronic Pantograph in Contouring Machine (Staff Report), Elec. Mfg., 55(2) :88-99 


(February, 1955). 

Electronic Positioning, Wireless World, 61(1):25-27 (January, 1955). 

Iexner, W. L., and A. D. Scarbrough: A Digital Autopilot Coupler, IRE Convention 
Record, part 5, Aeronautical Electronics and Telemetry, New York, 1954, pp. 174-178. 
Frady, W. B., and M. Phister: System Characteristics of a Computer Controller for 
Use in the Process Industries, Proce, Kaatern Joint Computer Conf, Washington, D.C,, 
Dee, 9-18, 1057, pp. 40-45, ; 


21-96 
38. 
39. 
40. 
41, 
42. 
43. 
44. 


45. 
46. 
47. 
48. 


49. 
50. 
51. 


52. 


53. 
54. 


55. 


56. 
57. 
58. 
59. 
60. 
61. 
62. 
63. 
64. 
65. 
66. 
67. 


APPLICATIONS OF: DIGITAL COMPUTERS 


Farrell, Roger H.: Dynamic System Studies: Digital Computers, esp. pp. 1-3, WADC 
Tech. Rept. 54-250, part Y, September, 1956. 

Fenimore, G. E.: Real-time Data Processing for CAA Air-traffic Control, Proc. Eastern 
Joint Computer Conf., Washington, D.C., Dec. 9-13, 1957, pp. 169-172. 

Forester, J. R., and C. J. Sullivan: Flight Simulation with a Computer, Automatic 
Control, 3(6):16-19 (December, 1955). 

Frame, J. 8.: The Solution of Equations by Continued Fractions, Am. Math. Monthly, 
60 :293-305 (May, 1953). 

Friend, Edward H.: Sorting on Electronic Computer Systems, J. Assoc. Computing 
Machinery, 3(3) 184-168 (July, 1956). 

Frost, G. R., W. Keister, and A. E. Ritchie: A Throwdown Machine for Telephone 
Traffic Studies, Bell System Tech. J., 32:292-359 (March, 1953). 

Gerlough, D. L.: Control of Automobile Traffic—A Problem in Real-time Computa- 
psa Eastern Joint Computer Conf., Washington, D.C., Dec. 9-13, 1957, pp. 
Good, I. J.: How Much Science Can You Have at Your Fingertips?, BM J. Research 
Development, 2(4) :282—288 (October, 1958). 

Gordon, B. M.: Adapting Digital Techniques for Automatic Controls, Elec. Mfg., 
54(part 1, no, 5) :136-143 (November, 1954); (part 2, no. 6) :120-125 (December, 1954). 
Gordon, B. M., and R. N. Nicola: Special Purpose Digital Data-processing Computers, 
Proc. Assoc. Computing Machinery, Pittsburgh, May 2-3, 1952, pp. 33-45. 

Gordon, B. M.: Application of Operational Digital Techniques to Industrial Control, 
Trends in Computers: Automatic Control and Data Processing, Proc. Western Joint 
Computer Conf., Los Angeles, 8-59, Feb. 11-12, 1954, p. 45 (Abstract). 

Gorn, Saul: The Automatic Analysis and Control of Computing Errors, J. Soc. for 
Industrial and Applied Math., 2:69-81 (June, 1954). 

Gorn, Saul: On the Mechanical Simulation of Habit-forming and Learning, Informa- 
tion and Control, 2(3):226-259 (September, 1959). 

Grabbe, E. M., D. W. Burbeck, and 8. B. Neister: Flight Testing of an Airborne 
Digital Computer, IRE Convention Record, part 5, Aeronautical Electronics and 
Telemetry, New York, 1954, pp. 66-70. 

Gray, H. J., Jr.: Numerical Methods in Digital Real-time Simulation, Quart. Appl. 
Math,, 12:133-140 (July, 1954), 

Gray, H. J., Jr.: Digital Computer Solution of Differential Equations in Real Time, 
Proc. Western Joint Computer Conf., Los Angeles, May 6-8, 1958, pp. 87-91. 
Greenwood, I. A., Jr., J. V. Holdam, Jr., and D. MacRae, Jr., Eds.: Electronic Instru- 
oat 21, MIT Rad, Lab. Series, McGraw-Hill Book Company, Inc., New York, 
Grieser, Norman: Production Control with the Elecom 125, Trends in Computers: 
Automatic Control and Data Processing, Proc. Western Joint Computer Conf., Los 
Angeles, 8-59, Feb. 11-12, 1954, pp. 163-171. 

Gurk, H. M.: The Use of Stability Charts in the Synthesis of Numerical Quadrature 
Formulae, Quart. Appl. Math., 13 :73-78 (April, 1955). 

Gurk, H. M., and M. Rubinoff: Numerical Solution of Differential Equations, Proe, 
Eastern Joint Computer Conf., Philadelphia, Dec. 8-10, 1954, pp. 58-64. 

Harder, E. L.: Economic Load Dispatching, Westinghouse Engr., 14(6):194-200 
(November, 1954). 

Hastings, Cecil: Approximations for Digital Computers, Princeton University Prows, 
Princeton, N.J. 1955. 

Hesse, L.: Automatic Turret Lathe Controlled by Magnetic Tape, Machinery, 61(12): 
156-160 (August, 1955). 

Hilderbrandt, Paul, and Harold Isbitz: Radix Exchange—An Internal Sorting Method 
for Digital Computers, J. Assoc. Computing Machinery, 6(2):156-163 (April, 1959), 
Ho, Y. C., and E. C. Johnson: Design of a Numerical Milling Machine System, Proe, 
Eastern Joint Computer Conf., Washington, D.C., Dec. 9-13, 1957, pp. 11-24. : 
Hobson, J. E.: New Equations for Management, Proc. Western Joint Computer Conf,, 
Los Angeles, Feb. 4-6, 1953, pp. 9-18. ; 
Hogan, J. W.: Magnetic Tape Controls Machine Tools, Electronics, 27(12) :144-147 
(December, 1954). 

Hornfeck, A. J.: Computing Circuits and Devices for Industrial Process Functions, 
Trans. AIHE, 71(part I):183-193 (July, 1952). 

Householder, Alston 8.: Principles of Numerical Analysis, chaps. 5 and 6; cap. pp. 
193-200, 220-225, McGraw-Hill Book Company, Inec., New York, 1953. 

Huskey, Harry D.: A Solution for Automatic Unit Control, Trends in Computera: 
Automatic Control and Data Processing, Proc. Western Joint Computer Conf., Lon 
Angeles, S-59, Feb. 11-12, 1954, pp. 96-97. 


. 


68. 


69. 
70. 
a, 
72. 
73. 


74. 


75. 


76. 


77. 
78. 


79. 
80. 
81. 
82. 
83. 
84. 


85. 


86. 


87. 


88. 
89. 


90. 


91. 
92. 
93, 


94, 


95. 


21-97 


Huskey, H. D., and D. E. Trumbo: Data Preparation for Numerical Control of 

Machine Tools, 1958 IRE WESCON Convention Record, part 4, Aug. 19-22, 1958, pp. 

3-7. 

Irvine, N. L., and L. Davis: Simulation by Modeling, Proc. Western Joint Computer 

Conf., Los Angeles, Mar. 1-3, 1955, pp. 13-16. 

Isaac, E. J., and R. C. Singleton: Sorting by Address Calculation, J. Assoc. Computing 

Machinery, 3(3):169-174 (July, 1956). 

Johnson, E. C.: A Numerically Controlled Cam-milling Machine, Proc. Natl. Indus- 

trial Electronics Conf., September, 1955. 

Johnson, Clarence L.: Analog Computer Techniques, esp. chap. 13, The Digital Inte- 

grating Differential Analyzer, McGraw-Hill Book Company, Inc., New York, 1956. 

Johnson, D. L.: Generating and Testing Pseudo-random Numbers on the IBM 

Type 701, Mathematical Tables and Other Aids to Computation, 10:8-13 (January, 

1956). 

Juncosa, M. L.: Random Number Generation on the BRL High-speed Computing 

Machines, Ballistic Research Laboratories, Aberdeen Proving Ground, Maryland, 

Rept. 855, 1953. | 

Kelling, L. U. C.: Numerical Control of Machine Tools, JRE Trans. on Industrial 

Electronics, 2:3-8 (March, 1955). 

Kohr, Robert H.: Application of Computers to Automobile Control and Stability 

Problems, Proc. Eastern Joint Computer Conf., Washington, D.C., Dec. 9-13, 1957, 

pp. 84-89. 

Leaver, E. W., and G. R. Mounce: Recorder-controlled Automatic Machine Tools, 

Electronics, 27(11) :124-128 (November, 1954). 

Linvill, W. K., and J. H. Salzer: Analysis of Control Systems Involving Digital Com- 

puters, Proc. IRE, 41:901-—906 (July, 1953). 

Linvill, W. K.: Sampled-data Control Systems Studied through Comparison of 

Sampling with Amplitude Modulation, Trans. AITHZE, 70(part II) :1779-1788 (1951). 

Lotkin, Mark: On the Improvement of Accuracy in Integration, Quart. Appl. Math., 

13 :47—54 (April, 1955). 

Luhn, H. P.: A Business Intelligence System, IBM J, Research Development, 2(4): 

314-319 (October, 1958). 

Luhn, H. P.: The Automatic Creation of Literature Abstracts, JBM J. Research 

Development, 2(2):159-165 (April, 1958). 

Malthaner, W. A., and H. E. Vaughn: An Automatic Telephone System Employing 

Magnetic Drum Memory, Proc. IRE, 41(10):1341-1347 (October, 1953). 

Margolis, M., and E. Weiss: Simulation Techniques Associated with a Digital Flight 

Control System, Proc. Symposium III on Simulation and Computing Techniques, 

October, 1953, pp. 306-324. 

Margolis, M., and Eric Weiss: An Experimental Digital Flight Control System, 
Trends in Computers: Automatic Control and Data Processing, Proc. Western Joint 

Computer Conf., Los Angeles, 8-59, Feb. 11-12, 1954, pp. 23-37. 

Mason, Robert M.: The Digital Approximation of Contours, J. Assoc. Computing 
Machinery, 3(4) :355-359 (October, 1956). 

McAvoy, R. A.: Reservations Communications Utilizing a General Purpose Digital 

Computer, Proc. Eastern Joint Computer Conf., Washington, D.C., Dec. 9-13, 1957, 
pp. 178-182. 

McCloskey, J. F., and F. N. Trefethen, Eds.: Operations Research for Management, 

Johns Hopkins Press, Baltimore, 1954. 

McDonald, John: Strategy in Poker, Business and War, W. W. Norton & Company, 

Inc., New York, 1950. 

McDonough, J. O., and A. W. Susskind: A Numerically Controlled Milling Machine, 
Review of Input and Output Equipment Used in Computing Systems, Joint AIEE- 

IRE-ACM Computer Conf., New York, S-53, Dec. 10-12, 1952, pp. 133-136. 
McFerren, E. L.: Control Tape Prepared from Numerical Data, Machinery, 61(12): 
178-182 (August, 1955). 

McGalliard, David H.: Business Judgment Stimulated through Management Simula- 

tion, Univac Rev., 2(1) :20-21 (winter, 1959). 

McPherson, J. L.: Commercial Applications—The Implication of Census Experience, 

Proc. Western Joint Computer Conf., Los Angeles, Feb. 4-6, 1953, pp. 49-53, 
Meissner, L. P.: Real-time Digital Differential Analyzer, Proc. Western Joint Com- 
puter Conf., Trends in Computers: Automatic Control and Data Processing, Los Angeles, 
Feb, 11-12, 1954, pp, 134-139, 

Morgler, H. W.: A Digital-analog Machine Tool Control System, Proe, Weatern Joint 
Computer Conf., Trenda in Computera: Automatic Control and Data Proceawing, Lon 
Angelea, Feb, 11-12, 1054, pp, 46-60, 2 


REFERENCES 


21-98 APPLICATIONS OF DIGITAL COMPUTERS 


96. 
97. 
98. 
99. 
100. 
101. 
102. 
103. 
104. 
105. 
106. 
107. 


108. 
109. 
110. 
111. 
112. 
113. 
114. 


115. 


116. 
IL? 
118. 
119. 
120. 
121. 


122. 


123. 


124, 


125. 


Mergler, H. W., G. J. Moshos, and A. E. Young: Machine Tool Control from a Digital- 
analog Computer, JRE Trans. on Industrial Electronics, 1:26-30 (August, 1953). 
Meyer, M. A.: Digital Techniques in Analog Systems, IRE Trans. on Electronic 
Computers, EC-3(2) :23-29 (June, 1954). 

Meyer, M. A., B. M. Gordon, and R. N. Nicola: An Operational-digital Feedback 
Divider, IRE Trans. on Electronic Computers, EC-3(1):17—20 (March, 1954). 
Milne-Thomson, L. M.: The Calculus of Finite Differences, Macmillan & Co., Ltd., 
London, 1933. 

Milne, William E.: Numerical Solution of Differential Equations, John Wiley & Sons, 
Ine., New York, 1953. : 

Moore, Gerald T.: The Numericord Machine-tool Director, Proc. Eastern Joint Com- 
puter Conf., Washington, D.C., Dec. 9-13, 1957, pp. 6-10. 

Morgan, M.: Punched Tape Control of Cam-milling Machine, Elec. Mfg., 56(4): 
114-125 (October, 1955). 

Morrill, C. D., and J. A. Blake: A Computer for Economic Scheduling and Control of 
Power Systems, Trans. AIZE, 74(part III):1136—-1141 (December, 1955). 

Moshos, G. J.: Analog Interpolator for Automatic Control, J. Assoc. Computing 
Machinery, 2(2):83-91 (April, 1955). 

Muller, Mervin E.: The Use of Computers in Inspection Procedures, Commun. 
Assoc. Computing Machinery, 1(11):7-13 (November, 1958). 

National Bureau of Standards, Applied Mathematics Series, 9, Tables of Chebyshev 
Polynomials Sn(x) and Cn(x), Washington, D.C., 1952. 

Newell, A.: The Chess Machine: An Example of Dealing with a Complex Task by 
Adaptation, Proc. Western Joint Computer Conf., Los Angeles, Mar. 1-8, 1955, pp. 
101-108. 

Nichols, J. R.: Tape Gives Turret Lathe Short-run Flexibility, Am. Machinist, 99(16): 
106-109 (Aug. 1, 1955). 

Norden, P. V.: Curve Fitting for a Model of Applied Research and Development 
Scheduling, IBM J. Research Development, 2(3) :232-248 (July, 1958). 

Nuclear Codes Group, Virginia Nather and Ward Sangren, Abstracts—Nuclear 
Reactor Codes, Commun. Assoc. Computing Machinery, 2(1):6-32 (January, 1959). 
Oettinger, Anthony G.: Account Identification for Automatic Data Processing, J. 
Assoc. Computing Machinery, 4(3) :245-253 (July, 1957). 

Otis, E. J.: Optimized Control through Digital Equipment, Proc. Eastern Joint Com- 
puter Conf., Washington, D.C., Dec. 9-13, 1957, pp. 45-49. 

Payne, A. H.: Stock Transaction Records on the Datatron 205, Proc. Eastern Joint 
Computer Conf., Washington, D.C., Dec. 9-13, 1957, pp. 183-186. 

Peaslee, L. R.: Tape-controlled Machines, Elec. Mfg., 52(5):102-108 (November, 
1953). 

Proceedings on the Conference on What Is Operations Research Accomplishing in 
Industry? Case Institute of Technology, Cleveland, Ohio, 1955. Also proceedings 
of similar conferences, 1951, 1953, and 1954. 

Ragazzini, J. R., and L. A. Zadeh: The Analysis of Sampled Data Systems, Trans, 
AIEE, T1(part II) :225-234 (November, 1952). 

Recorded Blueprint Dimensions Control Machine Tools, Automatic Control, 8(1): 
26-27 (July, 1955). 

Retzinger, L. P., Jr.: An Input-output System for a Digital Control Computer, Proce. 
WESCON Computer Sessions, Los Angeles, Aug. 25-27, 1954, pp. 67-76. 

Rotkin, I.: The Mechanization of Letter Mail Sorting, Proc. Eastern Joint Computer 
Conf., Washington, D.C., Dec. 9-13, 1957, pp. 54-57. 

Rubinoff, Morris: Analogue vs. Digital Computers—A Comparison, Proc. IRE, 
41 :1254-1262 (October, 1953). 

Rubinoff, Morris: Digital Computers for Real-time Simulation, J. Assoc. Computing 
Machinery, 2(3):186-204 (July, 1955). 

Rubinoff, Morris: Some Recent Developments in Real-time Digital Simulation and 
Control, Proc. First Flight Simulation Symposium, White Sands Proving Ground, 
White Sands, N.M., September, 1957, pp. 20-33. E 


Rutishauser, von Heinz: Uber die Instabilitat von Methoden zur Integration gewohn- 
licher Differentialgleichungen, Z. angew. Math. Phys., 3:65-74 (1952). 

Salveson, M. E., and R. G. Canning: Automatic Data Processing in Larger Manufac- 
turing Plants, Proc. Western Joint Computer Conf., Los Angeles, Feb. 4—6, 1953, pp. 
65-73. . 

Salzer, John M.: System Compensation with a Digital Computer, TRH Convention 
Record, part 5, Aeronautical Electronics and Telemetry, New York, 1954, pp. 179-186, 


126. 
127. 
128. 
129. 
130. 
131. 
132, 
133. 
134, 
135. 
136. 
137. 
138. 
139. 
140. 
141. 
142, 
143. 
144, 
145. 
146. 


147. 


148. 
149. 
150. 
151. 


152. 


153. 


REFERENCES 21-99 


Scarborough, James B.: Numerical Mathematical Analysis, 2d ed., esp. chaps. 1-6, 16, 
Johns Hopkins Press, Baltimore, 1950. 2 

Scarbrough, A. D.: An Analog-to-digital Converter, IRE Trans. on Electronic Com- 
puters, EC-2(3) :5-7 (September, 1953). 

Schelkunoff, Sergei A.: Applied Mathematics for Engineers and Scientists, esp. pp. 
36-38, D. Van Nostrand Company, Inc., Princeton, N.J., 1948. : 
Schneider, D. B., and H. V. Nelson: Numerical Positioning Control (Staff Report), 
Elec. Mfg., 56(3):122-127 (March, 1955). 

Selfridge, R. G.: Approximations with Least Maximum Error, Pacific J. Math., 
3 :247-255 (March, 1953). 

Shaffer, S. J.: Ready-to-wear Unit Control Procedure, Trends in Computers: Auto- 
matic Control and Data Processing, Proc. Western Joint Computer Conf., «os Angeles, 
8-59, Feb. 11-12, 1954, pp. 82-88. 

Shannon, C. E.: Computers and Automata, Proc. JRE, 41 :1234-1241 (October, 1953). 
Shannon, C. E., and E. F. Moore: Machine Aid for Switching Circuit Design, Proc. 
IRE, 41:1348-1351 (October, 1953). 

Sopka, J. J.: An Analysis of Adequate Inventory Levels, IBM J. Research Develop- 
ment, 3(1): 54-57 (January, 1959). 

Stoker, J. J.: On the Stability of Mechanical Systems, Commun. Pure Appl. Math., 
8:133-141 (February, 1955). 

Stone, J. J., Jr., B. B. Gordon, and R.S. Boyd: Physical Simulation of Nuclear Reac- 
tor Power Plant Systems, Proc. Hastern Joint Computer Conf., Washington, D.C., 
Dec. 9-13, 1957, pp. 80-83. 

Tape-controlled Circuit Wiring, Automatic Control, 3(4):8-9 (October, 1955). 

Taylor, C. H., Jr.: A Coordinated Data-processing System and Analog Computer to 
Determine Refinery-process Operating Guides, Proc. Eastern Joint Computer Conf., 
Washington, D.C., Dec. 9-13, 1957, pp. 34-39. 

Teichman, T.: Closed Loop Control Systems Containing a Digital Computer, JRE 
Trans. on Electronic Computers, EC-4(3):106-117 (September, 1955). 

Teichroew, D.: Use-of Continued Fractions in High Speed Computing, Mathematical 
Tables and Other Aids to Computation, 6:127—132 (July, 1952). 

Thomas, A. G.: Electronic Tape Control System Uses Step Motor Drive, Automation, 
2(3) :62—63 (March, 1955). 

Tou, Julius: High Accuracy Operational Digital Simulation, Proc. Natl. Simulation 
Conf., January, 1956, pp. 11.1-11.6. 

Truxal, John G.: Automatic Feedback Control System Synthesis, chap. 9, McGraw- 
Hill Book Company, Inc., New York, 1955. 

Tustin, A. (Ed.): Automatic and Manual Control, esp. pp. 13-44, Butterworth & Co. 
(Publishers), Ltd., London, 1952. 

Wall, H.S.: Analytic Theory of Continued Fractions, D. Van Nostrand Company, Inc., 
Princeton, N.J., 1948. 

Wedel, J. J., A. Huntington, and M. B. Bain: Automatic Data-accumulation System 
for Wind Tunnels, IRE Trans. on Electronic Computers, EC-5(1) :7-11 (March, 1956). 
Whitby, Oliver: The Automatic Handling of Business Data, Trends in Computers: 
Automatic Control and Data Processing, Proc. Western Joint Computer Conf., Los 
Angeles, S-59, Feb. 11-12, 1954, pp. 75-79. 

Wilks, P. A., Jr.: Analysis Moves from Lab to Line, Control Eng., 1(2) :42-46 (October, 
1954). 

Williamson, D. T. N.: Computer Controlled Machine Tools, Trans. AIEE, 74(part I): 
70-74 (August, 1955). 

Winter, A. J.: A Magnetically Coupled Low-cost High-speed Shaft Position Digitizer, 
Proc. Western Joint Computer Conf., Los Angeles, Feb. 4—6, 1953, pp. 203-207. 
Wong, S. Y.: Traffic Simulator with a Digital Computer, Proc. Western Joint Com- 
puter Conf., San Francisco, Feb. 7-9, 1956, pp. 92-94. 

Wooldridge, Dean E.: Trends in Electronic Business Data Systems Development, 
Trends in Computers: Automatic Control and Data Processing, Proc. Western Joint 
Computer Conf., Los Angeles, S-59, Feb. 11-12, 1954, pp. 16-22. 

Zadoff, S., and J. Rattner: Use of a Digital Computer for Airborne Guidance and 
Navigation, Proc. Eastern Joint Computer Conf., Washington, D.C,, Dec, 9-13, 1957, 
pp. 64-68. . 


INDEX 


Abbreviations for analog computers, 1-6 
Absolute-value circuit, 3-73 
A-C amplifiers, resistance-coupled, 2-47, 
2-48 
A-C analog computers, 8-16 to 8-18 
A-C network analyzer, 9-61 to 9-68 
A-C synchronous motors, 18-47, 18-48 
Acceleration error, 5-37, 5-39 
Acceleration limit, 3-19 
Accelerometer, simulation of, 5-35 
Access time, 12-32, 12-33, 12-90, 12-117 
information transfer and, 16-15, 16-16 
Accumulator, carry operation, 16-25 to 
16-27 
examples of, 20-11, 20-13, 20-17 
parallel binary, 15-17 
serial binary, 15-12, 15-13, 16-13 
serial register and, 15-10, 15-11 
Add-multiply command, 17-24 
Add-subtract, selective (binary), 18-33, 
18-34 
Add-subtract counters, 18-34 
Adder, circuit design, 14-18 
digital differential analyzer, 19-39, 19-40 
root-mean-square, 3-76, 7-25, 7-26, 8-21 
serial binary, 15-9, 15-10 
serial half-adder, 15-8, 15-9 
Adder-subtractor, mechanical analog, 8-2 
to 8-4 
Addition, analog, basic circuits, 5-5 to 5-7 
mechanical, 8-2 to 8-4 
of RMS values, 8-21 
digital, binary, 15-2 
decimal, 15-21 
floating-point numbers, 15-22, 15-23 
octal, 15-3 
digital differential analyzer, 19-39 to 


Address, digital differential analyzer, 19-25, 
19-71 
IBM 650, 20-10 
LGP-30, 20-15 
sequence, 16-5 
stored-program computer systems, 16-8 
to 16-11 
Address modification, 20-28 to 20-30 
Adjoint-system method, 5-101, 5-107 
Administration, analog computers, large 
installations, 4-41 to 4-44 
(See also Management problems) 
Acrodynamic coefficients, 6-51 
Acroolagticity, 6-62 
AGO for resolvers, 8-27 to B20 


x 


Aircraft, control systems, analog, 5-60 to 
5-62 
flight equations, 5-49 to 5-60 
flight simulation, analog, 5-64 
digital, 21-56 to 21-59 
flight tables, 5-65 to 5-71 
navigation systems, digital, 21-81 to 
21-84 
Aircraft Marine Products, AM-P shielded 
patchbay system, 4-27 
Airfoil mapping, 6-56 
Algebra, Boolean, 14-14, 16-12 
(See also wnder Boolean) 
Algebraic equations (see Equation solving) 
ALGOL 60, 17-4, 17-26 to 17-37, 20-20 
examples, 17-29 to 17-31, 17-37 
syntax, of declarations, 17-35, 17-36 
of expressions, 17-31 to 17-34 
of statements, 17-34, 17-35 
Aliasing errors, 6-26, 6-43 to 6-48 
Alphabets, 14-7 to 14-12 
group, 14-7, 14-8, 14-10, 14-11 
Hamming, 14-8 to 14-10 
parity-check, 14-7, 14-8 
Plotkin, 14-12 
Reed-Muller, 14-11, 14-12 
(See also Symbols, coding) 
AM-AM multiplier, 3-46, 3-47 
AM-FM multiplier, 3-48, 3-52 
AM-PM multiplier, 3-48 to 3-50, 7-12 to 
7-14 
Ampere, 10-4 
Ampex FR 1100 tape transport, 6-12, 6-13 
Amplifiers, analog computer, a-c resist- 
ance-coupled, 2-47, 2-48 
circuits, 2-17 to 2-20, 2-72 to 2-82 
test, 4-44 to 4-46 
d-c (see D-C amplifiers) 
direct-analogy network, 9-45 to 9-48 
errors in, 2-8, 2-41, 2-57, 2-58, 7-29 
parallel-feedback, 2-8, 2-16, 2-17 
performance equations, 2-8, 2-41, 2-42 
repetitive computers, 6-20 to 6-22 
specifications, 2-73 
transfer impedances, 2-20 to 2-27 
digital computer, 11-13 to 11-38 
amplifier response, 11-1, 11-2 
_ audio, RC coupled, 11-25 to 11-28 
transformer-coupled, 11-33, 11-34 
cathode-coupled, 11-24 
direct-coupled, 11-18 to 11-24 
wating, 12-125 
road, 12-88 to 12-00 
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Amplifiers, digital computer, regulator, 
11-24, 11-25 
tuned, 11-34 to 11-36 
video, 11-28 to 11-33 
Williams-tube system, 12-39, 12-40 
Amplitude-distribution analyzers, 5-106 to 
5-109, 6-19, 6-31, 6-32 
Ani modulation, tape recording, 
Ce 
Amplitude scaling, 5-12, 5-13 
Amplitude-selection multiplier (see Tri- 
angle-integration multiplier) 
Amplitude selector, 3-70, 3-80 
Analog comparator (see Comparator) 
Analog computers, abbreviations, 1-6 
a-c/electromechanical, 8-16 to 8-18 
applications, 1-5 
table, 5-23 to 5-34 
(See also Programming; specific 


applications) 
block-diagram symbols, 1-6 to 1-10, 
5-5, 8-4 
bic with digital computers, 6-42 to 
52 


compared with digital computers, 1-4, 
as control-system components, 6-35 to 
6-42 
d-c, 1-4 
compared with a-c, 8-17, 8-18 
definition, 1-3, 1-4 
direct-analogy, 9-3 to 9-87 
large installations, 4-40 to 4-44 
types, comparative data, 4-43 
mechanical, 8-2 to 8-16 
network analyzers, 9-61 to 9-68 
repetitive, 6-17 to 6-25, 6-31 to 6-34 
small and medium-sized, 4-34 to 4-39 
desk-top, 4-38, 4-39 
expandable, 4-39 
transistorized, 7-1 to 7-36 
Analog controller, 6-40 
Analog-digital computers (see Hybrid 
analog-digital computers) 
Analog-to-digital converters, 3-71, 6-44, 
6-45, 18-29 to 18-42 
binary-increment multiplier, 7-15 to 7-18 
with digital differential analyzers, 19-55 
frequency-to-number, 18-41, 18-42 
position-to-number, 18-35 to 18-41 
time-to-number, 18-41 
voltage-to-number, 18-30 to 18-35 
Analog-digital simulation, combined, 6-42 
to 6-52, 21-54 to 21-56 
Analog memory pair, 6-32 to 6-34, 6-54 
Analogous quantities, 9-3 to 9-6 
AND, logical operator, 17-33 
AND circuit, logical, 14-13, 16-12 
negative, 13-1, 13-2, 13-4 
positive, 13-1, 13-2, 13-4 
AND gate, 13-1 to 13-6, 16-19 
crystal-diode, 13-4, 13-5 
notation, 15-5 
parametric amplifier, 13-14 
Angle of attack, 5-53, 5-54 


Approximations of time delay, higher- 
order, 6-5, 6-7 
lumped-parameter, 6-5, 6-6 
Arccosine generator, 7-22, 7-23 
Arcsine generator, 7-21 to 7-23 
Arithmetic, 15-1 to 15-26 
binary (see Binary numbers) 
decimal, 15-21, 20-7 
digital computer systems, classification 
by, 20-6, 20-7 
parallel, 15-17 to 15-21, 16-20 to 16-27, 
19-26 
in relay-type computers, 20-4, 20-5 
sequence scheme, 15-23, 20-23 
serial, 15-8 to 15-16, 16-18 to 16-20, 
20-11, 20-14, 20-17 
serial-parallel, 15-19 to 15-21 
Arithmetic channels, digital differential 
analyzer, 19-19 to 19-22 
Arithmetic command list, 17-12 to 17-14 
Arithmetic expressions, ALGOL 60, 17-32 
Arithmetic units, 15-10 to 15-26 
digital differential analyzer, 19-26 
parallel, 15-17 to 15-19 
serial, 15-8 to 15-16, 16-18 to 16-20, 
20-11, 20-14, 20-17 
serial-parallel, 15-19 to 15-21 
structure, 15-24 to 15-26 
timing and synchronization, 16-17, 16-18 
parallel, 16-20, 16-21 
serial, 16-18 to 16-20 
Arizona, University of, simulation board, 
4-37 
Arrays, 17-5, 17-27, 17-36 
Arrhenius equation, 5-83 
Asymmetrical networks, 9-76 
Attenuation, 11-8 
Autocorrelation function, 5-94, 5-95 
analog-computer methods for finding, 
5-98 to 5-101 
measurement of (see Correlators) 
Autocycler, 4-12, 4-13 
Automatic gain control for resolvers, 3-27 
to 3-29 
Automatic programming, analog com- 
puters, 6-30 to 6-34, 9-67 
digital computers, 17-25, 17-26, 21-41 
Automatic sequential computation, 6-32 
to 6-34 


Backlash, in computer servos, 3-13, 3-16 
simulation of, 5-43, 5-45 to 5-49 

BALANCE CHECK mode, 4-8 

Balancing, automatic, of d-c amplifiers, 
2-51 to 2-56 

Ball-and-disk integrator, 8-4 

Balser-Silverman-Wagner channel and 
detector, 14-12, 14-13 

Bank check reading, 18-19, 18-20 

Barium titanate, 12-107 

Base-case solution, 9-67 

Base quantities for network analyzers, 
9-63 
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Beam equations, 5-110 
analog solution, 5-116 to 5-119, 5-129 to 
§-132 
direct-analogy computers, 9-12 to 
9-19, 9-37 
Beam power tubes, 10-14 
Beam rider, 5-60, 5-61 
Beckman/Berkeley, Model 1048B, 2-68, 
2-73, 2-74, 3-59 
Model 1148, 2-73, 2-74 
Bell function, 5-18, 5-19 
Bell-Strauss pile simulator, 5-88 
Bell Telephone Laboratories, DIAD sys- 
tem, 19-13 
relay machine, 19-9 
Bendix flight table, 5-69 
Bendix G-15 computer, 20-15 to 20-19 
Berkeley Computation Center, Los 
Angeles, 4-43 
Bidirectional limiters, transistor, 7-20, 7-21 
Biharmonic equation, analog solution, 9-79, 
9-80 
(See also Beam equations) 
Binary accumulator, parallel, 15-17 
serial, 15-12, 15-13, 16-13 
Binary adder, serial, 15-9, 15-10 
Binary addition, 15-2 
Binary-arithmetic units, parallel, 15-17 to 
15-19 
serial-parallel, 15-19 to 15-21 
Binary-coded-decimal attenuator, 7-16 
Binary coding (see Coding) 
Binary counters, 15-7, 21-90 
Binary division, serial, 15-15, 15-16 
Binary-increment multiplier, 7-15 to 7-18 
Binary multiplication, 15-2 
serial, 15-13, 15-14 
stored-carry, 15-18, 15-19 
Binary numbers, 14-1, 14-2, 15-2, 15-3 
coded decimals, 14-2, 14-3, 15-4, 15-5 
reflected, 18-40 
representation of integers, 15-2 
Binary operational multiplier, 21-74, 21-75, 
21-89 to 21-94 
Binary weighted-discharge circuit, 18-43 
Biquinary code, 14-4, 15-4 
Bistable condenser, 12-110 to 12-112 
Bistable magnetic cores (see Magnetic 
cores) 
Block diagrams and symbols for analog 
computers, 1-6 to 1-10 
dynamical-system studies, 5-42 to 5-49 
mechanical, 8-4 to 8-12 
programming, 5-5 to 5-12 
servomechanisms, 1-9, 1-10, 5-36 to 5-42 
Blocks (compound statements), 17-28 
Bode plots, differential-analyzer repre- 
sentation of transfer functions, 2-28 
to 2-40 
Body axes, 5-50 
Body Coordinate System (BCS), 5-50 
Boolean algebra, 14-14, 16-12 
Boolean expressions, ALGOT, 60, 17-32, 
17-83 
in Polish notation, 19-7 


. 


Boolean expressions, vector, 17-5 
Boolean logic, origin of, 19-5 
Boolean numbers, 17-4, 17-5 
Boolean variables, 17-2 
Bootstrap circuit, 2-81, 2-82 
Bottle plug, 4-30, 4-36 
Boundary conditions for beam problems, 
9-14, 9-15 
Boundary-value problems, analog solu- 
tion, 5-112 to 5-119 
digital solution, 21-6, 21-7 
Bounded-distance detectors, 14-12 
Bridge limiter, 3-66 
block-diagram symbol, 1-10 
Bucket-brigade approximation of time 
-delay, 6-8 
Buffer inverters, 11-5 to 11-7, 15-5, 16-12 
Buffer storage, 12-92, 16-5, 20-7, 20-8 
Buffer storage unit, 12-91 to 12-97 
in analog-to-digital conversion, 6-44, 
6-45 
Burroughs computer using Polish nota- 
tion, 19-7, 19-8 
Burroughs electrostatic printer, 18-7 
Bush analyzer, 19-14 
Business, data processing, 21-13 to 21-19 


Cabinets, analog computers, 4-33, 4-34 
Cabling capacitances, 4-32, 4-33 
Calculus, propositional, 14-13, 14-14 
California, University of, digital computer 
(CALDIC), 12-32 
California Institute of Technology, poly- 
nomial root extractor, 19-9 
pulse-height sorter, 19-12 
Cam-milling machine, 21-75 to 21-77 
Cam potentiometer, 3-33 
Cams, 8-2, 8-6, 8-7 
Canadian Westinghouse Co., Ltd., 6-8, 
6-10, 6-11 
Cap and cup, 14-14 
Capacitances, stray, in analog computers, 
4-32, 4-33 
Capacitor discharge to least significant 
digit, 18-35 
Capacitor-storage time delay, 6-8 to 6-10 
Capacitor wheel, 6-8, 6-10, 6-11 
Capacitors for analog computers, 2-55, 
2-60 to 2-64 
equivalent circuits, 2-61, 2-62 
+. network type, 9-37, 9-39, 9-44, 9-45, 
9-62 
Carbon paper, 18-51 
Cards, magnetic, 18-19 
punched, 18-8 to 18-13 
alphanumeric, 18-8, 18-9 
binary, 18-8, 18-9 
converters to magnetic tape, 18-11 
programming, 16-5 
punching, 18-12, 18-138 
reading, 18-8, 18-10 to 18-12 
sorting (wee Sorting) 
trailer, 21-19 to 84-21 
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Carry operation, arithmetic, 15-8 to 
15-10, 15-18, 16-25 to 16-27 
Carry suppression, 15-10 
Cathode-bias resistor, effect on d-c ampli- 
fier, 2-45, 2-46 
Cathode-coupled amplifiers, 11-24 
Cathode-follower coincidence circuit, 13-2, 
13-3 
Cathode followers, 11-2 to 11-4, 11-22 to 
11-24, 13-2 
Cathode-ray-tube function generator, 3-68 
to 3-70, 3-73, 3-74, 3-79, 3-80 
Cathode-ray-tube scanners, 3-69, 3-70 
Cathode-ray tubes, in analog-to-digital 
converters, 18-32, 18-39 
recording techniques, 18-57, 18-58 
symbol displays, 18-25 to 18-29 
Williams-tube system, 12-40, 12-41 
Characters (see Alphabets; Symbols) 
Charactron printer, 18-7 
Chebyshev polynomial, 21-47 to 21-49 
Check reading, 18-19, 18-20 
Checking analog computers, 5-19 to 5-22 
network type, 9-59 
(See also Problem checking) 
Chemical reactions, simulation of, 5-82 
to 5-85 
Chopper, electromechanical, 7-3, 7-4 
Chopper amplifier, transistor, 7-32 to 7-34 
Chopper checker, 4-55 
Chopper stabilization of d-c amplifier, 
2-51 to 2-55, 7-2 to 7-6, 7-32 to 7-34 
Circuits, analog computer, amplifier and 
power-supply, examples, 2-72 to 2-82 
differential-analyzer representation of 
transfer functions, 2-28 to 2-40 
diode limiter (see Limiter circuits) 
for Ameen i studies, 5-42 to 
5-49 
programming, basic, 5-5 to 5-12 
test, 4-44 to 4-54 
digital computer, AND (see AND circuit) 
carry, 14-17, 15-9 
clipping, 11-8, 11-32 
coupling, 10-7, 11-34 
delay, 11-9, 11-10, 16-12 
end-pulse, 11-13 
logic in design, 14-17, 14-18 
logical, elementary, 16-11, 16-12 
microwave, 11-37 
OR (see OR circuit) 
parallel, 10-6 
pulse-broadening, 11-11 to 11-13 
pulse-generating, 11-13 
RC, 10-6, 10-7 
RLC, 10-8 
series, 10-6 
signal-modifying, 11-7 to 11-13 
single-input component, 11-1 to 11-38 
sum, 14-17 
switching, 13-1 to 13-16 
magnetic-core, 12-64 to 12-90 
Clamp circuit, 11-5 
Clear-and-add, 15-12 
Clear-and-subtract, 15-12 


Clipping circuits, 11-8, 11-32 
Clock, constant-frequency, 16-18 
word, 16-14 
Clock pulse, 15-6, 16-19 
time-to-number converters, 18-41, 18-42 
Closed-shop operation of computers, 4-42 
Clutch, simulation of, 5-41 
COBOL, 21-41, 21-42 
Code wheel, position-to-number converter, 
18-36, 18-39, 18-40 
Code-wheel servo, 18-45, 18-46, 18-48 
Coded-disk digitizer, 21-67, 21-68 
Coding, 14-1 to 14-13, 17-2 to 17-38 
alphabets (see Alphabets) 
binary, 14-1, 14-2, 15-2 
decimal, 14-2, 14-3, 15-4, 15-5 
reflected, 18-40 
biquinary, 14-4, 15-4 
cyclic, binary, 18-40, 18-41 
for scalar product, 17-8 
defined, 17-2 
error detection, 14-4, 14-6, 14-7 
geometrical models, 14-5, 14-6 
items, 17-4 
methods compared, 17-19, 17-20 
redundancy, 14-3 to 14-5 
relay-type digital computers, 20-3 
symbols (see Symbols) 
teletype, 18-2, 18-3 
(See also Programming) 
Coefficient-setting potentiometer (see 
Potentiometers) 
Coincidence circuit, 13-1 to 13-6, 15-5, 
16-12 
cathode-follower, 13-2, 13-3 
crystal-diode, 13-4 
vacuum-diode, 13-1, 13-2 
vacuum-tube, 13-3 
Coincidence gate with memory, 13-6, 13-7 
Coincident-current selection, 12-52 to 
12-55 
matrices, 12-53 to 12-56 
Coincident-current storage units, 12-80 to 
12-86 
driving and switching systems, 12-81 to 
12-86 
maintenance, 12-102, 12-103 
system design, 12-98 to 12-100 
Closed-loop gain, measurement, 4-45 
Command list, 17-10, 17-12 to 17-14 
Command-pulse distributor, 16-31, 16-32 
Command system, 17-23, 17-24 
four-address, 17-24 
single-address, 17-23 
three-address, 17-23. 
two-address, 17-23 
Commands, add-multiply, 17-24 
analog, conversion to, 21-68, 21-69 
arithmetic, 17-12, 17-13 
Bendix G-15, 20-17 
IBM 650, 20-10 to 20-12 
input and output, 17-13, 17-14 
merge, 17-25 
normalize, 17-25 
program-logic, 17-14, 17-15 


INDEX 5 


Commands, repeat, 17-24 
Royal-McBee LGP-30, 20-13 
sequencing of, 16-28 to 16-32, 17-10, 20-7 
four-address computer, 20-26, 20-27 
one-address computer, 20-21, 20-23, 
20-24 
with address modification, 20-28 
two-address computer, 20-25 
shift-jump, 17-24, 17-25 
sift, 17-25 
summarize, 17-25 
Commutator stabilization, 2-55, 2-56 
Comparator, analog-voltage, 3-63, 3-70, 
5-106, 5-107 
in analog-to-digital converter, 7-17 
in analog memory, 6-32 to 6-34 
relay, 3-63 
applications, 5-40, 5-46, 5-48, 5-153 
block-diagram symbol, 1-10 
Comparison potentiometer, 2-5, 2-6 
Compilers, 17-25 
Complement, 14-3, 15-11, 15-14, 15-15 
Complementary-symmetry stage, 7-4 
Complete decoding nets, 14-20, 14-21 
COMPUTE mode, 4-4 
(See also Modes) 
Computer Systems, Inc., 3-52, 4-43 
CSI 5900, 4-29 
DYSTAC, 6-32 to 6-34 
Model MC-508-C, 2-73, 2-76 
Computers (see Analog computers; Digital 
computers; specific models) 
Condenser, 10-5 
bistable, 12-110 to 12-112 
Condenser memory, 15-116 to 12-126 
access drivers, 12-124 
block diagram, 12-124 
holding equations, 12-120 to 12-122 
reading equations, 12-123, 12-124 
writing equations, 12-122, 12-123 
Conditional expressions, ALGOL 60, 17-33, 
17-34 
Conductive-liquid analogies, 9-82 to 9-84 
Conductive rubber, 9-81 
Conductive-solid analogies, 9-80 to 9-82 
Cone integrator, 8-5 
Conformal mapping, analog method, 6-56 
Conformity of potentiometers, 3-5 to 3-9 
Connectives, logical, 14-13 
Constraints to increase accuracy (see 
Steepest-descent methods) 
Continuous resolver, 3-29 to 3-33, 3-61, 
3-73 
Contouring, 21-79 to 21-81 
Contradiction, 14-15 
Control, management, 21-33, 21-37 
Control applications, digital computers, 
21-62 to 21-94 
aircraft navigation, 21-81 to 21-84 
continuous-process control, 21-84 to 
21-86 
electric-power generation, 21-86 to 
21-89 
equation solving, 21-81 
machinestool control, 21-68 to 81-81 


. 


Control field, 3-11 
Control panel for analog computer, 4-9, 
4-10, 9-58 
Control systems, analog computers, 4-3 to 
4-12, 6-35 to 6-42 
circuits, 4-3 to 4-9 
indirect control, 6-39, 6-40 
linear operations, 6-35, 6-36 
nonlinear operations, 6-36, 6-37 
operating controls, 4-4 to 4-9 
remote control, 4-11 
slave operation, 4-11 
small, 4-38 
digital computers, large-scale, 20-20 
program (see Program control) 
timing and synchronization, 16-28 to 
16-33 
Control unit, digital differential analyzer, 
19-25 to 19-27 
repetitive analog computer, 6-24 
Control valve, simulation of, 5-38, 5-74 
‘Controllers, industrial, 6-40 
simulation of, 5-72 to 5-75 
Convair-Astronautics, 4-40, 4-44 
Convair—San ‘Diego, 4-40, 4-57 
Conversion errors, 6-46 
Converters, analog-to-digital (see Analog- 
to-digital converters) 
digital-to-analog (see Digital-to-analog 
converters) 
from magnetic tape, 18-15 to 18-18 
to magnetic tape, 18-11, 18-15 
Coordinate conversion unit, rectangular- 
to-polar, 7-26 to 7-28 
Coordinate systems for flight equations, 
5-50, 5-51 
Coordinate transformations, with analog 
computers, 5-52 to 5-57, 6-29 
(See also Resolvers) 
in network analogy, 9-8 to 9-11 
Copper-mandrel potentiometers, 2-64 to 
2-67 
(See also Potentiometers) 


* Cores (see Magnetic cores) 


Correlation functions, 5-94, 5-95 
measurement of, 5-96 to 5-98 
Correlators, analog, 5-96 to 5-98 
digital, 19-10, 19-11 
Cosine circuit, 3-33 
Cosine /sine function generator, 7-23 to 7-25 
Costs of computer operation, 21-40 to 21-42 
Coulomb, 10-4 
Coulomb friction, simulation of, 5-40, 5-45 
Counters, binary, 15-7, 21-89 to 21-91 
decimal, 15-6, 15-7, 21-91 
Hollerith, 20-3 
Coupling circuits, digital computer, 10-7, 
11-34 
Creep, analogy for, 9-86, 9-87 
Cross-correlation function, 5-94, 5-95 
analog-computer methods for finding, 
5-98 to 6-101 
measurement of (see Correlators) 
Crossespectral density, 6-05 
. measurement of, Be 102 to 6-107 


Crossed-fields electron-beam multiplier, 
3-40, 3-41 

Cryotrons, 13-13 

Crystallographic calculations, 21-11 

CSI (see Computer Systems, Inc.) 

Cubic analog interpolation, 21-70, 21-71 

Cup and cap, 14-14 

Current-generator circuits, 9-46 to 9-48, 
9-54 

Current stabilizer, 12-86, 12-87 

Current switch, 3-54, 3-56 

Cut-product approximation of time delay, 
6-5 

Cyclic code, binary, 18-40, 18-41 

for scalar product, 17-8 
Cylindrical shell, 9-29, 9-30 


Data arrangement, 16-6, 16-7 
Data processing, 21-13 to 21-32 
Data reduction, 21-11 
Data storage, 21-77 to 21-79 
(See also Storage) 
D-C amplifiers, design, 2-40 to 2-57 
examples, 2-72 to 2-79 
for repetitive analog computers, 6-20 to 
6-22 
for small analog computers, 4-35 
specifications, 2-40 
testing of, 4-44 to 4-46 
transistor, 7-2 to 7-6, 7-29 to 7-36 
D-C leakage, 2-60 
D-C level restoration, 11-4 to 11-5, 11-32 
D-C network analyzer, 9-61 
D-C resolvers (see Resolvers) 
D-C servo, 3-11 
D-C tachometer, specifications, 3-31 
Dead space, simulation of, 3-64, 3-65, 
3-69, 5-44 
Decade capacitor, 9-45 
Decimal arithmetic, 15-21, 20-7 
Decimal code, 14-2, 14-3, 15-4, 15-5 
Decimal counters, 15-6, 15-7, 21-91 
Decision integrator, 19-35 to 19-37 
Declarations, 17-27, 17-35, 17-36 
Decoder (see Digital-to-analog converters) 
Decoding nets (see Nets) 
Decoupled flight equations, 5-49, 5-58, 
5-59 
Deflection functions, 18-28 
Delay in correlation measurements, 5-96 
to 5-98 
Delay circuit, 11-9, 11-10, 16-12 
Delay error (see Mean-square error) 
Delay-line storage, 16-22 to 16-24 
Delay lines, electrical, 10-17, 10-18 
mercury and quartz, 12-16, 12-17 
notation and symbols, 15-6 
Demodulator for induction resolver, 3-21 
to 3-23 
Demodulator noise generator, 3-81, 3-83 
DeMorgan’s theorem, 14-16 
Desampling, 6-46 to 6-48 
Desk-top analog computer, 4-38, 4-39 
Determinants, evaluation of, 5-138 
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DIAD telephone system, 19-13, 19-14 
Dials, 2-5 
Dian Labs, New York, 4-43 
Dicap, 12-116 
(See also Condenser memory) 
Dielectric absorption, transient effects, 
2-63 
Dielectric losses, 2-60 to 2-63 
errors due to, 2-63 
Difference equations, analog solution of, 
6-29, 6-33, 6-52 to 6-54 
Differential amplifier, 2-46 
Differential analyzer, defined, 1-4 
digital (see Digital differential analyzer) 
electromechanical, 1-4 
electronic, 1-4 
representation of transfer functions, 
2-28 to 2-40 
solution of difference equations, 
6-52 to 6-54 
mechanical, 8-9 to 8-13 
Differentiating circuits, 10-7 
Differentiation, electrical, 2-21 
electromechanical, 8-9, 8-16 
by heat transfer, 8-20 
mechanical, 8-5, 8-9 
Diffusion equation, analog solution (see 
Heat exchanger; Heat flow) 
Digit-driver circuit, 12-87, 12-88 
Digit-plane winding, 12-55, 12-56 
Digitac system, 21-81 to 21-84 
Digital-to-analog conversion, machine-tool 
controls, 21-63 to 21-65 
coded-digitizer systems, 21-67, 21-68 
conversion to analog commands, 21-68, 
21-69 
quantizers, 21-66, 21-67 
stepping devices, 21-65 
Digital-to-analog converters, 6-44, 7-16, 
18-42 to 18-50 
number-to-frequency, 18-50 
number-to-position, 18-46 to 18-48 
number-to-time, 18-49 
number-to-voltage, 18-43 to 18-46 
Digital computers, analog computers com- 
pared with, 1-4, 1-5 : 
applications, control, 21-62 to 21-94 
data processing, 21-13 to 21-32 
management problems, 21-33 to 
21-42 
in science and engineering, 21-2 to 
21-13 
(See also Equation solving) 
simulation, 21-42 to 21-62 
combined with analog computers, 6-42 to 
6-52 
components, 10-3 to 10-56. 
general-purpose, 20-1 to 20-34 
examples described, 20-10 to 20-19 
large-scale, 20-19, 20-20 
relay types, 20-2 to 20-5 
special-purpose, 19-1 to 19-74 
equation solving, 19-2 to 19-5 
logic computers, 19-5 to 19-9 
(See also Digital differential analyzer) 


Digital computers, stored-program (see 
Stored-program computers) 
system design, 16-2 to 16-33, 21-36, 
21-37 
Digital correlator, 19-10, 19-11 
Digital differential analyzer, 19-14 to 
19-72, 20-19 
adder, 19-39, 19-40 
address unit, 19-25 to 19-27 
arithmetic unit, 19-26 
binary-transfer, 19-27 to 19-29 
control unit, 19-25 to 19-27 
decision integrator, 19-35 to 19-37 
function input, 19-55 to 19-58 
general-purpose techniques and, 19-67 
to 19-72, 20-19 
initial conditions, 19-40 to 19-42, 19-53 
to 19-55 
input and output, 19-53 to 19-59 
integrator, 19-15, 19-16 
integrator interconnection, 19-16 to 
19-18 
multiplication, 19-29 to 19-35 
number systems, 19-59 to 19-61 
numerical examples, 19-50 to 19-53 
output distribution system, 19-22 to 
19-27 
parallel, 19-26 
principles of operation, 19-15 to 19-29 
printed output, 19-58, 19-59 
programming, 19-61 to 19-67 
round-off error, 19-46 to 19-48 
scaling, 19-31, 19-32, 19-65 to 19-67 
serial, 19-18, 19-19 
servos, 19-35 to 19-39 
signum function, 19-39 
total error, 19-48 to 19-50 
truncation error, 19-42 to 19-46 
variable multiplication, 19-32 to 19-35 
Digital EDC (see Economic-dispatch com- 
puters) 
Digital interpolation, 21-72 to 21-77 
Digital-operational systems, 21-89 to 
21-94 
Digital servo, 3-58, 7-15 to 7-18 
Digital simulation (see Simulation) 
Digital sorting (see Sorting) 
Digits, binary, 14-2, 15-2 
symbols, 17-2 
DINA digital analyzer, 19-4, 19-5 
Diode(s), 10-10, 10-11, 10-22 to 10-29 
alluyed-junction, 10-28 
for analog computers, specifications, 
3-63 
breakdown voltage, 10-24 
characteristics (ferromagnetic shift reg- 
isters), 12-15, 12-16 
crystal, 10-22 to 10-29 
diffused-junction, 10-29 
gates, 18-1, 13-4, 13-5 
impedance, 10-26 
point contact, 10-27 
silicon, specification (condenser mem. 
ory), 12-120 
switching times, 10-26 


x 
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Diode(s), testing, 4-53, 4-54, 10-25 
transient behavior, 10-25 
vacuum, 10-10, 13-1 
Diode-bridge switch, 6-24, 6-26, 6-28 
Diode-capacitor memory, 12-116 to 12-126 
Diode choppers, 7-6 
Diode coincidence circuits, 13-1, 13-2, 13-4 
Diode function generators, 3-66 to 3-68, 
3-72 to 3-74, 3-79, 5-18, 6-18, 6-19 
automatic setting, 3-68, 4-13 
block diagram symbol, 1-8 
control-system applications, 6-36 to 6-38 
Diode limiters (see Limiter circuits) 
Diode multiplier (see Quarter-square multi- 
plier) 
Diode-ring modulator, 7-6, 7-8, 7-9, 7-13, 
7-14 
Diode switches, 12-79, 13-9, 14-20 
Direct-analogy computers, 9-3 to 9-87 
active elements, 9-45 to 9-49 
conductive-liquid analogies, 9-82 to 9-84 
conductive-solid analogies, 9-80 to 9-82 
defined, 9-3 
errors, 9-30 to 9-35 
excitation, 9-51 to 9-54 
general requirements, 9-36 
hydrodynamic and hydraulic analogies, 
9-86, 9-87 
installations, size of, 9-60 
location of components, 9-58 
loop and nodal analogies, 9-3 to 9-6, 9-46 
membrane analogies, 9-84, 9-85 
metering, 9-54 to 9-58 
nonlinear elements, 9-49 to 9-51 
operation, 9-59, 9-60 
output devices, 9-57 
passive elements, 9-37 to 9-45 
passive-network analogies, realizability 
of, 9-7 
resistance-net work analogy, 9-69 to 9-80 
structural analogies, dynamic, 9-12 to 
9-19 
static, 9-19 to 9-30 
Direction cosines, 5-59, 5-60 
Disjunctive normal forms, 14-15 
Disk, magnetic, 12-18, 12-33, 12-34 
Displays (see Symbol displays) 
Dissipation factor of capacitor, 2-60 to 2-63 
Distillation column, simulation of, 5-80 to 
5-82, 6-33 
Distortion, 11-15 
Dither (see Smoothing oscillator) 
Division, digital, decimal, 15-21 
serial binary, 15-15, 15-16 
electronic analog, 3-56, 3-58 : 
with servomultipliers, four-quadrant, 
5-7, 5-11 
two-quadrant, 5-8 to 5-11 
with transistor multipliers, 7-18 to 7-20" 
Donner Scientific Company, 3-55, 3-63 
Model 35 diode function generator, 3-74 
Model 3101, 2-73, 2-77 
Double integral, DYSTAG computation of, 
6-33 
Double registers, 16621 
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Dengiany Aircraft Co., Quadratron, 3-75 to 
Drift, 6-39 

compensation in d-c amplifiers, 2-51 

in transistor d-c amplifiers, 7-2 to 7-6, 

7-29 to 7-36 

Drivers, 11-7 

digit-plane, 12-87, 12-88 

gate, 13-5, 13-6 

for magnetic-core circuits, 12-16 

relay, 11-7 

transformer-coupled, 11-36, 11-37 
Drum, digital differential analyzer, 19-20, 

19-21 

plotter, 18-54 

symbol display, 18-21 

(See also Magnetic-drum computers) 
Drum correlator, 5-97 
Dual-control-grid tubes, 13-3, 13-4 
Duality, 14-16 

of analogies, 9-5 
Dynamic errors, in amplifiers, 2-57, 2-58 

in servomechanisms, 3-18, 5-37, 5-40 
Dynamometer multiplier, 3-40 
DYSTAC (Dynamic Storage Analog Com- 

puter), 6-32 to 6-34 


Earth Coordinate System (ECS), 5-50 
EASE (see Beckman/Berkeley) 
Eccles-Jordan transistor flip-flop, 12-4 
Economic-dispatch computers (EDC), 
5-155 to 5-159 
digital, 5-159 
EDVAC, 21-2 
Eigenvalue problems, analog solution, 
6-112, 5-113, 5-116 
digital solution, 21-6, 21-7 
Elastic stop (see Limit stops) 
Siege networks, digital simulation, 21-60, 
-61 
Electric power for computers (see Power 
supply) 
Electric-power generation, digital control, 
21-86 to 21-89 
Electrical terms, definition of, 10-4, 10-5 
Electrolytic tanks, 9-81 to 9-84 
Electromechanical (a-c) analog computers, 
8-16 to 8-18 
Electron-beam multiplier, 3-40, 3-41 
Electron-trajectory model, 9-84, 9-85 
Electronic Associates, Inc., 2-80, 3-23, 
3-56, 4-43 
Model 6.002, 2-73, 2-78 
Simulag (see Simulag) 
Electronic differential analyzer (see Differ- 
ential analyzer) 
Electronic Industries Association, tape 
dimensions, 18-2, 18-3 
Electronic musical instrument, digital, 
19-12 
Electronic resolvers (see Resolvers) 
Elgenco, Inc., 3-83 
Emitter followers, 11-2 to 11-4 
Encoder (see Analog-to-digital converters) 


“End-around carry,” 15-11 
End-pulse circuit, 11-13 
End resistance, 2-3, 2-4, 3-4, 3-5 
Energy-release motors, 18-47 
Engineering applications of digital com- 
puters, 21-2 to 21-13 
ENIAC, 12-2, 21-2 
Ensemble averages, analog computation of 
5-94, 6-31 
Equation solvers, analog, 5-133 to 5-149 
defined, 1-4 
Equation solving, analog, algebraic equa- 
tions, 5-133 to 5-139 
beam equations, 5-116 to 5-119, 5-129 
to 5-132 
direct-analogy computers, 9-12 to 
9-19, 9-37 
ee differential equations, 5-13 to 
-15 
nonlinear differential equations, 5-15 
5-16 
partial differential equations, 5-110 to 
5-132 
polynomial roots, 5-139 to 5-141 
resistance-network analogy, 9-69 to 
9-80 
digital, 6-43 
differential equations, numerical solu- 
tion, 21-50 to 21-52 
real-time solution, 21-52 to 21-54 
equation-solving controls, 21-81 
integro-differential equations, 21-7, 
21-8 
linear equations, 19-2, 19-3, 21-2 to 
21-4 
nonlinear algebraic equations, 21-8 
ordinary differential equations, 21-4 to 
21-6 
partial differential equations, 19-4, 
19-5, 21-8 to 21-10 
quadratic equation, 17-15, 17-16 
simultaneous linear algebraic equa- 
tions, 19-2 to 19-4 
electronic differential analyzer, 6-52 to 
6-54 
Equivalent circuit, of amplifier stage, 2-45, 
2-46, 2-47 
of capacitor, 2-60 to 2-63 
of potentiometer, 2-4, 2-64 
of resistor, 2-59 
Ergodic processes, 5-95 
Error-detecting codes, 14-4, 14-6, 14-7 
Errors, in amplifiers, 2-57, 2-58 
in analog-to-digital conversion, 6-46 
digital differential analyzer, 19-42 to 
19-53 
round-off, 19-46 to 19-48 | 
total, 19-48 to 19-50 
truncation, 19-42 to 19-46 
direct-analogy computers, 9-30 to 9-35 
mean-square (see Mean-square error) 
in mechanical analog computers, 8-2, 8-3 
in network analog computers, 9-30 to 
9-35, 9-59, 9-60 
in servomechanisms, 3-18, 5-37, 56-40 
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Euler angles, 5-67 to 5-69 
(See also Flight equations) 
Excess-three binary code, 14-3, 15-4, 15-5 
Excess-50 representation, 17-4 
Excitation system for network analog com- 
puter, 9-51 to 9-54 
EXCLUSIVE OR circuit, 13-6 
Expressions, arithmetic, 17-4, 17-5, 17-31, 
17-32 
Boolean, 17-4, 17-5, 17-32, 17-33 
Boolean vector, 17-5 
conditional, 17-33, 17-34 
designational, 17-34 
- Switches, 17-34 
External compensating networks, 2-51 


Fabrication error, 8-2 
Fairchild Engine and Airplane Co., 19-2, 
19-3 
Farad, 10-4 
Fault studies, 9-63, 9-68 
Feedback, negative or inverse, 11-17, 11-18 
Feedback control system, basic, block dia- 
gram, 6-35 
defined, 5-35 
Feedback limiter, 3-62, 3-65 
block-diagram symbol, 1-10 
Feedback regulation of multiplier gain, 3-51 
Ferranti truth-table computer, 19-6 
Ferrite cores, 10-21, 10-22 
materials, properties, 12-44, 12-45 
typical, 12-47 to 12-51 
Ferroelectric switches, 12-114, 12-115, 
13-11 to 13-13 
Ferroelectrics, 12-106 to 12-116 
Ferrography, 18-53 
Ferromagnetic shift register, 12-5 to 12-16 
Ferrospinels, 12-44 
Fields of data, 21-19 to 21-21 
Files, tape, 21-19, 21-20 
Film potentiometer, 3-8, 3-9 
for resolver, 3-23, 3-25 
Film resolver, 3-23, 3-25 
Finite-difference approximations, 9-30 to 
9-34 
Fixed-point arithmetic, 15-8 to 15-21, 20-6, 
20-7 
Flexowriter, 18-3 
Flight equations, 5-49 to 5-60 
Flight simulators, 5-64, 21-56 to 21-59 
Flight tables; 5-65 to 5-71 
Flight trainers, 5-65, 21-56 to 21-59 
Flip-flop, 12-3, 12-4, 16-12 
notation, 15-5 
Flip-flop shift register, 16-14 
Floating-point arithmetic, 15-22 to 15-24 
in computer classification, 20-6, 20-7 
using analog computing elements, 6-29 to 


6-31 
Floating-point numbers, 15-22 to 16-24, 
17-4, 17-31 
Flood control, 6-41 


llow, simulation of, 6-76, 6-78 
Vlow dingrame, programming, 178 to 110 


Flow transmitter, simulation of, 5-73 
Fluid-flow problem, 19-53, 19-54 
Fluid mapper, 9-86 
FM-AM multiplier, 3-48, 3-52 
Follow-up potentiometer, 3-3 
Force-current analogy, 9-3 to 9-6 
Force-voltage analogy, 9-3 to 9-6 
Four-address computer, 16-10, 16-11, 20-27 
command system, 17-24 
Four-diode switch, 6-26, 6-28 
Fourier analysis, analog methods, 6-54 to 
6-56 
Fourier coefficients, 5-114, 5-115 
Fourier inversion, 5-105 to 5-107 
Franklin Institute, 6-29 
Frequency converter, 8-21 
Frequency dependence of capacitance, 2-62, 
2-63 
Frequency modulation, tape recording, 
6-11, 6-12 
Frequency-to-number converters, 18-41, 
18-42 
Frequency response of electronic multi- 
pliers, 3-54 
Frequency stabilization, 2-49 
Friction, simulation of, 5-40, 5-45 
Fuel-cost setter, 5-155 
Function approximation, digital, 21-44 to 
21-49 
‘Function cams, 8-2, 8-6, 8-7 
Function generators, analog, 3-66 to 3-80, 
5-18, 5-19 
cathode-ray-tube, 3-68 to 3-70, 3-73, 
3-74, 3-79, 3-80 
mechanical, 8-5 to 8-9, 8-11 to 8-13 
in network analog computers, 9-49 to 
9-51 
transistor, 7-20 to 7-29 
varistor, 3-73, 3-75 to 3-77 
(See also Diode function generators) 
digital, 6-52 
hybrid analog-digital, 3-75, 3-80, 6-30, 
6-52 
Function input, digital differential analyzer, 
19-55 to 19-58 
Functions, programming, 17-7, 17-28, 
17-29, 19-29 
of two or more variables, 3-78 to 3-80 


Gain, amplifier, measurement of, 4-44, 
4-45 
Galvanometer, 18-22, 18-53, 18-54 
Game theory, 21-35 
Gas-flow process with analog control, 6-36, 
6-38, 6-39 
Gates, 13-1 to 13-6 
coincidence, 13-1 to 13-6 
with memory, 13-6, 13-7 
crystal-diode, 13-4, 13-5 
gate-driver combination, 18-5, 13-6 
vacuum-tube, 18-1 to 138-3 
(See alao AND gate; On gate) 
Gating amplifiers, 19125 
Gating pulees, time of, 16-26 
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Gauss effect, 3-41, 7-18 

Gauss-Seidel iteration, 5-134, 5-135, 19-2, 
19-3 

Gaussian noise, 5-96, 5-99, 5-109 

Gaussian-noise generators, 5-96 

Gaussian random process, 5-94 

Gears in computer servos, 3-13, 3-31 

Geiger-Mueller counter, noise generator, 
3-81, 3-82 

General Electric Company, EDC, 5-158, 
5-159 

network analyzer, 9-61, 9-64 to 9-66 

General-purpose computers (see Digital 
computers, general-purpose) 

Generator for scalar-product linear code, 
17-19 

Generator-load-setter unit in network 
analyzer, 9-63 

Geometrical models, coding, 14-5, 14-6 

Gimbal, 5-66 

Gimbal computation, 5-67, 5-68 

Gimbal lock, 5-66 

Goodyear Aircraft Corporation, 3-11, 3-29, 
3-82, 4-43 

Model GEDA A-14, 2-73 

GPS Instrument Company, Inc., special 
repetitive-computer components, 6-19 

Gradient method (see Steepest-descent 
methods) 

Grand Central Station computer classifi- 
cation system, 20-5, 20-6 

Granularity, simulation of, 5-40, 5-45 

Grid-blocking capacitor in d-c amplifier, 
2-56, 2-79, 6-21 

Grid current in d-c amplifier, 2-56 

Ground circuits for analog computers, 4-31, 
4-32 

Group alphabets, 14-7, 14-8, 14-10, 14-11 

Guided missiles (see Missiles) 

Gyro-controlled flight tables, 5-67, 5-68 


Half-adder, 14-18 
serial, 15-8, 15-9 
Hall effect, 3-41, 7-18, 7-19, 9-63 
Hall-effect multiplier, 3-41, 7-18, 7-19 
Haller, Raymond & Brown computer, 19-2, 
19-3 
Hamming alphabets, 14-8 to 14-10 
Harmonic analysis of periodic functions, 
6-56 - 
Heat balance, 5-84 
Heat exchanger, simulation of, 5-79 to 5-82, 
5-91 to 5-93, 6-29, 6-30 
Heat flow, analog representation, difference 
methods, 5-119 to 5-122, 5-126 to 
5-128 
network analogies, 9-77, 9-78 
in nuclear reactor, 5-91, 5-92 
into reactant, 5-77 
separation of variables, 5-110 to 5-112 
(See also Heat exchanger) 
Heat transfer, simulation of, 5-91 to 5-93 
Heat-transfer computing elements, 8-18 to 
8-22 


Heat-transfer transducers, 8-18 to 8-20 
self-heating, 8-20 to 8-22 
Helix-bar recorder, strobed, 18-56, 18-57 
Henry, 10-5 
Heterodyne-type spectrum analyzer, 5-103 
to 5-105 
Hewlett-Packard function generator, 3-75, 
3-77 
Hexadecimal number system, 15-2 to 15-4 
High-frequency stabilization, 2-49 
cs) a amplifier, block-diagram symbol, 
-7 
HOLD mode, of analog integrator, 4-4 to 4-8, 
6-32 to 6-34 
of continuous resolver, 3-30 
Hollerith counter, 20-3 
Homing missile, 5-61, 5-62 
Human behavior, digital simulation of, 
21-61, 21-62 
Hybrid analog-digital computers, 1-5, 6-26, 
6-29 to 6-34, 6-42 to 6-52 
(See also Digital differential analyzer) 
Hybrid analog-digital function generator, 
3-75, 3-80, 6-30, 6-52 
Hydraulic analogy, 9-86, 9-87 
Hydraulic servo, simulation of, 5-38 
Hydrodynamic analogy, 9-85 to 9-87 


IBM decision machine, 19-6 
IBM 370 printer, 18-7 
IBM 407 accounting machine printer, 18-6 
IBM 650, 20-10 to 20-12 
IBM 701-704, card-sensing circuits, 18-11 
IBM 720A printer, 18-7 
IBM 727, 6-14 
IBM Type 1402 Card Read-Punch, 18-9, 
18-10, 18-12 
IBM 1403 printer, 18-7 
Ideal response, amplifier stage, 11-1, 11-2 
Identifier, 17-4, 17-26 
Illinois, University of, coincidence gate with 
memory, 13-6, 13-7 
Image-converter tubes, 18-28, 18-29 
Implicit computation, analog, 5-7 to 5-12 
Incremental converters, 18-46, 18-47 
Incremental fuel cost, 5-156 
Incremental production cost, 1-155 
Incremental techniques, 18-35 to 18-37 
Independent linearity, 3-5 
Index register, 17-11, 17-12, 20-27 to 20-20 
single-address system with, 16-11, 20-28 
Indexing, 17-7, 17-27 
Indicators, strobed, 18-22, 18-23 
Inductance, 10-5 ‘ 
Induction resolver, 3-19 to 3-23, 8-16, 8-17 
(See also Resolvers) 4 
Inductors for network analog computers, 
9-39, 9-41 to 9-44, 9-62, 9-63 
Industrial controllers, simulation of, 5-72 to 
5-75, 6-40 
Inelastic stop (see Limit stops) 
Information, parallel and serial representi« 
tion, 16-13, 16-14 
(See also under Parallel; Serial) 
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Information, periodicity of flow, 16-14, 
16-15 
transfer of, and access time, 16-15, 16-16 
between memories, 16-16, 16-17 
translation from serial to parallel, 16-14 
Information coding (see Coding) 
Inhibit winding, 12-55, 12-56 
Initial conditions, scaling, 5-7 
Initial-value problems, 21-4 to 21-6 
Input circuits for computer servos, 3-14, 
3-15 
Input impedance, of amplifier stage, 2-48 
of operational amplifier, 2-17 
Input and output, analog, for random proc- 
esses, 5-94, 5-95, 5-99 to 5-102 
digital, 18-1 to 18-58 
ALGOL 60, 17-29 
command list, 17-13, 17-14 
control, 16-5 to 16-7 
relay types, 20-5 
digital differential analyzer, function 
input, 19-55 to 19-58 
initial-condition input, 19-53 to 19-55 
output distribution system, 19-22 to 
19-27 i 
printed output, 19-58, 19-59 
Input-output programmer, analog, 4-13, 
4-15 
Instructions (see Commands) 
Integers, 17-4 
Integrating servo, 3-29 
Integrator, analog, defined, 1-4 
electronic, 5-7 
block-diagram symbol, 1-7 
heat-transfer, 8-20 
reset circuits, 6-22 to 6-25, 6-27, 
6-28 
mechanical, 8-2, 8-4, 8-5, 8-10 
modes, 4-4 to 4-8 


digital differential analyzer, 19-15, 19-16 


decision, 19-35 to 19-37 
interconnections, 19-16, 19-17, 19-42 
to 19-50 

Interconnections, analog computers, 4-30 
to 4-33 

Interlacing, Royal-McBee LGP-30, 20-15 

Interlocking circuits, 16-5 

Interpolation, analog, 3-78, 3-79 
cubic, 21-70, 21-71 
linear, 21-69, 21-70 

digital, 21-72 to 21-77 
in machine-tool control, 21-69 to 21-77 
spline, 21-71, 21-72 
Interpolator, cubic, 21-70, 21-71 
spline, 21-71, 21-72 

Interpretive system, 17-21, 17-22 

Interrupt logic, 20-30 to 20-33 

Interstage network, d-c amplifier, 2-48, 
2-49 

Inventory control, 21-15 to 21-17 

Inverter, buffer (see Buffer inverters) 

circuit, 16-12 
- notation, 165, 16-6 


Inverting gates, Bendix G15, 80615, 20-16, 


20-18 


. 


IRE standard symbols for analog com- 
puters, 1-7 to 1-10 

Isograph, 5-140, 5-143, 5-144 

I.T.E. Circuit Breaker Co., 9-61 

Item (information unit), 17-4 

Item (unit record), 21-19 


Jet-engine test facility, computer control of, 
6-38, 6-39 

Jevons logic computer, 19-5 

Joule, 10-4 

Jump (see Transfer of control) 

Junction, programming, 17-8 

Junction transistor (see Transistor) 


Kalin-Burkhart logical truth calculator, 
19-5, 19-6 

Karnaugh magnetic switch, 12-8, 12-9 

Keys, data, 21-19 to 21-21 

Kidde Warehouse System, 21-40 

Kirchhoff’s laws, 10-5, 10-6 


Lag-lead networks, 2-49 to 2-51 
Language (see ALGOL 60; Alphabets; Cod- 
ing; Commands; Symbols) 


-Laplace’s equation, analog solution, 9-69 to 


9-76, 9-80 to 9-86 
Large-scale digital computer, 20-19 to 
20-33 
Leakage, in capacitors, 2-60 
in patch cords, 4-29 
in patchboards, 4-27 to 4-30 
Least-square polynomial approximation, 
21-45 to 21-47 
LGP-30, 20-12 to 20-16 
Limit stops, for computer servos, 3-14, 3-27 
simulation of, 5-43, 5-46 to 5-49 
Limiter circuits, basic diode, 3-62 to 3-66 
bridge limiter, 3-66 
comparators, multivibrators, and others, 
3-63, 3-70, 3-71 
precision, 3-62, 3-63, 3-67, 3-69 
symbols, 1-10 : 
transistor function generator, 7-20, 7-21 
transistor multiplier, 7-10, 7-14, 7-15 
Line printer, 18-6 to 18-8 
Line unit, 9-62 
Linear analog interpolation, 21-69, 21-70 
Linear code, scalar product with, 17-19, 
17-20 
Linear control operations, analog, 6-35, 
6-36 
Linear equations (see Equation solving) 
Linear method of reading, 12-58 to 12-60 
Linear-programming problems, analog- 
computer solution, 5-149 to 5-152 
Linearity of potentiometers, 2-3, 2-4, 3-4 to 
8-8 
Linearization of control characteristics, 
_ 6-37, 6-38 
Linkages, 8-2, 8-3, 8-8, 8-0 
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Load-equalizing resistors in servomulti- 
pliers, 1-9, 3-8, 5-8, 5-10, 5-12 
Load-flow studies, 5-155 to 5-159, 9-68 
Load resistance, effect on d-c amplifier, 
2-46, 2-47 
Load-setter unit, 9-63 
Load unit, 9-62 
Loading of potentiometers (see Potentiom- 
eter loading) 
Loading slide rule, 5-155, 5-156 
Logarithmic multiplier, 3-41, 3-42 
Logic, in circuit design, 14-17, 14-18 
interrupt, 20-30 to 20-33 
Logical circuits, elementary, 16-11, 16-12 
Logical computer, 19-5 to 19-9 
Logical section, IBM 650, 20-10, 20-11 
Loop, magnetic-drum computer, 20-8, 20-9 
(See also Register, circulating) 
Loop analogy, 9-3 to 9-6, 9-46 
Loops, minor, in magnetic storage cores, 
12-56 to 12-58, 12-67, 12-68 
transfer, in shift registers, 12-7 to 12-10 
Lukasiewicz notation, 19-7, 19-8 


Machine-tool control, 21-63 to 21-81 
Magnetic amplifiers, 3-11 
Magnetic cards, 18-19 
Magnetic cores, 10-18 to 10-22, 12-14, 
12-15, 12-41 to 12-45 
adverse environments, 12-100, 12-101 
bidirectional switches, 12-77, 12-78 
binary switches, 12-68 
characteristic curves, 12-15 
characteristics, 12-14, 12-42 
coincident-current selection, 12-52 to 
12-55 
coincident-current storage, 12-80, 12-81 
control by switch, 12-56 
drivers for, 12-16 
ferrites, 10-21, 10-22, 12-44, 12-45 
geometry, 12-45 to 12-47 
inhibit winding, 12-55 
logical representation, 12-6 
maintenance, 12-102, 12-103 
materials, 12-42 to 12-45 
matrices, 12-55 
metal tapes, 12-43, 12-44 
minor loops, 12-56 to 12-58, 12-67, 12-68 
nondestructive read-out, 12-103 to 
12-105 
read amplifier, 12-88 to 12-90 
recovery times, 12-16 
saturated loops, 12-57, 12-58 
sense windings, 12-60 to 12-64 
stability, 10-22 
storage, 12-41 to 12-106 
switch drive, 12-83, 12-84 
switches, 12-8, 12-9, 12-64 to 12-80 
switching concepts, 12-5, 12-6 
switching times, 12-42, 12-43 
system, 12-80 to 12-106 
technical data, 10-20, 10-21 
testing, 12-51, 12-52, 12-101, 12-102 
thin films, 12-44 


Magnetic cores, transfer loops, 12-7 to 
12-10 
transformer drive, 12-82, 12-83 
types, 12-43 to 12-45 
unidirectional switches, 12-71 to 12-77 
word selection, 12-58 to 12-60 
Magnetic disk, 12-18, 12-33, 12-34 
Magnetic-drum computers, analog, 6-14 to 
6-16 
digital, 6-14 to 6-16, 12-18 to 12-20, 
12-31, 12-32, 20-10 to 20-19 
with digital differential analyzer, 19-67 
to 19-71 
examples described, 20-10 to 20-19 
special characteristics, 20-7 to 20-10 
hybrid pee function generator, 
6-3 
Magnetic head, 12-21 to 12-31 
Magnetic memory systems, 12-17 to 12-34, 
18-14, 18-15 
Magnetic page writer, 18-19 
Magnetic recording, analog, 6-13 to 6-16, 
18-13, 18-14, 21-77 to 21-79 
machine-tool control, 21-77 to 21-79 
digital, 12-18 to 12-20, 12-28 to 12-31, 
18-14 to 18-18 
of analog data, 6-13 
converters, from magnetic tape, 18-15 
to 18-18 
to magnetic tape, 18-11, 18-15 
input and output devices, 18-15, 18-18 
to 18-20 
non-return-to-zero (NRZ), 12-29, 12-30 
phase-modulation, 12-30, 12-31 
pulse, 12-30 
rotating-head system, 18-18, 18-19 
Magnetic shift register (see Shift register) 
Magnetic switching (see Switches) 
Magnetic tape (see Magnetic recording; 
Tape) 
Magnetoresistance, 7-18 
Magnetoresistor multiplier, 3-41, 7-18 
Maintenance of analog computers, 4-44 to 
4-58 
records, 4-56 to 4-58 
Management problems, 21-33 to 21-42 
control, 21-33, 21-37 
strategy, 21-33, 21-36 
systems design, 21-36, 21-37 
systems operation, 21-37 to 21-40 
tactics, 21-33, 21-36, 21-37 
Management Sciences Research Project, 
University of California, Los Angeles, 
21-36, 21-37 
Mapping, analog method, 6-56 
digital differential analyzer, 19-61 to 
19-65 
MARK TRANSFER, 17-22 ‘ 
Massachusetts Institute of Technology, 
hybrid analog-digital computer, 6-20 to 
6-31 
network analyzer, 9-61 
numerically controlled milling machine, 
21-72 to 21-75 
repetitive analog computer, 6-22 
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Material balance, 5-84 
Mathieu’s equation, 19-53, 19-54 
Matrix (matrices), buffer storage unit, 
12-93 to 12-97 
coincident-current, 12-53, 12-54 
in parallel, 12-55, 12-56 
and sense windings, 12-60 to 12-64 
triple-coincidence, 12-54, 12-55 
Matrix computations, digital, 21-2 to 21-4 
Matrix inversion, 5-138, 5-139 
Maximum-effort servo, 5-39 
Maximum-remembering circuit, 3-72 
Mean-square error, 5-40, 5-94 
analog computation of, 5-95 to 5-101 
Mechanical analog computers, 8-2 to 8-16 
Mechanical differential analyzer, 8-9 to 8-13 
(See also Integrator, analog, mechanical) 
Membrane analogy, 9-84, 9-85 
Memory, digital computer, 12-1 to 12-126 
access time, 16-15, 16-16 
addressing, 16-5 
Bendix G-15, 20-15 
circuits, 16-12, 16-13 
coincident current, 12-80 
condenser, 12-116 to 12-126 4 
diode-capacitor system, 12-116 to 
12-126 
ferroelectrics, 12-106 to 12-116 
ferromagnetic shift registers, 12-5 to 
12-16 
flip-flops, 12-3, 12-4 
IBM 650, 20-10 
large-scale, 20-19 
magnetic-core storage and switching, 
12-41 to 12-106 
magnetic-drum, 20-7, 20-8 
magnetic memory systems, 12-17 to 
12-34 
page, 20-30 to 20-33 
permanent, 16-14, 16-15 
recirculating, 16-12, 16-13 
Royal-McBee LGP-30, 20-12 
timing and synchronization, 16-14 to 
16-16 
transfer of information between, 16-16, 
16-17 
transient, 16-14, 16-15 
Williams-tube system, 12-34 to 12-41 
(See also Storage) 
Memory pair, analog, 6-32 to 6-34, 6-54 
Mercury memory systems, 12-16, 12-17 
Merge command, 17-25 
Merging (sorting), 21-24, 21-29 to 21-33 
Metering, in a-c network analyzers, 9-62, 
9-64 to 9-66 
in direct-analog computers, 9-54 to 9-58 
in electronic analog computers, 4-9, 4-10, 
4-12 to 4-15, 4-38 
Mica capacitors, 9-44 
Microprogramming, 16-32, 16-33 
Microwave circuit, 11-37 
Military supply ayatem, 21-40 
Minimality, 14-18 to 14-20, 14-22 
Minimum eyoling, 6671 
Minimumeexcuraion indieator, 420, 421 


x 


Minimum overshoot, 5-71 
Minimum-remembering circuit, 3-72 
Minor cycle, 16-30, 16-31 
Missiles, guidance, 5-60 to 5-62, 5-64, 5-65 
block diagram, 5-50 
combined analog-digital simulation, 
6-49 to 6-52 
training devices, 5-65 
trajectory equations, 6-43 
(See also Aircraft) 
MIT (see Massachusetts Institute of 
Technology) 
Mixing of liquids, simulation of, 5-76 
Mobius bands, 18-22 
Modes, analog computer operation, 4-4 to 
4-9 
Modified-analog network analyzer, 9-61 
Modulator, diode-ring, 7-6, 7-8, 7-9, 7-13, 
7-14 
electromechanical and semiconductor 
compared, 7-3, 7-4 
for induction resolver, 3-21 
(See also Chopper) 
Monoscopes, 18-27 
Moscow, University of, SETUN, 15-4 
Motors, number-to-position converters, 
18-46 to 18-48 
Multiplexing of analog computing elements, 
6-27, 6-28 


Multiplication, analog, 1-8, 1-9, 5-8, 5-9, 


9-49 
by constant coefficients, 5-6, 5-7 
mechanical, 8-5, 8-10 
with servomultipliers, 5-5, 5-8, 5-9 
digital, binary, 15-2 
decimal, 15-21 
floating-point, 15-24 
hexadecimal, 15-3 
octal, 15-3 
Royal-McBee LGP-30, 20-14 
serial binary, 15-13, 15-14 
stored-carry, 15-18, 15-19 
digital differential analyzer, 19-29 to 
19-35 
Multipliers, analog, AM-AM, 3-46, 3-47 
AM-FM, 3-48, 3-52 
AM-PM, 3-48 to 3-50, 7-12 to 7-14 
division using, 3-56 
feedback regulation of gain, 3-51 to 
3-56 
logarithmic, 3-41, 3-42 
mechanical, 8-5, 8-10 
in network analog computers, 9-49 
PAM-PWM (time-division), 3-50 to 
3-57, 7-9 to 7-14 
quarter-square, 3-42, 3-43, 3-76 
testing of, 4-50 to 4-53 
transistor, 7-9 to 7-20 
triangle-integration, 3-42 to 3-46, 7-14, 
7-15 
vector resolution and composition 
using, 3-59, 3-60 
digital, binary operational, 21-74, 21-75, 
21-89 to 21-04 
four-channel, 16-20, 16-21 
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Multipliers, digital, serial binary, 15-13, 
15-14, 15-16 
stored-carry, 15-18, 15-19 
whiffletree, 15-20 
Multivibrator, analog, 3-63, 3-71 
digital, 11-11 to 11-13 
Musical instrument, digital electronic, 19-12 
Mylar capacitor, 2-55, 2-61, 9-44 
Mylar magnetic tape, 12-32 


NACA interpolator, cubic, 21-70, 21-71 
spline, 21-71, 21-72 
National Bureau of Standards (see SWAC) 
Negative impedance, 9-48 
Negative numbers, 15-11, 15-14, 15-15 
Net-interchange setter, 5-155 
Nets, 14-18 to 14-23 
with delays, 14-22, 14-23 
Network analogies (see Direct-analogy com- 
puters) 
Network analyzers, power-system, 9-61 to 
9-68 
Newton’s method, 17-15 to 17-17 
Node analogy, 9-3 to 9-6, 9-46 
Noise, in amplifier, 11-16, 11-17 
in bistable magnetic cores, 10-21 
in d-c amplifiers, 6-39 
Gaussian, 5-96, 5-99, 5-109 
in potentiometers, 3-6, 3-8 
random, simulation of, 21-59, 21-60 
in servo amplifiers, 3-9 
white, 5-96, 5-99 to 5-101 
Noise generation in digital computers, 
12-11 to 12-13 
Noise generators, 3-81 to 3-83, 5-108, 5-109, 
6-19, 6-31 
Gaussian, 5-96 
Nonlinear analytic approximations with 
function generator, 5-18, 5-19 
Nonlinear differential equations (see Equa- 
tion solving) 
Nonlinear spring, 9-50 
Nonlinear transfer characteristics, simula- 
tion of, 5-42, 5-43 
Non-return-to-zero (NRZ) recording, 
12-29, 12-30 
Normal coordinates, 5-118 
Normal modes, 5-112 to 5-114 
Normalization, 15-23 
Normalize command, 17-25 
Not, 14-13, 15-5, 17-2, 17-36 
Notation, for analog computers, 1-6, 5-5 
coding, 17-2, 17-3 
binary, 15-5, 15-6 
(See also Alphabets; Coding) 
Notch filter using operational amplifiers, 
2-40 
Nuclear kinetics, simulation of, 5-87 
Nuclear reactors, simulation of, 5-87 to 5-93 
Nulling-type equation solvers, 5-139 to 
5-141, 5-144 
Number-to-boxcar-to-voltage converters, 
18-44 to 18-46 
Number-to-frequency converters, 18-50 


Number-to-position-to-voltage converters, 
18-45, 18-46 
Number sieve, 19-11, 19-12 
Number-to-time converters, 18-49 
Number-to-voltage converters, 18-43 to 
18-46 
Number-to-voltage-to-position converters, 
18-48 
Numbers, ALGOL 60, 17-31, 17-32 
binary (see Binary numbers) 
Boolean, 17-4, 17-5 
digital differential analyzer, 19-59 to 
19-61 
floating-point, 15-22 to 15-24, 17-4, 
17-31 
hexadecimal, 15-2 to 15-4 
negative, 15-11, 15-14, 15-15 
octal, 15-2, 15-3 
ternary, 15-4 


Octal number system, 15-2, 15-3 
Odometer, 18-21 
Offset voltage, d-c amplifier, 2-51 
Ohm, 10-4 
Ohm’s law, 10-5 
One-address computer, 16-7, 16-8, 20-20 
to 20-23 
command system, 17-23, 20-21, 20-23, 
20-24 
with address modification, 20-28 
with index registers, 16-11, 20-28 
One-shot multivibrator, 11-11 to 11-13 
Open-loop gain, measurement, 4-44, 4-45 
Open-shop operation of analog computers, 
4-47 
OPERATE mode, 4-4 
Operational amplifiers (see Amplifiers, 
analog computer) 
Operational flight trainer (OFT), 5-65 
Operational multiplier, 21-89 to 21-94 
accuracy, 21-93, 21-94 
Operational relays (see Relays) 
Operators, of analog computers, 4-41, 4-42 
in partial system tests, 5-64, 5-65 
Operators (operational symbols), 17-2, . 
17-3, 17-36 
Optimalizing control, 6-42 
OR circuit, 16-12 
EXCLUSIVE, 13-6, 14-13, 16-12 
negative, 13-1, 13-2, 13-4 
positive, 13-1, 13-2, 13-4 
oR gate, crystal-diode, 13-4, 13-5 
notation, 15-5 
parametric amplifier, 13-14 
ORACLE computer, 19-4 
Order code (see Commands) - 
Oscillator, parametric, 11-37, 11-38, 18-13 
to 13-15 
phase-shift, 3-77, 3-78 
smoothing, 3-59, 3-66, 3-73 
test, 3-75, 3-77, 3-78 
Output (see Input and output) 
Output impedance of operational amplifier, 
2-17 
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Output scanner, 4-12 to 4-14 

Output stage of d-c amplifier, 2-43, 2-44 
Oven, 2-59, 2-60, 4-41 

Overload hold, 4-19, 4-20 

Overload indicator, 4-11, 4-19, 4-20 


PACE (see Electronic Associates, Inc.) 
Pacific Electro-Nuclear Co., pulse-height 
analyzer, 19-12, 19-13 
Packard-Bell Multiverter M-2, 7-18 
Padding for potentiometer linearity, 3-6 
Padé approximation of time delay, 6-5 to 
6-7 
Page memory, 20-30 to 20-33 
Page writer, magnetic, 18-19 
PAM-PWM multiplier (see Time-division 
multiplier) 
Paper, carbon, 18-51 
electrosensitive, 18-51, 18-52 
resistance, 9-80, 9-81 
wax, 18-53 
Parallel arithmetic units, 15-17 to 15-21, 
16-20 to 16-27, 19-26 
timing and synchronization, 16-20, ‘16-21 
Parallel circuits, 10-6 
Parallel correlator, 5-95 to 5-97 
Parallel-feedback operational amplifiers, 
2-8, 2-16, 2-17 
Parallel representation, 16-13, 16-14 
Parameter-influence coefficients, 5-153, 
5-154 
Parameter optimization, analog techniques, 
5-71, 5-151 to 5-154 
Parameters, ALGOL 60, 17-30, 17-31 
Parametric oscillators, 11-37, 11-38, 13-13 
to 13-15 
Parasitic impedances in analog computers, 
2-20, 2-58 to 2-66, 4-31, 9-34, 9-37 to 
9-45 
Parenthesis-free notation, 19-7 
Parity-check alphabets, 14-7, 14-8 
Partial differential equations, analog solu- 
tion, 5-110 to 5-132 
digital solution, 19-4, 19-5, 21-8 to 21-10 
elliptic, 21-10 
hyperbolic, 21-9, 21-10 
parabolic, 21-8, 21-9 
Partial system tests, analog computers, 
5-64 to 5-71 
Patchbays, 4-26 to 4-30, 4-35 to 4-38, 6-39 
Patchboard, layout, 4-26, 4-29, 4-30 
leakage, 4-27 to 4-30 
Patchboard verifier, 4-21 to 4-23 
Payroll, 21-14, 21-15 
Pens in plotters, 18-51 
Pentode amplifier, 11-19 
Pentodes, 10-12, 10-13 
Per-unit quantities for network analyzer, 
9-63 
Perforated tape (see Tape, punched paper) 
Periodicity of information flow, 16-14, 16-15 
Personnel for analog computers, 441 to 
4-44 
Phase inverter, blookediagram aymbol, 1-7 
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Phase-modulation recording, 12-30, 12-31 
Phase shift in potentiometers, 6-33 
Phase-shift oscillator, 3-77, 3-78 
Philbrick, G. A., Researches, Inc., inte- 
grators, 6-23 
Model K3-J, 6-24 
Model K-5M, 3-45 
operational amplifiers, K2-X, 6-20 
USA-3, 6-21 
special repetitive-computer components, 
6-18 
Phillips Petroleum Company, 6-14 
Photoformer, 3-68 to 3-70, 3-73, 3-74 
Photographic recording, 18-53, 18-57, 
18-58 
Phugoid oscillation, 5-58, 5-59 
Physical simulation, analog, 5-64 to 5-71 
digital, 21-56 to 21-59 
Physics problems, analog solution of, 5-23 to 
5-34 
Pile simulators, 5-87 to 5-93 
Ping-pong register, 12-13, 12-14 
Plane-stress analogy, 9-20 to 9-23 
Plate analogy, 9-23 to 9-25 
Plotkin alphabets, 14-12 
Plotters, 18-50 to 18-58 
cathode-ray techniques, 18-57, 18-58 
displacement control, 18-53 to 18-57 
writing means, 18-50 to 18-53 
Plug-in computing networks, 4-35 to 4-38 
Plug-in potentiometers, 4-37 
Plugboards, 16-2 to 16-5 
Pneumatic relay, simulation of, 5-72 
Poison generation in nuclear reactors, 5-90, 
5-91 
Poisson’s equation, analog solution, 9-76, 
9-77, 9-81, 9-82, 9-84 to 9-86 
POLAR mode of resolver, 3-23, 3-26 
(See also Resolvers) 
Polish notation, 19-7, 19-8 
Polynomial, evaluation of, 17-7, 17-8 
Polynomial approximation, Chebyshev, 
21-47, 21-48 
least-square, 21-45 to 21-47 
by ratio, 21-48, 21-49 
Polynominal-equation solver (see Equation 
solvers) 
Polynomial root extraction, analog tech- 
niques, 5-139 to 5-141 
digital techniques, 19-9, 19-10 
Polystyrene capacitor, 2-55, 2-61, 2-62, 
9-44 
Portland General Electric Co., 9-61 
Position-controlled flight table, 5-69 
Position-to-number converters, 18-35 to 
18-41 
POT SET mode, 4-8 
Potential, across condenser, 10-5 
across inductance, 10-5 
Potentiometer cleaner, 4-55, 4-56 
Potentiometer linearity tester, 4-55, 4-56 
Potentiometer loading, 2-4, 2-5, 3-7 to 8-9, 


3-23, 3-38 
for function generation, 3-32 to 3-35 
(See aleo Load-equalising resistors) 
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Potentiometers, coefficient, block-diagram 
symbol, 1-7 
frequency response, 2-4, 2-64 
helical, 2-3 
equivalent circuit, 2-4, 2-64 to 2-66 
high-frequency compensation, 2-4, 2-64 
to 2-67 
linearity, 2-3, 2-4, 3-4 to 3-8 
specifications, 2-3 to 2-5 
testing, 4-53 
three-terminal, 2-8 
comparison, 4-38 
digital, 18-43, 18-44 
servos, 18-32, 18-33 
servo-driven, block-diagram symbols, 1-9, 
1-10, 5-8 to 5-10 
design and specifications, 3-4 to 3-9, 
3-23 to 3-25, 3-32 to 3-39 
Sine-cosine, 3-23 to 3-25 
tapped, 3-36 to 3-39 
Power controls for analog computer, 4-3, 4-4 
(See also Control systems) 
Power level in network analog computers, 
9-38 to 9-40 
Power reactor, simulation of, 5-93 
Power spectral density, 5-95 
measurement of, 5-102 to 5-107 
Power supply, analog computers, 2-80 to 
2-82, 4-35 
circuits, 2-72 to 2-82, 4-3, 4-4 
reference, 2-81, 2-82, 4-38, 4-46 
regulated, 2-80 to 2-82 
small and medium-sized, 4-35, 4-38 
Power-system network analyzers, 9-61 to 
9-68 
Precession, Bendix G-15, 20-17 to 20-19 
Precision limiter, 3-62, 3-67, 3-68, 3-73 
Preloading of potentiometers, 3-23 
Pressure transmitter, simulation of , 5-73 
Preventive maintenance of analog com- 
puters, 4-56, 4-57 
Prewhitening, 5-96 
Printed output, digital differential analyzer, 
19-58, 19-59 
Printers, Charactron, 18-7 
line, 18-6 to 18-8 
“on-the-fly,”’ 18-6, 18-7 
wheel, 18-6 
wire, 18-6, 18-7 
Probability density of random process, 5-94 
Probability-density analyzers, 5-107, 5-108 
Probability-distribution analyzers, 5-106, 
5-107 
Probe, for conductive-sheet analogy, 9-80 
for electrolytic tank, 9-83, 9-84 
Problem checking, analog computers, 4-18 
to 4-26, 4-41, 5-63 
excessive and insufficient signals, 4-19 
to 4-21 
programming checks, 4-21 to 4-26, 5-19, 
5-20 
Process control, analog computers, 5-71 to 
5-86 
chemical reactions, 5-82 to 5-87 
linearized representation, 5-72 to 6-77 


Process control, analog computers, nuclear 
reactor, 5-87 to 5-93 
process models, 5-71, 5-78 to 5-80 
digital computers, 21-84 to 21-86 
(See also Control systems) 
Program control, digital computers, 16-2, 
16-8 to 16-11 
general-purpose computers, 20-4, 
20-20 
input and output, 16-5 to 16-7 
manual, 16-7 
plugboard, 16-2 to 16-5 
sequencing, 16-28 to 16-32 
Program-logic command list, 17-14, 17-15 
Programmer, input-output, 4-13, 4-15 
Programming, analog computers, 5-5 to 5-22 
automatic, 6-30 to 6-34, 9-67, 17-25, 
17-26 
analog storage in, 4-17, 4-18 
programming equipment, 4-12 to 
4-18 
checking procedure, 4-21 to 4-26, 5-19, 
5-20 
linear, 5-149 to 5-151 
records and summary, 5-20 to 5-22 
sampled-data techniques, 6-31 to 6-34 
semiautomatic, 4-12 to 4-18, 9-67 
setup sheets, 5-19 
cost of, 21-41 
defined, 17-2 
digital computers, 17-1 to 17-38 
ALGOL 60, 17-26 to 17-37 
example, 17-7, 17-8 
flow diagrams, 17-8 to 17-10 
sequencing, 16-2 to 16-5, 16-28 to 
16-32 
structure of programs, 17-8 
digital differential analyzer, 19-61 to 
19-67 
hybrid analog-digital computers, 6-30 
(See also Coding) 
Proportional band, 5-74, 5-75 
Proportional controllers (see Controllers) 
Propositional calculus, 14-13, 14-14 
Proton synchrotron design testing, 21-10, 
21-11 
Pulse-broadening circuits, 11-11 to 11-13 
Pulse designations, 15-6 
Pulse-generating circuits, 11-13 
Pulse-height analyzers, 19-12, 19-13 
Pulse recording, 12-30 
Pulse train generator, 11-9 
Pulse transformers, 10-16, 10-17 
Pulse-width modulation in tape recording, . 
6-12, 6-13 . 
Pulsed-attenuator multiplier (see Time+ _ 
division multiplier) 
Punched cards (see Cards) ‘ 
Punched paper tape (see Tape) 


Q of inductor, 9-42 to 9-44 
Quadrant switching in resolvers, 3-29 to 
3-31 
electronic, 3-73 — 
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Quadratic equation, digital solution of, 
17-15, 17-16 

Quadratron, 3-75 to 3-77 

Quadrature rejection, 8-22 

Quantizers, 21-66, 21-67 

Quarter-square multiplier, 3-42, 3-43, 3-76 

Quartz memory line, 12-16, 12-17 


Ramp compare, 18-31 
Random-access storage unit, 12-90, 12-92 to 
12-95 
Random noise, digital simulation of, 21-59, 
21-60 
Random-noise generators, 3-81 to 3-83 
(See also Noise generators) 
Random process, 5-94 
Random-process studies, analog computer, 
5-94 to 5-109 
repetitive, 6-31, 6-32 
Random search for optimum parameters, 
5-152, 5-153 
Random telegraph wave, 3-81 
Rate-aided hold circuit, 6-26 to 6-28 
Rate resolver, 3-29 to 3-33 : 
Rate time constant, 5-74, 5-75 
RC circuits, 10-6, 10-7 
RC coupled amplifiers, 11-25 to 11-33 
RC networks, 2-8 to 2-15 
RCA Laboratories Division, 3-54 
REACE 400-series computers, 4-33 
(See also Reeves Instrument Corporation) 
Reaction rate, chemical, 5-83 
Reactors, chemical, 5-82, 5-83 
nuclear, simulation of, 5-87 to 5-93 
Read amplifier circuit, 12-88 to 12-90 
Read-out, nondestructive, 12-103 to 12-105 
Realizability of analogy, 9-7 
Recirculating memory, 16-12, 16-13 
Recorder calibration, 4-15, 4-16 
RECTANGULAR mode, 3-23 
Redundancy defined, 14-3, 14-4 
Redundant codes, 14-4, 14-5 
Reed-Muller alphabets, 14-11, 14-12 
Reeves Instrument Corporation, Model 
A-400-1, 2-73, 2-79 
Project Cyclone, 4-43 
REFERENCE OFF mode, 4-4, 4-8, 4-9 
Reference power supplies, 2-81, 2-82, 4-38 
checking of, 4-46 
Regenerative integrator connections, 8-11 
Register, 16-12, 16-14, 16-18 to 16-25, 
17-11, 17-12 
and accumulator, 15-10, 15-11 
arithmetic, 15-10 to 15-21, 16-17 to 16-27, 
20-11, 20-13, 20-17 
circulating, 15-10, 16-12, 16-18, 19-18, 
20-8 
digital differential analyzer, 19-59 to 
19-61 
index, 16-11, 17-11, 17-12, 20-27 to 20-29 
shift (see Shift register) 
Regulated power supply, example, 2-80 to 
2-83 
Regulator amplifiers, 14-24, 11-26 


. 


Relaxation, analogy for, 9-86, 9-87 
Relaxation method, 5-144, 5-157 
Relay comparator (see Comparator) 
Relay computers, 20-2 to 20-5 
arithmetic unit, 20-4, 20-5 
characteristics, 20-3 to 20-5 
code, 20-3 
control, 20-4 
input devices, 20-5 
output devices, 20-5 
storage, 20-3, 20-4 
Relay drivers, 11-7 
Relay timing test, 4-49 
Relays, analog computer, 3-63 
applications, 5-40 
simulation of, 5-40, 5-41 
testing, 4-53, 4-54 
Remote control of analog computers, 4-11 
(See also Slave operation) 
Repeat command, 17-24 
Repetitive analog computers, 6-17 to 6-25 
sampled-data techniques, 6-31 to 6-34 
vs. ‘slow’ computers, 6-17 
special components, 6-18 to 6-20 
REPETITIVE mode, 4-9 
Reset circuits, 6-22 to 6-24 
RESET mode, 4-4, 4-5, 6-32 to 6-34 
of continuous resolver, 3-30 
Reset rate, 5-74, 5-75 


_Resistance-coupled amplifier tables, for d-c 


amplifier design, 2-47, 2-48 
Resistance-network analogy, 9-69 to 9-80 
Resistance paper, 9-80, 9-81 
Resistance switches, 13-7 to 13-9 
Resistors, for analog computers, cathode- 

bias, effect on d-c amplifier, 2-45, 
2-46 

computing, 2-58, 2-59 

for electronic computers, 2-58, 2-59 

for network computers, 9-37, 9-39, 

9-44, 9-49, 9-62 
screen series, effect on d-c amplifier, 
2-45, 2-46 
testing, 4-46 to 4-49 
for digital computers, 10-8 to 10-10 

nonlinear, 13-8, 13-9 

switch, 13-7 
Resolution of potentiometer, 2-3 
Resolver phase-shift converter, 18-37, 18-38 
Resolver scale factor, 3-23 
Resolvers, continuous, 3-29 to 3-31, 3-61, 

3-73 

in direct-analog computers, 9-58 

electronic, 3-56 to 3-61, 3-73, 7-26 to 7-28 

inverse, 1-10, 3-23, 3-25 to 3-28, 3-59 

servo, 1-10, 3-4, 3-19 to 3-33, 5-55, 8-16, 
8-17, 8-21 

d-c, 3-23 to 3-25 

induction, 3-19 to 3-23 

testing, 4-52 
Ring analogy, 9-26 to 9-29 
Ringing circuits, 11-8, 11-9 
Ripple in time-division multipliers, 3-54 
Ripple filters for multipliers, 8-62, 8-53 
RLC civeuita, 10-8 
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Roll-off networks, 2-49 to 2-51 
Roll table, 5-65, 5-66 
Root extraction, analog, 3-76, 5-7, 5-12, 
7-25, 7-26 
polynomial equations, 5-139 to 5-141 
digital, high-degree polynomials, 19-9, 
19-10 
Root-locus tracking, 5-146 to 5-148 
Root-mean-square adder, 3-76, 7-25, 7-26, 
8-21 
Rotating-head tape, 18-18, 18-19 
Round-off error, 19-46 to 19-48 
Royal-McBee LGP-30, 20-12 to 20-16 
Rubber-sheet analogy, 9-84, 9-85 
Rubber sheets, 9-81 
Runge-Kutta method of equation solving, 
6-43, 21-51, 21-54 
modified, 21-4, 21-5 
Russell beam analogy, 9-15 to 9-17 


SADSAC, 6-29, 6-30 
Sample-hold approximation of time delay, 
6-8 
Sample-hold circuit, 5-37, 6-26, 6-27, 6-31, 
6-44 
(See also Storage, analog) 
Sample-hold read-out for repetitive analog 
computer, 6-31 
Sampled data, in analog-digital systems, 
6-43 to 6-48 
in repetitive analog computers, 6-31 to 
6-34 
Sampled-data system, simulation of, 5-37, 
5-42 
Sampling multiplier, 3-53 
Sampling-type noise generator, 3-81, 3-83 
Sandbed mapper, 9-85, 9-86 
Scalar product, 17-17 to 17-20, 17-23 
cyclic code, 17-18 
generator for, 17-20 
without index registers, 17-18, 17-19 
with linear code, 17-19 
using subroutines, 17-23 
Scale change, automatic, 4-17, 4-18, 5-61, 
5-62 
Scale factors, calculation, 5-13 
Scaling, analog computers, direct analogy, 
9-5, 9-6 
electronic, 5-12 to 5-19 
mechanical, 8-5, 8-11 
network analyzer, 9-63 
resolvers, 3-23 
digital differential analyzer, 19-31, 19-32, 
19-65 to 19-67 
Scanners, cathode-ray-tube, 3-69, 3-70 
output, 4-12 to 4-14 
Scanning, analog computer read-out, 4-12, 
4-14 
Scanning-type equation solver, 5-139 to 
5-144 
Schmidt trigger, 11-11 
Scintillation noise generator, 3-81 
Scotch yoke, 3-23, 8-7 
Screen-grid resistor, 11-19 


Screen resistors, effect on d-c amplifier, 2-45, 
2-46 
SEAC, 21-2 
Semibell function, 5-19 
Semiconductor choppers, 7-2 to 7-6, 7-32 to 
7-34 
Semiconductor diodes (see Diode) 
Semielastic stop (see Limit stop) 
Sense windings, 12-60 to 12-64 
Separation of variables, 5-112, 5-119, 5-123 
Separator symbols, 17-3 
Sequencing, digital computers, 16-2 to 16-4, 
16-28 to 16-32 
arithmetic operation, 20-23, 20-24 
asynchronous, 16-32 
one-address, 20-21 
stored-program, 16-29, 16-30 
synchronous, 16-30 to 16-32 
wired-plugboard, 16-28, 16-29 
Sequential computation, automatic, 6-32 to 
Serial arithmetic units, 15-8 to 15-16 
examples described, 20-11, 20-14, 20-17 
timing and synchronization, 16-18 to 
16-20 
Serial binary accumulator, 15-12, 15-13, 
16-13 
Serial binary adder, 15-9, 15-10 
Serial correlator, 5-95 to 5-97 
Serial half-adder, 15-8, 15-9 
Serial register (see Register) 
Serial representation, 15-8, 16-13, 16-14 
Series circuits, 10-6 
Series limiter, 3-62 to 3-65 
dual, 3-66 
Servo amplifiers, 3-9 to 3-11 
Servo motors, 3-11 to 3-13 
Servo plotting table as function generator, 
3-79 
Servo recording tables, 6-16 
Servo resolvers (see Resolvers) 
Servo-set coefficient potentiometers, 2-6, 2-7 
Servomechanisms, analog representation of, 
5-35 to 5-42 
bandwidth of, 3-3, 3-17 
defined, 5-35 : 
digital differential analyzer, 19-35 to 
19-39 
digital potentiometer, 18-32, 18-33 
linear, 5-35 
nonlinear, 5-35, 5-37 
sampled-data systems, 5-37, 5-42 
Servomultipliers, 3-4 to 3-19, 4-35 
block-diagram symbols, 1-9, 5-8, 5-9 
division with, 5-8 to 5-11 
multiplication with, 5-5, 5-8, 5-9 
testing of, 4-50 to 4-53 
Set point, 5-71 
SETUN, 15-4 
Setup sheets, 5-19 
Shaping filter, 5-96, 5-100 
Shell analogy, 9-29, 9-30 
Shielded patchbay, 4-26 to 4-29 
Shift-jump command, 17-24, 17-25 
Shift operations, 20-9, 20-10 
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Shift register, a-c vs. d-c coupling, 16-24, 
16-25 
double, 16-21 
dynamic primary storage, 16-23, 16-24 
ferroelectric, 12-115, 12-116 
ferromagnetic, 12-5 to 12-16 
flip-flop, 16-14 
magnetic, 12-13, 12-14 
serial, 16-18 
single, 16-22, 16-23 
Short-circuit transfer impedance, 2-20 
Shunt limiter, 3-62, 3-64 
Sift command, 17-25 
Signal generator, 3-75, 3-77, 3-78 
Signal-modifying circuits, digital computer, 
11-7 to 11-13 
Signum function, 19-39 
Similar-triangle multiplier, 8-5 
Simulag Group Model 1.002, 6-12, 6-13 
Simulag Group Model 1.011, Magnetic 
Drum, 6-14, 6-16 
Simulation, analog computers, dynamical- 
system studies, 5-42 to 5-49 
physical (partial system tests), 5-64 to 
5-71 
process-control system, 5-71 to 5-83 
of servomechanisms, 5-35 to 5-42 
combined analog and digital, 6-42 to 6-52, 
21-54 to 21-56 
defined, 21-42 
digital computers, 21-42 to 21-62 
airplane flight, 21-56 to 21-59 
dynamic behavior of simulator, 21-49 
to 21-54 
electric networks, 21-60, 21-61 
human behavior, 21-61, 21-62 
random noise, 21-59, 21-60 
stages of, 21-43 
Simulation board, analog computer, 4-36 to 
4-38 
Simulators, digital, 21-42, 21-43, 21-49 
Simultaneous-equation solvers, 5-133 to 
5-138, 19-2, 19-3 
Sine-cosine function generator, 7-23 
(See also Resolvers) 
Sine-cosine potentiometers, 3-23 to 3-25 
block-diagram symbol, 1-10 
Sine-generating loop, 2-60, 2-70 to 2-72 
Sine-wave damping in analog computers, 
2-70 to 2-72 
Single-address computer (see One-address 
computer) 
Single’s approximation of time delay, 6-5 
Six-diode switch, 6-26, 6-28 
Slave operation, of analog computers, 
4-11 
of electronic multipliers, 1-8, 3-51, 5-8, 
5-9, 7-11 
Slave variable, 3-3 
Slicer circuits, 5-106 to 5-109 
Slip error, 8-2 
SLO-nHawT mode, 4-0 
Smoothing oscillator, 3-50, 3-06, 3-78 
Sonpefilm analogy, 85 
Solenolderatehet motors, 1846, 1847 


x 


Sorting, 21-22 to 21-33 
choice of techniques, 21-32, 21-33 
digital, 21-24 to 21-26, 21-28, 21-29, 
21-32, 21-33 
edge-punched cards, 21-26, 21-27 
electromechanical, 21-27, 21-28 
internal, 21-24, 21-31 to 21-33 
merge, 21-24, 21-29 to 21-33 
needle, 21-26, 21-27 
punched cards, 21-27, 21-28 
using magnetic tapes, 21-28, 21-29 
Source destination, stored-program com- 
puters, 20-5, 20-6 
Source impedance of operational amplifier, 
2-17 
Space Technology Laboratories, Inc., 4-43, 
4-58 
Spare parts of analog computers, 4-58 
Special-purpose (buffer) storage units, 
12-91 to 12-97 
Special-purpose computers (see Digital 
computers, special-purpose) 
Spectral densities, 5-95 
measurement of, 5-102 to 5-107 
Spectrum analyzers, 5-96, 5-102 to 5-107 
Spline interpolation, 21-71, 21-72 
Square-card sine-cosine potentiometer, 3-24 
Square-root extraction (see Root extraction) 
Square-root generation, analog, 3-76, 5-7, 
p 5-12, 7-25, 7-26 
Stability, of aircraft (see Flight equations) 
of computer setups, 2-58 
of operational amplifier, 2-41 
Stability chart, equation solution, 21-52 to 
21-54 
Stabilization of computer servos, 3-14, 
3-15 
Stabilization networks, 2-49 to 2-51 
external, 2-51 
Stanford Research Institute, 21-36 
Statements, 17-5 to 17-7, 17-27, 17-28 
array, 17-5 
assignment, 17-5 
conditional, 17-6 
po, 17-5, 17-6 
Go To, 17-6 
grouping of, 17-7 
one-address computer, 20-20, 20-21 
syntax of, 17-34, 17-35 
type, 17-5 
Static accuracy of computer servo, 3-16 
Static check of analog computation, 4-23 
Static current generator, 9-54 
Static error coefficients, 5-37 
Static friction, simulation of, 5-40, 5-45 
Static primary storage, 16-21 to 16-23 
Stationary random process, 5-94 
Steady-state displacement error, 5-37, 5-39 
Steepest-descent methods, 3-59, 5-135 to 
5-137, 5-140, 5-145 to 5-147, 5-152 
Step motors, 18-46, 18-47, 21-65 
servos, 18-48 
Step multiplier, 7-15 to 7-18 
Stepping devices, digital-to-analog conver- 
aion, 81-5 
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Stepping relays in analog computations, 
6-29, 6-30 
Stochastic processes, 21-11 
Stop, simulation of (see Limit stops) 
Storage, analog, 5-48, 5-153, 6-26 to 6-34 
capacitor, time delay, 6-8 to 6-10 
circuits and applications, 4-17, 6-26 to 
6-29 
solution of equations, 6-52 to 6-54 
digital, delay-line primary, 16-24 
dynamic (regenerated) primary, 16-23, 
16-24 
machine-tool control, 21-77 to 21-79 
magnetic-core, 12-41 to 12-106 
buffer, 12-91 to 12-97 
coincident-current, 12-80 to 12-86, 
12-98 to 12-100, 12-102, 12-103 
random-access, 12-90, 12-92 to 12-94 
relay type, 20-3, 20-4 
static primary, 16-21 to 16-23 
digital differential analyzer, 19-40 to 
19-42 
(See also Memory) 
Stored-carry multiplier, 15-18, 15-19 
Stored overload, 4-19, 4-20 
Stored program, defined, 16-2 
plugboard control, 16-5 
Stored-program computers, address modifi- 
cation, 20-28, 20-29 
Bendix G-15, 20-15 to 20-19 
classification, 20-5 to 20-7 
defined, 16-2 
four-address, 16-10, 16-11, 17-24, 20-26, 
20-27 
IBM 650, 20-10 to 20-12 
index register, 16-11, 17-11, 17-12, 20-27 
to 20-29 
interrupt feature, 20-30 to 20-33 
one-address, 16-7, 16-8, 16-11, 17-23, 
20-20 to 20-23 
page memory, 20-30 to 20-33 
Royal-McBee LGP-30, 20-12 to 20-16 
structure, 16-7, 16-8, 20-19 
three-address, 16-10, 17-23, 17-24 
two-address, 16-9, 17-23, 20-24, 20-25 
Strobed helix-bar recorder, 18-56, 18-57 
Strobed indicators, 18-22, 18-23 
Stromberg-Carlson 5000 printer, 18-7 
Structural analogies, direct-analogy com- 
puters, dynamic, 9-12 to 9-19 
static, 9-19 to 9-30 
Subroutine, 17-8, 17-11 
example, 17-15, 17-16 
MARK TRANSFER in organization, 17-22 
scalar product using, 17-23 
Subtraction, analog, mechanical, 8-2 to 8-4 
digital, 14-3, 15-12 
digital differential analyzer, 19-39, 19-40 
selective, in voltage-to-number convert- 
ers, 18-32, 18-33 
Summarize command, 17-25 
Summing amplifier, block-diagram symbol, 
1-7 
capacitive compensation, 2-67 to 2-69 
design, 2-42 


Superconductive switches, 13-13 
Superposition integral, 5-95 

Surge tank, simulation of, 5-78 

SWAC, 20-26, 21-2 

Sweep-count devices, 18-37, 18-38 

Switch (programming), 17-8, 17-34 
Switches, analog computer, electronic, 6-26 


to 6-28 
network, synchronous switch, 9-51 to 
9-54 
digital computer, bidirectional, 12-77, 
12-78 


binary, 12-68 to 12-70 
coincident-current drive systems, 12-83 
to 12-86 
diode, 12-79, 13-9, 14-20 
double-coincidence and triple-coin- 
cidence, 12-69, 12-70 
exponential, 14-20, 14-21 
ferroelectric, 12-114, 12-115, 13-11 to 
13-13 
magnetic, 12-8, 12-9, 12-64 to 12-80, 
13-10 
multiplicative, 14-20, 14-21 
parametric amplifier, 13-13 to 13-15 
resistance, 13-7 to 13-9 
superconductive, 13-13 
unidirectional, 12-71 to 12-77 
transistor (see Transistor switches) 
Switching, electronic, of analog voltages, 
3-50, 3-69, 3-73, 6-26 to 6-29 
of integrators, 6-22 to 6-25, 6-27, 6-28 
Switching theory, 14-13 to 14-23 
Symbol displays, 18-20 to 18-29 
cathode-ray methods, 18-25 to 18-29 
disks, 18-22 
drums, 18-21 
illuminated symbols, 18-22 to 18-25 
deflection-formed, 18-27, 18-28 
dot-formed, 18-25, 18-27 
edge-lit, 18-23, 18-24 
projector display, 18-24 
pointers, 18-22 
positioned symbols, 18-21, 18-22 
for repetitive analog computers, 6-24, 
6-25 
tapes, 18-21, 18-22 
Symbol stamps, 18-50, 18-51 
Symbols, coding, 17-2, 17-3, 17-36, 17-37 
ALGOL 60, 17-26 to 17-37 
basic classification, 17-36, 17-37 
grouping, 17-3 
operational, 17-2, 17-3 
separators, 17-3 _ 
design of, 18-20, 18-21 
displays (see Symbol displays) 
Symbols (notation), for analog computers, 
1-6 to 1-10, 5-5, 8-4 
for digital computers, binary coding cir- 
cuits, 15-5, 15-6 
switch wiring diagrams, 12-67 
(See also Block diagrams and symbols) 
Synchronization, in analog computer servos, 
3-19 
in analog-to-digital conversion, 6-45 
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Synchronization, of digital computers, 16-14 
to 16-21 
control section, 16-28 to 16-33 
Synchronous motors, 18-47, 18-48 
Synchronous switches for network analog 
computers, 9-51 to 9-54 ; 
Syntax, ALGOL 60, of declarations, 17-35, 
17-36 
of expressions, 17-31 to 17-34 
of statements, 17-34, 17-35 
System design, analog computers, large 
installations, 4-40, 4-41 
small and medium-sized, 4-35 to 4-39 
digital computers, 16-2 to 16-33 
management problems, 21-36, 21-37 
Systron-Donner Corp. (see Donner Scien- 
tific Company) 


Tachometer, specifications, 3-31 
Tachometer-controlled flight table, 5-68 
Tachometer feedback, 3-15 to 3-19 
Tangent circuits, 3-34 
Tangent tracer, 8-5 
Tap resistance, 3-8 
Tape, analog, 6-10, 6-13 to 6-16, 18-13, 
18-14 ‘ 
digital, 6-13, 6-14, 12-18, 12-19, 12-32, 
12-33, 18-1 to 18-5 
materials, 12-43, 12-44, 18-2 
digital differential analyzer, 19-55 to 
19-59 
files, multitape, 21-19, 21-20 
magnetic, 6-10 to 6-16, 12-18, 12-32, 
12-33, 18-13 to 18-20 
converters from, 18-15 to 18-18 
converters to, 18-11, 18-15 
digital sorting with, 21-28, 21-29 
rotating-head system, 18-18, 18-19 
signals, 18-18 
punched paper, 6-14, 18-1 to 18-5 
punching, 18-5 
reading, 18-4, 18-5 
symbol display, 18-21, 18-22 
(See also Magnetic recording) 
Tape loop for analog data, 6-10 
Tapped potentiometers, calibration, 3-36, 
3-38, 3-39 
as function generators, 3-36 to 3-39 
for functions of two variables, 3-79 
Taylor-series desampler, 6-47, 6-48 
Taylor-series expansion, 5-122 
Teflon capacitor, 2-61, 2-62 
Teledeltos, 9-80, 9-81 
Telephone systems, automatic, 19-13, 19-14 
Teletype codes, 18-2, 18-3 
Teletype punch, 18-5 
Teletype reader, 18-4 
Terminal linearity, 3-5 
Ternary number system, 15-4 
Test boards, 4-56 
Test circuits, analog computers, 4-44 to 4-54 
Test equipment, analogecomputer labora- 
tory, 454 to 4-57 
Toat oncillator, 875, 8°77, O78 


Thermocouple, simulation of, 5-72 
Three-address computer, 16-10 
command system, 17-23, 17-24 
Three-beam circuit, 9-18, 9-19 
Time average, 5-95 
sampled-data computation, 6-31, 6-32 
Time constant, 10-7 
Time-correlation functions, 5-95, 5-98 
Time delay, in analog-to-digital conversion, 
6-48, 6-49 
analog representation, 6-3 to 6-16 
capacitor-storage approximations, 6-8 
.to 6-10, 6-33 
magnetic recording schemes, 6-14 to 
6-16 
operational-amplifier approximations, 
6-5 to 6-7 
survey of analog circuits, 6-4 
use of servo tables, 6-16 
Time-division multiplier, 3-50 to 3-57, 7-9 to 
7-14 
Time-to-number converters, 18-41 
Time scale, 5-17, 5-18 
Time-scale check, 4-24 
Time sharing, analog computing elements, 
6-27, 6-28 
Timer, analog circuit, 3-71 
Timing of digital computers, 16-14 to 16-21, 
20-8, 20-9 
- carry operation, 16-25 to 16-27 
control section, 16-28 to 16-33 
Royal-McBee LGP-30, 20-14 
Topological similarity, 9-5 
Torsion of beams (see Beam equations) 
Torsion rod, analogy of, 9-12 
Total error, 19-48 to 19-50 
‘“‘Totem-pole’’ amplifier, 2-44 
TRACK mode (see RESET mode) 
Tracking accuracy of computer servo, 3-16 
Tracking-type equation solver, 5-139, 5-140, 
5-144 to 5-149 
Trailers, 21-19 to 21-21 
Trainers, flight, 5-65, 21-56 to 21-59 
Transducers, heat-transfer, 8-18 to 8-20 
self-heating, 8-20 to 8-22 
Transfer, of control, 17-11, 20-4 
one-address computer, 20-24 
of information, 16-16, 16-17 
access time and, 16-15, 16-16 
between memories, 16-16, 16-17 
subroutine, 20-23 
Transfer admittance, 9-45, 9-46 
Transfer functions, differential-analyzer 
representation, 2-28 to 2-40 
of networks, 2-10 to 2-15 
of operation amplifiers, 2-16, 2-18 
Transfer impedances, 9-45, 9-46 
for operational amplifiers, 2-20 to 2-27 
Transfer loops in ferromagnetic shift regis- 
ters, 12-7 to 12-10 
Transformer(s), coupling, 11-34 
magnetic-core drive, 12-82, 12-83 
for network analog computers, 9-4, 9-34, 
9-39, 9-41 to 9-44, 9-63 
pulse, 10-16, 10-17 
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Transformer-coupled amplifiers, 11-33, 
11-34 
Transformer-coupled driver, 11-36, 11-37, 
12-82, 12-83 
Transformer switches, 13-10 
Transistor(s), 10-29 to 10-56 
alloy junction, 10-48 
“alpha less than unity,’’ 10-48 
avalanche, 10-51 
avalanche multiplication, 10-32 
characteristics, 10-52 
collection factor a, 10-31 
diffused junction, 10-49 
double-base diode, 10-51 
electrical ratings, 10-47 
field effect, 10-50 
frequency cutoff, 10-31 
hook collector, 10-51 
intrinsic barrier, 10-50 
junction capacitance, 10-31 
large-signal static characterization, 10-33 
to 10-38 
large-signal transient characterization, 
10-39 to 10-41 
measurement and test, 10-41 
mechanical ratings, 10-48 
negative-resistance characteristics, 10-37, 
10-38 
point contact, 10-50 
power ratings, 10-47 
reliability, 10-54 to 10-56 
reverse cutoff currents, 10-30 
small-signal measurements, 10-45, 10-46 
small-signal transient characterization, 
10-38, 10-39 
surface barrier, 10-49 
tetrode, 10-48 
transient measurements, 10-45 
transport factor 8B, 10-31 
types of, 10-30 
Transistor chopper (see Semiconductor 
choppers) 
Transistor circuit, buffer inverter, 11-6 
driver, 11-7 
emitter follower, 11-2 to 11-4 
one-shot multivibrator, 11-12 
Schmidt trigger, 11-11 
Transistor function generators, 7-20 to 
7-29 
bidirectional limiters, 7-20, 7-21 
inverse-trigonometric-function, 7-21 to 
7-23 
rectangular-to-polar coordinate conver- 
sion unit, 7-26 to 7-28 
square-root, 7-25, 7-26 
trigonometric-function, 7-23 to 7-25 
Transistor limiter, 7-15, 7-20, 7-21 
Transistor multipliers, binary-increment, 
7-15 to 7-18 
division with, 7-18 to 7-20 
Hall-effect, 7-18 
magnetoresistor, 7-18 
phase-amplitude, 7-12 to 7-14 
time-division, 7-9 to 7-14 
triangle-integrating, 7-14, 7-15 


Transistor switches, analog, 6-24, 6-32 to 
6-34, 7-6 to 7-9 
digital, 12-80, 12-87 
Transistorized analog computers, 7-1 to 
7-36 
function-generator circuits, 7-20 to 7-29 
multiplier circuits, 7-9 to 7-20 
transistors vs. vacuum tubes, 7-2, 7-3 
Translation circuits, 16-5 
Transmission loss in power system, 5-155 
Transonic-flow analogy, 9-87 
Transpolarizer, 12-112, 12-113 
Transport delay (see Time delay) 
Tree (program structure), 14-20, 14-21, 
17-8 
Triangle-integration multiplier, 3-42 to 
3-46, 7-14, 7-15 
Trigonometric-function generators, transis- 
tor, 7-23 to 7-25 
inverse, 7-21 to 7-23 
Triode amplifier, 2-45 
Triodes, 10-11, 10-12 
Triple-coincidence matrices, 12-54, 12-55 
Triple-coincidence switches, 12-69, 12-70 
Truncation error, 19-42 to 19-46 
Trunk, block-diagram symbol, 1-10 
Truth-table computer, 19-6 
Truth tables, 14-14, 14-15 
Truth values, 14-13 
Tubes, display, conventional cathode-ray, 
18-26 
image-converter, 18-28, 18-29 
shaped-beam, 18-29 
shaped-electrode, 18-24 
Williams-tube system, 12-40, 12-41 
vacuum, 10-10 to 10-16 
beam power, 10-14 
gates, 13-1 to 13-3 
(See also Cathode-ray tubes) 
Two-address computer, 16-9, 20-24, 20-25 
command system, 17-23, 20-25 
Two-time-scale control system, 6-33, 6-35, 
6-41 
Two's complementer, 15-12 


Unit records, 21-19 to 21-21 

United States Air Force, 21-40 
USAF-Fairchild computer, 19-2 to 19-4 

Univac card-to-tape converter, 18-11 


Vacuum-tube voltmeter, 4-10 

Vacuum tubes (see Tubes) 

Validity, testing for, 14-15, 14-16 

Valve, simulation of, 5-35, 5-38 

Valve actuator, simulation of, 5-72, 5-74 

Van der Pol’s equation, 5-15 to 5-17 

Variables, machine, defined, 1-4 
multiplication, digital differential ana- 

lyzer, 19-29 to 19-35 

separation of, 6-112, 5-119, 5-123 
subscripted, 17-6, 17-27, 17-32 
substitution of, 19-65 
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Varistor function generator, 3-73, 3-75 to 
3-77 

Vector resolution (see Resolvers) 

Velocity Coordinate System (VCS), 5-50 

Velocity-earth Coordinate Systems 
(VECS), 5-51 

Velocity error, 5-37, 5-39 

Velocity servo, 3-29 

Vendac, 19-7 

Ventilation of cabinets, 4-38, 4-34 

Vernier techniques, decimal, 18-38, 18-39 

Vernier waveforms, 18-38, 18-42, 18-49 

Volt, 10-4 ‘ 

Voltage-amplifier stages of d-c amplifier, 
2-43 

Voltage-to-number converters, 18-30 to 
18-35 

Voltage scale (see Scale change; Scale 
factors) 


Watt, 10-5 
Wave equation, analog solution, 9-78, 9-79 
Weighting function, 6-54, 6-55 
Western Union Telegraph Co., 9-80 
Westinghouse A-C Network Calculator, 
9-61 to 9-63 4 
Westinghouse EDC, 5-157 
Wheel, code, position-to-number converter, 
18-36, 18-39, 18-40 
servo, 18-45, 18-46, 18-48 
Wheel-and-disk integrator, 8-3 to 8-5 
Wheel printer, 18-6 
Whiffletree multiplier, 15-20 
White noise, 5-96, 5-99 to 5-101 
Wien-bridge oscillator, 3-78 
Wiener-Khintchine relations, 5-95, 5-105 
Wiener-Lee relation, 5-95 


Williams-tube memory, 12-34 to 12-41 
circle-dot display, 12-38 
defocus-dash display, 12-38 
defocus-focus display, 12-38 
double-dot display, 12-37 
operating factors, 12-38 to 12-41 
read-around ratio, 12-39 

Wind Axes, 5-50 

Windings, digit-plane, 12-55, 12-56 
inhibit, 12-55, 12-56 
linear or word-selection reading, 12-58 

to 12-60 
sense, 12-60 to 12-64 

Word, pulse designation, 15-6 
representation, 16-13 

Word clock, 16-14 

Word-selection method of reading, 12-58 to 

12-60 

Word structure, Bendix G-15, 20-15 
IBM 650, 20-10 
Royal-McBee LGP-30, 20-12 

Writing in plotters, 18-50 to 18-53 


Xenon poisoning, simulation of, 5-90, 5-91 
Xerography, 18-52, 18-58 


Z line, digital differential analyzer, 19-22 
to 19-26 
Zener diodes, in analog computer, 3-67, 
6-27 ; 
in coincidence gate with memory, 13-7 
in flip-flop, 12-4 
Zero, representation of, 15-23 
Zero-based linearity, 3-5, 3-6 
Zero control on plugboard, 16-6 
Zero-order hold (see Sample-hold circuit) 


